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We show that molecular spins represent ideal materials to realize a
fault-tolerant quantum computer, in which all quantum operations
include protection against leading (dephasing) errors. This is
achieved by pursuing a qudit approach, in which logical error-
corrected qubits are encoded in a single multi-level molecule
(a qudit) and not in a large collection of two-level systems, as in
standard codes. By preventing such an explosion of resources, this
emerging way of thinking about quantum error correction makes its
actual implementation using molecular spins much closer. We
show how to perform all quantum computing operations (logical
gates, corrections and measurements) without propagating errors.
We achieve a quasi-exponential error correction with only linear
qudit size growth, ie. a higher efficiency than the standard
approach based on stabilizer codes and concatenation.

1 Introduction

A “useful” quantum computer should be universal, accurate and
scalable." Meeting these conditions on noisy hardware requires a
fault-tolerant quantum error correction (QEC) approach, which
allows for universal quantum computation with an arbitrary
error reduction, while remaining experimentally achievable.
The standard way to tackle this problem relies on encoding
the elementary unit of computation (a logical qubit, LQ) into a
collection of distinct physical qubits.”® Different codes were
developed along these lines, progressively increasing the max-
imum tolerated error for each elementary operation (the so-
called threshold).”*® However, all of them show an explosion in
the number of physical qubits and gates to achieve error
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New concepts

We introduce the first procedure for the fault-tolerant implementation of
a universal set of quantum operations on error-corrected qubits encoded
in molecular spins. Such a fault-tolerant implementation (which tolerates
errors during computation without propagating them) is mandatory to
realize a useful quantum computer. Our novel concept exploits specific
features of molecular spins and, in particular, of molecular nanomagnets,
i.e. the presence of many levels which can be coherently manipulated,
and their unparalleled tunability at the synthetic levels. The former is
exploited to follow a qudit approach and encode an error-corrected qubit
into a single molecule, thus preventing the explosion of resources typical
of existing multi-qubit codes. The latter allows us to design a fault-
tolerant methodology to actually implement gates and error correction
on a realistic platform, thus making a crucial step forward. The
remarkable performance obtained in realistic simulations on a wide
class of molecular spins demonstrates the great potential of these
materials as viable a path for fault-tolerant quantum computation.
Moreover, our work highlights which simple molecules could represent
a new generation of logical qubits. Noticeably, we do not find stringent
requirements for spin coherence, thus greatly simplifying the synthesis of
suitable molecules.

suppression required for reliable computation,***”*# which
represents an important roadblock to an actual implementation.

We follow an orthogonal approach, in which the elementary
protected unit of information is encoded in a single d-level
qudit (thus dramatically reducing the resource overhead), and
we show that molecular spins provide ideal qudits to achieve a
fault-tolerant (FT) implementation. Indeed, molecular spin
qudits (MSQs) meet two key requirements for FT quantum
computation: (i) they show a clear hierarchy in the errors
affecting the system, with dephasing largely dominant.'®™*
(i) They can accommodate many low-energy eigenstates whose
properties can be tuned to a large extent at the synthetic
level.>** Note that a FT implementation, in which errors do
not propagate during quantum operations, is of primary impor-
tance for any QEC scheme.** Otherwise, correction procedures
would amplify the errors handled by the code, making the
procedure practically useless. Although the idea of embedded
codes™®***>7?% hag recently inspired other proposals based on
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MSQs'9?1?%3% or photons,>”***'*7 a comprehensive fault-
tolerant (FT) implementation accommodating realistic noise
models, noisy ancillae, encodings, measurements, and espe-
cially noise during a universal set of gates, is still missing.>*>®

Here, we propose the first fault-tolerant implementation of
an embedded stabilizer code for MSQs, in which all quantum
computing (QC) steps (i.e. a universal set of logical operations,
stabilization and correction) are transparent to the errors
handled by the code, i.e. errors do not propagate during any
of these operations.

