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A multi-cation model for the actuation of ionic
membranes with ionic liquids†

Alain Boldini

Soft actuators based on water-swollen ionic membranes are able to operate in water, a critical feature

for applications in biomedical engineering and underwater robotics. On the contrary, extended use of

these actuators in air is hindered by the evaporation of water from the membrane, which negatively

affects the actuation performance. To address this limitation, water solvent can be substituted by ionic

liquids (ILs). The introduction of ILs in ionic membranes substantially modifies their microscopic

composition, requiring dedicated models to describe their electrochemistry and mechanics. However,

current physically based models of IL-swollen ionic membranes only partially capture this complex

microscopic composition. This manuscript proposes a multi-cation theory, based on first physical

principles, that captures the electromigration of ions produced by the dissociation of the IL in the

membrane and membrane counterions. The theory, grounded in a thermodynamically consistent

formulation at the continuum level, explicitly accounts for the different sizes of these mobile ions, which

play a critical role on actuation. Under a series of simplifying hypotheses, we specialize this theory to

beam-like actuators. We put forward a numerical solution for the resulting one-dimensional reduced-

order model, which we use to perform a series of parametric analyses. We investigate the physics of

actuation at steady-state by systematically varying the concentrations of ions and their sizes, the applied

voltage and the thickness of the Stern layer. Our results hint at a complex interaction between ions,

modulated by their relative concentration and sizes. These parameters dramatically affect the bending

moments associated with hydraulic pressure and Maxwell stress, and, in turn, the actuator curvature.

Our theory paves the way to more accurate descriptions of the coupled electrochemistry and

mechanics of ionic membranes swollen by ILs.

1 Introduction

Ionic membranes are unique materials that allow the selective
passage of either cations (cation-exchange membranes) or
anions (anions-exchange membranes), blocking ionic species
of the opposite charge.1,2 This fundamental property makes
ionic membranes essential components in electrochemical sys-
tems for desalinization, electrodialysis and power generation.3,4

Along these applications, ionic membranes have gained
attention from the physical chemistry and engineering com-
munities for their singular coupling between electrochemistry
and mechanics, which allows for the design of soft electroche-
mical transducers, including actuators, sensors and energy
harvesters.5 In their most common incarnation, these electro-
chemical transducers take the form of ionic polymer metal

composites (IPMCs),6–9 formed by an ionic membrane sand-
wiched between two conductive electrodes. Biomedical engi-
neering and soft, underwater robotics are natural application
fields for IPMCs, thanks to their bio-compatibility and under-
water operability.10–12 In addition to IPMCs, recent efforts have
developed new contactless actuators based on bare ionic
membranes.13–16

The coupling between electrochemistry and mechanics in
ionic membranes is related to their peculiar microstructure,
which also causes their permselectivity. Ionic membranes are
porous, polymeric materials, permeated with a solution of
mobile ionic species.1,2 The polymeric backbone is bonded with
charged functional groups, called coions. IPMCs typically utilize
cation-exchange membranes that incorporate negatively charged
sulfonate groups.6,17 The permeating solution, usually water-
based, contains mobile ionic species, the so-called counterions,
that neutralize the charge of coions. By applying an electric field
across the IPMC electrodes, counterions migrate through the
membrane, along with the solvent. This migration generates
differential osmotic pressure and Maxwell stress across the
IPMC, resulting in macroscopic bending deformations.18–23
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Unlike underwater actuation, the use of IPMCs in air is
challenging. The main limitation in the adoption of IPMC
actuators for in-air applications lays in the loss of solvent water
to the environment due to evaporation.24,25 The loss of solvent
causes a reduction in the mobility of ions in the membrane,
which ultimately yields an overall decrease in the actuation
performance. Special coatings have been proposed to limit
solvent evaporation,26–29 at the expense of lower deformations
due to the added coating stiffness.

An alternative solution is to remove completely the water
within IPMCs and substitute it with non-volatile solvents, typi-
cally ionic liquids (ILs).30,31 These ionic compounds, often
formed by large organic cations (IL-cations) and smaller, usually
inorganic anions (IL-anions),32 are stable as liquids at the
standard temperature and pressure. Since their discovery over
one hundred years ago, ILs have gained attention as solvents for
lithium batteries and electrochemical capacitors,33 especially in
view of the development of green chemistry and technology.34

In a first strive toward the development of IPMCs with ILs
as solvents (IL-IPMCs), Bennett and Leo24 demonstrated
the stability of IL-IPMCs under repeated actuation in air. While
water-swollen IPMCs lost any actuation capability after 104

cycles, IL-IPMCs were still functional over 105 cycles. Since this
seminal work, significant research efforts have focused on the
characterization of IL-IPMCs and the enhancement of their
performance. Extensive measurements of microscopic properties
of IL-IPMCs,35 different fabrication techniques,36,37 experimental
probes of charge distribution38 and comparative studies with
different membranes, counterions, ILs and IL uptake35,39–44 have
been explored in the literature. More broadly, ILs have been
extensively utilized for different types of actuators, based on ionic
membranes,45 gel electrolytes46,47 and polymer electrolytes.48–50

We propose to distinguish two main classes of IL-IPMCs,
based on differences in their microscopic composition asso-
ciated with distinct manufacturing techniques. The first class
includes IL-IPMCs that still contain water as a solvent, along
with the IL-cations derived from the dissociation of the IL,
serving as counterions.37,42 Notably, IL-anions are not present
in the membrane. These IL-IPMCs are obtained from the
traditional ion-exchange technique utilized to modify the coun-
terions within ionic membranes, by soaking them in a high-
concentration water solution of a salt of the desired counterion.
This class of IL-IPMCs shares strong similarities in terms of
composition with water-swollen IPMCs, although water uptake
is much smaller and counterions much larger in size. The
second class comprises of IL-IPMCs with no water, containing
the original counterions in the membrane along with both IL-
cations and IL-anions.24,35 These IL-IPMCs are manufactured
through soaking in a solution of IL and methanol after oven-
drying the membranes to remove water. Unlike those in the
first class, these actuators show substantially different compo-
sitions compared to water-swollen IPMCs. In particular, they do
not contain any neutral solvent molecule, but incorporate two
mobile cationic species (counterions and IL-cations) along
with a mobile anionic species (IL-anions). Part of the cations
may be immobilized by the coions,35 although experiments

show that both counterions35 and IL-cations38 migrate through
the membrane.

Despite the thorough experimental and manufacturing work
on IL-IPMCs, modeling efforts remain limited. Most models of
IL-IPMCs focus on microscopic descriptions of their electro-
chemistry and mechanics,35 or are based on phenomenological
descriptions of actuation.42 Despite their ability to represent
the behavior of IL-IPMCs, these models cannot provide guide-
lines for material scientists regarding the material parameters
to optimize to improve on actuation performance. To date, the
only theory of actuation for IL-IPMCs grounded in first physical
principles is the one proposed by Drozdov.51 Despite its ability
to qualitatively predict the macroscopic actuation behavior of
IL-IPMCs, the theory can only capture a very specific case within
the second class of IL-IPMCs. In fact, the model considers the
migration of IL-cations and IL-anions, assuming that all coun-
terions are immobilized by coions, which is typically not the
case in IL-IPMCs.35

We argue that IL-IPMCs in the first class can be modeled
through single-cation theories analogous to those for water-
swollen IPMCs, provided that non-idealities associated with
small water content and large size of counterions are taken into
account.52–55 In this paper, we focus on developing a new
physically based model to describe the actuation of IL-IPMCs
belonging to the second class. We propose a continuum
mechanics and thermodynamics framework56 to describe the
actuation of IL-IPMCs, leveraging a thermodynamically consis-
tent formulation of the constitutive equations. Our model
accurately describes the ionic composition of the second class
of IL-IPMCs, while explicitly accounting for different in sizes of
ions that are expected to significantly impact both electrochem-
istry and mechanics.54

The novelties of the proposed framework compared to
models and results available in the literature are: (1) an explicit
acknowledgement of two classes of IL-IPMCs and of the need
for different models to represent them; (2) the description
of the migration of multiple mobile cations in the ionic
membrane; (3) the inclusion of steric effects to account for
the different sizes of ions, particularly important for the
large cations from ILs; (4) the modeling of immobilization of
counterions and IL-cations by the coions; and (5) extensive
parametric analyses that highlight the role of individual model
parameters on actuation of IL-IPMCs.

