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ters serving as a platform for
foam-like structure design†

Jacek Jenczyk *

There are a number of exceptional examples indicating the unique position of tetrahedral symmetry in the

vast landscape of different spatial organization pathways which can be sampled by matter. This work shows

that the design and analysis of relatively simple tetrahedron clusters can lead to the formulation of a new

type of dendritic structure together with unique periodic frameworks resembling clathrates and foams. A

simple sequential protocol leading from regular tetrahedron clusters to more complex structural motifs

can be employed to determine interesting repetitive building units. Accordingly, four different

hierarchical superstructures are introduced, in which the dominant population of nodes is based on

tetrahedral symmetry. The introduced architectures could be of particular interest for the field of

regenerative medicine and metamaterial engineering.
Introduction

The regular tetrahedron is the simplest Platonic solid. By con-
necting the central point of this polyhedron with its four
vertices a basic mesh element can be obtained, which is one of
the most frequently observed and inherent structural motifs
present in molecular and crystalline architectures. The beauty
of equivalently positioned hydrogens around the central carbon
within the methane molecule manifests the local space isotropy
and directly displays the symmetry of sp3 orbitals. All inter-bond
angles of this simple, organic molecule are the same and are
known as tetrahedral angles. There are a number of fascinating
examples where the tetrahedral angle remains an intrinsic
feature of the system or emerges spontaneously due to inter-
actions. Quite remarkably, the angle reappears in fundamental
spin interactions i.e. the dipolar coupling between a pair of
polarized spins (magnetic moments) vanishes when the inter-
spin vector is tilted one half of the tetrahedral angle with
respect to the polarization eld direction. This specic condi-
tion is known as the magic angle1 in the NMR eld and the
effect is directly related to the inherent symmetry of a magnetic
eld generated by an isolated magnetic moment.2 An example
from the atomic theory is also worth mentioning, where the
electron density distribution in the case of the 3dz2 orbital is
described by second order spherical harmonics Y2

0(q,4), and
hence the electron density disappears onto the conical surfaces
with a solid tetrahedral angle. In crystallography, both
commonly used materials i.e. crystalline silicone and the
University, Wszechnicy Piastowskiej 3,
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hardest allotrope of carbon display a diamond cubic structure
(see Fig. 1(a)). Moreover, there is also a large family of zinc
blende structures which adopt the same crystallographic order.
Frozen water (for instance ice Ih and Ic) can also be tetrahedrally
coordinated.3

However, the most intriguing are examples of tetrahedral
symmetry spontaneously emerging in mesoscopic and macro-
scopic scales. One of them is the bicontinuous, double diamond
(DD) phase (see Fig. 1(b)) which forms via thermodynamically
driven microphase separation taking place in block copolymer
systems.4,5 Recently, Chang et al.6 reported that controlled
annealing protocols enable sampling of metastable phases and
observation of order–order transitions from double primitive to
double diamond and then to double gyroid (DG) for simple
diblock copolymers. Interestingly, both diamond and gyroid
structures (see animation 1 and 2 in the ESI†) were also
discovered in naturally developed scaffolds, rst in the case of
the exoskeleton of the Lamprocyphus augustus beetle7 and the
second in the case of the Lycaenid buttery's wing structure.8