We first introduce an illustrative class of simple MSQs which
can be used as elementary units of quantum hardware and their
coupling with the environment. Thanks to a clear hierarchy in the
error operators, a code which protects them from the most relevant
ones can be derived. Then, we propose a scheme which makes all
QC procedures (one- and two-qubit logical gates, stabilization and
recovery) error transparent (ET) by appropriate pulse sequences.
Based on numerical simulations, we investigated the performance
of the code (the so-called threshold analysis), showing that the
corrected qubit beats the uncorrected one even for short coherence
times. This significantly lowers the requirements for the molecular
hardware. Moreover, we find an almost exponential error correc-
tion with only a linear growth in the number of qudit levels.

We also highlight the possibility of applying the code to
different classes of molecular spins meeting the requirements
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we have identified of a well-defined hierarchy in the errors and
a high connectivity between the eigenstates.

2 Results and discussion
2.1 Molecular spin quantum hardware

As a prototypical example of a MSQ suitable for the proposed
FTQC scheme, we consider a giant-spin S molecule with non-
axial zero-field splitting anisotropy. The total spin S > 3/2 can
arise either from a single ion or from the interaction between
different local spins in the so-called single-molecule magnets.
This class of systems was widely studied by chemists and
physicists for information storage, with the target of increasing
the anisotropy barrier and hence the axial character of the
molecule.*®*> Here, we relax the requirement of strong axial
anisotropy and consider a system (labeled as 1) described by
the following Hamiltonian:

Hg = DSZZ + E(sz - Syz) + upBgS;, (1)

where D and E parameterize the axial and rhombic zero-field
splitting anisotropy of the system, while the last term indicates
the Zeeman interaction with an external field along z. Note that
in the case of multi-spin single-molecule magnets S represents
the total spin of the ground multiplet, which can be rather
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Fig. 1 Examples of single-ion magnets suitable for the implementation of our protocol: spin S = 3/2 [Cr(CsSs)s1>~ (a)*® and S = 7/2 GdWso (b).” The
energy level diagram obtained from diagonalization of Hamiltonian (1) at 0.35 T. Scheme of single-qubit gates (c), stabilization (d), and recovery (e) for a
$=3/2LQ (d = 4 levels), using the code words reported in Table 1. In each panel, the histogram represents the populations of eigenstates in blue (orange)
for / = 0(1). The upper triangular matrix on the right is the driving Hamiltonian in the rotating frame, with filled boxes indicating the set of 6; resonant
pulses between pairs of eigenstates (arrows in the histograms) simultaneously sent to the system. Different colors of the arrows and boxes indicate
different pulse frequencies, while the phases are indicated at the top. For stabilization (d), the eigenstates of a two-level ancilla (0,1) are also reported.
(b) Reprinted (figure) with permission from ref. 47, Copyright (2017) by the American Physical Society.
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large.*>** In the following, we consider a typical experimental
magnetic field, B=0.35 T, and we set D= —0.81 cm ™' ~ 24 GHz
and E = —0.24 cm™ ' & 7 GHz for S = 3/2. Then, we investigate
the FT implementation of QEC codes for different values of S
ranging from 3/2 to 11/2, corresponding to qudits of dimension
d =4,...,12. By varying S, we consider a reduction in D, E and B
by a common factor S(2S — 1)§ to maintain the frequency of the
resonant pulses used for manipulation in an experimentally
feasible range. Note that the performance of the scheme is not
influenced by such a re-scaling of all the parameters, because
the system eigenstates and the corresponding dephasing pro-
cesses are not changed. The sizable rhombic anisotropy (not
negligible with respect to axial anisotropy and Zeeman split-
ting) in (1) ensures that all required transitions between the d
levels used for the encoding can be individually and efficiently
addressed by resonant microwave pulses. We stress that these
parameters can already be found in existing compounds, such
as the molecules reported in Fig. 1(a) and (b). These are the
spin 3/2 Cr-based qudit [Cr(C;S5);]°,*® showing E/D ~ 1/3 and
T, ~ 2 ps and the § = 7/2 GdW3, complex,”” again with high
rhombicity E/D ~ 0.23. This feature is specifically exploited in
the FT implementation of our protocol. It is important to stress
that this choice of parameters is not critical. In fact, a smaller
E/D would reduce the value of some of the required magnetic
dipole matrix elements, but without hindering the feasibility of
our scheme. Indeed, this reduction can be compensated for by
increasing the amplitude of the driving field or by the presence
of higher-rank zero-field splitting operators (typically present
for S > 3/2). In addition, the signs of D and E are irrelevant to
our scheme.