The paper is organized as follows. In Section 2, we introduce
the continuum-level theory of IL-IPMCs, specialize it under
reasonable hypotheses to a one-dimensional (1D) model of
electrochemistry coupled to mechanics for beam-like actuators
and propose a numerical solution for this 1D formulation.
Section 3 illustrates the results of the numerical simulations,
highlighting the role of the different ionic species involved and
systematically analyzing the effect of their properties on ion
concentrations, electric potential, hydraulic pressure and cur-
vature. Finally, we conclude the paper in Section 4, which
summarizes and comments our main findings and proposes
avenues of future work to address the limitations of the
current theory.
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2 Theory and simulations

In this Section, we introduce the theory to describe the electro-
chemistry and mechanics of IL-swollen ionic membranes,
which constitute the core of IL-IPMCs belonging to the second
class. We consider a Lagrangian framework, in which quanti-
ties are expressed as a function of the position X in the material
configuration and time t. The material configuration is such
that the membrane is undeformed and electroneutral.

We model IL-swollen ionic membranes as a mixture of a
negatively charged solid phase and three ionic phases. The
deformation is portrayed by the deformation gradient F(X,t).
We describe the electrochemistry of the membranes through the
electric potential f(X,t) and the concentration Ci(X,t) of the i-th
mobile ionic species per unit volume of undeformed mixture.

Experiments on IL-IPMCs suggest that at least part of the
counterions and IL-cations in the membrane are immobilized
by coions,35 such that they do not participate in the electro-
migration. In this vein, Ci(X,t) represents the concentration of
ions of the i-th species that can actually move, not accounting
for any immobilized charge or neutral ionic pair.57 Three
mobile ionic species are present in the membrane (Fig. 1): the
original counterions (C+(X,t)), the IL-cations (CIL

+ (X,t)) and the
IL-anions (CIL

�(X,t)). The solid phase carries a fixed charge due
to the coions, with a constant concentration C�(X) per unit
undeformed volume. For simplicity, we assume that both the
immobilized cations and coions are uniformly distributed. Thus,
in the initial configuration, also concentrations of counterions,
IL-cations and IL-anions are uniformly distributed and equal
to %C+, %CIL

+ and %CIL
� , respectively. Of the entire concentration of

coions C�(X) = %C�, only a fraction �C
�
� does not immobilize any

cation. Thus, in general, we have %CIL
+ r %CIL

� , as part of the IL-
cations are immobilized. We should also require that %C+ r %C�,
but we decided to retain the possibility that %C+ 4 %C�, should the
membrane undergo a further ion-exchange process to increase
the concentration of counterions after the soaking in the IL-
methanol solution.

2.1 Continuum-level theory

We begin by introducing a continuum-level formulation of the
theory of electrochemistry and mechanics of IL-swollen ionic
membranes. We introduce governing equations, explicitly
account for the different ionic volumes through the imposition
of an incompressibility constraint and derive thermodynami-
cally consistent constitutive equations via the definition of an
appropriate Helmholtz free-energy density.

2.1.1 Governing equations. As the time-scale of mechanical
deformations in ionic membranes is much faster than the time-
scale of ionic electromigration, we assume that the membrane is
always in mechanical equilibrium, thus neglecting inertia forces.
Considering no bulk forces to be acting on the membrane, we
write22

rX�s = 0, (1)

where rX�(�) is the divergence operator in the material configu-
ration and s is the first Piola–Kirchhoff stress tensor.

We assume that no chemical reaction can occur in the bulk
of the IPMC. Thus, the mass of each of the mobile ionic species
is conserved,

@Cþ
@t
þrX � Jþ ¼ 0; (2a)

@CIL
þ

@t
þrX � JILþ ¼ 0; (2b)

@CIL
�

@t
þrX � JIL� ¼ 0; (2c)

where Ji is the molar flux of species i per unit undeformed
surface area.

Finally, we neglect any electrodynamics phenomena, such
that electromigration of ions can be described through the
equations of electrostatics.22 The electric potential is directly
related to the electric field E(X,t) = �rXf(X,t), rX(�) being the
gradient in the material configuration. The equations of elec-
trostatics reduce to the Gauss equation,58

rX�D = Q, (3)

where D is the electric displacement in the material configu-
ration and Q is the free-charge density per unit undeformed
volume. We assume that each of the ionic species has unit
valency, an hypothesis that is typically verified in ionic mem-
branes and ILs used for IL-IPMCs. As we hypothesized that
immobilized cations and coions that immobilize them are
uniformly distributed, they do not provide a net contribution
to the net charge. The only coions that contribute to the free-
charge density are those that do not immobilize any cation
( �C
�
�), such that

Q ¼F Cþ þ CIL
þ � �C

�
� � CIL

�
� �

: (4)

Here, F = 96 485 C mol�1 is the Faraday constant.
2.1.2 Incompressibility constraint. Taking inspiration by pre-

vious models of water-swollen IPMCs54,55,59 and electrolytes,60,61

Fig. 1 Ionic composition of IL-IPMCs modeled in this paper. Mobile and
immobile ions are surrounded by solid and dashed lines, respectively.
Cations in contact with fixed coions indicate immobilized cations, which
do not migrate within the IL-IPMC. Note that only a fraction of counterions
and IL-cations is mobile.
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we require each of the phases forming the IL-swollen ionic
membrane to be incompressible, such that

Fsolid + V+C+ + VIL
+ CIL

+ + VIL
�CIL
� = det(F), (5)

where Fsolid is the volume fraction of the solid phase and Vi

the molar volume of the i-th ionic species. By evaluating eqn (5)
in the material configuration, we can eliminate the volume
fraction of the solid phase and rewrite the constraint as

1 + V+(C+ � %C+) + VIL
+ (CIL

+ � %CIL
+ ) + VIL

� (CIL
� � %CIL

� ) = det(F).
(6)

The incompressibility constraint is imposed through a
Lagrange multiplier p(X,t), which, similar to incompressible
fluid dynamics, we interpret as a hydrostatic pressure.54,55,59

Enforcing the incompressibility constraint ensures that
the different sizes of the ions are explicitly accounted for.
The size of ions has proven to be particularly important
to accurately describe the electrochemistry of solutions, as
steric effects that limit the maximum packing of ions play
a critical role in the charge dynamics at the electrodes.62,63

Similarly, the size of counterions quantitatively and even
qualitatively modify the electrochemistry and mechanics of
water-swollen ionic membranes.54 Imposing the incompressi-
bility constraint at the continuum scale is equivalent to
enforcing steric effects for ions at the microscale, with the
additional advantage of a seamless treatment of ions of differ-
ent sizes.64

2.1.3 Thermodynamically consistent constitutive equa-
tions. Constitutive equations are obtained via the Coleman–
Noll procedure,56 which ensures that material response satis-
fies the second principle of thermodynamics. The result of this
procedure is a series of relationships between the variables for
which we seek a constitutive equation and partial derivatives of
the Helmoltz free-energy density function. Thus, we first define
a free-energy function that describes the behavior of IL-swollen
ionic membranes.

Similar to previous studies on IPMCs,22,55,59 we additively
decompose the free-energy density C into additive
contributions,

C(F,C+,CIL
+ ,CIL

� ,D) = Cmec(F) + Cmix(C+,CIL
+ ,CIL

� ) + Cpol(F,D),
(7)

where Cmec(F), Cmix(C+,CIL
+ ,CIL

� ) and Cpol(F,D) are the free-
energy density contributions associated with mechanical defor-
mations, mixing of ions and polarization of the membrane,
respectively.

