
Nanoscale

PAPER

Cite this: Nanoscale, 2024, 16, 11146

Received 21st January 2024,
Accepted 13th March 2024

DOI: 10.1039/d4nr00317a

rsc.li/nanoscale

Size and temperature dependent shapes of copper
nanocrystals using parallel tempering molecular
dynamics†

Huaizhong Zhang,‡a Mohd Ahmed Khan,‡a Tianyu Yana and
Kristen A. Fichthorn *a,b

We performed parallel-tempering molecular dynamics simulations to predict the temperature- and size-

dependent equilibrium shapes of a series of Cu nanocrystals in the 100- to 200-atom size range. Our

study indicates that temperature-dependent, solid–solid shape transitions occur frequently for Cu nano-

crystals in this size range. Complementary calculations with electronic density functional theory indicate

that vibrational entropy favors nanocrystals with a shape intermediate between a decahedron and an ico-

sahedron. Overall, we find that entropy plays a significant role in determining the shapes Cu nanocrystals,

so studies aimed at determining minimum-energy shapes may fail to correctly predict shapes observed at

experimental temperatures. We also observe significant shape changes with nanocrystal size – sometimes

with changes in a single atom. The information from this study could be useful in efforts to devise proces-

sing routes to achieve selective nanocrystal shapes.

Introduction

Metal nanocrystals are useful in a host of applications, ranging
from catalysis1–4 to plasmonics1,5–7 to electronics8,9 to various
personal and health applications,8,10 and many studies show
there are optimal nanocrystal sizes and morphologies for
these applications. In the interest of reliably synthesizing
optimal nanocrystals, it is important to understand the shape
trajectories nanocrystals follow as they grow. In a self-seeding
synthesis, the small (likely single-nm) nanocrystal seeds that
form after nucleation are fluxional and we expect them to
assume an equilibrium shape distribution as they grow.11,12 As
the nanocrystals grow larger, they may become locked into
kinetic shapes.13–19 It is important to understand the thermo-
dynamic-to-kinetic shape transition to design processing
routes by which nanocrystals with specific sizes and shapes
could be synthesized. The time scales over which shape tran-
sitions occur as nanocrystals grow are poorly understood at
present and it is important to first understand the thermo-

dynamics of nanocrystal shapes to make progress toward this
goal.

In this paper, we focus our attention on predicting the equi-
librium shapes attained by Cu nanocrystals. Significant effort
has been directed toward studying the shapes of small Cu
nanocrystals, with 60 atoms or less, using various theoretical
techniques.20–29 The minimum-energy shapes of larger Cu
nanocrystals have been studied previously using semi-
empirical force fields combined with global optimization
techniques,30,31 or energy minimization of fixed shapes.32–34

In a recent study, a theoretical framework was proposed to
combine global optimization, classical molecular dynamics,
and unsupervised machine learning algorithms to characterize
the shapes of Cu nanocrystals.35

In this work, we use Parallel Tempering Molecular
Dynamics (PTMD) to probe the temperature-dependent,
minimum free-energy shapes of Cu nanocrystals in the
100–200 atom size range. A few recent studies have used
PTMD36–39 or variants39 to obtain temperature-dependent
shape distributions of Au,36–38 Cu,38 and Ag38,39 nanocrys-
tals. In PTMD simulations, parallel, canonical MD simu-
lations are used to simulate a series of nanocrystal replicas
whose temperatures span the lowest temperatures of interest
to temperatures above melting. Replicas with neighboring
temperatures are exchanged based on Monte Carlo (MC)
trials that satisfy the detailed-balance criterion. Replicas at
high temperatures can transition between various shapes on
the MD time scale. Exchange of the high-temperature repli-

†Electronic supplementary information (ESI) available. See DOI: https://doi.org/
10.1039/d4nr00317a
‡Equal contributions by both authors.

aDepartment of Chemical Engineering, The Pennsylvania State University, University

Park, Pennsylvania 16802, USA. E-mail: fichthorn@psu.edu
bDepartment of Physics, The Pennsylvania State University, University Park,

Pennsylvania 16802, USA

11146 | Nanoscale, 2024, 16, 11146–11155 This journal is © The Royal Society of Chemistry 2024

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

8 
M

ar
ch

 2
02

4.
 D

ow
nl

oa
de

d 
on

 7
/2

3/
20

25
 2

:0
4:

09
 A

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n-
N

on
C

om
m

er
ci

al
 3

.0
 U

np
or

te
d 

L
ic

en
ce

.

