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Helical liquids, formed by time-reversal pairs of interacting electrons in
topological edge channels, provide a platform for stabilizing topological
superconductivity upon introducing local and nonlocal pairings through
the proximity effect. Here, we investigate the effects of electron—
electron interactions and phonons on the topological superconductivity
in two parallel channels of such helical liquids. Interactions between
electrons in different channels tend to reduce nonlocal pairing, suppres-
sing the topological regime. Additionally, electron—phonon coupling
breaks the self duality in the electronic subsystem and renormalizes
the pairing strengths. Notably, while earlier perturbative calculations
suggested that longitudinal phonons have no effect on helical liquids
themselves to the leading order, our nonperturbative analysis shows that
phonons can induce transitions between topological and trivial super-
conductivity, thereby weakening the stability of topological zero modes.
Our findings highlight practical limitations in realizing topological zero
modes in various systems hosting helical channels, including quantum
spin Hall insulators, higher-order topological insulators, and their frac-
tional counterparts recently observed in twisted bilayer systems.

Helical liquids, appearing at the boundary channels of time-reversal-
invariant topological materials,"** are promising candidates for
advanced electronics such as low-dissipation devices, although the
practical application presents certain complexities.”® > Along with
their peculiar transport properties, these helical channels can facil-
itate Majorana and parafermion zero modes when proximity-
induced pairing is introduced,”®>* further extending previous
proposals**~° exploiting nonhelical channels.**>® Notably, renewed
interest in helical liquids has emerged following recent observations
of double and triple quantum spin Hall states in twisted bilayer
MoTe,* and WSe,,*" as well as dual quantum spin Hall states in
monolayer TalrTe,,* including findings within the fractional
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Interaction- and phonon-induced topological
phase transitions in double helical liquidsT

New concepts

Helical liquids, a quantum state of matter appearing at the edges of time-
reversal-invariant topological materials, hold promise for advanced
electronics, including low-dissipation devices. When two parallel
channels of these helical liquids are in contact with a conventional
superconductor, they can stabilize topological zero modes without
magnetic fields, providing a foundation for topological quantum

computing. However, the robustness of these zero modes face

challenges from detrimental effects such as Coulomb interactions and
phonons. In this research, we show that both Coulomb interactions
between electrons and electron-phonon coupling can lead to new topo-
logical phase transitions, weakening the stability of these zero modes.
Using a combination of bosonization techniques and renormalization-
group analysis, our investigation in the nonperturbative regime reveals
new insights into these transitions, reaching a different conclusion from
earlier perturbative studies. Since electron-electron interactions and
phonons are omnipresent in nature, our findings not only open the door
to electrically tunable topological transitions but also highlight signifi-
cant practical constraints in designing stable devices for topological
quantum computing.

regime.®® There is also theoretical literature exploring frac-
tional helical liquids in interacting systems.>**3~%%

While the stability of the helical liquids themselves has been
extensively analyzed,>®?>°7'°! it remains crucial to examine
the robustness of the topological zero modes hosted therein
against various detrimental effects in realistic settings. Among
others, a crucial element in low dimensions is electron-elec-
tron interactions. Studies have demonstrated that Majorana
zero modes can survive with the interactions'®® and, in certain
settings, are even stabilized by them.?***>3° Additionally, the
resilience of topological phases to phonons can pose challenges
for experimental realization. Concerning helical liquids them-
selves, perturbative analyses have shown that the leading-order
effect from longitudinal phonons on charge transport is iden-
tically zero.”> Meanwhile, although transverse phonons could
affect transport, any resulting corrections are suppressed by a
high-power temperature law and vanish at low temperatures.’?
The influence of phonons on Majorana zero modes in
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nonhelical systems has also been studied within the perturba-
tive regime.'*®

In this work, we explore topological superconductivity in
double helical liquids in regimes where both electron-electron
interactions and electron-phonon coupling are nonperturba-
tive. When the helical channels are in contact with a super-
conductor, both local and nonlocal pairing processes take place
where the partners of a Cooper pair from the parent super-
conductor tunnel into one and both of the channels, respec-
tively. Previous works>®? established that a topological regime
is characterized by the dominance of nonlocal pairing over
local pairing, a scenario that is feasible with sufficiently strong
intrachannel electron-electron interactions. Here, we show that
new transitions between topological and trivial phases can be
induced by interchannel interactions. Specifically, while intra-
channel interaction favors nonlocal pairing, interchannel inter-
action can suppress it. We further discuss the self duality in the
electronic subsystem and the ground state degeneracy pro-
tected by parity conservation. Remarkably, we demonstrate that
the coupling to phonons can break the self duality and alter the
scaling behaviors of both pairing terms, thus triggering further
phase transitions. Given the ubiquitous presence of electron—
electron interactions and phonons, our findings suggest a
practical limitation in realizing topological zero modes in
helical channels.