We adopt a simple Saint-Venant Kirchoff model for the
strain energy,65

Cmec ¼
lL
2

trðLÞ½ �2þmLtr L2
� �

; (8)

where L ¼ 1

2
FTF� I
� �

is the Green–Lagrange strain tensor, I the

identity tensor, tr(�) the trace operator and lL and mL the Lamé
parameters. These two parameters are related to the
Young modulus E and Poisson ratio n of the material through

lL ¼
En

ð1þ nÞð1� 2nÞ and mL ¼
E

2ð1þ nÞ. As in this paper we

ultimately focus only on small strains, this strain energy choice
is equivalent to more complex hyperelastic models.66

The free-energy associated with mixing assumes the classi-
cal form67

Cmix ¼RT Cþ log
Cþ

CþþCIL
þ þCIL

�

� �
þCIL

þ log
CIL
þ

CþþCIL
þ þCIL

�

� ��

þCIL
� log

CIL
�

CþþCIL
þ þCIL

�

� ��
;

(9)

where R = 8.314 J mol�1 K�1 and T are the universal gas
constant and the absolute temperature, respectively. Unlike
previous works on water-swollen IPMCs22,59 and IL-IPMCs,51

we do not assume the solution to be dilute, as the concentration
of ions can reach large values, especially in the proximity of the
electrodes, where electric double layers are formed.3,4,68

The polarization free-energy reads22

Cpol ¼
1

2e detðFÞ F
TF: D�Dð Þ

� 	
; (10)

where ‘: ’ and ‘#’ indicate double contraction and outer
product between two tensors, respectively. The dependence of
the polarization free-energy on the deformation gradient intro-
duces Maxwell stress as a contribution to the overall stress.58

To impose the incompressibility constraint in eqn (6), we
modify the free-energy function in eqn (7) through the
Lagrange multiplier method, obtaining the functional

ĈðF;Cþ;CIL
þ ;C

IL
� ;D;pÞ¼CðF;Cþ;CIL

þ ;C
IL
� ;DÞ

�p detðFÞ�1�VþðCþ� �CþÞ�VIL
þ ðCIL

þ � �C
IL
þ Þ�VIL

� ðCIL
� � �C

IL
� Þ

h i
:

(11)

By applying the Coleman–Noll procedure,56 we obtain a
series of constitutive equations from the differentiation of the
proposed functional,

s ¼ @Ĉ
@F
; (12a)

E ¼ @Ĉ
@D

; (12b)

mþ ¼
@Ĉ
@Cþ

þFf; (12c)

mILþ ¼
@Ĉ
@CIL
þ
þFf; (12d)

mIL� ¼
@Ĉ
@CIL
�
�Ff: (12e)

Here, mi is the electrochemical potential of the i-th species.
Further, the Coleman–Noll procedure prescribes Ji�rXmi r 0

for each of the ionic species i, but does not impose the form of
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the constitutive equations for the fluxes from the free-energy
density. The simplest modeling choice is considering a Nernst–
Planck form of the ionic fluxes,22,59,69

Jþ

JILþ

JIL�

2
6664

3
7775 ¼ �M

rXmþ

rXmILþ

rXmIL�

2
6664

3
7775; (13)

where M it the mobility tensor, which has to be symmetric
and positive-definite. In this work, we assume the fluxes of each
ionic species to be independent,‡ such that eqn (13) reduces to

Ji ¼ �
Di

RT
F�1F�TCirXmi (14)

for each ionic species i, being Di the diffusivity of the i-th ionic
species.

2.2 Reduced-order model for IL-IPMC actuation

Herein, we propose a reduced-order model to describe the
response of beam-like IL-IPMC actuators. To this end, we intro-
duce a series of simplifying hypotheses, which allow us to simplify
the three-dimensional (3D) theory proposed in Section 2.1 to a
one-dimensional (1D) problem. Based on this 1D formulation, we
define the set of nondimensional parameters that characterize the
response of IL-IPMC beam-like actuators. Finally, we propose a
numerical solution for the integro-differential boundary value
problem (BVP) arising from the steady-state version of the 1D
problem.

2.2.1 Derivation of the 1D problem. We consider a beam-
like IL-IPMC actuator (Fig. 2) with rectangular cross-section,
of length L and thickness 2H. The IL-IPMC actuator is formed
by an IL-swollen ionic membrane sandwiched between two
electrodes, assumed to have zero thickness. We set a reference
frame at one of the end sections of the IL-IPMC, with the origin
at the centroid of the section, the X-axis in the direction of the
anode (positive electrode), Y-axis along the actuator’s axis and
Z-axis to form a right-handed Cartesian frame. The actuator
experiences simply supported boundary conditions with stress-
free lateral faces.

Similar to previous works on water-swollen IPMCs,22,70,71 we
put forward three simplifying hypotheses. First, we assume that
the actuator experiences small strains. Such an hypothesis has
been experimentally verified, even for the large tip displace-
ments observed in IPMCs, due to the small thickness of ionic
membranes.72 Second, we assume that L c 2H, so that we can
neglect electrochemical fluxes along the Y- and Z-axes, given that
the electric field applied across the electrodes is uniform and
perpendicular to the Y-axis. This hypothesis, borrowed from
the parallel-plate approximation for microelectromechanical
systems,73 has been previously verified through finite element
simulations.70 Finally, we hypothesize that the mechanics only
affects the electrochemistry through p, but does not otherwise
appear in the electrochemical fluxes. Likewise, this hypothesis

has been verified for water-swollen IPMCs through numerical
simulations.74

Under this set of hypotheses, eqn (2)–(4) reduce to

@Cþ
@t
þ @Jþ;X

@X
¼ 0; (15a)

@CIL
þ

@t
þ
@JIL
þ;X
@X

¼ 0; (15b)

@CIL
�

@t
þ
@JIL
�;X
@X

¼ 0; (15c)

@DX

@X
¼F Cþ þ CIL

þ � �C
�
� � CIL

�
� �

: (16)

Further, constitutive equations for non-zero electrochemical
variables in eqn (12) and (14) become

DX ¼ eEX ¼ �e
@f
@X

; (17a)

mþ ¼ RT log
Cþ

Cþ þ CIL
þ þ CIL

�

� �
þVþpþFf; (18a)

mILþ ¼ RT log
CIL
þ

Cþ þ CIL
þ þ CIL

�

� �
þVIL

þ pþFf; (18b)

mIL� ¼ RT log
CIL
�

Cþ þ CIL
þ þ CIL

�

� �
þVIL

� p�Ff; (18c)

Ji;X ¼ �
Di

RT
Ci
@mi
@X

: (19)

With the small strains hypothesis, the Green–Lagrange strain
tensor L is approximated by the infinitesimal strain tensor e.56

Similar to our previous work on water-swollen IPMCs,70 we make
the additional hypothesis of plane-strain, limited to the X–Y
plane. Given the simply supporting boundary conditions, we
observe uniform bending with zero shear strain,70,71 such that
the only components of the infinitesimal strain tensor that are
non-zero are eXX and eYY. With this hypothesis, we write the in-
plane components of s from eqn (12a) as

sXX ¼ 2mLeXX þ lLðeXX þ eYYÞ þ
e
2

@f
@X

� �2

�p; (20a)

sYY ¼ 2mLeYY þ lLðeXX þ eYYÞ �
e
2

@f
@X

� �2

�p; (20b)

sXY = 0. (20c)

Fig. 2 Schematics of the beam-like IL-IPMC actuator.

‡ This modeling choice does not affect the results in this paper, as we only
consider the steady-state response of IL-IPMCs.
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Herein, the contributions in p and
e
2

@f
@X

� �2

are components of

the isotropic eigenstress due to hydraulic pressure and the
eigenstress associated with Maxwell stress, respectively.

By applying mechanical equilibrium in eqn (1), we

find
@sXX
@X

¼ 0, so that the through-the-thickness stress sXX is

constant along the thickness. We assume that electrodes are
unloaded such that sXX(�H) = 0 at the electrodes. Thus, we must
have sXX(X) = 0 throughout the entire IL-IPMC thickness. We
can then invert eqn (20a) to find the through-the-thickness
strain eXX,

eXX ¼ �
1

lL þ 2mL
lLeYY þ

e
2

@f
@X

� �2

�p
" #

: (21)

Based on previous studies backed by finite element
simulations,70 we propose a Saint-Venant-like solution for the
deformation. Specifically, we assume that the axial strain is in
the form

eYY = �kX + e0, (22)

where k is the actuator’s curvature and e0 the strain at the
section centroid. By substituting eqn (21) and (22) into
eqn (20b), we find the axial stress,

sYY ¼
4mLðlL þ mLÞ
ðlL þ 2mLÞ

ð�kX þ e0Þ �
lL þ mL
lL þ 2mL

e
@f
@X

� �2

� 2mL
lL þ 2mL

p:

(23)

As the actuator is unloaded, mechanical equilibrium
requires the axial force and the bending moment to be zero,

N ¼
ðH
�H

sYY ð ~XÞd ~X ¼ 0; (24a)

M ¼
ðH
�H

sYY ð ~XÞ ~Xd ~X ¼ 0: (24b)

Eqn (24a) offers an expression for e0,

e0 ¼
e

8mLH

ðH
�H

@f

@ ~X

� �2

d ~X ; (25)

where we have used the fact that
ÐH
�Hpd ~X ¼ 0. This result can

be obtained by: (1) substituting eqn (21) and (22) into eqn (6),
upon considering that det(F) E 1 + eXX + eYY for small, plane-
strains;56 (2) integrating the resulting equation across the
thickness from �H to H to evaluate e0, leveraging mass con-
servation to remove the dependence on ion concentrations; and
(3) equaling this expression for e0 to that from eqn (24a). The
curvature of the actuator can be computed from eqn (24b),

k¼� 3

8mLðlLþmLÞH3
ðlLþmLÞe

ðH
�H

@f

@ ~X

� �2

~Xd ~X

"
þ2mL

ðH
�H

p ~Xd ~X

�
:

(26)

Eqn (25) and (26) express the integro-differential functions
e0(f) and k(f,p).