The authors emphasize that besides their unique mechanical
properties, they exhibit features typical of photonic crystals,
which are responsible for the brilliant iridescence observed in
these particular species. Following the idea of this natural
assembly, Li et al.9 have demonstrated a method to fabricate
a DD photonic crystal scaffold using a reverse core–shell
microphase templating system, employing amphiphilic copol-
ymers. Another example in which the tetrahedral symmetry
emerges spontaneously concerns congruent spherical particles
which self-assemble into colloidal nanocrystals10 accordingly
gathering into either hexagonal close packing or face centered
cubic phases. Wang et al.11 demonstrated a method for growing
DD colloidal photonic crystals from 400 nm diameter, DNA-
graed microspheres, reaching a lattice spacing comparable
Nanoscale Adv., 2024, 6, 1183–1192 | 1183
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Fig. 1 Several examples of tetrahedral symmetry naturally present on nanoscopic, mesoscopic and macroscopic scales: (a) crystal structure of
diamond, (b) Double Diamond (DD) order of self-assembled copolymer domains, (c) cluster of four, equal sized soap bubbles, (d) DD ordered
lipid structure discovered in cubosomes, (e) honeycomb structure.
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to that of visible light wavelengths. Moreover, Damasceno
et al.12 predicted that besides spheres there is a relatively large
family of polyhedra which can also self-assemble into FCC
(HCP) lattices and some of their results were already conrmed
experimentally.13,14 Interestingly, the DD structure was also
discovered in lipid or polymer based bicontinuous networks
(see. Fig. 1(d)) called cubosomes,15,16 which provide two non-
intersecting water-channels and which have been extensively
investigated due to their potential medical applications. On
macroscopic scales the tetrahedral angle naturally reappears in
foam architecture,17 which satises Plateau's laws. Soap
bubbles meet in fours at a vertex and the angle between inter-
bubble boundaries equals ∼109.47°. Fig. 1(c) illustrates four
equal sized bubbles joined into a cluster. A foam structure
inspired Lord Kelvin to pose the following partition problem:
how can space be divided into cells of equal volume with the
least surface area between them. The structure was theoretically
calculated by Denis Weaire and Robert Phelan18 and experi-
mentally conrmed by Gabbrielli et al.19 The Weaire–Phelan
structure consists of two kinds of cells, a pyritohedron (pos-
sessing tetrahedral symmetry) and truncated hexagonal trape-
zohedron. Finally, the most remarkable example of tetrahedral
angle in nature is directly related to Apis honey bees and their
natural ability to construct honeycomb cells satisfying mini-
malization of cell surface conditions (accordingly they mini-
mize the amount of building material).20 Each cell is closed at
the bottom with three congruent rhombuses with tetrahedral
1184 | Nanoscale Adv., 2024, 6, 1183–1192
acute angles (see Fig. 1(e)). All the abovementioned examples
signify the unique position of tetrahedral symmetry in the vast
landscape of different spatial organization pathways which can
be sampled by matter. Therefore, it is not surprising that
tetrahedron packing remains an actively studied problem
among mathematicians, chemists and physicists alike.21–23 The
mystery of tetrahedron packing persists because the ultimate
and the most efficient packing strategy of these solids remains
unknown. The best packing fraction F z 0.856 to date was
reported by Chen et al.,24 relying on Kallus–Elser–Gravel's25

packing strategy. Haji-Akbari et al.,26 employing thermody-
namic computer simulations, have shown that regular tetra-
hedra can also pack in an unexpected way and form
a dodecagonal quasicrystalline phase revealing very high F z
0.8324. This result was the rst example of a quasicrystal
formed from non-spherical particles. There are also a number
of computational27–29 and experimental30,31 works concerning
random tetrahedron packing. Jin et al.32 examined disordered
packings of tetrahedra and performed cluster analysis. They
found out that two special types of clusters are dominant, i.e.
dimer and 5-unit wagon wheels. Wang et al.33 presented exper-
imentally the remarkable structural diversity of gold nano-
tetrahedron assemblies by tailoring nanocrystal interactions. It
is, however, difficult to nd any reports concerning larger
tetrahedron cluster designs and their analysis, except the work
of Nagaoka et al.,34 who reported on superstructures generated
experimentally from tetrahedral quantum dots. Below, we show
© 2024 The Author(s). Published by the Royal Society of Chemistry
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that relatively simple tetrahedron clusters have the potential to
become an interesting platform to formulate a new class of
dendritic structures together with interesting scaffolds (frame-
works), which could be implemented in both metamaterial
design and construction engineering.
Results and discussion
Construction of clusters

The tetrahedron clusters are designed using a relatively simple
strategy, which has been introduced earlier.35 Themethod relies
on sequential decoration of a central tetrahedron with addi-
tional layers, which produce subsequent Gi generations, where i
can grow from 1 to an arbitrarily specied N. There are only two
conditions which have to be satised when constructing the
cluster: (a) cluster Gi is decorated via a face–face joint step (i.e.
two adjacent tetrahedra always share one common face), (b) the
cluster must retain tetrahedral symmetry. A detailed description
of the protocol can be found in the ESI (Fig. S1 to S7†). As shown
in Fig. 2(a) this simple algorithm can produce very interesting
objects: green represents G4 and blue G5 generation respectively
(see animation 3 in the ESI†). The rst consists of 77 tetrahedra,
while the second consists of 125 tetrahedra. It has been shown35

that some of these clusters can be used to design more complex
superstructures.
Construction of dendrimers