Furthermore, the required connectivity can be obtained even
with very different MSQs, such as anti-ferromagnetically
coupled spin clusters with competing exchange interactions,
as proposed in ref. 23 and 48. The performance of an illustra-
tive example of this class of molecules (labeled as 2 and
described in the ESIt) will also be considered for comparison
in the following. Noteworthily, the proposed methodology does
not introduce stringent requirements for coherence times (see
below), thus greatly simplifying the synthetic efforts.

Errors corrupting quantum information initially encoded in
the pure state po = |Yo){Wo| can be, in general, represented by
Kraus operators Ey, i.e. the density matrix after possible errors

isp=>" EprEZ. Protection against a set of errors {E;} can be
k

achieved by identifying code words |0;) and |1;), which satisfy
Knill-Laflamme conditions (KLc):*’
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<OL|EzEj|0L> = <1L|EI+cEj|1L> (2a)

(OL|EiE;|1,) = 0. (2b)

By using d-dimensional qudits (i.e. d levels of the spin Hamil-
tonian for the encoding), at most d/2 different errors can be
corrected. We then consider the vector set {E;|0p),Ex|1.)}¢% %,
and the orthonormal basis set ./ obtained from its Gram-
Schmidt orthogonalization. We denote the set .« as {/,k} with
¢ =0, 1 labeling the logical states and k = 0,...,d/2 — 1 as the
correctable errors.

In MSQs (as in trapped ions,
spin architectures®®*), pure dephasing (with decay time T,) is
the leading error at low temperature, while spin-lattice relaxa-
tion (T}) is orders of magnitude slower.*>*>® Therefore in the
following we will focus on it.

Pure dephasing in MSQs arises from the coupling between
the system spins and the surrounding nuclear spins.>>*” In the
secular and Born-Markov approximations, one can derive a
Lindblad equation for the evolution of the density matrix (see
ESI¥),?**® resulting in a decay of only the off-diagonal terms of
p [py(t) = py(0)e™""] with rates y; = 3 Cip, [(dilsi |di) (dilsju|di) +
(dj|s|d;){d;|si|d;) — 2(di|s;|d;){d;|si.|d;)]. These are essentially
related to the structure of the eigenstates |d;), |d;), apart from
the coefficients Cjj, that depend on the dipolar interactions
between the system and bath spins and, hence, on the relative
positions between them (see the ESIT)q. Although these are
system-specific, the general conclusions that follow are not.>**®
Note that the matrix elements of the local spin operators in
system 1 are proportional to the giant spin operators within the
ground multiplet, Z.e. (d;|s¥|d;) oc (d;|S,|d;).

From the solution of the Lindblad equation, we obtain the
system density matrix at time ¢ subject to pure dephasing,

5051 atoms®* and several other

Sk

pii(t) = py(0)e 7. This expression for p can be re-written as a

Kraus decomposition at a fixed time ¢, p(f) = > Ekp(O)E,f,, with
&

diagonal operators E;. The latter can then be determined by
state tomography.®® Since they display a clear hierarchical
structure, we focus on the d/2 most relevant ones and solve
KLc (2). For instance, the E; operators for a spin S = 3/2 giant
spin 1 (d = 4) are reported in Table 1 (left), in order of
decreasing norm. E, and E; (in bold) are clearly leading and
we can write a set of equations to fulfill KLc for them, thus
determining the code words reported in Table 1 (right) and the
whole orthonormal set {|/,k)} in the eigenbasis (different
columns). The magnitudes of the components of the code

Table 1 Left: elements of the diagonal error operators Ey, k = 0, 1, 2, 3, for S = 3/2, based on the eigenvectors |d,) of Hamiltonian Hs in eqn (1), obtained
by process tomography of the system subject to pure dephasing. Right: corresponding orthonormal set of error words .«7 satisfying the Knill-Laflamme
conditions [egn (2)] for the error diagonal operators E, reported on the left side

Kraus operators

Codewords and error words

Ey |do) (do |d1)(d| |d2) (s |ds)(ds|

|7,k) |do) |d.) |dz) |d5)