View Article Online
View Journal  | View Issue

http://rsc.li/nanoscale
http://orcid.org/0000-0002-4256-714X
https://doi.org/10.1039/d4nr00317a
https://doi.org/10.1039/d4nr00317a
https://doi.org/10.1039/d4nr00317a
http://crossmark.crossref.org/dialog/?doi=10.1039/d4nr00317a&domain=pdf&date_stamp=2024-06-10
http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d4nr00317a
https://pubs.rsc.org/en/journals/journal/NR
https://pubs.rsc.org/en/journals/journal/NR?issueid=NR016023


cas with those at lower temperatures enables us to access
shapes that would not be accessible in a single-temperature
MD simulation.

In prior studies, Settem and colleagues used PTMD, in com-
bination with the Harmonic Superposition Approximation
(HSA), to probe the temperature-dependent structures of Cu
nanocrystals containing 90, 147, and 201 atoms. Here, we
present PTMD results for 22 distinct Cu nanocrystals in the
100–200 atom size range. As we will discuss below, the capa-
bilities of PTMD applied to a relatively extensive collection of
nanocrystal sizes reveals new insight into the temperature-
dependent shape distributions of these small Cu nanoparticles
and how these shape distributions evolve as the nanocrystal
size changes.

Methods

We consider the temperature-dependent shapes of Cu nano-
crystals containing between 100 and 200 atoms in vacuum.
The nanocrystal sizes investigated were 100, 110–122 in single-
atom increments, and 130–200 in ten-atom increments. Cu-
atom interactions were described using an Embedded Atom
Method (EAM) potential.40 The LAMMPS code41 was utilized
for the MD simulations. Details of these simulations are given
in the ESI, including in Fig. S1.† To compare results from the
EAM potential to those from first principles, we performed
DFT calculations using the Vienna Ab Initio Simulation
Package (VASP).42–44 Details of these calculations are given in
the ESI.† Calculations of the vibrational entropy were per-
formed using the open-source Phonopy code45,46 used together
with VASP.

Common neighbor analysis

We used Common Neighbor Analysis (CNA) to classify the
nanocrystal structures.47,48 In CNA, we first identify the bonds
between an atom and its nearest neighbors. The nearest neigh-
bors of a given atom are defined as those atoms within a cut-
off distance of dcut. The number of bonds between an atom
and its nearest neighbors, which is also the number of nearest
neighbors, is the coordination number CN. For example, an
atom in a perfect FCC bulk environment has 12 nearest neigh-
bors, with CN = 12. We then identify the common neighbors
shared by the two atoms in a bond.

A set of three integers {i,j,k} is used to represent the
common neighbors of each nearest-neighbor bond. Here, i
denotes the number of shared nearest neighbors between a
pair of atoms, j is the number of bonds connecting the i
shared neighbors, and k is the number of bonds in the longest
continuous chain that can be formed by the j bonds connect-
ing the common neighbors. Fig. 1 shows a pair of nearest
neighbors with five common neighbors (i = 5), five bonds
between the common neighbors ( j = 5), and five bonds in the
longest continuous chain that can be formed by the five bonds
connecting the five common neighbors (k = 5). Thus, the CNA
index associated with this bond is {5,5,5}. An atom with CN = N

will possess N sets of {i,j,k} and we denote this as the CNA
signature.

If two atoms are in equivalent environments, they not only
possess the same coordination number but also exhibit the
same CNA signature. Atoms in different environments may
also have the same coordination number. For example, an
atom in a perfect FCC bulk environment with CN = 12 and a
CNA signature of {4,2,1}(12) will possess the same coordi-
nation number as an atom in a perfect HCP bulk environment,
only the atom in the HCP environment has a CNA signature of
{4,2,1}(6) and {4,2,2}(6). A unique identity is assigned to an
atom based on its CNA signature and a list of the CNA signa-
tures assigned to each identity is given in Table 1.