Our setting with two parallel helical channels in proximity to
an s-wave superconductor is illustrated in Fig. 1. In addition to
configurations using quantum spin Hall insulators® or higher-
order topological insulators®® in the integer regime, we also
consider edge channels in twisted bilayer MoTe,,*® which can
be operated in either an integer or fractional regime upon
adjusting the carrier density. The system can be described by
H = Hgy + Hpp, + Hep + Vige + Veap- The first term, Hyy,, describes
electrons subject to intrachannel and interchannel screened

Coulomb interactions. The next two, Hp,, and Hep, describe the

Ap, A #0

— =

Fig. 1 Double helical liquids realized using (a) quantum spin Hall insula-
tors (QSHI) or (b) twisted bilayer structures. In both settings, a pair of
parallel edge channels, each formed by counter-propagating spin-up (red)
and spin-down (blue) electrons, are in contact with an s-wave super-
conductor (yellow). (c) Side view of the setup in the local coordinate
(labeled by r), with an interlayer separation d. The structure induces both
local and nonlocal pairings within the segment 0 < r < L, whereas only
local pairing occurs forr < O and r > L.
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acoustic phonon modes and their coupling to the electrons,
respectively. In this work, we treat the three terms nonpertur-
batively. Finally, we have perturbation terms, Vioe and Veap,
arising from the local and nonlocal pairings, respectively.
Below, we first discuss the electronic subsystems described by
Hgp + Vie + Veap, before analyzing the influence of phonons.
In our analysis, the electrons are represented by the
operator V. ,(r) with the spatial coordinate r, the channel index
n € {1, 2}, and / = R (¢ = L) for right-moving spin-down (left-
moving spin-up) modes, respectively. Within the bosonization

scheme,®*®* we have

w[ (}’) — Uf,n ei[/,kpreim[ldi,l(l‘)+9n(r)]’ (1)
'n 2na
with the Fermi wave number kg, short-distance cutoff
a = hvg/4,, bandwidth 4, and Fermi velocity vg. Here, the boson
fields satisfy

(90,0 (1) = 3-Bumsign’ = 1), ©)

with integer m. We have the following bosonized expression
characterizing double helical liquids with nonuniversal forward
scattering interactions,

Tius | 1 2 2
Hg, = ZJdrg{E(&(p&) +K5(0,05)° |, (3)
with the index § € {s = +, a = —} labeling the symmetric/

antisymmetric combination of the two channels, ¢;=
(¢, +8¢,)/V2 and similarly for 5. The velocity us = ve/K; of
the sector ¢ is related to the interaction parameter K; =
[1 + 2(Uee + 0Veo)/(nhvg)]™Y* with the intrachannel (interchan-

nel) interaction strength Ue. (Vee). One obtains compactness in

2v2 2V2
the boson fields, ¢z ~ ¢4 +% and 05 ~ 0 +%, which
plays a role when examining the ground state

degeneracy below.

The proximity-induced local and nonlocal pairings (charac-
terized by the strengths 4, with n € {1,2} and 4., respectively)
can be expressed as>>22

Viee = Jdr %cos <\/§m95> cos (ﬁm@,,)
— Jdr 2Tf‘—a_sin<\/§mﬁs) sin(\/irrz%)7

Veap = Jdr %cos (ﬁm@) cos (\/quﬁa), (5)

with A, = (4, £ 4,)/2. In the noninteracting limit, the band
inversion and topological phase transition occurs when

A2+ 4% > A2, (6)

which gives the criterion for the emergence of Majorana zero
modes.”*?* For simplicity, below we consider the identical
pairing setup with 4_ = 0.1 As demonstrated below, in this
case, one recovers a self-dual sine-Gordon model;*® for m = 2,
the model coincides with two-leg ladder systems,'**'®” which

This journal is © The Royal Society of Chemistry 2024
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host topologically nontrivial pair density wave phases, albeit
with distinct realizations. The criterion given in eqn (6) was
derived from the single-particle Hamiltonian.?*** To gain more
insights into the many-body systems, below we revisit it with
the bosonic description.