By substituting det(F) E 1 + eXX + eYY and eqn (21) and (22) in
eqn (6), we obtain an implicit integro-differential relation
between f, p, C+, CIL

+ and CIL
� ,

VþðCþ � �CþÞ þVIL
þ ðCIL

þ � �C
IL
þ Þ þVIL

� ðCIL
� � �C

IL
� Þ ¼

1

lL þ 2mL
2mLð�kX þ e0Þ �

e
2

@f
@X

� �2

þp
" #

:
(27)

Eqn (15), (16) and (27), along with the constitutive equations
in eqn (17)–(19) and the mechanical variables in eqn (25) and
(26), constitute a system of five nonlinear integro-differential
equations, with variables C+(X,t), CIL

+ (X,t), CIL
� (X,t), f(X,t) and

p(X,t).
Such a system should be complemented by boundary and

initial conditions, to formulate a well-defined BVP. First, we
hypothesize that no reaction occurs at the electrodes and that
the electrodes are perfectly blocking; thus, for each ionic species i,

Ji,X(�H,t) = 0. (28)

At the electrodes, we consider a Stern layer approximation,68

where the voltage at the boundary of the diffuse layer is reduced
by the drop of voltage across the Stern layer, of thickness ls,

fð�H; tÞ ¼ �VðtÞ
2
� ls

@f
@X
ð�H; tÞ; (29)

where V(t) is the voltage applied across the actuators’ electro-
des. We consider the initial condition to be the material
configuration, such that C+(X,0) = %C+, CIL

+ (X,0) = %CIL
+ , CIL

�(X,0) = %CIL
�

and f(X,0) = 0. No boundary and initial conditions are needed
for p, as this variable serves a Lagrange multiplier that is related
to the other variables by the algebraic-integral constraint in
eqn (27).

2.2.2 Nondimensional parameters. The nondimensional
version of the system in eqn (15), (16) and (27) depends on 13

independent parameters: (1) the fraction a ¼
�C
�
�

�C�
of coions that

do not immobilize any cation (0 r a r 1); (2) the fraction bþ ¼

�Cþ
�Cþ þ �C

IL
þ

of mobile counterions over the total number of

mobile cations (0 r b+ r 1); (3) the fraction G ¼
�C
IL
þ

�C
IL
�

of mobile

IL-cations over mobile IL-anions (0 r G r 1); (4) the ratio d ¼

lD
H

of the Debye screening length lD ¼
1

F

ffiffiffiffiffiffiffiffiffiffiffi
eRT

�C�

r
to the ionic

membrane semi-thickness; (5) the ratio Ls ¼
ls
H

of the Stern

layer thickness to the ionic membrane semi-thickness; (6) the

non-dimensional Lamé parameter ~lL ¼
lL

RT �C�
; (7) the non-

dimensional Lamé parameter ~mL ¼
mL

RT �C�
; (8) the non-

dimensional voltage applied across the electrodes ~V ¼ V

Vth
,
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where Vth ¼
RT

F
is the thermal voltage (approximatively 25 mV

at room temperature); (9) the non-dimensional molar volume

of counterions ~Vþ ¼ �C�Vþ; (10) the non-dimensional molar

volume of IL-cations ~V
IL

þ ¼ �C�V
IL
þ ; (11) the non-dimensional

molar volume of IL-anions ~V
IL

� ¼ �C�V
IL
� ; (12) the ratio DIL

þ ¼

DIL
þ

Dþ
between the diffusivity of IL-cations and that of counter-

ions; and (13) the ratio DIL
� ¼

DIL
�

Dþ
between the diffusivity of

IL-anions and that of counterions. We limit our analysis to
relatively small voltages, as our model does not account for
decomposition of ILs at high voltages.75

a, b+ and G can be related to the non-dimensional concen-
trations of counterions, IL-cations and IL-anions, gþ ¼
�Cþ
�C�
; gILþ ¼

�C
IL
þ

�C�
and gIL� ¼

�C
IL
�

�C�
. In fact, electroneutrality at equili-

brium requires %C++ %CIL
+ = �C

�
�+ %CIL

� , such that

gþ ¼ a
bþ

Gþ bþ � 1
G; (30a)

gILþ ¼ a
1� bþ

Gþ bþ � 1
G; (30b)

gIL� ¼ a
1� bþ

Gþ bþ � 1
: (30c)

As we should have gi 4 0, we must impose that G + b+ 4 1. For
a = 0, we have G + b+ = 1, such that the system in eqn (30) is
indeterminate. To find a solution, we have to impose the value
of one between b+ and G and one among the gi s. For example,
by selecting b+ and gIL

� , we find the other three coefficients as
G = 1 �b+, g+ = b+g

IL
� and gIL

+ = GgIL
� .

If g+ 4 1, the ionic membrane contains more counterions
than fixed coions. As previously discussed, we consider such a
situation possible, provided that the membrane undergoes ion-
exchange to substitute part of the IL-cations with counterions.

2.2.3 Numerical solution of the steady-state problem. We
propose a numerical solution to the steady-state formulation of
the reduced-order model for beam-like actuators. The only time
derivatives appear in the mass conservation equations in
eqn (15). Setting them to zero is equivalent to require the fluxes
in eqn (19) to be constant throughout the thickness. From the
boundary conditions in eqn (28), the flux must be zero throughout
the membrane. Thus, according to eqn (19), the electrochemical
potential of each ionic species i in eqn (18) must be constant.

To put forward a numerical solution, we construct a mesh Xj

( j = 1,. . .,N) on the interval [�H,H] across the membrane
thickness, defining N nodes and N � 1 elements. We consider
a non-uniform mesh, which is refined in the proximity of the
electrodes to capture the diffuse part of the electric double layers
(whose size is governed by the Debye screening length). The mid-
points of each element are defined by X

jþ12
( j = 1,. . .,N� 1), while

the non-uniform length of each element is DX
jþ1

2
¼ Xjþ1 � Xj

( j = 1,. . .,N� 1). At each node, we define as variables C+,j = C+(Xj),

CIL
+,j = CIL

+ (Xj), CIL
�,j = CIL

�(Xj), fj = f(Xj), xj ¼
df
dX
ðXjÞ and pj = p(Xj).

Accounting for the unknown value of the constant electroche-
mical potential �mi for each of the three ionic species, we have to
define 6N + 3 discretized equations to find the value of 6N + 3
variables.

To this end, we propose a discretization of the BVP that
naturally accounts for the boundary conditions.54,76 Specifically,
we collocate eqn (18) for the constant electrochemical potentials
of the three ionic species at the nodes, obtaining 3N equations.
Other N equations are obtained from the discretization of the
incompressibility constraint in eqn (27). To evaluate the inte-
grals in eqn (25) and (26), we employ the trapezoidal rule.77

The other two equations to be discretized are ordinary
differential equations in space. First, we collocate eqn (16) at
the mid-points of the elements, to obtain N � 1 equations. Next,

we collocate the equation that defines the variable x ¼ df
dX

at the

mid-points of the elements, to find other N � 1 equations. To
approximate the first-order derivative at the mid-point of each
element, we use a centered difference, such that, for a variable f,

df

dX
X

jþ1
2

� �
	 fjþ1 � fj

DX
jþ1

2

: (31)

The other variables are approximated at the mid-point of
each element as the average of their values at the nodes
defining the element, such that, for a variable g,

g X
jþ1

2

� �
	 gjþ1 þ gj

2
: (32)

The remaining five discretized equations are found from two
sources. First, we impose the voltage boundary conditions in

eqn (29), which provide two equations: f1 ¼ �
V

2
þ lsx1 and

fN ¼
V

2
� lsxN . Second, as we deal with a steady-state transport

problem, we need to impose the total quantity of each ionic
species i present in the membrane.78 This requirement warrants

three additional constraints,
ÐH
�HCidX ¼ 2H �Ci. The resulting

system of 6N + 3 nonlinear discretized algebraic equations in
6N + 3 can be finally solved through a nonlinear algebraic solver.
The full system of discretized equations is listed in the ESI.†

3 Results

In this section, we present the results of our simulations. As a
first step, we detail the numerical implementation of the
numerical method. Then, we introduce the results of the
steady-state simulations, investigating the effect of non-
dimensional parameters on steady-state variables.