We used bulk CNA signatures to classify nanocrystal
shapes. In our classification system, a single crystal is purely
FCC if it has no icosahedral (Ih) spine atoms, no Ih center, no
HCP atoms, and an FCC bulk percentage of greater than 10%.
We note that the designation of 10% FCC bulk is somewhat
dictated by the small size of the nanocrystals in our study. A
single crystal disrupted by HCP plane(s) is classified as a
single crystal with stacking faults (SCSF) (no Ih spine, no Ih
center, HCP atoms > 0%, and FCC + HCP bulk atoms >10%).
Nanocrystals in possession of an Ih center are classified as Ih.
A nanocrystal possessing Ih spine atoms, but no Ih center, as
well as greater than 20% of FCC and HCP bulk atoms, is classi-
fied as a decahedron (Dh).

In our recent study of Ag nanocrystals,39 we added a cat-
egory for particles with intermediate structures between Dh
and Ih: Dh–Ih. We note this shape category bears similarity to
the mix category defined by Settem et al. in their recent
study.38 Dh–Ih nanocrystals possess Ih spine atoms, but no Ih
center, like a Dh. To distinguish a Dh–Ih from a Dh, we stipu-
late that a Dh has a linear Ih spine, while a Dh–Ih does not.
We employed linear regression to fit the coordinates of all the
Ih spine atoms to a line. The classification of a nanocrystal’s
shape as Dh is based on R2 > 0.9, while the classification of
Dh–Ih was assigned when R2 < 0.9. We found that every nano-
crystal designated as Dh by the linear spine criterion also pos-
sessed greater than 20% of FCC and HCP bulk atoms.
Similarly, every nanocrystal defined as Dh–Ih by the linear

Fig. 1 A pair of nearest neighbors (shown in brown) with a {555} CNA
index. The pair has five common neighbors (shown in yellow), with five
(fully yellow) bonds between the neighbors, and the longest continuous
chain formed between the common neighbors has five bonds.
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spine criterion contained less than 20% of FCC and HCP
atoms. Finally, we define a nanocrystal as “amorphous” when
more than 40% of its atoms are “uncategorized”, meaning
their CNA indices do not occur in Table 1. Fig. 2 shows an
example of each type of structure.

During CNA, atoms can occur with indices not listed in
Table 1. A common reason for this is that the atoms reside in
an amorphous environment in a (partially) melted nanocrys-
tal. However, we found atoms in ordered environments with
undefined CNA indices. These entries are shaded in Table 1
and we will discuss them below.

Fig. 3 shows snapshots of a Cu116 nanocrystal from four
different viewpoints. All views of this nanocrystal reveal that
it is highly ordered and CNA analysis indicates the shape is
an Ih. 116 is not a magic size for the Ih and the surface
atoms of this nanocrystal are distorted from those in a
perfect Ih – thus, we designate it as a “twisted Ih”. We note
that 116 is a magic size for the Dh–Ih39 and the “twisted Ih”
bears similarity to the Dh–Ih in its surface atoms. Previously
unclassified atoms with CNA are shown in yellow in Fig. 3.
These are all surface atoms, with CN = 6, 8, and 9. Because
these atoms belong to an Ih and they are distorted from their

Table 1 Atomic CNA signatures for common environments in Cu nanocrystals. Entries take the form {i,j,k}(#), where # is the number of bonds with
{i,j,k} indices. Shaded rows are CNA signatures defined in this study

CNA Signature CN {i,j,k}(#) {i,j,k}(#) {i,j,k}(#) {i,j,k}(#) {i,j,k}(#) {i,j,k}(#)