E, 9.9988 x 10 °* 9.9918 x 10 ** 9.9996 x 10 **

E; 1.5707 x 10~

9.9888 x 10 °* |0,0) 0
4.0417 x 10°°* —8.8440 x 10~ % —4.7298 x 1072 [0,1) ©

8.5335 x 10°°'  5.2135 x 10 °* 0
5.2135 x 107°* —8.5335 x 107 °* 0

E, —4.7091 x 10°°*  6.6400 x 107" —7.4171 x 10°**

5.4969 x 107°* |1,0) 9.2188 x 107" 0 0 3.8748 x 10!
E; 8.2900 x 107 % —2.9673 x 107 % —6.8142 x 107 %

1.4916 x 107°® |1,1) —3.8748 x 107 °' 0 0 9.2188 x 10~

This journal is © The Royal Society of Chemistry 2024 Mater. Horiz., 2024, 11, 4961-4969 | 4963
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words in the eigenbasis are shown by the bars in Fig. 1, where
different colors indicate components of different logical states
/ =0, 1. A simple choice is to define / = 0 and / = 1 logical
subspaces disjoint in the eigenbasis. For instance, in the example
of Fig. 1, / = 0 is encoded onto eigenstates |d,) and |d,), while /=1
is encoded onto |d;) and |d,). We have tested with different
parameters in the spin Hamiltonian and spatial distributions of
nuclear spins that the hierarchical structure of the errors is rather
general. The other E; operators and the corresponding code words
are reported in the ESL,7 for different S or, in general, for different
numbers of qudit eigenstates (d = 4 to 12) used to define the LQ.
Note that by changing d we are actually changing the code and,
hence, a threshold analysis for each case is needed (see below).

2.2 Fault-tolerant implementation

Based on this molecular spin hardware, we now formally
discuss the FT implementation of the logical gates. Given a
gate G on a single qubit, the corresponding logical gate Gy, that
extends G to the protected LQ is given by G;, = G ® I,. This
means applying the gate G to each subspace |/,k) independent
of k and highlights the basic idea to achieve FTQC, ie. to
perform logical operations independent of the error.*” Two-
qubit controlled logical gates CG can be realized in a similar
way, by implementing CG independent of the error k on both
the control and target LQs (see the ESIY).

Let us start with a logical planar rotation Rp(0,$) =
exp[—i(cos ¢ Yy — sin¢ X1)0/2], as shown in Fig. 1(c). Its ET
realization requires resonant pulses between each eigenstate in
the logical / = 0 subspace [blue bars in Fig. 1(c)] and each one in
the logical / = 1 subspace (orange bars). Hence, the system
Hamiltonian must ensure the possibility of directly driving mag-
netic dipole transitions between each pair of eigenstates in the
two subspaces. Remarkably, this is granted by both 1 and 2 for the
proper choice of subspaces and of driving pulses. Different pulses
of length 0; are indicated by double arrows in the histogram, and
their phase ¢ is reported in the connectivity matrix A nearby. As
detailed in the ESI, one can show (with a generalized rotating
frame formalism®) that the set of simultaneous pulses {0;,¢;}
implements the unitary exp[—iH], which corresponds to R[(6,¢).
Here, we assume all the energy gaps to be spectroscopically
distinguishable. Remarkably, since 0, ¢ € R, the resulting set of
gates Rp(0,¢) is a universal set for one-body logical operation.
Along the same lines, one can also implement a two-body ET
C — ¢ logical gate in a single step (see below).

We now turn to the steps of error detection and correction.
Error detection is achieved by measuring

=l k) (e k] ()
k.t

where /; # A for k # k. This corresponds to the stabilization
of information used in stabilizer codes on qubits, with the
important simplification that we have only one multi-valued
stabilizer X that gives directly the error syndrome instead of
multiple two-valued stabilizers,**®" i.e. the code is nondegene-
rate. This reduces the impact of measurement errors (see
below). Even more importantly, this enables the direct
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identification of errors starting from the syndrome, without
needing a syndrome decoder, which is usually an important
bottleneck for large qubit stabilizer codes.®*%?