3.1 Numerical implementation

We implement the numerical algorithms introduced in Section
2.2.3 in MATLABs, in a nondimensional format. Baseline
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parameters for the simulations are determined from experi-
mental and computational results (see ESI†), focusing on a
Nafiont 117 membrane with Li+ counterions infused by 1-
ethyl-3-methylimidazolium tetrafluoroborate (EMI-BF4). For all
simulations, we set d = 10�3, ~lL = 333.14 and ~mL = 37.02. All
other parameters are varied depending on the simulation.
Diffusivities are not required to solve the steady-state problem.

For a Nafiont 117 membrane with Li+ counterions, swollen with

EMI-BF4, we have ~Vþ ¼ 0:0122; ~V
IL

þ ¼ 0:1030 and ~V
IL

� ¼ 0:0471.

The condition ~Vþo ~V
IL

� o ~V
IL

þ is typical for IL-IPMCs, as ILs that
are commonly employed for such applications are composed by a
large organic cation and a smaller (often inorganic) anion.32 In one
of our parametric analyses, we will change these values to investigate
the effect of different ionic sizes on steady-state curvature.

In all simulations, we utilize N = 502 mesh points, which are
denser in the proximity of the electrodes. Specifically, we utilize
a mesh of size lD/20 from �H to �H + 10lD and from H� 10lD

to H. Further, we place 100 mesh points in the bulk, between
�H + 11lD and H� 11lD. Thus, at each simulation, we seek to
solve a nonlinear system of 3615 equations. A further refine-
ment of the mesh would not considerably affect the results. In
the MATLAB implementation, the mesh is also expressed in
nondimensional terms.

Discretized equations are solved through the built-in
MATLAB fsolve routine, which seeks to set to zero the output of
a residual function. The residual function takes as input all the
non-dimensional parameters, the mesh and the guess of the
solution, generated by fsolve. We provide as an initial guess either
the equilibrium with zero applied voltage or a solution previously
computed from parametric analyses with similar input para-
meters. The output of the residual function is the residual vector
for all the equations. Upon convergence, fsolve returns a vector
with the values of the nodal variables that solve the discretized
equations, which we use to evaluate dependent variables such
bending moments, mid-axis strain and steady-state curvature.

3.2 Numerical results

We put forward a series of parametric analyses, to understand
how different parameters (ion concentrations, applied voltage,
ionic size, Stern layer thickness) affect the steady-state response
of IL-IPMCs.

3.2.1 Effects of ion concentrations. We start by studying the
effects of the parameters a, b+ and G (that is, of the effective
concentration of counterions, IL-cations and IL-anions) on the
electrochemistry and mechanics of IL-IPMCs. In these simulations,

we set Ls ¼ 10�5; ~Vþ ¼ 0:0122; ~V
IL

þ ¼ 0:1030 and ~V
IL

� ¼ 0:0471.
We consider a weakly nonlinear applied voltage of Ṽ = 1 (E25 mV);
we study the effect of voltage in a separate analysis.

Estimates of a, b+ and G are not readily available from
experimental results. While previous studies suggested that
over a critical IL uptake all IL-cations are immobilized by
coions (that is, a = 0, b+ = 1 and G = 0),35 direct measurements
of ion distributions in the proximity of electrodes of IL-IPMCs
showed that both IL-cations and IL-anions are mobile

(suggesting a 4 0, b+ o 1 and G 4 0).38 In the absence of
precise indications for the values of a, b+ and G, we propose a
series of parametric analyses that cover the spectrum of possi-
ble values of these parameters.

We select three values of a, 0.1, 0.5 and 0.9, to perform our
simulations. a = 0.5 indicates that half of the coions immobilize
a cation, be it a counterion or an IL-cation. a = 0.1 represents a
case in which almost all coions immobilize a cation, whereas
a = 0.9 is a condition in which almost all cations are mobile.

Further, we consider three combinations of b+ and G satisfying
the constraint b+ + G4 1. Specifically, we utilize b+ = G = 0.75, b+ =
0.15 & G = 0.9 and b+ = 0.9 & G = 0.15. The first pair of values
corresponds to a condition in which mobile counterions are more
numerous than mobile IL-cations, and a considerable fraction of
IL-cations can migrate. In the condition associated with the
second pair of values, mobile IL-cations are much more numerous
than mobile counterions and only a few IL-cations are immobi-
lized by coions. Finally, the third condition is one in which
counterions represent the vast majority of the mobile cations,
with IL-cations almost completely immobilized by coions.

First, we study the steady-state profiles of ion concentra-
tions, electric potential and hydraulic pressure across the
membrane thickness, by setting a = 0.5 and varying b+ and G.
Fig. 3 displays the profiles of these variables in the vicinity of
the electrodes, where changes in electrochemical variables are
concentrated due to the formation of diffuse layers.68

C+ and CIL
+ display similar profiles, with pile-up near the

cathode (Fig. 3a and c) and depletion near the anode (Fig. 3b
and d). However, the dependence of these two variables on b+

and G is very different. Changes in the concentration of
counterions are more prominent for b+ = 0.9 & G = 0.15 than
for b+ = G = 0.75, while reaching their minimum for b+ = 0.15 &
G = 0.9. Changes in the concentration of IL-cations display an
opposite trend, as they are large only at b+ = 0.15 & G = 0.9 and
negligible for the other two combinations of parameters. The
different tendency of the changes in concentration can be
explained by which cation is more numerous in each condition.
When b+ = 0.9 & G = 0.15 or b+ = G = 0.75, counterions are widely
available and serve as the main charge carriers. Counterions are
favored over IL-cations in the formation of diffuse layers due to
their smaller size, which allows them to reach larger concentra-
tions. Only when a small number of counterions is available
(b+ = 0.15 & G = 0.9) we observe a significant pile-up and
depletion of IL-cations, which take over the role of counterions
in the formation of diffuse layers.

IL-anions show an opposite behavior to cations, as they
deplete at the cathode (Fig. 3e) and pile-up at the anode
(Fig. 3f). The trend of concentration changes of IL-anions with
respect to b+ and G is the same as that of IL-cations: pile-up and
depletion are relevant only for b+ = 0.15 & G = 0.9 and negligible
in the other two conditions. Interestingly, these small changes
in the concentration of IL-cations and IL-anions may suggest
that IL-IPMCs could be modeled similar to water-swollen
IPMCs when counterions are the dominant charge carriers.

The electric potential profiles are similar to those of water-
swollen IPMCs,79 showing two boundary layers (Fig. 3g and h)
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Fig. 3 Steady-state profiles of counterion concentration (a) and (b), IL-cation concentration (c) and (d), IL-anion concentration (e) and (f), electric
potential (g) and (h) and hydraulic pressure (i) and (j) in the proximity of the cathode (a), (c), (e), (g) and (i) and anode (b), (d), (f), (h) and (j). Blue solid lines
represent the solution with b+ = G = 0.75; red dashed lines represent the solution with b+ = 0.15 & G = 0.9; and black dash-dotted lines represent the
solution with b+ = 0.9 & G = 0.15. All solutions are computed with a = 0.5 and Ṽ = 1. Nondimensional concentrations Ci/ %Ci are centered around their
equilibrium values gi.
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Fig. 4 Steady-state profiles of counterion concentration (a) and (b), IL-cation concentration (c) and (d), IL-anion concentration (e) and (f), electric
potential (g) and (h) and hydraulic pressure (i) and (j) in the proximity of the cathode (a), (c), (e), (g) and (i) and anode (b), (d), (f), (h) and (j). Blue solid lines
represent the solution with a = 0.5; red dashed lines represent the solution with a = 0.1; and black dash-dotted lines represent the solution with a = 0.9.
All solutions are computed with b+ = 0.9, G = 0.15 and Ṽ = 1. Nondimensional concentrations Ci/ %Ci are centered around their equilibrium values gi.
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and a bulk region at constant potential. Interestingly, b+ and G
affect the symmetry of the electric potential. The profile
appears almost symmetric for b+ = 0.15 & G = 0.9 and remark-
ably asymmetric in the other two conditions. This result is a
consequence of the asymmetry in the migration of ions. For
b+ = 0.15 & G = 0.9, IL-cations and IL-anions create comple-
mentary diffuse layers at the electrodes. In the other two
conditions, counterions are the only significant players in the
creation of diffuse layers. Such an asymmetric migration results
in a pronounced asymmetry between the two diffuse layers and
ultimately in the electric potential profile.