FCC bulk 12 {4,2,1}(12)
FCC {100} surface 8 {4,2,1}(4) {2,1,1}(4)
FCC{111} surface 9 {4,2,1}(3) {3,1,1}(6)
FCC {111}–{100} edge 7 {4,2,1}(2) {3,1,1}(2) {2,1,1}(3)
FCC (111)–(111) edge 7 {4,2,1}(1) {3,1,1}(4) {2,0,0}(2)
TO vertex (corner) 6 {4,2,1}(1) {3,1,1}(2) {2,1,1}(2) {2,0,0}(1)
HCP bulk 12 {4,2,1}(6) {4,2,2}(6)
Ih spine 12 {4,2,2}(10) {5,5,5}(2)
Ih surface edge 8 {4,2,2}(2) {3,2,2}(2) {3,1,1}(4)
Ih center 12 {5,5,5}(12)
Ih/Dh surface vertex 6 {5,5,5}(1) {3,2,2}(5)
Ih/Dh notch vertex 7 {4,2,2}(1) {3,2,2}(1) {3,1,1}(2) {3,0,0}(1) {2,0,0}(2)
Dh notch edge 10 {4,2,2}(2) {4,2,1}(2) {3,1,1}(4) {3,0,0}(2)
Dh–Ih bulk 5-fold ring: 1 11 {4,2,2}(3) {4,2,1}(2) {4,3,3}(1) {3,1,1}(3) {3,2,2}(1) {2,0,0}(1)
Dh–Ih bulk 5-fold ring: 2 11 {4,2,2}(4) {4,2,1}(2) {4,3,3}(1) {3,1,1}(3) {3,0,0}(1)
Dh–Ih bulk 5-fold ring: 3 11 {4,2,2}(4) {4,1,1}(1) {3,1,1}(3) {3,0,0}(1) {2,0,0}(2)
Dh–Ih bulk 5-fold ring: 4 11 {5,5,5}(1) {4,2,2}(6) {3,1,1}(2) {3,2,2}(1) {2,0,0}(1)
Dh–Ih {111} surface 9 {4,1,1}(1) {3,1,1}(8)
Dh–Ih surface edge 8 {4,2,2}(1) {3,2,2}(1) {3,1,1}(5) {2,0,0}(1)
Dh–Ih {111}–{100} edge 7 {4,3,3}(1) {3,2,2}(2) {3,1,1}(2) {2,0,0}(2)
Dh–Ih surface vertex 6 {4,3,3}(1) {3,2,2}(2) {3,1,1}(2) {2,0,0}(1)
Twisted Ih surface vertex 6 {4,2,2}(1) {3,2,2}(1) {3,1,1}(1) {2,1,1}(1) {2,0,0}(2)
Twisted Ih surface edge vertex 8 {5,5,5}(1) {4,2,2}(2) {3,2,2}(3) {2,0,0}(2)
Twisted Ih surface edge 9 {4,2,2}(2) {4,2,1}(2) {3,2,2}(2) {3,1,1}(2) {2,1,1}(1)

Fig. 2 Representative structures of Cu nanocrystals. (a) Single crystal (FCC), (b) single crystal with stacking faults (SCSF), (c) decahedron (Dh), (d)
structure having mixed features of both a decahedron and icosahedron (Dh–Ih), (e) icosahedron (Ih). The top panel shows all the atoms as opaque
and in the bottom panel, atoms from characteristic environments from each shape are shown in turquoise, while all other atoms are shown as semi-
transparent.
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normal positions in an Ih, we designate them as “twisted” in
Table 1.

Since CNA relies on a cut-off distance of dcut, it is important
to specify this distance at the outset. The CNA environments
for dcut between 2.6 and 3.6 Å for nanocrystals with 100, 116
and 130 atoms are illustrated in Fig. S2–S4.† If dcut is too
small, few atoms fall within the geometrically bonded domain
of the nearest neighbors. In this case, the CNA signature of
those atoms is unclassified. We see a high percentage of
unclassified atoms for all three sizes with dcut ≲ 2.7 Å.
Considering large values of dcut, we observe a high percentage
of unclassified atoms for Cu100 and Cu116 with dcut > 3.0 Å and
for Cu130 with dcut > 3.4 Å. Thus, we obtain CNA indices with
the least percentages of unclassified atoms for cut-off values in
the range of 2.8–3.0 Å for these nanocrystal sizes and we
adopted a value of dcut = 2.9 Å for our CNA analysis.