We now explore the ground state degeneracy determined by
the parity conservation, a method shown to be effective in
unveiling the topological properties of semiconducting
wires'®® and spin chains.'®”"'%*''° We note that, owing to the
presence of nonlocal pairing, the fermion parity for a single
channel here is not conserved. However, since the total fermion
parity defined from the total charge remains conserved, we

formulate it as Py = (—1)011%2 =¢ %[44, with the fermion
number g, for channel n. Utilizing the relation P0,P; I =
0, —\2n /m and the compactness of 6;, we conclude that the

ground states for cos(ﬂm@s) are characterized by eigenstates
of Py, satisfying P¢|e/o)s = +|e/o);. These states are constructed

odd le/o),=

(\ox = 0p), %[0, = 0y — \/in/m>S> / V2, with 0, being a mini-
mum of the cosine term. Concerning the topological properties,
since the 0; field appears in both Vi, and V.,p, the total fermion
parity does not distinguish between the two terms.

In contrast, since Vi, and Ve,p involve different fields, ¢,
and 6,, in the antisymmetric sector, one can exploit another
parity operator to distinguish between the two. Specifically,
given the singlet pairing considered here, both local and
nonlocal pairings create or annihilate up- and down-spin pairs
simultaneously. As a result, the pairings can alter the spin
difference between the two channels by either 0 or 2 (in units of
h/2), thereby preserving a quantity, which we term the “spin
difference parity”. This leads to the definition of an operator
Py, using the spin quantum number s, for channel n,

Py = (—1)i = V[0, Py Py =
¢, — V2rn/m and the compactness of ¢,, we conclude that the

from even and combinations as

Again,  with

ground states for cos(\/imdbu) are doubly degenerate and can

be written as |e/o),= (|¢a = ¢o)ut|d, = o — \/in/n1>a)/\/§,
with eigenvalue +1 of Py, and a minimum ¢,. On the other
hand, since the spin difference parity operator commutes with
04, the local pairing term exhibits no ground state degeneracy.
We thus conclude that the 4. term characterizes a topologically
nontrivial phase.§

Having identified that a dominant 4. term leads to topolo-
gical superconductivity, we explore its resilience to both intra-
channel and interchannel electron—-electron interactions.
Under these conditions, the criterion in eqn (6) holds upon
replacing the pairing strengths to their renormalized values by
the interactions.*>'%* To proceed, we perform the renormali-
zation-group (RG) analysis and obtain these renormalized
strengths; see ESI{ for the RG flow equations without phonon
contribution (ESIt). In Fig. 2, we present the results for m = 1.
The influence of electron-electron interactions is notable.
A general trend toward dominant nonlocal pairing requires

This journal is © The Royal Society of Chemistry 2024
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Fig. 2 RG flow and phase diagrams in the absence of phonons. (a) RG
flow for 4,(0) = 0.164, 4.(0) = 0.03, Uee/(nhve) = 2.5 and Vee/Uee = 0.7.
The label [* marks the length scale of the flow end point, where any of the
couplings reach unity. (b) Phase diagram determined from the renorma-
lized pairing strengths, with the labels “top SC”, “tr SC” and "DH" denoting
topological superconductivity, trivial superconductivity and double helical
liquids, respectively. In the last region, none of the pairings reaches unity as
the scale [ approaches I|n(L/a) set by the system size L. (c) and (d)
Renormalized interaction parameters, with a highlighted curve where K,
flows to unity. The initial points of the flows in panel (a) and Fig. 3(a) are
marked; the line cuts A and B correspond to those in Fig. 4.

sufficiently large U, to preferentially suppress local pairing
over nonlocal ones, consistent with earlier findings.** In con-
trast, finite interchannel interaction leads to a larger K, value
and reduces the nonlocal pairing. A sufficiently large Ve
eventually induces a phase transition toward the trivial super-
conductivity, suppressing formation of topological zero modes.

