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magnetic platelets†

Margaret Rosenberg, *a,b Sofia S. Kantorovich, a,b Alexey O. Ivanov c and
Philip J. Camp d

In this research, we employ Brownian dynamics simulations, density functional theory, and mean-field

theory to explore the profound influence of shape anisotropy of magnetic nanoplatelets on suspension

magnetic response. Each platelet is modelled as an oblate cylinder with a longitudinal point dipole, with

an emphasis on strong dipolar interactions conducive to self-assembly. We investigate static structural

and magnetic properties, characterising the system through pair distribution function, static structure

factor, and cluster-size distribution. The findings demonstrate that shape-specific interactions and clus-

tering lead to significant changes in reorientational relaxation times. Under zero field, distinctive modes in

the dynamic magnetic susceptibility identify individual particles and particle clusters. In the presence of

an applied field, the characteristic relaxation time of clusters increases, while that of single particles

decreases. This research provides insights into the intricate interplay between shape anisotropy, cluster-

ing, and magnetic response in platelet suspensions, offering valuable perspectives for recent experimental

observations.

1 Introduction

Colloidal suspensions with well-defined, strong responses to
external magnetic fields are of interest for both biomedical
applications, such as drug delivery or magnetic
hyperthermia,1–4 and for industrial applications such as seals,
dampers and microfluidic magnetic pumping.5,6 The degree of
control with magnetic fields, and magnetic-field gradients,
means that such suspensions really are functional materials.
Ferrofluids are important examples of such materials, and
they have been studied extensively over the last half-century.7–9

They consist of magnetic particles suspended in a non-mag-
netic, carrier liquid. Conventionally, the particles are quasi-
spherical, single-domain, and homogeneously magnetised,
which means that the interactions between the particles are
approximately equal to those between point dipoles.10 One
approach to tailoring the desired properties and responses of
the magnetic colloidal suspension for desired applications is

to use colloidal particles with an anisotropic shape and/or
magnetised core.11 Examples include magnetic nanoplatelets,
where the magnetisation is aligned perpendicular to the plane
of the platelet. The shape of the platelet confers steric an-
isotropy, and in the simplest case, there is a single point
dipole at the center. Significantly, such particles have been
shown in experiments to exhibit a macroscopic ferromagnetic
phase.12

In order to assess the usefulness of such colloids for appli-
cations, all of the magnetic properties need to be character-
ised. Such work has begun using simulations,13,14 in which
the static magnetic properties, such as the magnetisation
curve and the static susceptibility, have been determined, and
correlated with the microscopic structure. Recent experimental
findings suggest pronounced shape-induced differences in the
dynamic magnetic susceptibility, χ(ω), of magnetic platelet
suspensions15 as compared to that of spherical particles.16,17

The function χ(ω) defines the response of the magnetisation to
an AC magnetic field, and there are in-phase and out-of-phase
components to the response. The power dissipation, and
hence heating rate, is proportional to the out-of-phase com-
ponent, χ″(ω).18 This property, in particular, is important for
magnetic hyperthermia applications. In the experiments by
Küster et al.,15 the out-of-phase component χ″(ω) for magnetic
platelet dispersions in the isotropic phase was shown to
exhibit three modes at low concentrations, with the lowest and
highest frequency peaks separated by three orders of magni-
tude. The authors attribute the low-frequency modes to collec-
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tive relaxation, and point out that some of the longer relax-
ation times could be attributed to the effects of polydispersity.
In a subsequent study,19 it was shown that varying the surfac-
tant concentration and/or the magnetic nanoparticle concen-
tration can shift or suppress the low- and medium-frequency
modes, reinforcing the idea of a link between these modes
and platelet aggregation.

In the case of ferrofluids with spherical colloidal nano-
particles, the dynamic magnetic susceptibility can be
described theoretically using the well-established modified
mean-field theory for weakly interacting particles. In simu-
lations, it can be computed most conveniently using the equili-
brium, zero-field magnetisation time-correlation function,
which is linked to χ(ω) via linear-response theory.17,20,21 With
weak to moderate interactions, χ(ω) is characterised by a single
timescale corresponding to the Brownian rotation time of the
particles, and χ″(ω) shows a peak at the corresponding fre-
quency. Generally speaking, interactions increase this rotation
time, and decrease the peak frequency, due to correlated
motions of the particles. In ferrofluids with strong magnetic
intraparticle interactions, the changes in microstructure
induced by the self-assembly of the particles have been shown
to affect the dynamic susceptibility very strongly, and in par-
ticular, new features appear in χ(ω) corresponding to whole-
cluster dynamics, and intracluster single-particle motions.17

The inclusion of a static uniform magnetic field, as in the
experimental setup in ref. 15, can also shift the peak of the
dynamic susceptibility to higher frequencies, because it pro-
vides an extra restoring force (torque) on the orientations of
the particles, and hence accelerates the rate of relaxation.22

A more complex behaviour can be observed if the particles
are not ferromagnetic but have finite magnetic anisotropy. In
this case, the dynamics also depends on the internal pro-
perties of the magnetic nanoparticles.23–26 For the platelets
addressed in our work, however, the internal magnetic an-
isotropy is so high, that they can safely be considered
ferromagnetic.