Validation of EAM potential using DFT

To assess the accuracy of the EAM potential used here, we per-
formed DFT optimization of the most frequent shapes for five
Cu nanocrystals containing 200 atoms, as described in the ESI.†
Fig. S5† shows a plot of the DFT total energy of these nanocrys-
tals as a function of the EAM energy. Though the EAM potential
predicts the same energetic order as DFT for the various shapes,
there is not a linear trend between the two methods. While the
EAM energies for FCC, SCSF, and Dh nanocrystals are relatively
close, the DFT energies show a larger spread. Conversely, the
DFT energies of the Dh, Ih, and Dh–Ih are relatively close, but
there is a relatively large gap between them in the EAM poten-
tial. We also compared the CNA environments of the optimized
structures for these five different Cu nanocrystals from EAM and
DFT. As shown in Fig. S6,† the distribution of CNA environ-
ments for each shape remains nearly the same after optimiz-
ation. Although we did not study the same Cu nanocrystal sizes
as Settem et al.,38 they found that the Cu EAM potential used
here yields similar results to the Gupta potential used by them.
They found a mixed agreement between the Gupta potential
and DFT for a similar level of DFT used in their study.

Results and discussion

In Fig. 4, we present the temperature-dependent distributions
of the Cu nanocrystal shapes, in ten-atom increments. For the

smallest size (N = 100, where N is the number of atoms in the
nanocrystal), we see the Ih is the predominant shape at low
temperatures, but the Dh–Ih becomes the most probable
shape as the temperature increases. The amorphous shapes at
the highest temperatures arise from melted Cu nanocrystals.
Progressing to N = 110, there is a significant shift in the most
probable shape to an Ih for most temperatures, with Dh–Ih
appearing at temperatures close to melting. At nanocrystal
sizes of 120 atoms, there is another significant transition in
the most probable shape to FCC with a sizeable fraction of
SCSF at low temperatures – consistent with prior predictions
that N = 120 could be a magic size for an FCC nanocrystal49 –

to a mix of Ih and Dh–Ih at higher temperatures. At 130
atoms, there is another significant change in the nanocrystal
shape distribution to Ih at virtually all temperatures below
melting. The Ih is essentially the only shape for nanocrystals
with sizes ranging from 130–160 atoms, likely because of the
proximity of these sizes to the magic size (147 atoms) for an
Ih.

At a nanocrystal size of 170 atoms, the Dh emerges as the
most probable shape at low temperatures, while the Ih
becomes the most probable shape at high temperatures. This
trend continues to 180 atoms, except the Dh–Ih becomes the
most probable shape at high temperatures. At N = 190, the Dh
is virtually the only observable shape below the melting temp-
erature. We note that the structure of the Dh with 190 atoms is
similar to the magic structure of the (3,3,2) m-Dh truncated
Marks Dh at size 192.50 At N = 200 the FCC is the most prob-
able shape at the lowest temperatures – consistent with the
findings of Rahm and Erhart,30 and the Dh becomes increas-
ingly probable as the temperature increases. We note that
Settem et al. studied the shapes of Cu201 using the Gupta
potential and found a large proportion of Dh at this size.38

A couple of experimental studies probed the shapes of Cu
nanocrystals in a vacuum environment and found that the
nanocrystal shape depended on its size,51 as well as on temp-
erature.52 While these studies are generally consistent with
ours, the nanocrystals in the experiments were larger than
those probed here. It would be beneficial for experiments to
probe temperature-dependent nanocrystal shapes in the size
range of this study.

Thus, in Cu we see the frequent occurrence of one shape
being the most probable at low temperatures and another
being the most probable at high temperatures. This was not

Fig. 3 Various views of a “twisted” Ih nanocrystal with 116 atoms and undefined CNA indices. (a) The overall shape of Ih Cu116; (b)–(d) The atomic
environment of surface 5-fold atoms: (b) twisted Ih surface vertex, (c) twisted Ih surface edge vertex and (d) twisted Ih surface edge. In (b–d), pre-
viously undefined surface atoms are shown in yellow.
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Fig. 4 Nanocrystal shape distributions (fractions) as a function of temperature (K) for select sizes.
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observed in earlier studies of Au37 and Cu38 – though a limited
number of sizes were probed in these studies – and it was
observed to a lesser extent for Ag.39 Since the Helmholtz free
energy (the relevant free energy for our PTMD simulations) is
given by A = U − TS, where U is the potential energy and S is
the entropy, we expect structures with the lowest potential
energies to occur at low temperatures, and those with a signifi-
cant entropic component to emerge at sufficiently high
temperatures.