The hydraulic pressure also displays a boundary layer struc-
ture (Fig. 3i and j). Regardless of b+ and G, p is larger at the
cathode (Fig. 3i) than in the bulk. Interestingly, the value of the
pressure at the cathode is larger for b+ = G = 0.75 and b+ = 0.9 &
G = 0.15 than for b+ = 0.15 & G = 0.9. As in the first two
conditions IL-cations and IL-anions experience small concen-
tration changes, the pile-up of counterions at the cathode
generates large pressure values. On the other hand, for b+ =
0.15 & G = 0.9, the simultaneous pile-up of IL-cations and
depletion of IL-anions at the cathode compensates for the
pile-up of counterions, resulting in a lower pressure.

At the anode (Fig. 3j), we observe qualitative differences in the
hydraulic pressure profile depending on the values of b+ and G.
For b+ = G = 0.75, the pressure monotonically decreases from the
bulk to the electrode. This trend is caused by the depletion of
counterions. For b+ = 0.9 & G = 0.15, approaching the electrode
from the bulk, we first observe a decrease in pressure, followed by
an increase, reaching positive values at the electrode. We attribute
this change to the pile-up of IL-anions, which increases the
hydraulic pressure in proximity of the anode. This interpretation
is favored by the analysis of the condition b+ = 0.15 & G = 0.9 that
displays a robust pile-up of IL-anions, to which corresponds a
monotonic increase of pressure while approaching the electrode
from the bulk. In this last case, as the hydraulic pressure increases
at both electrodes, its value in the bulk of the membrane is

slightly negative to ensure that
ÐH
�HpdX ¼ 0.

Next, we study variations of the profiles of ion concentra-
tions, electric potential and hydraulic pressure with respect to
a, by fixing b+ and G. In the two conditions b+ = G = 0.75 and
b+ = 0.15 & G = 0.9, we find minimal qualitative differences by
varying a from 0.5 to 0.1 or 0.9. On the other hand, we observe
some qualitative differences when changing a in the condition
b+ = 0.9 & G = 0.15, as shown in Fig. 4.

Profiles of counterions and IL-cations concentration at a =
0.1 and a = 0.9 are similar to those at a = 0.5 (Fig. 4a–d). The
largest quantitative differences in concentration occur at a =
0.1. In this case, diffuse layers appear thicker and the max-
imum changes in concentration are smaller. These variations
are associated with the more robust participation of IL-cations
in the formation of the diffuse layer at the cathode (Fig. 4c). At
the anode (Fig. 4b and d), we also find smaller changes in
concentration for a = 0.1. Regardless of the value of a, the pile-
up and depletion of IL-cations remain very modest.

The changes in concentration of IL-anions (Fig. 4e and f)
show the most unexpected dependence on a. At the cathode

(Fig. 4e), the behavior of IL-anions qualitatively changes with a:
for a = 0.5 and a = 0.9, IL-anions migrate away from the
electrode, while they pile-up there when a = 0.1. A potential
explanation to this behavior entails the complex interdepen-
dence between electrical, entropic and hydraulic forces, which
may cause a counter-intuitive inversion of fluxes, similar to the
one observed with solvent in water-swollen ionic membranes.54

This surprising result has also been observed in experimental
assays.38 Even with these qualitative differences, changes in
concentration of IL-anions are small.

Both the electric potential (Fig. 4g and h) and pressure
(Fig. 4i and j) show the same qualitative behavior, independent
of the value of a. The boundary layers of both of these variable
are larger for the condition a = 0.1, although they still maintain
the same profile shape as a = 0.5.

Finally, we investigate the value of the steady-state curvature
of IL-IPMCs for varying as, as a function of b+ and G (Fig. 5). As
shown in eqn (26), the curvature is determined by two bending
moments, one associated with the hydraulic pressure and the
other related to Maxwell stress. The former dominates the
response at low values of the applied voltage, while the latter
grows in importance at high applied voltages.74 In all known
conditions in water-swollen IPMCs, the bending moment asso-
ciated with hydraulic pressure positively contributes to the
curvature, while that related to Maxwell stress provides a
negative contribution to the overall curvature. According to
eqn (22), a positive (negative) curvature corresponds to deflec-
tion toward the anode (cathode).

For any value of a, b+ and G considered, the steady-state
curvature is positive (Fig. 5), that is, at steady-state, the actuator
bends toward the anode. As a general trend, k increases with
both b+ and G, although the sensitivity to b+ is larger than that
to G. Further, the steady-state curvature decreases with an
increase of a. The bending moment related to Maxwell stress
is negligible for these values of applied voltage. We attribute
these trends to changes in the bending moment associated
with the hydraulic pressure. In fact, we observe larger pressures
in the proximity of the electrodes for larger values of b+ and G
(Fig. 3i and j) and lower values of a (Fig. 4i and j).

3.2.2 Effects of applied voltage. Next, we study the effect of
applied voltage on the response of IL-IPMCs. We consider a
voltage of Ṽ = 5 (E0.125 V), corresponding to a strongly non-
linear response. Similar to the previous simulations, we set

Ls ¼ 10�5; ~Vþ ¼ 0:0122; ~V
IL

þ ¼ 0:1030 and ~V
IL

� ¼ 0:0471.
First, we look at the steady-state profiles of ion concentra-

tions, electric potential and hydraulic pressure close to the
electrodes (Fig. 6). We set b+ = 0.9 & G = 0.15 and consider three
different values of a: 0.1, 0.5 and 0.9. Compared to the case Ṽ =
1 (Fig. 4), we observe much larger pile-ups of counterions at the
cathode (Fig. 6a), independent of a. a only affects the depletion
at the anode (Fig. 6b), where we observe a thicker diffuse layer
and smaller maximum change in concentration for larger
values of a.

IL-cations show a more complex behavior than at smaller
voltages. In particular, approaching the bulk from the cathode
(Fig. 6c), we observe a depletion of IL-cations followed by a pile-
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up in the region just outside the diffuse layer of counterions
(Fig. 6a). The depletion in the very vicinity of the cathode is
caused by the large hydraulic pressure generated from the pile-
up of counterions, which overcomes the electrostatic forces that
push the IL-cations toward the cathode. At the anode (Fig. 6d),
IL-cations have an analogous behavior to counterions, also
displaying the same dependence on a. Similar to smaller
voltages, the changes in concentration of IL-cations are limited.

The profile of IL-anions mirrors that at lower applied
voltage, with two main differences. First, the profile at the
cathode (Fig. 6e) for a = 0.1 is non-monotonic, with depletion in
the near proximity of the cathode followed by a pile-up toward
the bulk of the membrane. This depletion, which does not
appear at a lower voltage (Fig. 4e), is associated with the large
pressure generated by the pile-up of counterions. Second,
changes in concentration at the anode (Fig. 6f) are significantly
larger than at smaller voltages (Fig. 4f), and almost indepen-
dent of a.

The profile of electric potential (Fig. 6g and h) is similar to
that at lower voltage (Fig. 4g and h). For all values of a, the
asymmetry in the electric potential profile increases with larger
applied voltage. Such a behavior is similar to water-swollen
IPMCs and is caused by the fundamental asymmetry between
pile-up and depletion. While pile-up is only limited by steric
effects near the packing limit, depletion is restricted by the
original concentration, as concentration cannot turn negative.
As voltage grows, the physical constraint on depletion is
reached faster than the packing limit for pile-up, causing an
increasing asymmetry in the electric potential profile.74 Such
an asymmetry is responsible for the growing importance of
Maxwell stress on actuation.74

Finally, we analyze the hydraulic pressure distribution
(Fig. 6i and j). Regardless of the value of a, we observe an
increase in pressure in the proximity of both cathode (Fig. 6i)
and anode (Fig. 6j). Such an increase in pressure is associated
with the pile-up of counterions and IL-anions at the cathode
and anode, respectively. The values of pressure at the cathode
(Fig. 6i) are slightly higher than at the anode (Fig. 6j), despite
the much larger changes in concentration of counterions than
IL-anions. The similarity of the pressures at the two electrodes
is explained by the larger volume of IL-anions compared to

counterions, such that the former generate larger hydraulic
pressures than the latter for the same change in concentration.