The aim of this work is to explore the microscopic origins
of the observations made in the experiments by Küster et al.15

In particular, computer simulations are used to assess the
effects of the platelet shape on the structural properties, static
magnetic properties, and the dynamic magnetic susceptibility,
and hence provide a microscopic explanation for the unusually
broad features in the dynamic susceptibility measured in
recent experiments. Based on experimental observations, the
magnetic moments on the platelets are chosen so that there is
a coexistence of both single particles and self-assembled clus-
ters, which means that there will be several distinct features
present in χ(ω). The microstructure is then tuned by varying
the concentration, which is analogous to the experimental pro-
cedure of varying the surfactant concentration, and the
changes in χ(ω) are determined. This experimental procedure
of surfactant tuning is based on the electrostatic stabilisation
of the colloids. Due to screening, these are predominantly
short-range effects, and therefore can be considered as part of
the effective shape of the particles in coarse-grained simu-

lation models. This is of course a simplification, which may
lead to discrepancies between experimental and simulation
outcomes. However, the objective of this study is to find the
underlying mechanism of the aforementioned experimental
observations, which should not be affected.

The rest of this article is organised as follows. The simu-
lation model and methods are summarised in Section 2. The
results are presented in Section 3, beginning with a character-
isation of the static magnetic properties and microstructure
with and without external fields (Section 3.1), moving on to
the dynamic magnetic susceptibility in zero field (Section 3.2),
and finishing with a brief study of the effects of an external
field on the dynamics (Section 3.3). The conclusions, and a
discussion of the relevance of the results to experiments, are
presented in Section 4.

2 Simulation model and methods
2.1 Model

The platelets were constructed using a raspberry model, where
an anisotropic shape constructed out of a central interaction
site surrounded by massless virtual interaction sites at fixed
relative distances. For platelets, this has been described in
detail in ref. 14. At the chosen aspect ratio of 1 : 3, 8 virtual
sites were equally spaced on a circle at a radial distance of σ =
1 from the ninth, central interaction site of the platelet. The
central interaction site carries a fixed point dipole oriented
perpendicular to the plane of the platelet. This can also been
seen in the simulation snapshots in Fig. 2 and 4. The virtual
interaction sites represent the steric anisotropy of the plate-
let,27 but the dynamical trajectory of the platelet is based on
the mass and inertia tensor of the central site. The inertia
tensor was set to that of a cylindrical platelet with radius
R = 3σ/2 and height h = σ, and so the elements were Ix = Iy =
m(3R2 + h2)/12, and Iz = mR2/2, where m is the platelet mass.

The steric interactions between all constituent sites were
described by the Weeks–Chandler–Andersen (WCA)
potential,28

UWCAðrÞ ¼ 4ε
σ

r

� �12
� σ

r

� �6
þ 1
4

� �
r � rc;

0 r > rc;

8<
: ð1Þ

where r is the absolute value of the interparticle distance, σ is
the site diameter, and ε is an energy parameter. The point–
dipole interactions between the central sites were modelled by

Udd r; μi; μj
� �

¼ μ0
4π

μi � μj
� �

r3
�
3 μi � rð Þ μj � r

� �
r5

2
4

3
5; ð2Þ

where μ0 is the vacuum permittivity, μi is the dipole moment
on particle i, and r is the centre–centre separation vector, |r| =
r. When a uniform external field H is applied, the Zeeman
interaction between a particle and the field is

UHðμiÞ ¼ �μ0ðμi �HÞ: ð3Þ
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2.2 Brownian dynamics simulations

Brownian dynamics (BD) simulations were performed using
the simulation package ESPResSo, versions 4.1.4 and 4.2.0.27

BD was achieved with overdamped Langevin dynamics simu-
lations in the NVT ensemble, with N platelets in a simulation
box of volume V at temperature T. The Langevin equations of
motion are given by (4):

mẍðtÞ ¼ FðtÞ � γẋðtÞ þ XT ðtÞ ð4Þ

where m is platelet mass, x is platelet position, t is time, F is
the sum of forces, γ is friction and XT(t ) is the stochastic term.
A more detailed explanation of generalized Langevin equations
can be found in ref. 29. The simulation box was cubic, and with
periodic boundary conditions applied in all three directions. The
dipolar interactions between the central interaction sites were cal-
culated using the P3M algorithm. In Lennard-Jones reduced
units,30 the temperature was fixed at T* = kBT/ε = 1, the friction
coefficient was γ* = 20 (leading to overdamped dynamics), and
the integration time step was δt* = 0.005. The platelet mass was
set to m* = 2, which gave a Brownian rotation time τ*B ¼ 10 in
Lennard-Jones units. The strength of the dipolar interactions is
usually characterised by the dipolar coupling constant,

λ ¼ μ0μ
2

4πσ3kBT
; ð5Þ

and in this study, λ = 7. The platelet volume fraction is given by

ϕ ¼ Nvp
V

; ð6Þ

where νp = πR2h = 9πσ3/4 is the volume occupied by one plate-
let, treated as a cylinder with radius R = 3σ/2, and height h = σ.
Initial simulations were carried out with N = 1024 particles at
volume fractions ϕ = 0.050 and ϕ = 0.200. Long simulations
were required to access all of the relevant features in the
dynamic magnetic susceptibility, and so for subsequent calcu-
lations at other volume fractions, smaller systems of N = 256 par-
ticles were used. The volume fractions studied were as follows.
For the field-free case, simulations were run at ϕ = 0.010, 0.050,
0.070, 0.080, 0.090, 0.100, 0.120, 0.130, 0.150, 0.170, 0.195, and
0.200. For the case of an external applied field, simulations were
run with N = 256 particles at ϕ = 0.001, 0.005, 0.010, and 0.050,
i.e., at lower concentrations because of field-induced aggrega-
tion. Each simulation was equilibrated for 106 time steps, after
which the magnetisation was sampled every time step, and the
configuration was saved every 104 time steps.

Unless otherwise specified, the static properties presented
in Section 3.1 were calculated using the same methodology as
described in ref. 14. This is mostly relevant for the clustering,
where an adjusted distance cutoff was used to account for the
anisotropy of the platelets.