Interestingly, both local and nonlocal pairings tend to
increase K, thereby promoting the ordering of the 0y field.
Assuming that the 0; field is frozen, the low-energy physics is
primarily governed by the antisymmetric sector. We can express
the pairing terms V = Vjoc + Veqp as

V= J% (g4 cos(4yP) + g9 cos(290)], ?)

with g, ocAc(cos(v2mby)), ggox A+ {cos(v2mby)), iy=+/2nmK,

and Z9=+/2mm/K,. The new fields &=+/m/(nK,)¢, and O =
\/mK,/n0, are introduced to match the notations in ref. 105.
We observe that the electronic subsystem characterizes a self-
dual sine-Gordon Hamiltonian, with the self-duality point g, =
g0 and A4 = Ay reached when K, — 1. Remarkably, for certain
initial parameters, such as flow I in Fig. 2(a), the renormalized
value of K, converges to unity at the end of the RG flow,
accompanied by A,(I*)=4,(l*), signifying the arrival at the
self-duality point. Moreover, we find that eqn (7) presents a
hierarchy of self-dual sine-Gordon models (ESIt), where differ-
ent m values characterize different classes with 14> = 4> =
2mm,'*> 12 including the m = 3 model with parafermion
modes. Notably, for m = 2, eqn (7) can be refermionized using

¥, =eVm(-(?0) " allowing for the introduction of Majorana

Nanoscale Horiz., 2024, 9,1725-1731 | 1727
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fields ¢, and 5, through ¥, = (ég-i—iﬂ[)/\/i. With the details in
the ESI, we get

V=ifsllesta)ian +o-gmal,  ®

indicating a pair of massive Majorana modes &g and 7y, for any
g4 and gy. In contrast, the nr and ¢, modes can be massless at a
junction where gy and gy reverse their relative strength. Trans-
lating back to the original notations, this indicates a transition
point at which (4. — 4.) changes its sign and implies topolo-
gical zero modes at r = 0, L in Fig. 1 with a dominant nonlocal
pairing for 0 < r < L, recovering the criterion obtained earlier.

We have examined the robustness of the topological super-
conductivity in the proximitized double helical liquid, which
exhibits self duality in the electronic subsystems and
interaction-driven phase transition. However, phonons, gener-
ally present in nature, lead to a breakdown of this duality and
an additional phase transition, as we discuss below.

To explore the phonon effects, we consider the following
term from longitudinal acoustic phonons,

Ho = Y [52[52 + @], ©

n

with the phonon velocity ¢, the linear mass density p along the
channels, the displacement field d,, generated by the phonons
and its conjugate field m,. The coupling between the displace-
ment field and the electron density is described by

(10)

Hep = Y g[dr(01,) 0,4,

n

with the electron-phonon coupling strength g. We remark that
isotope engineering can be employed to modify the phonon
parameters, as the atomic mass of the lattice can be altered
through isotopic substitution, thus affecting the vibrational
properties of the lattice. In earlier perturbative analysis,”* the
phonons introduced above are shown to have no leading-order
effects on the helical liquids themselves. However, nonpertur-
bative calculation in nonhelical systems'"*™'® suggests that
phonons can affect the scaling dimensions of pairing opera-
tors, which in turn likely affects the phase diagram that we are
examining here.

Before proceeding, we comment on optical phonons. With
their weakly dispersive energy band near a finite frequency,
they have a negligible phonon density of states at low energy
compared to acoustic modes,'"” leading to reduced contribu-
tions at low temperatures. Additionally, these phonons are not
expected to produce substantial effects on the scaling
dimensions.""® We therefore follow the literature on one-
dimensional bosonized models’>'"*™**¢ and do not include
their contributions here.

From eqn (10), it is evident that phonons couple to the ¢,
fields but not to the 0, fields, leading to a breakdown of the self
duality. Moreover, due to the hybridization of electrons and

1728 | Nanoscale Horiz., 2024, 9, 1725-1731
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phonons, the low-energy modes of Hg, + Hp, + He, are
characterized by velocities,

u + 2 1/2
Usy = <aT+g (ug — 2)* +4v, ) , (11)
4[mvEg?
withy € {+, —}and v, = th . The modification in velocities

from their bare values, us and ¢, can be substantial, to the
extent that one of the velocities reaches zero, which is referred
to as the Wentzel-Bardeen (WB) singularity, known for non-
helical channels.'* '¢87120 Without pairing terms, the sin-
gularity condition is quantified as

vt _ 2
Ay nh VE

implying that the inclusion of interchannel interaction makes
it easier for the system to reach the singularity. The presence of
eqn (4) and (5) results in the renormalization of the interaction
parameters and a more complicated condition than eqn (12);
we therefore determine the singularity condition numerically.
Crucially, the electron-phonon coupling also modifies the
scaling dimensions of the pairing operators, thereby affecting
the phase diagrams.