The obtained clusters can be employed as platforms to formu-
late perfectly tetrahedral dendrimers, which are illustrated in
Fig. 2(b) for three different generations (see also animation 4a
in the ESI†). The produced dendrimers reveal tetrahedral
symmetry and, more importantly, every single inter-bond angle
within the structure is also a tetrahedral angle. In general, one
can construct an innitely large dendritic network of this kind
(with N / N) having only one unique central point. It is also
worth adding that all bonds (internode distances) of these
structures have the same length. In order to construct these
objects, a very straightforward protocol has to be implemented
(see Fig. S8 to S11 in the ESI†). Initially, all central points
(centres of gravity) of individual tetrahedra have to be specied
and, subsequently, the connections are constituted only
between those tetrahedra which share one common face. The
obtained network to some extent resembles the spatial distri-
bution of Voronoi seeds determined for a specic cluster. In
other words, all faces which are shared by two adjacent tetra-
hedra would be a part of the Voronoi diagram36 determined for
this particular network of seeds (generators). Interestingly, the
formulated dendritic structures can become a structural plat-
form to design foam-like architectures. This idea is illustrated
in Fig. 3(a)–(c). First, we stretch membranes onto a dendritic
scaffold, obtaining a lattice of interconnected pentagonal
polygons (see Fig. 3(d)). At this stage, the structure provides
several open, foam-like pockets (see animation 4b in the ESI†).
Subsequently, we articially close these pockets with additional
pentagonal membranes, thus forming closed cells (see Fig. 3(e)
and S13 in the ESI†), which resemble pentagonal dodecahedra.
© 2024 The Author(s). Published by the Royal Society of Chemistry
Accordingly, we can specify three types of clusters a, b, and g.
Since all the inter-membrane angles within the structure are
either exactly equal or close to 120°, the presented clusters of
cells satisfy Plateau's law and hence it is expected that very
similar formations can locally develop in actual foams.17,37 It is
worth emphasizing that this work limits the analysis only to
relatively primitive networks based on G5 clusters and we are
aware that further studies are required to discover and examine
more interesting and complex foam-like structures determined
for larger N.
Construction of new frameworks

Below, we would like to introduce and discuss four different
types of structures, which are originally based on specic
tetrahedron clusters and their complementary dendritic
networks. The rst structure (called here structure A) is illus-
trated in Fig. 4(d) and one can design it relying on G2 clusters
assembled into a diamond like superstructure (Fig. 4(b)), which
has already been introduced elsewhere.35 Fig. 4 sequentially
depicts how the corresponding dendritic scaffold becomes
a platform to formulate more complex, foam-like architecture
consisting of two types of solids, one resembling a pentagonal
dodecahedron with 12 pentagonal faces (small cage 512-purple)
and the second resembling a hexakaidecahedron with 12
pentagonal and four hexagonal faces (large cage 51264-blue).

Fig. 5 illustrates three additional structures, which can be
originally designed relying on tetrahedron clusters. Their
unique architecture, which locally resembles the structure of
foam, can be particularly interesting in the eld of regenerative
medicine and metamaterials design. Structure B displays
chains of 512-like solids which are specically assembled onto
a diamond lattice (see also animations 5a/5b and Fig. S15–17 in
the ESI†). Accordingly, a continuous void is le around it, which
also exhibits diamond symmetry. The architecture is based on
clusters a, shown in Fig. 3(e), which sit in each node of the
diamond lattice and which are interconnected via an additional
pentagonal polyhedron. Structure G displays the same super-
structure geometry and may be designed as a single diamond or
double diamond. Fig. 5(b) depicts a DD form (see also anima-
tion 6 and Fig. S18–23 in the ESI†), which does not tile the space
and leaves voids between two diamond superstructures (red and
blue). Both forms are designed relying on g clusters introduced
in Fig. 3(e). There is a special connection (linker) introduced
between each pair of g clusters consisting of three solids
resembling an irregular dodecahedron (Fig. S18†). Structure D

in fact represents the third variant of G, and differs solely in
terms of the coordination number characteristic of each nodal
point. In the case of D, each g cluster is directly connected with
its 8 closest neighbours. Linker geometry remains the same as
in G. Accordingly, the superstructure of D resembles a rhombic
dodecahedron, which is a tessellating space convex polyhedron.
As shown in Fig. 5(c), the structure does not tile the space and
there is, interestingly, a continuous void network present in this
framework (see Fig. S24 and 25 in the ESI†). The presented
superstructure has 12 interconnected chambers which are
visualised in animation 7 available in the ESI.†
Nanoscale Adv., 2024, 6, 1183–1192 | 1185
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Fig. 2 (a) Two different tetrahedron clusters G4 and G5 viewed from four different angles, (b) G3, G4, and G5 clusters and their corresponding
dendrimers.
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Confrontation with structures reported by other authors