The static (initial) susceptibility of an isotropic system is
given by

χð0Þ ¼ μ0 M2h i
3VkBT

; ð7Þ

where M ¼ PN
i¼1

μi is the instantaneous magnetisation. The

dynamic susceptibility was calculated as in ref. 20 by taking
the Fourier transform of the magnetisation autocorrelation
function C(t ), which is defined by

CðtÞ ¼ M tð Þ �Mð0Þh i
M2h i : ð8Þ

The dynamic susceptibility is given by

χðωÞ
χð0Þ ¼ 1þ iω

ð1
0
CðtÞeiωtdt: ð9Þ

In the case of a static external magnetic field, 〈M〉 ≠ 0, and
M(t ) is replaced by δM(t ) = M(t ) − 〈M〉. The autocorrelation
function and dynamic susceptibility are then resolved into
components parallel and perpendicular to the applied field.22

This situation is discussed further in Section 3.3.
When there was not much structuring in the system, such

as at low concentration, C(t ) and χ(ω) were characterised by a
single, rather short time scale, and it was found that direct
numerical transforms of C(t ) (using SciPy31) were adequate.
Numerical transforms were found to be inadequate as the con-
centration ϕ, and degree of self-assembly, increased, and in
these cases, C(t ) was fitted with a sum of exponentials,

CðtÞ ¼
Xn
i¼1

ai e�t=τi ; ð10Þ

where
Pn
i¼1

ai ¼ 1, and n ≤ 4. The value of n was chosen to be as

low as possible while maintaining accuracy and realistic fitting
errors. Given this representation of C(t ), the dynamic magnetic
susceptibility χ(ω) = χ′(ω) + iχ″(ω) is simply a sum of Debye
susceptibilities:

χ′ðωÞ
χð0Þ ¼

Xn
i¼1

ai
1þ ω2τi2

; ð11aÞ

χ′′ðωÞ
χð0Þ ¼

Xn
i¼1

aiωτi
1þ ω2τi2

: ð11bÞ

3 Results and discussion
3.1 Static properties

The centre-to-centre radial distribution functions30 g(r) of mag-
netic nanoplatelet suspensions at various concentrations ϕ are
shown in Fig. 1(a). Even at the lowest concentration studied, ϕ
= 0.050, some self-assembly is shown by the pronounced
nearest-neighbour peak. While the zero of the WCA interaction
is located at r ≃ 1.12σ, the lowest-energy separation with head-
to-tail dipolar interactions minimises

UWCAðrÞ
kBT

� 2λ
σ

r

� �3
;
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and with λ = 7, this is r ≃ 0.96σ. The height of the primary
peak increases with increasing concentration, with an emer-
ging second peak indicating the formation of columns. The
distance at which the radial distribution function levels out is
initially r ≃ 3σ at ϕ = 0.050, which is approximately equal to
one platelet diameter. As the concentration is increased, g(r)
begins to show features beyond this point, which hints at an
eventual third peak. All of these processes are monotonic with
increasing volume fraction. This is consistent with previous
simulation results on platelets,14 and confirms that there is a
coexistence of single particles and clusters for the chosen para-
meter range.

The corresponding static structure factors30 S(q) are also
shown in Fig. 1(b). The values of S(q) at low q indicate that
with increased concentration, the isothermal compressibility
(due to magnetic and steric interactions) decreases, as
expected. Otherwise, it indicates growing structural inhom-
ogeneity arising from cluster formation. The primary peak at
qσ ≃ 2 indicates structuring on the length scale of r ≃ 2π/q =
3σ, which is basically the range over which g(r) deviates signifi-
cantly from 1. This corresponds to a ‘pre-peak’, indicating
intermediate-range order over that length scale. The next peak
at qσ ≃ 6 corresponds to the nearest-neighbour separation
around r ≃ σ. Note that the second and third peaks show a pro-
nounced asymmetry, which is characteristic of chain-like corre-

lations between dipoles,32,33 or in this case, columnar corre-
lations between platelets. The shape of the platelets also
affects the local minima in S(q), as these are flatter and
broader than those for highly clustered dipolar-sphere fluids,
and this arises because the distance of closest approach
depends on the mutual orientations of the platelets.

Details on the clustering of the platelets are presented in
Fig. 2(a). The cluster-size distribution is shown as the fraction
p(n) of particles in clusters of size n. As ϕ is increased from
0.010 to 0.200, the fraction of unclustered particles, p(1),
decreases from 0.967 to 0.354, or alternatively, the fraction of
particles in clusters, 1 − p(1), increases from 0.033 to 0.646.
Interestingly, in the concentration range ϕ ≥ 0.050, the dimer
fraction (shown in red) stays within the range 0.17 ≤ p(2) ≤
0.20, but reaches a maximum at ϕ = 0.130. In fact, similar
behaviour is seen for other small-cluster fractions, like trimers
and tetramers. Essentially, as the concentration is increased,
the fraction of monomers decreases, the fractions of particles
in medium-sized clusters remain roughly constant, and the
fractions of particles in large clusters increase. It should be
noted, though, that the clustering is predominantly based on a

Fig. 1 Centre-to-centre radial distribution functions g(r) (a) and struc-
ture factors S(q) (b) for different volume fractions ϕ of platelets, in the
absence of an external field. As the volume fraction is increased from ϕ

= 0.050 to ϕ = 0.200, there is gradual self-assembly, as evidenced by
the formation and growth of multiple nearest-neighbour peaks.