In order for the pressure to satisfy the constraint
ÐH
�HpdX ¼ 0,

the pressure assumes a slightly negative value in the bulk of the
membrane.

We also investigate the effect of voltage on the steady-state
curvature of IL-IPMCs. At larger applied voltages, Maxwell
stress starts playing an important role. The bending moment
associated with Maxwell stress counteracts the one due to
hydraulic pressure, causing a decrease in the steady-state
curvature and potentially a change in sign, corresponding to
the IL-IPMC bending toward the cathode. This phenomenon,
called back-relaxation, is often observed in water-swollen and
IL-IPMCs.74,80 In Fig. 7, we display the steady-state curvature at
Ṽ = 5 for varying a, as a function of b+ and G. In almost all
conditions simulated, the steady-state curvature is negative,
due to the dominant effect of Maxwell stress. In only a handful
of simulated conditions, with very small b+ or with large values
of both b+ and G, we retrieve a positive steady-state curvature.
The negative curvature increases in absolute value for lower
values of G, as well as larger values of a. This dependency
reflects the intensity of the electric field in the proximity of the
electrodes. In fact, we observe that the slope of the electric
potential profile is higher at larger a values (Fig. 6g and h), as
the boundary layer is thinner.

3.2.3 Effects of ionic size. Herein, we study the effects of
ionic size on the steady-state curvature of IL-IPMCs. For all
simulations, we set a = 1 and Ls = 10�5. To shed light on the
dependence of actuation on ionic size, we consider four combi-
nations of voltage and concentration parameters, arising from
two voltages (Ṽ = 1 and Ṽ = 5) and b+ & G couples (b+ = 0.9 & G =
0.15 and b+ = 0.15 & G = 0.9), see Fig. 8. We vary the molar
volumes of both IL-cations and IL-anions from 0.1 V+ to 10 V+.

The effects of ionic size on steady-state curvature is strongly
dependent on the values of b+ and G. For b+ = 0.9 & G = 0.15,
where counterions dominate the formation of the diffuse
layers, the size of IL-cations has a very weak influence on the
steady-state curvature, regardless of the applied voltage. This
weak dependence is explained by the small changes in concen-
tration of IL-cations, making curvature substantially indepen-
dent of their size. On the other hand, we find a considerable

Fig. 5 Steady-state curvature as a function of b+ and G, with a = 0.1 (a), a = 0.5 (b) and a = 0.9 (c). White parts of the plot indicate nonphysical solutions.
All solutions are computed with Ṽ = 1.
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Fig. 6 Steady-state profiles of counterion concentration (a) and (b), IL-cation concentration (c) and (d), IL-anion concentration (e) and (f), electric
potential (g) and (h) and pressure (i) and (j) in the proximity of the cathode (a), (c), (e), (g) and (i) and anode (b), (d), (f), (h) and (j). Blue solid lines represent
the solution with a = 0.5; red dashed lines represent the solution with a = 0.1; and black dash-dotted lines represent the solution with a = 0.9. All solutions
are computed with b+ = 0.9, G = 0.15 and Ṽ = 5. Nondimensional concentrations Ci/ %Ci are centered around their equilibrium values gi.
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influence of the size of IL-anions on the steady-state curvature.
At low voltage (Fig. 8a), an increase in the size of IL-anions causes
a decrease in the steady-state curvature. While this decrease
cannot result in a change in sign of the steady-state curvature,
it can significantly affect the performance of the actuator. The
reduction in curvature with larger IL-anions is caused by the larger
pressure generated by the pile-up of IL-anions at the anode, which
counteracts the bending moment produced by the pile-up of
counterions at the cathode. At larger voltages (Fig. 8b), an increase
in size of IL-anions can even cause a change of sign of the steady-
state curvature. Similar to the low voltage case, this dependence is
explained by the decrease in the bending moment associated with
hydraulic pressure, causing the bending moment related to
Maxwell stress to become dominant.

The dependence on the size of IL-cations is completely
different for b+ = 0.15 & G = 0.9 (Fig. 8c and d). In this case,

IL-cations and IL-anions are the primary contributors to the
formation of the diffuse layers, such that we find a strong
dependency of the steady-state curvature on the sizes of both
ions. Regardless of the applied voltage, for small sizes of the IL-
cations, we find a robust negative steady-state curvature. Simi-
larly, for small sizes of the IL-anions, we obtain a strong
positive steady-state curvature. For large sizes of both IL-
cations and IL-anions, the curvature increases with larger IL-
cations and smaller IL-anions. The size of these ions affects the
pressure generated from their pile-up and depletion near the
electrodes. An increase in size of IL-cations boosts the pressure
at the cathode and decreases it at the anode, with a positive
effect on curvature, similar to counterions. Larger IL-anions
have an opposite effect, as they increase the pressure at the
anode and decrease it at the cathode, with a negative effect on
curvature.

Fig. 7 Steady-state curvature as a function of b+ and G, with a = 0.1 (a), a = 0.5 (b) and a = 0.9 (c). White parts of the plot indicate nonphysical solutions,
or instances in which the solver did not converge to a solution. All solutions are computed with Ṽ = 5.

Fig. 8 Steady-state curvature as a function of IL-cations and IL-anions molar volumes, with Ṽ = 1 (a) and (c) and Ṽ = 5 (b) and (d). Curvatures in (a) and (b)
are computed with b+ = 0.9 & G = 0.15, while those in (c) and (d) are determined for b+ = 0.15 & G = 0.9. White parts of the plot indicate instances in which
the solver did not converge to a solution. All solutions are computed with a = 0.5.
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We offer other two interesting observations. First, at large
voltages, the minimum, negative steady-state curvature for b+ =
0.9 & G = 0.15 (Fig. 8b) is less than half of the maximum,
positive steady-state curvature. On the other hand, the mini-
mum, negative steady-state curvature for b+ = 0.15 & G = 0.9
(Fig. 8d) is almost equal to the maximum, positive steady-state
curvature. The difference between the two conditions depends
upon the underlying force that generates negative curvatures.
While in Fig. 8b negative curvatures are a consequence of
Maxwell stress, in Fig. 8d they are caused by the hydraulic
pressure generated by IL-anions. For large IL-cations and IL-
anions (Fig. 8d), the bending moment associated with Maxwell
stress decreases in magnitude, as steric effects limit the electric
field.81 Due to the small contributions to pressure of counter-
ions in the condition b+ = 0.15 & G = 0.9, IL-cations and
IL-anions have a symmetric effect on the hydraulic pressure.
Second, for b+ = 0.15 & G = 0.9, negative curvatures are possible
even at small applied voltages (Fig. 8c), provided that large IL-
anions are utilized.

3.2.4 Effects of Stern layer thickness. Last, we investigate
the effects of the Stern layer thickness on the actuation of IL-
IPMCs. These effects are expected to be more significant for larger
values of voltage. Thus, we set Ṽ = 5. In addition, we consider

a ¼ 0:5; bþ ¼ 0:9; G ¼ 0:15; ~Vþ ¼ 0:0122; ~V
IL

þ ¼ 0:1030 and

~V
IL

� ¼ 0:0471.
The main effect of the Stern layer thickness is to reduce the

voltage and electric field in the boundary layers close to the
electrodes. Fig. 9a and b shows the profiles of the electric
potentials near the electrodes for three different values of Ls,
10�5, 10�4 and 10�3. At both the cathode (Fig. 9a) and the
anode (Fig. 9b), the absolute value of the electric potential
decreases with thicker Stern layers. Further, the asymmetry
between cathode and anode is reduced, negatively impacting
the magnitude of the bending moment associated with Maxwell
stress.

The effect of the increase in thickness of the Stern layer on
steady-state curvature is shown in Fig. 9c. Due to its effects on
the electric potential profile, an increase in the Stern layer

decreases the bending moment associated with Maxwell stress,
which provides a negative contribution to the overall curvature.
As this negative contribution decreases in absolute value, we
observe an increase in the curvature, including a shift to
positive values when the bending moment related to hydraulic
pressure overcomes the decreasing Maxwell stress contribu-
tion. Such a trend has been previously observed in models for
IL-IPMCs,51 although not directly related to the modulation of
Maxwell stress.