To quantify the effects from phonons, we derive the follow-
ing RG flow equations,

——(Uee = Vee), (12)

d2|+ m usV9 uuVH ~
—=2-= Sy 2L |4 13
d/ { 2 n; (K‘”lw " Kaugy i (132)
dZI Z us)? UsYy uKaVZ{,] 4 (13b)
— \ Ku ,1 Uy @
dK; ~ ~
T 2mA? +2mAZ, (13¢)
K, 52 272
- 2mAS —2mK,; AL, (13d)
with dI = daja, A, = A, /A,, 4. = A./4, and
2_ 2
¢ u,g‘” — C
o =N —H— 14
}(),n n (ué‘*z _ ué‘72)’ ( a)
2,02 20 4
Vg n = iz(ub ub?;] 2 u(s . j Vg ) (14b)
’ Us Us 4= — Us—

The equations indicate that the electron-phonon coupling
affects the scaling of operators associated with both local and
nonlocal pairings. In Fig. 3, we compare the RG flows for
scenarios with and without phonon influence. In both
instances, K, is renormalized in a similar manner, supporting
both pairing types. The key distinction arises with phonons,
where K, is renormalized towards larger values, favoring local
pairing over the nonlocal one. Notably, the RG flows with and
without phonons result in the opposite outcomes, despite
otherwise identical initial parameter values.

This journal is © The Royal Society of Chemistry 2024
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0.8

(a) flow Ila
(no phonon)

(b) flow 1Ib

0.6 (with phonons) Ks

Fig. 3 Comparison of RG flows without and with phonon influence for
44(0) = 44¢(0) = 0.12, Ueo/(nhvg) = 2.5 and Vee/Uee = 0.83. (a) RG flow
corresponding to dot lla in Fig. 2 and 4(a). (b) RG flow with vgz/(cv;) =0.53,
corresponding to dot Ilb in Fig. 4(a).

1 1
08 L 08
— & | )
L 06 L 06
S | &
o 0.4 top SC sc ||~ 0.4 top SC tr SC
0.2 0.2
A B
......... Lo . IS, SN
0 02 04 06 038 1 0 02 04 06 038 1
Vee/Uee Vee/Uee

Fig. 4 Phase diagrams in the presence of phonons with Uee/(nhve) = 2.5
for (a) 4, (0) = 44.(0) = 0.12 and (b) 4, (0) = 64.(0) = 0.18. The label “WB"
indicates the regime beyond the WB singularity. The dots lla and llb
correspond to the flows in Fig. 3(a) and (b), respectively. The line cuts A
and B correspond to those marked in Fig. 2.

Next, we deduce phase diagrams by exploring a range of the
dimensionless parameters, VgZ/(CVF) and Vee/Ue.. As illustrated
in Fig. 4, the presence of electron-phonon coupling signifi-
cantly alters the phase diagrams. Specifically, since phonons
mediate attractive interactions between electrons within each
channel, their presence effectively reduces the strength of U,..
In terms of the RG flow, a nonzero v, increases both the K, and
K, values, thereby enhancing 4, and reducing A.. In conse-
quence, close to the boundary between the two superconduct-
ing phases, the electron-phonon coupling can push the system
from a topological phase to a trivial phase. Furthermore, the
pairing perturbations also influence the boundary approaching
the WB singularity. Consequently, the WB singularity is
reached for a smaller v, as compared to earlier analysis.'>""*
We also note that, for m > 1, a weaker electron-phonon
coupling is necessary to induce phase transitions (ESIt), indi-
cating a more fragile topological phase in the fractional regime.

Our results indicate electrically tunable topological phase
transitions in proximitized double helical liquids upon varying
the strengths of U, and V... As demonstrated in the ESI,{ the
intrachannel strength U, can be modulated through the
screening effect,®>°*?! which is controlled by either the dis-
tance between the channel and a nearby metallic layer or the
dielectric material in between. As the interchannel strength V.
additionally depends on the distance d and the dielectric
material between the two helical channels,''® they offer extra
knobs to adjust the ratio of V,./U. through device engineering.
In consequence, the electrical tunability of the proposed setups

This journal is © The Royal Society of Chemistry 2024
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allows one to induce the phase transitions, which are asso-
ciated with the presence or absence of topological zero modes.
The latter feature can be detected through various probes,**
including transport measurements,*®>>'*> magnetic field res-
ponses,*®*'”? and the parity-controlled 2n-Josephson effect
previously proposed.’**"* Given the omnipresence of elec-
tron-electron interactions and phonons, even in clean systems,
our findings represent practical constraints in utilizing helical
channels to realize topological zero modes.
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