Fig. 2 (a) The fraction of particles p(n) in clusters of size n at various
concentrations in the range 0.010 ≤ ϕ ≤ 0.200. Each cluster size is
shown in a different colour, as per the legend on the right. All clusters
with n ≥ 15 are shown as a single colour. (b and c) Simulation snapshots
of systems with ϕ = 0.070 (b) and ϕ = 0.195 (c). The colouring of the
platelets corresponds to the number of particles in each cluster, and is
the same as the colouring in p(n). The dipole moments on the central
interaction sites are shown with black arrows pointing out from the
‘head’ side. If the arrow is not visible, then it means that the ‘tail’ side is
visible.
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distance criterion,‡ and hence the distinction between clusters
becomes blurred at high concentrations, but p(n) gives some
idea of how the particles are associated.

Simulation snapshots in Fig. 2(b and c) give a direct
impression of the aggregation state. The platelets are coloured
depending on whether they are monomers, in dimers, in
trimers, etc., using the same scheme as p(n). At ϕ = 0.070, most
of the platelets are monomers. The average separation between
neighbouring particles is r̄ ¼ ffiffiffiffiffiffiffiffiffiffi

V=N3
p ’ 4:66σ, which is larger

than the platelet diameter, and the particles are not oriented in
suitable ways to form clusters. At ϕ = 0.195, r ̅ ≃ 3.31σ, the
majority of the platelets are aggregated to form mostly ferromag-
netically aligned, defect-free columns, although a few clusters
also feature defects. This can be seen by comparing (for
instance) the light green column in the lower right corner to the
yellow structure in the lower left, where most of the platelets are
aligned in a column, but an additional platelet at the lower left
corner of the aggregate is attached at an angle. As discussed in
detail in previous work,14 when two spheres form an energeti-
cally stable bond, their dipoles are oriented head-to-tail. This
energy minimum is rather deep and wide, so that even relatively
large thermal-noise induced angular fluctuations cannot break
such a bond. In contrast, if two platelets come close enough to
form a head-to-tail bond, even a slight rotation of one of them
leads to a significant growth in the interdipolar distance and
leads to bond breakage. Moreover, while for touching spheres
the antiparallel orientation of dipoles can also lead to the for-
mation of an energetic bond, for anisotropic platelets side-by-
side, the distance between the dipoles turns out to be too large
for the bond to form. As an outcome, not only do platelets aggre-
gate less for the same values of dipole moment, but they also
mostly exclusively form columns. Hence, the clusters are quite
rigid, in that the platelets are in contact face-to-face, and with
the dipoles aligned head-to-tail. This means that there are no sig-
nificant intracluster fluctuations, which is important to remem-
ber when interpreting the dynamic magnetic susceptibility in
Sections 3.2 and 3.3. It should also be noted that while ϕ = 0.200
is around the largest feasible concentration where there are dis-
tinct columns, simulations of monodisperse steric platelets do
not exhibit a nematic phase at this aspect ratio,34 and no signs
of nematic ordering were observed in the present case.

The initial static magnetic susceptibility is shown as a func-
tion of concentration in Fig. 3. Before delving into more intri-
cate theories, we begin by recomputing the Langevin suscepti-
bility for platelets, where the standard expression is rewritten
in terms of λ and ϕ (of platelets):

χL ¼ 4π
3kBT

μ2
� �N

V
¼ 4π

3
λh3ϕ

1
vp

¼ 8λϕ
2
3

h
d

	 
2

¼ 16
27

ϕλ: ð12Þ

In Fig. 3, χL is shown with the solid black line, and it is
clearly below the simulation data, shown by the symbols. The
blue curve is obtained by using the Langevin susceptibility in
the well-established first-order modified mean-field (MMF1)
theory expression,35

χM ¼ χL 1þ χL
3

� �
: ð13Þ

The expression in eqn (13) for spherical particles was
extended in order to take into account self-assembly in chain-
like aggregates:36

χ ¼ χL 1þ χL
3

� � 1þ pK
1� pK

	 

: ð14Þ

Here, p is the probability of two platelets forming a dimer,
and it depends on both the platelet concentration and the
platelet-dimer partition function q2, which was rigorously
derived for platelets as a function of λ in ref. 19. The coefficient
K shows how strongly two neighbours in a dimer are corre-
lated, and for the case of spheres, it depends on the dipolar
coupling constant as K ∼ coth(λ/2) − 2/λ. If one uses this
expression for platelets, then it does not give good agreement
with the simulation data, as evidenced by the black dashed
line in Fig. 3. However, this result is not very surprising,
because the correlations between platelets are very different
from those between spheres, as detailed previously in ref. 14.
Locally, the correlations between two platelets are determined
by their steric anisotropy, and can be better characterised by a
normalised orientational order parameter, Q ∼ tanh(κϕ),
where κ is a system specific constant.37,38 The solid red line in
Fig. 3 was obtained by fitting to the simulation data, giving κ ≃
5.5. The qualitative gap between the initial susceptibility of
platelets and spheres is the consequence of not only the quan-

Fig. 3 The initial static magnetic susceptibility as a function of the
platelet volume fraction. The data from simulation (black crosses) is
compared to the Langevin susceptibility χL (black), first-order modified
mean-field theory χM (blue), the original reformulation of the chain
model χC (black, dashed) and the chain model with a modified corre-
lation coefficient χC’ (red). These latter two curves are based on (14) –
see text.

‡As in ref. 14 there were additional checks on the dipole alignment and negative
interaction energy to reduce false positives in weakly interacting systems.
However, since clusters at high concentrations will interact, this is not sufficient
to differentiate them.
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titative difference in the cluster-size distributions, but also
their dependence on the magnetic material concentration and
local intercluster correlations.