4 Conclusions

Ionic polymer metal composites with ionic liquids (IL-IPMCs)
are soft actuators that have gained traction over traditional
water-swollen IPMCs for their ability to work in air over an
extended number of cycles.24 This manuscript introduces a
classification of IL-IPMCs, based on the way in which ionic
liquids (ILs) are incorporated in the ionic membrane forming
the core of IL-IPMCs. Specifically, we distinguish a first class of
IL-IPMCs that contain cations from the IL (IL-cations) as
counterions, no anions from the IL (IL-anions) and water as a
solvent37,42 from a second class of actuators that include the
original counterions in the membrane, along with both IL-
cations and IL-anions and no water.24,35

Available physically based models of electrochemistry and
mechanics for ionic membranes only partially capture the
microscopic composition of either class of IL-IPMCs. While
actuators in the first class can be described through available
modifications of models for water-swollen IPMCs,52–55 the second
category displays a completely different electrochemical makeup,
which requires the development of dedicated formulations.51 This
manuscript offers a physically grounded, continuum theory to
describe the electrochemistry and mechanics of this category
of IL-IPMCs, along with a reduced-order model for beam-like
IL-IPMC actuators. Our theory overcomes the available modeling
literature by including multiple species of cations, while acknowl-
edging the different sizes of ions in the membrane and the
possibility of coions immobilizing the different types of cations.
We solve the reduced-order model numerically to perform a series

Fig. 9 Steady-state profiles of electric potential (a) and (b) in the proximity of the cathode (a) and anode (b) with varying Stern layer thickness, along with
the relationship between non-dimensional Stern layer thickness and the steady-state curvature (c). In (a) and (b), blue solid lines, red dashed lines and
black dash-dotted lines represent the solutions with Ls = 10�5, Ls = 10�4 and Ls = 10�3, respectively. All solutions are computed with b+ = 0.9, G = 0.15
and Ṽ = 5.
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of parametric analyses that clarify the role of each ion in the
coupled electrochemistry and mechanics of IL-IPMC actuators.

Our model of IL-IPMCs accurately reflects the microscopic
composition in IL-swollen ionic membranes with mobile coun-
terions, IL-cations and IL-anions, accounting for the possibility
of immobilization of some cations by the membrane coions.35

A comparison shows that the model by Drozdov51 is analogous
to a special case of our theory, provided that all counterions are
immobilized by coions. This condition may not be verified in
IL-swollen ionic membranes, whereby experiments show that
both counterions35 and IL-cations38 are mobile.

In the model by Drozdov,51 ions are assumed to have the
same size. Only boundary conditions break the symmetry
between cations and anions (and that of the resulting pressure
distribution), as the former are assumed to undergo a redox
reaction at the electrodes, while anions experience ion-blocking
conditions. While redox reactions would occur at large applied
voltages, we argue that this phenomenon may not explain
actuation at small applied voltages, for which redox reactions
may not occur.3,4 Further, redox reactions involving IL-cations,
as in the model of Drozdov,51 require electrodes that are able to
produce these cations, which is typically not the case in current
IL-IPMCs. In the presence of multiple cations, more accurate
and species-dependent analyses are necessary to unravel which
ionic species are reacting at the electrodes and at which rates.
For these reasons, we opted to not include redox reactions in
this first theory of IL-IPMCs with multiple cations.

Our theory generates an asymmetry between cations
and anions by explicitly accounting for their different sizes.
These differences are particularly pronounced in IL-IPMCs,
where counterions typically consist of small metallic cations,
IL-cations are bulky organic cations and IL-anions are often
inorganic anions, which in general have a significantly larger
volume than counterions.32 The same change in concentration
generates larger pressures for ions with a larger size, thus
breaking the symmetry in the pressure through-the-thickness
profile, which allows for the generation of a non-zero bending
moment even at small applied voltages.

Overall, we find a complex dependence of the steady-state
curvature of IL-IPMCs on the relative concentrations and sizes
of ions in the membrane. This dependence is produced by
changes in the bending moments associated with hydraulic
pressure and Maxwell stress, which are modulated by qualitative
and quantitative variations in the profiles of ion concentrations
and voltage. The smaller size of counterions favors their accu-
mulation and depletion over IL-cations, such that properties of
IL-cations have a weak effect on the steady-state curvature when
enough counterions are available in the membrane. In this case,
the size of IL-anions plays an important role, as larger IL-anions
elicit smaller steady-state curvatures toward the anode, in agree-
ment with experiments.40 At larger voltages, Maxwell stress
dominates the response, leading to back-relaxation toward the
cathode, observed in previous experiments with IL-IPMCs.82,83

When the relative concentration of mobile counterions is
small, IL-cations and IL-anions govern the formation of diffuse
layers, such that the steady-state curvature shows a significant

dependence on the properties of these two ionic species. In this
case, the role of Maxwell stress weakens, due to the larger sizes
of ions in the diffuse layers that decrease the electric field.81

Steady-state curvature is dominated by the hydraulic pressure,
which is modulated by the pile-up and depletion of IL-cations
and IL-anions at the two electrodes. The relative size of these
ions determines the sign of the steady-state curvature, even at
low voltages. For large IL-cations and small IL-anions, we obtain
a steady-state curvature toward the anode, which is observed in
experiments with IL-IPMCs.24

While our theory constitutes a step forward in the accurate
physical description of IL-swollen ionic membranes, it comes
with a number of limitations that should be addressed in future
endeavors. First, experimental and atomistic/molecular compu-
tational efforts are necessary to identify the concentrations of
mobile ions of different species. While some inferences could be
performed from experimental structural and electrochemical
characterizations35,38 and molecular dynamics simulations,84

further work is needed to accurately measure these quantities
and how they vary, as a function of manufacturing, environ-
mental and working conditions. Further, the actual degree of
dissociation of ILs, which has been studied in electrolyte
solutions,57 should be investigated within ionic membranes, to
shed light on the presence and quantity of neutral ionic pairs.
Second, several physical phenomena remain unmodeled. Our
model is limited to small voltages (o4 V), whereby we do not
model the decomposition of ILs at large applied voltages.75

Multiple ions in an ionic membrane will interact non-ideally,
especially large and complex ones such as IL-cations. Modeling
these interactions entails the use of a modified free-energy
function that considers the excess free-energy compared to an
ideal mixing.52,53,55 Redox reactions at the electrodes,3,51,78 for
which an accurate description is still open modeling question,
even for water-swollen IPMCs, should be accounted for at large
voltages. The presence of neutral ionic pairs of large size, serving
as a solvent, could also considerably affect the response of
IL-IPMCs.54,59 Third, the large size of IL-cations may not warrant
the use of the mean-field approximation used in classical
electrochemistry studies that underlie our theory.3,4 The integra-
tion of elements of colloidal models may be warranted.85 Fourth,
the large number of parameters involved in the response of IL-
IPMCs could cause hurdles in the adoption of physically based
models in the engineering community. Procedures for the
identification of parameters for water-swollen IPMCs86 shall be
extended to IL-IPMCs. Finally, a systematic comparison between
the two categories of IL-IPMCs identified should be performed,
to characterize the fundamental differences between their
responses.

The most natural follow-up study to this manuscript
involves the dynamic response of IL-IPMCs, which is substan-
tially different from that of water-swollen IPMCs.24

The continuum-level model presented in this manuscript can
be utilized for this purpose, potentially with some modifica-
tions in eqn (20) to account for cross-diffusion. However,
two main obstacles should be overcome toward accurate phy-
sical representations of time-varying IL-IPMC actuation. First,
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measurements of diffusivities of common IL-cations and
IL-anions in ionic membranes are missing, with only limited
molecular simulations available84,87 (see ESI†). Thus, a proce-
dure to identify the self- and cross-diffusivities of multi-cations
and anions in ionic membranes from experiments should be
developed. Second, we anticipate the diffusivities of common
IL-cations to be much smaller than that of IL-anions and
counterions, due to the large size of the former that has a
substantial impact on the tortuosity in the porous membrane.
Thus, one should develop a numerical solution that can deal
with the multiple time-scales of diffusion for the ions in the
membrane. Upon solving these pending issues, this theory can
unravel the dependence of dynamic properties of IL-IPMCs on
material and ionic properties, serving as a guide to material
scientists for tailored microscopic modifications that can
increase the actuation performance.
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