Stabilization is achieved by exploiting a d/2-level ancilla
linked to the d-level LQ and implementing a k-controlled
operation CU between the LQ (control, initially in a generic
state |)) and ancilla (target, initialized in its ground state 0).
The CU gate acts as follows: [(,k)|0)—|l.k)|k), |€.k)|k)—
—|¢,k)|0) and the identity otherwise. | Therefore, CU maps each
error k to a specific eigenstate of the ancilla. Hence, a final
measurement of the ancilla in its eigenbasis identifies the error
syndrome k and stabilizes the information in the subspace
|7,k). Note that CU is ET since it does not affect the state of the
LQ but only the state of the ancilla.

The implementation of a CU on the MSQ is shown in
Fig. 1(d). In this case, the eigenstates of both the LQ and of a
d/2 level ancilla are shown in the product basis |d;k), with the
ancilla initialized in its ground state |0). In this 4-level example,
stabilization requires exciting the ancilla iff LQ is k = 1. This
translates into the set of simultaneous pulses shown in Fig. 1(d)
between each qudit eigenstate |d;) with the ancilla in |0) and
each qudit eigenstate |d;) with the ancilla in |1). Following the
argument above, one can derive the connectivity matrix with
pulse lengths and phases by taking the logarithm of the CU gate
(see the ESIT). For logical gates, the required connectivity for
stabilization is ensured by both the proposed model systems
(see the ESIt for details). The ancilla could be an additional
smaller giant spin unit with S’ = §/2 — 1/4, S being the total spin
of LQ. Remarkably, the ancilla does not need to be encoded.
Indeed, it is excited to the eigenstate |k) with the same prob-
ability p; and an error E;. Hence, it suffers an error Ey with the
conditional probability pipr, which results to be of a higher
order than the error in the qudit.

The recovery (correction) step R simply consists of mapping
back the stabilized states |/,k) into |/,0) by a unitary transfor-
mation depending on k. Since RE can be written as I, ® Ry, no
evolution between subspaces with different values of / is
performed. The implementation of R from k = 1 to k = 0 (for
the specific case d = 4) is illustrated in Fig. 1(e), and is obtained
by a pair of pulses within the two disjoint # = 0, 1 subspaces.**

To conclude, we describe how to measure and initialize a LQ.
In particular, readout of the LQ state corresponds to the measure-
ment of Z;, which again translates into distinguishing the value of
¢ independent of the error k. Having chosen the /=0 and /=1
logical subspaces disjoint in the eigenbasis, the readout simply
corresponds to summing the probabilities of finding the LQ into
the eigenstates belonging to each of the two subspaces (either |d,)
and |ds) or |d;) and |d,) in the above example). Reading out the
state of a molecular spin qudit can be done by coupling it with
a superconducting resonator® and borrowing strategies used
for superconducting qubits, as shown in the blueprint in
ref. 65. In this setup, control lines are used to implement
single-qudit operations via classical driving pulses at
different frequencies, while the qudit readout is achieved by
exploiting its strong coupling with the quantized photon field in
the resonator.

This journal is © The Royal Society of Chemistry 2024
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At last, LQ encoding can be achieved analogously to stan-
dard qubit stabilizer codes.”® Starting from the qudit into its
ground eigenstate, we drive it to the proper superposition of
eigenstates defining |0.) = |0,0). Errors that occur during this

step bring the system to a mixture Y. pﬁi}f’lm k)(¢,k'|. Hence,
WKk

we first perform a logical measurement of the qudit discarding
it if we get an / = 1 outcome, and we finally proceed with a
stabilization step, discarding it for any k # 0.

Summarizing, we have presented MSQs characterized by two
key requirements to achieve FTQC, ie. (i) a clear hierarchical
structure in the error operators and (ii) the capability to imple-
ment in a single step any QC operation U of the embedded QEC
protocol. This is achieved by driving the system via proper
resonant oscillating fields (A = ilog U) directly inducing transi-
tions between the qudit eigenstates. In practice, this implies
suitable connectivity between the qudit eigenstates that can be
obtained in MSQs, owing to the high degree of chemical
tunability of the Hamiltonian in this class of systems.>"?*>%¢7*