The application of an external magnetic field is expected to
enhance even further the correlations between platelets, and
hence the aggregation due to the alignment of the dipoles.
The strength of the particle–field interaction is characterised
by the Langevin parameter

α ¼ μ0μHz

kBT
; ð15Þ

where Hz is the field strength. The effect of the applied field
on the self-assembly is shown in Fig. 4 for the case of a sus-
pension with ϕ = 0.050. In zero field, and as presented earlier,
the fraction of unclustered particles is around 0.85. On the
application of a field, p(1) decreases, and with α = 3, p(1) ≃
0.65. This is comparable to the results for ϕ = 0.100 in zero
field – see Fig. 2 – but the distributions are rather different.
With ϕ = 0.100 and α = 0, the fraction of particles in clusters
with n > 4 is about 0.024, and p(n) roughly halves with each
step in n up to about n = 10, for which p(10) ≃ 2 × 10−5. With ϕ

= 0.050 and α = 3, the fraction of particles in clusters with n >
4 is 0.061, and the largest cluster is n = 14, for which p(14) ≃ 4
× 10−4. It appears that the application of an external field
favours the formation of longer chains at lower volume frac-
tions than is the case in zero field. This is also evident from
the simulation snapshots shown in Fig. 4. The field aligns the
platelets so that there are more favourable configurations for
self-assembly.

Magnetisation curves, normalised by the value of the satur-
ation magnetisation, Ms, for systems with ϕ ≤ 0.050 are shown
in Fig. 5. The simulation results are compared to both the
Langevin magnetisation curve for non-interacting particles,
and the MMF1 theory.35 The Langevin magnetisation curve is

ML ¼ MsLðαÞ; ð16Þ
where LðαÞ ¼ cothðαÞ � 1

α . The MMF1 expression for platelets
is given by

MM ¼ MsLðαeffÞ; ð17Þ
where the effective Langevin parameter and effective field
experienced by a platelet are

αeff ¼ μ0μHeff

kBT
; ð18aÞ

Heff ¼ H þ 16
27

μϕLðαÞ: ð18bÞ

The effective field is the sum of the external field and a
term that takes into account the interplatelet dipolar inter-
actions; the latter term is analogous to that for dipolar

Fig. 4 (a) The fraction of particles p(n) in clusters of size n at concen-
tration ϕ = 0.050 and with various field strengths (Langevin parameters)
in the range 0 ≤ α ≤ 3. Each cluster size is shown in a different colour, as
per the legend on the right. (b and c) Simulation snapshots of systems
with ϕ = 0.050 and α = 1 (b) and α = 3 (c). The field is pointing from left
to right. The colouring of the platelets corresponds to the number of
particles in each cluster, and is the same as the colouring in p(n). The
dipole moments on the central interaction sites are shown with black
arrows pointing out from the ‘head’ side. If the arrow is not visible, then
it means that the ‘tail’ side is visible.

Fig. 5 Normalized magnetisation curves for systems with ϕ = 0.010
(red/orange) and ϕ = 0.050 (blue). The abbreviation M* = M/Ms is used
as an abbreviation to denote division by the saturation magnetization,
which allows for direct comparison between simulation and analytical
theory. Simulation data is denoted by red circles (ϕ = 0.010) or blue
squares (ϕ = 0.050). Lines correspond to the theoretical models dis-
cussed in text, comparing Langevin theory M*

L (solid black, eqn (16)),
first-order modified mean-field theory M*

M (MMF1, dotted lines, eqn
(17)), the chain model for spheres M*(qs

1) (solid lines), and the chain
model adjusted for platelets M*(q∞) (dashed lines).
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spheres.35 For the lower values of ϕ, the magnetisation (red
circles) deviates only slightly from the Langevin curve (black
line), suggesting that the particles in these systems are only
weakly interacting. For ϕ = 0.050 (blue squares), where cluster-
ing starts to occur, the magnetisation curve is clearly larger
than both the Langevin and MMF1 predictions (black line,
blue dotted line), reflecting the fact that there are significant
positional and orientational correlations between the dipole
moments.

As with the initial susceptibility, the direct application of
the chain model36 does not describe the simulation data very
well. Fig. 5 shows simulation data for ϕ = 0.010 and ϕ = 0.050,
along with the theoretical prediction for magnetisation M*(qs1)
(solid lines). In the chain-model approach for spheres, the role
of interparticle correlations is captured by the ratio between
the partition functions of a two-particle chain in zero and infi-
nitely strong magnetic fields, and this depends on the dipolar
coupling constant λ. For details, see the ESI.† But it is clear
that, as compared to spheres, platelets are not only less mag-
netically correlated, but also their correlations are concen-
tration dependent. Therefore, we adjust the ratio between the
zero-field and infinite-field partition functions with the same
orientational order parameter Q, as for the initial suscepti-
bility. This means that only for highly concentrated platelet
suspensions will there be a field-induced correlation enhance-
ment as for spheres. This assumption results in the orange
and blue dashed lines for ϕ = 0.010 and ϕ = 0.050, respectively,
shown in Fig. 5 and denoted as M*(q∞). Note that such a modi-
fication of the platelet dimer partition function in an infinite
magnetic field represents structural properties very similar to
those discussed in Fig. 4. If the spherical approximation is used,
then the degree of aggregation is found to be more than twice as
high as that seen in simulations. See the ESI† for more details.