Fig. 5 shows the minimum potential energy as a function of
nanocrystal size and delineates the shape for each minimum
potential energy. Comparing the shapes in Fig. 5 to the most
probable shapes at 300 K in Fig. 4, we see that the most prob-
able shapes at 300 K are the shapes with the minimum poten-
tial energy. A detailed analysis of the shapes, which goes
beyond the general classifications given in Fig. 4 and 5, reveals
that the exact shapes from which the potential energies in
Fig. 5 were derived are indeed the exact most probable shapes
in Fig. 4. Thus, we would expect the most probable shapes at
300 K to occur at lower temperatures, with the effects of
entropy emerging at higher temperatures.

There are three shapes that appear to be favored by entropy
(i.e., they are not the most probable shape at low temperatures,
but they become the most probable shape at high tempera-
tures): Dh–Ih (N = 100–120, 180), Ih (N = 170), and Dh (N =
200). We note that the FCC and SCSF shapes are observed at
low temperatures for N = 120 and 200 but are not prominent at
temperatures around melting. These shapes are not favored by
entropy.

To assess the entropic contribution to the free energy, we
note the metal nanocrystals in our study possess three
different types of entropy: configurational, rotational, and
vibrational. Of all the shapes in Fig. 2, it is straight-forward
to see how the FCC crystal would have the lowest configura-
tional entropy. Interestingly for Ag, we observed that SCSF
structures had a lower free energy (more frequent occurrence)

than FCC structures – at sizes where such shapes occurred.39

We attributed the preference for SCSF to the low stacking-
fault energy for Ag,53 which complements the high configura-
tional entropy associated with stacking faults to produce a
majority of SCSF shapes. Cu has a higher stacking-fault
energy than Ag53 and though the most probable structures
for the FCC and SCSF are close in energy (see Fig. S5†), we
found that other SCSF structures with single stacking faults
and multiple stacking faults have higher energies than the
lowest-energy FCC structure. These observations contrast
what we observed for Ag, where multiple structures with
stacking faults were nearly degenerate in energy with the FCC
shape. Thus, energy does not favor the SCSF shape, and it is
not the most probable shape for Cu.

It is relatively straightforward to envision how the Dh,
which is constrained to having a linear Ih spine, could rank
lower than the Ih or the Dh–Ih in terms of its configurational
entropy. Prior studies have shown Ih possess higher
vibrational entropy than Dh, due to their lower vibrational
frequencies.54,55 However, it is unclear where Dh–Ih structures
rank in terms of their vibrational entropy. To assess these ten-
dencies, we evaluated the vibrational entropies of the most
probable Dh, Ih, and Dh–Ih structures (shown in Fig. S5†) for
nanocrystals containing 200 atoms. Details of these calcu-
lations are given in the ESI.†

Fig. 6 shows the vibrational entropies for the three shapes
as a function of temperature. The Dh–Ih exhibits the highest
vibrational entropy across the entire temperature range, while
the Dh consistently displays the lowest and the Ih is intermedi-
ate between the Dh and Ih. Our results for the vibrational
entropy of the Dh and Ih are in agreement with those of Doye
and Calvo, who also found higher entropy for the Ih.54 Our
findings align well with the PTMD results in Fig. 4 that show
increasing Dh–Ih in the shape distribution with increasing

Fig. 5 Minimum potential energy as a function of size, delineated by
nanocrystal shape.

Fig. 6 Vibrational entropy, given by eqn (S2) and (S3),† as a function of
temperature for the most probable Dh, Ih, and Dh–Ih at a size of 200.
The inset shows the entropy difference (×104) between the Dh–Ih and
Dh, as well as between the Ih and the Dh as a function of temperature.
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temperature. For sizes where Dh–Ih do not occur (N = 170) –
presumably because these shapes are not favored by energy –

Ih are favored over Dh as the temperature increases and for
sizes where neither Dh–Ih nor Ih occur (N = 200), Dh become
favored as the temperature increases.

Another trend in Fig. 4 is we see large shifts in the nano-
crystal shape distributions with changes of ten atoms: in going
from N = 100 → 110 → 120 → 130 and from N = 180 → 190 →
200. To further resolve this trend, we obtained shape distri-
butions in single-atom increments for nanocrystal sizes
ranging from 110–122 atoms. Fig. 7 shows the nanocrystal
shape distributions for key sizes in this range. Shape distri-
butions for sizes not shown in Fig. 7 are in Fig. S7† and we

note these shape distributions are close to those of smaller
neighboring sizes in Fig. 7.