Interestingly, very similar structures to the ones introduced
above have been reported for gas hydrates,38,39 silica
clathrates39–41 and carbon clathrates.42 Gas hydrates are solid
compounds naturally present on Earth and other celestial
bodies (planets, moons and comets), which can be formed
under specic conditions within gas/water mixtures. They
consist of a hydrogen-bonded water framework (host
1186 | Nanoscale Adv., 2024, 6, 1183–1192
molecules) providing cavities for guest molecules which also
stabilize the framework. Importantly, various types of guest
molecules can be accommodated and stored in the structure,
for instance hydrogen, nitrogen, CO2 or methane. Therefore,
gas-hydrate-based-technologies are attracting ongoing atten-
tion due to their potential application in CO2 capture, gas
separation, water desalination and energy storage. Moreover,
the enormous mass of gases naturally stored in hydrates (vast
© 2024 The Author(s). Published by the Royal Society of Chemistry
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Fig. 3 (a)–(c) illustrate the sequence of foam-like unit formation, (d) shows membranes stretched onto a dendritic scaffold, and (e) illustrates
foam-like unit cells.
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reserves of methane hydrates mostly accumulated in submarine
continental margins) on our planet constitutes a large portion
of energy resources and hence methods for safe extraction are
going to be identied and implemented. Natural hydrates are
classied into three structural types: (a) structure sI including
two types of cage units i.e. (512) and (51262), (b) structure sII
including two types of cage units i.e. (512) and (51264), and
structure (c) including three types of cage units i.e. (512), (51268)
and (435663).38 Interestingly, clathrate hydrates form non-
stoichiometric compounds and there is large population of
empty cages present in the system. Falenty et al.43 conrmed
experimentally that the sII structure can stand as an empty
hydrate lattice even without the presence of stabilizing guest
© 2024 The Author(s). Published by the Royal Society of Chemistry
molecules and thus they formally established the seventeenth
crystalline ice phase, which corresponds directly to structure A
presented here. It appears to be the least dense of all known
crystalline water phases. The authors showed that the initially
present neon guest molecules can be pumped out from the
framework cages (they canmigrate through six-membered rings
of water) leaving behind ametastable water network. In terms of
architecture, one analogue to clathrate hydrates is silica clath-
rates, which possess a pure silica framework. Among these
zeolite-like materials three specic topologies can be found,
which directly correspond to the frameworks found in hydrates
i.e. (a) MEP, which is isotypic with the cubic sI, (b) DOH, which
is identical to sH topology and (c)MTN, which coincides with sII
Nanoscale Adv., 2024, 6, 1183–1192 | 1187
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Fig. 4 (a) Pair of G2 clusters and corresponding dendrimers, which define the 512 cage, (b) five G2 clusters forming a larger superstructure and
corresponding dendritic network, (c) and (d) the foam-like structure A based on a dendritic network, which resembles the sII structure typical of
hydrates (see also Fig. S14 in the ESI†).
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hydrate topology.40 Momma et al.44 reported the discovery of two
new silica clathrate minerals that are isostructural with sII and
sH. They were formed in marine sediments at temperatures
above the stability elds of gas hydrates and they store hydro-
carbons. One of them is chibaite,45 a mineral analogous to the
syntheticMTN silica,46which corresponds directly to structure A
(Fig. 4). Inspired by clathrate hydrates, Zhu et al.42 postulated
new carbon allotropes based on sI, sII and sH structures and
performed ab initio calculations in order to examine their
potential mechanical and electronic properties. The authors
1188 | Nanoscale Adv., 2024, 6, 1183–1192
found that all of these allotropes would be thermodynamically
stable and exhibit remarkable mechanical characteristics,
indicating that they could potentially become lightweight 3D
structures for important engineering applications. Carbon
framework sII, which corresponds directly to structure A,
exhibits higher ideal tensile strength (dened by the upper limit
of material tensile strength) in the <111> loading direction than
diamond, despite its lower mass density.

Although the hydrate structures are well dened, an accurate
description of nucleation and growth mechanisms leading to
© 2024 The Author(s). Published by the Royal Society of Chemistry
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Fig. 5 Three different, periodic superstructures based on tetrahedron clusters. (a) Structure B following a diamond lattice, (b) structure G

following a DD lattice, (c) structure D following the lattice based on a space-filling rhombic dodecahedron.
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the formation of these unique arrangements remains unclear.
The major difficulty in achieving a complete description of the
molecular events leading to the crystallization of a hydrate
structure from a disordered state has been that of overcoming
the metastability occurring during molecular simulations.47