In applied field, the platelets form columns or stacks
aligned along the field direction, and hence the system
becomes structurally anisotropic. A convenient way of charac-
terising the ordering in such cases is to split the static struc-
ture factor into two components for wave vectors that are paral-
lel (qk) and perpendicular (q⊥) to the field H.39–42 There have
been many calculations of these functions for magnetised fer-
rofluids containing spherical particles.43–48 Results for the
platelets system with ϕ = 0.050 are shown in Fig. 6.
Perpendicular to the field, in Fig. 6(a), there is a single peak,
and it shifts to lower q⊥ with increasing field strength. This is
consistent with alignment of the platelets in the field direc-
tion, and that any side-by-side correlations occur over dis-
tances comparable to the platelet diameter r ≃ 3σ, giving rise
to the peak at q⊥σ ≃ 2. With increasing field strength, the
columns repel each other more due to the side-by-side parallel
alignment of the dipoles, and this explains the shift to smaller
values of q⊥. No longer-range ordering is signaled in S(q⊥).
Parallel to the field, in Fig. 6(b), there are peaks at multiples of
qk ≃ 2π, signaling nearest-neighbour distances r ≃ σ. This con-
firms stacking of the platelets into columns oriented in the
field direction. The peak heights grow with increasing field
strength, indicating an increase in clustering.

To summarise the main findings from this section, the
zero-field results indicate the absence of orientational and
spatial ordering, and show that the extent of self-assembly is
consistent with previous work. An interesting observation is
that the clustering in zero field occurs with an almost constant
dimer fraction. The initial static magnetic susceptibility agrees
with the MMF1 theory prediction at low ϕ, but deviates signifi-
cantly from it at higher concentrations. By assuming that the
dependence of the local correlations between platelets
depends on the concentration, and by taking the platelet an-
isotropy into account when calculating the dimer partition
function, one can extend an existing chain model for the
initial susceptibility of dipolar hard spheres36 and achieve very
good agreement with simulation data.

The formation of clusters is favoured even by low to mod-
erate applied fields. At sufficiently low concentrations, the
magnetisation curve follows the Langevin law, but as the
concentration is increased, the results tend towards the
MMF1 theory. But as soon as clustering sets in, the MMF1
theory is no longer accurate. The direct application of the
chain model developed for the magnetic response of dipolar
spheres36 overestimates both the magnetisation and the
cluster size, confirming that platelets are less spatially and
orientationally correlated than spheres. The aforementioned
extension, to take account of concentration and anisotropy
effects, brings the theory into agreement with simulations.
The structure factors are consistent with field-induced
aggregation of the platelets into columns aligned along the
field direction.

Fig. 6 Structure factors perpendicular to the field S(q⊥) (a) and parallel
to the field S(qk) (b) at ϕ = 0.050 and with α = 1, 2, 3.
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3.2 Dynamic magnetic susceptibility: H = 0

The dynamic magnetic susceptibility χ(ω) in zero field has
been calculated for systems over the concentration range 0.010
≤ ϕ ≤ 0.200. In each case, C(t ) was fitted with a sum of expo-
nentials as described in Section 2.2, and χ(ω) was calculated as
a sum of Debye-like functions. Fig. 7(a)–(c) shows the fre-
quency spectra for systems with ϕ = 0.050, 0.090, and 0.195. In
each case, both the real and imaginary parts of χ(ω) are shown,
but the imaginary part χ″(ω) most clearly indicates the relevant
time scales. At ϕ = 0.050, the peak in χ″(ω) is slightly shifted to
lower frequencies than ωτB = 1. For non-interacting particles,
the peak would be at precisely ωτB = 1, where τB is the
Brownian rotation time for the relevant particle shape. That
the peak is at slightly lower frequency indicates the effects of
interparticle interactions, which generally lead to a slowing
down of the rotational dynamics due to correlated, collective
motions of the particles.20,21,49 For ϕ = 0.050, an attempt to
apply a modified-Weiss (MW) approach that works well for
spherical particles,21 does not result in a good agreement. The
platelets exhibit significantly slower dynamics as compared to
spheres with the same number density. In the static limit, χ(0)
is the initial magnetic susceptibility, shown in Fig. 3. At ϕ =
0.050, the MW model is practically the same as the MMF1
theory. Hence, the presence of interparticle correlations at
equilibrium are only apparent in the frequency spectra. At

intermediate and higher concentrations, interparticle inter-
actions strongly affect the microstructure, χ″(ω) is considerably
broader than a Debye-like function, which is also shown in
Fig. 7(a) for reference. The fact that the system contains some
clusters, as well as unclustered particles, suggests that there
could be a superposition of dynamical features in χ(ω).
Separating out features due to different clusters, and the inter-
actions between them, is a tricky business because accurate
models are required for each. In lieu of such models, C(t ) and
χ(ω) have been analysed as described in Section 2.2, and
Fig. 7(b) shows two Debye-like components that when
summed provide a sufficiently good fit to the simulation data.
One component has its peak near ωτB ≃ 1, and the other near
ωτB ≃ 0.2. A tempting interpretation of this is that these peaks
correspond to monomers and clusters (predominantly
dimers), respectively.

Turning to a higher concentration, ϕ = 0.195 in Fig. 7(c), it
is clear that χ″(ω) broadens substantially. In this case, three
Debye-like functions were required to provide an adequate fit.
This shows that even lower frequency reorientational dynamics
have appeared, which presumably arise from clusters that are
much larger than dimers. This is consistent with the evolution
of the cluster-size distribution discussed in Section 3.1. The
low-frequency features in χ″(ω) are dominant, and there is a
clear high-frequency shoulder. The three required components
are centered on frequencies of ωτB ≃ 1, 0.08, and 0.03.