2.3 Threshold analysis

We now show the effectiveness of our scheme for the correction
of pure dephasing errors (with characteristic time T,) in MSQs.
This is done by numerically integrating the Lindblad equation
for the system density matrix, subject to both pure dephasing
and the sequence of pulses required to implement the desired
operations (see the ESIf). These include a universal set of
logical gates, stabilization (CU), and recovery. We also consider
possible measurement errors (see below). In contrast to stan-
dard threshold analysis,"””> we do not assume discrete errors
occurring with a given probability but a continuous dephasing
realistically describing the system and acting during all of the
procedures, with an elementary error rate of 1/7,.1+

We start by considering generic R} (6,4) rotations, followed
by stabilization and correction. We report the final logical error
é&. as a function of the elementary error rate 1/T, for molecule 1
in Fig. 2(a). Here, . = 1 — % ., where . is the entanglement
fidelity of the procedure,ii’> and we average on a universal set
of (6,¢) values. The logical error is obtained by full-state
tomography of the logical state and corresponds to the failure
probability of the QEC protocol, i.e. errors that cannot be
corrected by the code.

We immediately note that the slope of the curves in Fig. 2(a)
on the log-log scale for the LQ (number of levels >4) is larger
than that for the uncorrected case (blue line). This means that
. is propagated through the executed circuit to a higher order
than the elementary error, thus remarking the fault tolerance of
all procedures involved. Notably, for reasonable gate duration
(90 ns for the LQ, see§§ "> and ESI¥), the LQ with d = 4 (S = 3/2)
beats the uncorrected two-level system for T, = 1 ps, a perfectly
achievable value in MSQs.>**””® This corresponds to an error
probability for the elementary transition between a pair of qudit
levels of p = /2T, ~ 4.5%. By increasing d (i.e. considering a
qudit with a larger S), the codes outperform spin 1/2 independent
of T,. This behavior is an important strength of our method,

This journal is © The Royal Society of Chemistry 2024
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which ensures FTQC without any stringent requirement on
molecular T, (or on elementary error probability). Indeed, the
errors are reduced and propagated to higher orders, as evidenced
by the increase of the slope of the curves in Fig. 2(a). It is also
worth noting that, although molecule 2 is very different from 1,
the results for the final logical error after the application of the
same procedure are perfectly analogous [see the inset of Fig. 2(a)].

Remarkably, we find for both 1 and 2 an almost exponential
suppression of the error with a linear increase of d, as reported
in Fig. 2(b), independent of T,. This makes the proposed
protocol much more efficient than the standard qubit concate-
nation techniques, where an exponential error suppression is
obtained with an exponential growth of the Hilbert space.”® To
quantify this gain, we note that the final error suppression is
strikingly larger; here, we achieve a logical error of 107" by
employing 12 x 6 levels (LQ + ancilla) and T, = 10 ps, which
should be compared to more than 5000 qubits needed by
Floquet codes with the same elementary error p =~ t/2T, =
0.45%.'® This remarkable performance, which only requires
proper connectivity between the molecular eigenstates, is found
here by focusing on the dominant family of errors of molecular
systems. Moreover, the depth of our circuit (i.e. the number of
operations implemented in sequence) does not increase with d.
Indeed, all operations are implemented in parallel, again in
contrast to standard codes. Remarkably, here, a single
measurement is sufficient for syndrome extraction, and the
corresponding error’® can be suppressed by repeated measures,
as shown by simulations in the ESL¥

Leakage errors could arise due to the finite duration of the
pulses can be largely reduced by pulse-shaping techniques’”
and/or by using longer pulses. Indeed, increasing the length of
the pulses simply shifts the curves in Fig. 2 to the left without
changing the slope. This will slightly increase the threshold
value of T, without compromising the fault tolerance. It is
worth noting that most of the line broadening typically
observed in electron paramagnetic resonance experiments on
MSQs arises from the distribution of Hamiltonian parameters
or orientations in molecular ensembles. Conversely, QEC
requires projective measurements at each correction cycle;
hence, it can only be implemented at the single-molecule level,
exploiting the setup mentioned in Section 2.1 and designed in
ref. 65. In this case, inhomogeneous broadening is absent and
the residual intrinsic linewidth originating from T, will be of
the order of 1/T, ~ 0.1 MHz for T, = 10 ps. Since this is much
smaller than the difference between the energy gaps in the spin
Hamiltonian (1), transitions can be spectroscopically resolved.