From Fig. 7 and S7,† we see a major change in the shape
distribution in going from 110 to 111 atoms, where the Ih is
the most probable shape over a wide temperature range at N =
110, while for N = 111, the Dh is the most probable at low
temperatures and the Dh–Ih is the most probable shape at
high temperatures. The shape distribution at N = 111 is largely
held for N = 112 and N = 113, then there is a significant
change in going from N = 113 to N = 114, where we see an Ih is
the most probable shape at low temperatures and the Dh–Ih
emerges as the most probable shape at high temperatures. As
we increase the number of atoms from N = 114, there is a

Fig. 7 Nanocrystal shape distributions (fractions) as a function of temperature (K) for select sizes.
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smoothly decreasing fraction of Dh–Ih accompanied by an
increasing fraction of Ih until N = 119, where the Ih is the
most probable shape for all temperatures below melting.
Moving from N = 119 to N = 120, there is a dramatic change in
the shape distribution and another significant shape change
occurs in going from 120 to 121 atoms. Thus, we see an inter-
esting trend of alternating gradual shape changes over certain
size ranges, and dramatic shape changes with a change of just
one atom.

Fig. 8 shows the distribution of nanocrystal shapes as a
function of size for four different temperatures. Here, we see
dramatic changes in the shape distribution with size at 300 K
in going from N = 110 to 111, 113 to 114, 119 to 120, and 120
to 121 – as we discussed above. Increasing the temperature to
400 K, we see a significant change in the shape distribution
going from N = 110 to 111, 119 to 120, and 120 to 121, as we
did for T = 300. However, we lose the abrupt change from N =
113 to 114 and there is a gradual change in the shape distri-
bution going from N = 111 to 119 at 400 K. At the highest
temperature of 600 K, the shape distribution changes gradually
over the whole size range, with either the Dh–Ih or the Ih as
the most probable shape. Thus, entropy tends to promote
uniform nanocrystal shapes with increasing temperature.

In a prior study of Ag nanocrystals in vacuum and solution
environments, we observed similar changes in the shape distri-
bution, termed “shape fluctuations” in vacuum, but not in
solution.39 We could correlate these shape fluctuations with
fluctuations in the percentage of surface atoms in vacuum –

i.e., though the percentage of surface atoms decreases overall
as the nanocrystal size increases, there are sizes at which this
percentage increases. We saw the suppression of fluctuations
with surface disorder, which was prominent in the solution

environment. A similar analysis for Cu (details provided in the
ESI†) reveals surface-atom fluctuations also accompany shape
fluctuations for the significant shape transitions observed in
going from N = 110 to 111 and for N = 119 to 120 to 121 (cf.,
Fig. 8 and Fig. S8†). However, unlike the case for Ag, this is not
exclusive for Cu and surface-atom fluctuations do not accom-
pany the significant shape transition going from N = 113 to
114. This may be related to similarities in the shapes of Dh,
Ih, and Dh–Ih for these sizes, such that all these shapes
possess similar surface environments.

Conclusions

In summary, we performed PTMD simulations of a series of
Cu nanocrystals containing 100 to 200 atoms. These simu-
lations allowed us to predict the temperature- and size-depen-
dent shapes of the nanocrystals. Nanocrystals in this size
range tended to exhibit dramatic shape changes with both size
(sometimes with a change of just one atom) and with tempera-
ture for a single size. Complementary DFT calculations indi-
cated that vibrational entropy favors nanocrystals with the Dh–
Ih shape, with Ih nanocrystals falling second, and Dh ranking
third in terms of vibrational entropy. These DFT results were
consistent with the PTMD results, as well as with the results of
prior studies. Overall, our studies indicated that entropy plays
a significant role in determining the shapes of Cu nanocrys-
tals, so studies aimed at determining minimum-energy shapes
may fail to correctly predict shapes observed at experimental
temperatures. The information from this study could be useful
in efforts to devise processing routes to achieve selective nano-
crystal shapes.

Fig. 8 Nanocrystal shape distribution (fraction) as a function of size for four different temperatures (K).
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