Fig. 7 The zero-field dynamic magnetic susceptibility, shown both for a few key concentrations (a–c) and with the peak frequency ωτB shown as a
function of the concentration ϕ in (d). In plots (a–c), χ’D (black, dashed) and χ’’D (red, dashed) denote the real and imaginary parts of the Debye sus-
ceptibility, χ’ (black, solid line) and χ’’ (red, solid line) denote the real and imaginary parts of the susceptibility calculated from simulation values based
on fits of the autocorrelation function C(t ). In addition, in (a) and (b), χ’S (black, squares) and χ’’S (red, circles) represent the real and imaginary simu-
lation data as obtained directly from a Fourier transform without fitting. As the raw data become increasingly noisy for higher relaxation times, they
are not shown in (c). In figures (b) and (c), the curves titled χ’’f1, χ’’f2, χ’’f3 show the fits which correspond to the first, second and third peak (where
applicable). Figure (d) presents an overview of the peak frequencies with growing ϕ. In the legend, “S” stands for single-exponential fit, “D” stands for
double and “T” for triple, while the peaks are numbered from highest to lowest frequency.
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It must be stressed that fitting a discrete sum of exponentials
to C(t ) is only a means to an end, and the business of fitting a
distribution of time scales is complicated.50,51 It cannot be
inferred from fits of two or three exponentials that there are only
two or three characteristic timescales. But broadly speaking, it
does indicate that there are motions spanning, in some cases, a
couple of orders of magnitude. With this caveat in mind,
Fig. 7(d) shows the peak positions in χ″(ω) as functions of the
concentration ϕ. The data are not particularly smooth, especially
at low frequencies, because the peak positions are inferred from
fitting a slowly decaying autocorrelation function, which is noisy
at long times. For concentrations ϕ ≤ 0.070, a single character-
istic time scale is sufficient to describe χ(ω), and the corres-
ponding frequency is a bit less than ωτB due to a combination of
weak interactions between monomers, and the presence of
some small clusters, as explained above. In the concentration
range 0.080 ≤ ϕ ≤ 0.130, two time scales are sufficient, and they
differ by up to one order of magnitude. Referring to the results
of Section 3.1, this concentration range is where a substantial
number of dimers are formed, and some larger clusters begin to
appear. For concentrations ϕ ≥ 0.15, three time scales are
required, and the lowest-frequency motions are almost two
orders of magnitude slower than the single-particle ones. So, the
combination of the cluster-size distributions and the spectra
indicates that there are distinct features arising from single par-
ticles (with peak frequencies ωτB ∼ 1), small clusters like dimers
and trimers (ωτB ∼ 0.1), and larger clusters (ωτB ∼ 0.01). Note
that cluster formation does not give rise to any high-frequency
features, meaning ωτB > 1. Some intracluster motions might
occur on sufficiently short time scales, but these will not be
visible in χ(ω) because it is dominated by the contributions from
single particles, and clusters with large net dipole moments.17

3.3 Dynamic magnetic susceptibility: H > 0

In a static applied field H, there are two dynamic magnetic sus-
ceptibilities, parallel and perpendicular to the field direction.
The physical meaning is that when a weak AC probing field

h(t ) = h0 e
−iωt is applied parallel and perpendicular to H, it

causes different AC responses in the magnetisation. In the par-
allel case, the average magnetisation is 〈M〉 ≠ 0, and δM(t ) =
M(t ) − 〈M〉 = χk(ω)h(t ). In the perpendicular case, 〈M〉 = 0, and
M(t ) = χ⊥(ω)h(t ). For ferrofluids containing spherical particles
with weak to moderate interactions, it is known that the peaks
in each χ″(ω) increase with increasing field due primarily to
the additional torque from the field, and to a lesser extent, an
increase in chain-like correlations between the particles.22,52,53

The effects are not very pronounced, though, and with typical
values of λ = 1 and ϕs = 0.1, the peak frequencies may change
from about ωτB ≃ 0.8 at α = 0 (due to interactions) to ωτB ≃ 1.1
at α = 5 (due to the field).22 They key point is that there may
not be huge effects on the peak frequencies with increasing
field, unless there is extensive structuring in the system.

The peak frequencies for low-concentration suspensions
are shown in Fig. 8. Fig. 8(a) shows the effects of increasing
(low) concentration and increasing (low) fields. The lines are
guides to the eye, based on the following formulas for the
relaxation times of non-interacting spherical particles parallel
and perpendicular to the field:

τk ¼ α

LðαÞ
dLðαÞ
dα

τB; ð19Þ

τ? ¼ 2LðαÞ
α� LðαÞ τB: ð20Þ

These formulas were put forward in ref. 52 and 53 as the
longest relaxation times parallel and perpendicular to the
field, respectively, and were shown to agree well with simu-
lation data.22 A limitation of these formulas is that the relax-
ation times apply only to isolated or very weakly interacting
particles. To take account of some kind of effective field experi-
enced by the particles, the Langevin parameter was replaced
by a scaled value, αeff = fα, where the fitted scaling factors were
fk = 0.90 and f⊥ = 0.95 for ϕ = 0.001. At these concentrations,
the degree of clustering is low despite the presence of the
field, and this results in a single characteristic decay time for

Fig. 8 Peak frequencies for low-concentration suspensions, with simulation data denoted by points. (a) Fits of eqn (19) and (20) to the data (dotted
lines). We see an increase in frequency both parallel and perpendicular to the field. (b) Peak frequency at the fixed concentration of 0.050, with
increasing field. While the single-particle peak frequency increases with field (filled symbols), due to scatter, the secondary peak (open symbols)
does not show a clear trend.
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both the parallel and perpendicular field components. At the
lowest field strength, α = 1, the results effectively correspond to
the Debye prediction, and there is no significant difference
between the relaxation parallel and perpendicular to the field.
With increasing field strength, the single particle frequency
increases. This effect takes place both parallel and perpendicu-
lar to the field, although it is stronger parallel to the field.
Both the frequencies, and the difference between them,
increase with increasing field strength. These trends are appar-
ent for all three, low concentrations studied, with very little
difference. This is to be expected, as these three systems show
effectively the same microstructure.