We now consider a two-qubit logical gate, such as the
controlled-phase C — ¢. In the MSQ architecture, this can be
realized by considering a molecule consisting of three interact-
ing LQs, where the middle one acts as a switch for the effective
coupling between the other two,”®”® Q; and Q, (inset of Fig. 3).
In the presence of an interaction between the three units, the
excitations of the switch are dependent on the states of both Q,
and Q,. This allows us to induce a 2n (semi-)resonant excitation
of the switch (initialized in |0y)) only for a specific 2-qubit
logical state, such as |1;1.). As a result, a phase is added only to
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Fig. 2 Simulation of the fault-tolerant implementation of single-qubit logical
gates on a MSQ. (a) Logical errors for 1 and 2 (inset) & = 1 — # 2 as a function
of 1/T,, where . is the entanglement fidelity,”? averaged over different planar

rotations RL(0,¢) for (0, @) = (g n), (g, n), (g, 72), (g 79, (g, 7%) (b) Per-
formance of the code as a function of the number of levels for different values
of T, for 1 (solid lines) and 2 (dotted lines), indicating a very similar perfor-
mance. The same driving field amplitude is assumed for manipulating the

different LQs and the uncorrected qubit, represented by spin 1/2 with g = 2.

65,78-80 ; » o

ta |1p1;) component of the two-qubit logical state,
C — ¢ gate is implemented (see also the ESIf).
Since this involves a logical rotation R[(2r,0) of the switch,
the latter must also be encoded and corrected. The simulation
of the two-qubit gate followed by EC on all three units is shown
in Fig. 3 for molecules 1 (solid lines) and 2 (dotted lines) with
d =4, 6. Here, the performance is slightly better for 2, where the

logical error is suppressed for T, 2 25 us (4-level encoding) and
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Fig. 3 Numerical simulation of FT implementation of two-qubit logical
C — ¢ for 1 (solid lines) and 2 (dotted lines). The logical error is shown as a
function of 1/T, at the end of a “logical gate — EC" cycle. Simulations are
computationally demanding and hence we limit them to d = 4, 6. Inset:
Simulated circuit, with external lines corresponding to LQs in a generic

logical state |if), coupled by an error-corrected switch initialized in |0,)
(middle line). Each unit is coupled to a d/2-level ancilla for stabilization.

10

T, 2 500 ns (6-level encoding), yielding p 2 /2T, ~ 8%.
Conversely, the threshold values for 1 are ~100 ps (S = 3/2) and
~10 ps (S = 5/2). We emphasize that these numbers are within
experimental capabilities.?”"”%!

3 Conclusions

We have shown a fault-tolerant protocol for quantum computa-
tion with qudit-embedded stabilizer codes in a molecular spin
architecture.®® Numerical simulations using very different mole-
cular spin qudits highlight the remarkable performance of this
approach and the possibility of applying it to a wide range of
molecules. This embedded protocol prevents the blowing up of
the number of physical units typical of multi-qubit codes while
yielding a large error suppression with a small number of qudit
levels. This makes the novel concept we introduce very appealing
for actual implementation and demonstrates the potential of
molecular spin materials. In particular, we have shown that
simple molecules consisting of a single magnetic ion (or, in
general, a giant spin S) can represent a new generation of logical
qubits. The only requirement of the system is a significant
anisotropy, while coherence times need not be particularly high.
This places the proposed platform well within the capabilities of
synthetic chemistry.*>*” Moreover, nuclear spins (common to
most molecular systems) provide another interesting platform
for encoding error-protected logical qubits. Although the imple-
mentation of the whole FTQC scheme with large-spin nuclear
qudits is challenging, this setup can be used for proof-of-principle
experiments on a limited number of levels, such as a nuclear spin
3/2 coupled to an electronic spin 1/2. Indeed, the electronic

This journal is © The Royal Society of Chemistry 2024
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spin could be exploited as an ancilla both for fastening nuclear
spin manipulation®#* and for nuclear spin readout."®®

Finally, the conditions we have pinpointed, ie. a well-
defined hierarchy of errors and proper connectivity between
the system eigenstates, trace a clear route to extend the
proposed strategies also to other qudit platforms.
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