Among several nucleation and growth mechanisms proposed,38

the labile-cluster hypothesis (LCH)48 is particularly interesting
with regard to the design protocol employed here. According to
the LCH, hydrate nucleation is initiated by an agglomeration of
unstable entities featuring a guest molecule surrounded by
© 2024 The Author(s). Published by the Royal Society of Chemistry
water molecules. These entities diffuse and form larger, more
stable clusters, which may become a platform to initiate further
growth of the crystal. Intriguingly, the sequential pattern illus-
trated in Fig. 4 corresponds to some extent to the LCH mecha-
nism. The 512 cage illustrated in Fig. 4(a) can be treated as an
unstable cluster of water molecules coordinated around a guest
molecule, whereas the structure shown in Fig. 4(b) represents
a more stable cluster, which could possibly initiate further
growth. It is worth emphasizing that structure A was designed
solely relying on specic tetrahedron cluster assembly (thus
Nanoscale Adv., 2024, 6, 1183–1192 | 1189
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representing a colloidal crystal growth approach), and this
approach independently led to the structure resembling sII
(MTN) architecture. It is also worthmentioning that structure B,
illustrated in Fig. 5(a), to some extent resembles clathrate-IX,41,49

which consists solely of 512-like solids. The latter consists of
pentagonal polyhedra gathered into helical chains, which do
not tile the space, and leave large void channels in between.

The frameworks introduced here could be treated as an
extracellular matrix for three dimensional cellular colony growth
or as a scaffold for ultralight andmechanically robust materials. It
has been shown that cellular packing organization regulates
communication and growth, and determines the mechanical
properties of the tissue.50 Hayashi et al.51 reported that the
assembly pattern observed in the spatial arrangement of cells
during the development of the retina can be driven by surface
tension minimization. In other words, the tissue architecture can
partially follow the packing strategy, which is characteristic of
foams. On the other hand, Alsous et al.52 analysed geometrically
frustrated cell assemblies (egg chamber) and suggested that
topological constraints can control cell positioning during early
oogenesis and embryogenesis. Therefore, the geometry of an
extracellular matrix can have a signicant impact on cells' spatial
packing and their eventual properties and functions. It is impor-
tant to emphasize that all of the architectures presented in Fig. 5
are fully periodic and the repetitive structural motifs can be
arbitrarily scaled and thus it is possible to manufacture arbitrarily
shaped objects displaying a precisely denedmicrostructure. This
feature makes them particularly interesting in the eld of high-
performance ultra-lightweight materials based on well-dened
scaffold or cellular architectures, which are referred to as
metamaterials.53–55 It has been shown that properly designed truss
architecture can reveal remarkably high mechanical strength
despite the low density of the overall material, which can be
treated as a porous substance. In other words, it is the micro-
structural geometry, rather than the material composition, which
determines the unusual properties of metamaterials. A number of
different geometries have been examined, including stochastic
and periodic structures both closed and open cellular,56–58 some of
them inspired by architectures developed by living organisms, for
instance triply periodic minimal surfaces such as gyroids.59,60

Metamaterials are continuously treated as an emerging tech-
nology which is strongly coupled to rapid developments observed
in 3D printing. Therefore, there is an ongoing effort to design and
examine novel truss topologies displaying desired properties. It is
worth mentioning that the frameworks introduced here belong to
hierarchical metamaterials61 in which the dominant population of
nodes is based on tetrahedral symmetry. Importantly, the exact
same symmetry refers to the superstructure, too. This structural
feature guarantees uniform stress distribution on both levels i.e.
microstructural and superstructural.

Conclusions

It has been shown that tetrahedron clusters are interesting and
intriguing objects which can be treated as an initial platform for
identication of more complex architectures. Among these
architectures are (a) a new class of dendritic structures and (b)
1190 | Nanoscale Adv., 2024, 6, 1183–1192
periodic foam-like frameworks. The simple algorithm employed
here leads to remarkable dendritic objects, which alone would
require separate and thorough studies. This work limits its
analysis solely to the trivial G5 generation and hence there are
a number of additional questions to address, for instance (i)
what is the structural evolution of these dendritic objects for
larger N? and (ii) is there any repetitive structural motive
observed for larger N? Finally, the work reveals that the
mentioned dendrites can be treated as scaffolds to design
unique frameworks consisting solely of pentagonal
membranes. These structures could become particularly useful
in metamaterial engineering or regenerative medicine. Again,
a question remains concerning frameworks determined for
larger N. In general, the protocol introduced here allows
construction of open cell frameworks for arbitrarily large N, the
most intriguing of which would be the one in which N goes to
innity, thus forming a continuous foam-like framework.
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