At the highest concentration studied in a field, ϕ = 0.050,
there are significant increases in clustering, and this results in
the appearance of two peaks in χ″(ω). The results are shown in
Fig. 8(b), with the peak frequencies shown as a function of the
Langevin parameter. As in the zero-field case, the higher-fre-
quency peak can be identified with single-particle relaxation,
and the lower-frequency peak with the relaxation of clusters.
The numerical values do not vary smoothly with α due to poor
statistics, but the general trends appear to be as follows. With
α = 0, τk and τ⊥ are the same, by definition, and longer than τB
due to weak interactions. Moreover, at this volume fraction,
there is no zero-field clustering, and so a single exponential is
sufficient to fit C(t ). This explains the single peak frequency
ωτB < 1.

Clustering is promoted even at α = 1, and so this leads to
two characteristic timescales for each of the parallel and per-
pendicular susceptibilities. The higher peak frequencies
correspond to single particles, and these are above the zero-
field frequencies because of the effects of the field, as shown
in Fig. 8(a). The lower peak frequencies can be attributed to
particle aggregation: more specifically, as shown in Fig. 4, the
formation of dimers. With increasing α, the single-particle fre-
quencies increases, as expected, and the cluster frequencies
decreases. As in the field-free case, this frequency decrease can
be linked to an increase in cluster size from dimers to larger
aggregates. The ordering of the parallel and perpendicular fre-
quencies is not regular, due to the difficulty in resolving the
peak positions in χ″(ω) accurately. But for the single particles,
it looks like the parallel frequency is generally higher than the
perpendicular one, as shown in Fig. 8(a). The situation is not
so clear for the clusters, and all that can be said is that the
characteristic frequencies decreases with increasing α, and
that this is a clear signal of cluster growth.

4 Conclusions
4.1 Key findings

This simulation study was focused on suspensions of dipolar
magnetic nanoplatelets under conditions where there is a coex-
istence of single particles and clusters. The complex cluster
size distribution is reflected in both the static magnetic
response, and in the dynamic magnetic susceptibility, with
time scales spanning almost two orders of magnitude. A

theory describing chain formation in suspensions of spherical
magnetic particles can be adapted successfully to account for
platelet anisotropy, and the dependence of interparticle corre-
lations on concentration. Depending on the concentration,
χ(ω) can be described by a superposition of up to three func-
tions defined by distinct characteristic time scales. The
highest-frequency feature corresponds to single-particle
rotations, which are only weakly affected by the long-range
dipole–dipole interactions. Small clusters and large clusters
give rise to features at frequencies about one and two orders of
magnitude smaller, respectively. When a static external field is
applied, the aggregation in the system increases strongly. At
low concentrations, there is a small increase in the single-par-
ticle frequency characterising the parallel response, due to the
additional torque arising from the field. New features appear
at lower frequencies due to the field-induce clustering. Similar
but weaker changes appear in the dynamic magnetic suscepti-
bility perpendicular to the field.

4.2 Relevance to experiments

Experimental systems of barium hexaferrite nanoplatelets have
a polydisperse size distribution, with particle diameters
(meaning the platelet major axes) in the range d = 20–80 nm.15

The Brownian relaxation times τB are proportional to d2, and
hence the range of relaxation times should vary by a factor of
around (80/20)2 = 16. If the system is divided into ‘small’ and
‘large’ fractions, using some criterion, then in the absence of
clustering or significant interparticle interactions, the respect-
ive peak frequencies would correspond to ω ≃ τB,small

−1 and ω

≃ τB,large
−1. But a factor of 16 is far less than the ratio of the

high-frequency (HF) and low-frequency (LF) peak positions
measured in experiments,15 which approaches 103.

The current simulation study suggests one possible expla-
nation of the experimental observations. The results show that
interactions, and particularly clustering, lead to dramatic
increases in the relaxation times, approaching two orders of
magnitude. If the large particles self-assembled into clusters,
then the corresponding features in the dynamic magnetic sus-
ceptibility would appear at ω ≪ τB,large

−1. The preferential clus-
tering of the large particles would be driven by the larger
dipolar coupling constant (∝μ2/σ3). Therefore, if the small par-
ticles did not self-assemble (giving a HF feature at ω ≃
τB,small

−1), and the large particles did self-assemble (giving a
LF feature at ω ≃ 0.02τB,large

−1 as per the simulations), then
the ratio of the HF and LF peak positions would be around
0.02/16 = 1.25 × 10−3 as observed in experiments.

More recent experimental studies54 including bias fields
have explored two distinct concentration ranges. At very low
concentrations, the singular high-frequency peak shifts to
higher values with increasing bias field, in agreement with
established models,52 with the same qualitative behavior as
Fig. 8(a). At higher concentrations, where two distinct peaks
are observed, the relation between the Brownian relaxation
time and the bias field becomes non-monotonous and is not
well-described by existing theory. This mirrors the issue found
in this paper, shown in Fig. 8(b), with resolving the underlying
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effects in intermediate and higher-concentration suspensions
under the influence of bias fields.

The essential point is that interparticle interactions and
clustering cause much larger changes in the dynamics than
what would be expected on the basis of platelet size alone.
Dipole–dipole interactions, and the concomitant structure for-
mation, lead to changes in the relevant rotational time scales
by up to two orders of magnitude. Small changes in particle
size translate into large changes in dipole moment, interaction
strength, and the tendency to cluster. Incorporating these
effects into simple particle-based models is complicated,
especially when other types of (non-magnetic and steric) inter-
actions are present. Nonetheless, the principal conclusion
from this work is that particle interactions and clustering have
large effects on the dynamic magnetic susceptibility, and that
these must be taken into account when inferring anything
about the structural and magnetic properties of the system.
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