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Building-integrated photovoltaics are an emerging technology with the potential to become more
widely adopted as the installed capacity of solar photovoltaics (PV) continues to increase. For building
and product integration, the ability to produce cells in colours other than the standard black or dark
blue appearance of crystalline silicon panels plays an important role in improving the visual appearance
and promoting the adoption of PV. However, to maximize power output from limited areas and use
resources in the most sustainable way possible, keeping efficiency high is critical; coloured multi-
junction solar cells, which can reach higher power conversion efficiencies than single-junction devices,
thus become a technology platform of interest. We report the theoretical maximum possible efficiencies
for coloured two-terminal solar cells with up to six junctions in the detailed balance limit, with colour
produced through reflection of incident Sunlight. A wide range of colours with a relative luminance up
to Y = 0.6 can be produced with <20% maximum power loss compared to a black cells. In most cases,
except for colours with very high relative luminance Y = 0.85 (i.e. colours which are closer to white), a
two-junction coloured cell has a higher limiting efficiency than a black single-junction cell, showing the
potential of coloured multi-junction cells for applications where the aesthetics of solar panels play an
important role. We find that crystalline silicon provides an excellent platform as the bottom cell in
developing two and three-junction coloured cells, for example in combination with perovskites or Il1-V
semiconductor alloys with tuneable bandgaps. In addition to reporting limiting efficiencies, we report
the optimal reflectance spectra and bandgap placement for achieving a range of colours, and the trends
observed in these variables for colours of varying hue and relative luminance. A numerical optimization
method using multi-objective differential evolution, a type of evolutionary algorithm, was used to
calculate the limiting efficiencies; the method and code used to produce the results presented are made
freely available.

Solar photovoltaics are continuing to reduce in cost and are becoming an increasingly important part of the global electricity supply. Integrating photovoltaics
into e.g. buildings, products, and vehicles can provide electricity directly where it is needed, and the ability to produce solar cells in various colours facilitates

adoption and acceptance of solar panels in these contexts. Multi-junction solar cells, where different parts of the solar spectrum are absorbed in different
materials to more efficiently utilise the energy in Sunlight, have higher power conversion efficiencies than single-junction devices. While single-junction

crystalline silicon devices currently dominate the global market, tandem cells are exceeding silicon efficiencies in lab settings, and are expected to become
increasingly commercially relevant. To produce colour visible to the human eye through reflection of Sunlight, some light which would normally be used to

produce electricity must be sacrificed. Here, we show that despite this, multi-junction coloured solar cells can maintain high efficiencies over a wide range of
possible colours, producing more power than single-junction black solar cells if properly designed. As a result, high-efficiency coloured photovoltaics can play

an important role when the installation area is restricted (e.g. on buildings, vehicles, and products) and coloured designs and maximal power output are

desired.
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towards cleaner and sustainable energy sources, integrating PV
systems into visible surfaces, such as built infrastructure,>?
vehicles,” and electronic products,®® becomes a more appeal-
ing prospect. The necessity for such integration may prompt
demand for panels with colours other than the conventional
dark blue or black appearance, which may not always be
preferred on visible surfaces.” ™

Take, for example, building-integrated photovoltaics (BIPV);
integrating solar panels into the visible parts of buildings -
facades and tilted roofs - serves several crucial benefits.>* It
enhances land-use efficiency by shifting PV installations from
e.g. agricultural land to existing built surfaces, reducing land-
use conflicts and freeing land for agriculture, forest bioeconomy,
or nature conservation. Moreover, the dual functionality of PV as
building material increases material efficiency and potentially
decreases the overall environmental footprint
buildings."”"* This becomes increasingly significant in densely
populated urban areas where flat roof area is constrained.

Similarly, the adoption of vehicle-integrated PV (VIPV) in
automotive design, where colours other than black command a
strong premium'* presents an opportunity for extending elec-
tric vehicle range and powering on-board systems while parked,
especially when far from the power grid or charging stations.*"’
Given the higher energy consumption per surface area in
vehicles, the demand for high-efficiency coloured solar cells
becomes more pertinent. In product integration, such as in
wearables, both the aesthetic and efficiency factors are
vital.">"” Limited surface area and a priority for high efficiency
may outweight cost considerations, creating a potential market
for high-performance coloured PV.

In all these scenarios, solar panels become an integral part
of visual design, prompting an intricate balancing act between
aesthetics and efficiency. Since a coloured solar cell reflects or
re-emits a portion of the visible light instead of using it for
energy conversion, optimizing energy efficiency while main-
taining aesthetics becomes a pivotal research problem. Prior
research by Halme & Mikinen'® has identified the interdepen-
dence of solar cell colour and efficiency, established the most
efficient way (requiring the fewest reflected photons) to pro-
duce colour for solar cells, and determined the theoretical
power conversion efficiency (PCE) limits for opaque coloured
solar cells. However, the study by Halme & Mikinen only
covered PCE limits for single-junction solar cells (SJSCs); the
PCE limits for coloured multi-junction solar cells (MJSCs),
which can reach higher efficiencies than SJSCs, have not yet
been addressed in the literature. Moreover, there are only a few
examples demonstrating the application of colour on multi-
junction solar cells;'® the focus in MJSC development has been
on high power output, since aesthetics are not a key concern for
the current major applications (e.g. use on satellites or for space
exploration, and in concentrator PV). High PCE is a desirable
trait for applications with limited area, and contributes to the
sustainable production of solar power. Through more efficient
solar installations, more power can be generated from the same
area, reducing the need for materials and the associated
environmental harm.
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M]JSCs could be less affected by colour than SJSCs due to
their broader spectrum utilization, extending deeper into near-
infrared wavelengths; on the other hand, they could face
current mismatch caused by reflecting visible light for colour
formation, unless the bandgap energies can be redesigned to
reach new current-matching conditions. Consequently, the task
of optimizing the theoretical PCE of coloured MJSCs becomes
more complex as the number of junctions (sub-cell bandgaps)
increases. Halme & Mikinen showed that for SJSCs, the solar
cell colour is optimally produced by one or two rectangular
reflectance peaks in the visible range and that the peak posi-
tions and the solar cell bandgap energies can be optimized
separately. However, in the case of MJSCs, it is less clear where
the reflectance peaks should be placed if one of the sub-cell
bandgaps lies in the visible region, and whether two reflectance
peaks are still sufficient for optimal energy conversion. In this
paper, we address these research questions through a compre-
hensive computational optimization study using a multi-
objective differential evolution algorithm, a robust and efficient
optimization method. As a result:

e We determined the PCE limits for opaque two-terminal
M]JSCs with 1-6 junctions for various colours, showing that
many colours can be produced with minimal PCE loss relative
to a black cell.

e We found that the relative efficiency loss due to colour is
almost independent of the number of junctions, if the sub-cell
bandgaps can be chosen to maintain current-matching.

e For ideal solar cells and colour formation, colour affects
the multi-junction solar cell PCE similarly to single-junction
solar cells: higher colour lightness lowers efficiency, and among
equally light colours, yellow-greens produce the highest PCE.

e Two rectangular reflectance peaks are sufficient to achieve
the most efficient colour formation (using the fewest reflected
photons). However, if a bandgap is close to a reflectance band
(which only occurs in five or six-junction cells with optimal
bandgap choices), splitting the reflectance band and placing
the bandgap in between the two new bands can improve
current-matching and very slightly (<0.5% relative change)
increase the PCE.

e We identify the optimal bandgaps and reflectance spectra
for coloured MJSCs, elucidating how colour affects the optimal
bandgap energy of all junctions in an MJSC due to the require-
ment of current-matching between the sub-cells.

e We show that highly efficient coloured multi-junction cells
are feasible, with crystalline silicon as a good platform for the
bottom cell in two and three-junction devices due to its close-to-
optimal bandgap energy; perovskites, due to their high tune-
ability, could be excellent candidate materials for the top
junction(s).

To facilitate wider applicability and future research, we have
made our optimization code open source, under a GNU General
Public License. This shared resource will enable anyone to
independently verify our results, evaluate the efficiency limits
for any number of junctions, arbitrary target colour coordinates
and type of colour-producing reflectance spectrum, or illumi-
nation spectrum, for example for aiding the design of coloured

This journal is © The Royal Society of Chemistry 2024
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solar cells for use under artificial indoor lighting.*” Coupling
the code with suitable optical simulations will allow for PCE
optimization of cells using real colour filter structures, aiding
in the design of colour filters and solar cells equipped with
colour filters, which could be achieved through e.g. Bragg
reflectors inside the cell structure or as part of the cell’s cover
glass.”®

Methods

Colour perception calculations

We assume that the colour of the cells is produced by reflecting
part of the incident solar spectrum, as opposed to transmission
through semi-transparent cells for e.g. windows,*"* or through
emission of any kind, for example fluorescent emission by dyes,
quantum dots, or a material capable of up/down-conversion of
photon energy.>® Thus, the observer sees a spectrum equal to
R(A)P(2), where P(4) is the spectral power distribution of the
incident solar spectrum. The reflectance R(/) is assumed to be
R =1 inside reflectance bands and R = 0 elsewhere for calculat-
ing limiting efficiencies. Earlier work theoretically inferred that
such a reflectance spectrum, characterized by one or two
rectangular peaks (Fig. 1a), produces all physically possible
colours with the smallest possible number of reflected photos
thereby maximizing the solar cell efficiency attainable with that
colour."®

Colour perception by the human eye is calculated using
the CIE 1931 standards.>® The colour-matching functions of
the CIE standard observer are shown in Fig. 1a. Colours are
represented by three coordinates, (X,Y,Z), which can be
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Fig.1 (a) CIE colour-matching functions %, ¥ and z, shown with two
reflectance spectra which will produce the Magenta colour from the
ColorChecker chart.®> The real reflectance spectrum (dashed line) is
measured from ColorChecker charts,® while the rectangular reflectance
spectrum (solid line) is the most efficient way (requiring the fewest
photons) to produce the same colour when illuminated with an AM1.5G
spectrum. (b) The spectral power distribution of the AM1.5G spectrum in
the visible wavelength range.
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calculated from the reflectance R(4), incident spectral power
distribution P(2) and the colour-matching functions:

730nm
J R(A)P(2)x(2)ds

X 380nm

~730nm
| rasa
(e
J R()P(2)7(2)d
380nm (1)

730nm
J P()F(2)dA
038011m

J " ROYP()Z ()

380nm

Y =

7 =

730nm
J P(2)7(2)d2
380nm

where the integration runs over the visible wavelengths. The Z
coordinate is roughly equal to the “blue-ness” of the colour, while
Y describes the relative luminance. The X coordinate corresponds
to the x colour-matching function, which is a mixture of the CIE
red, green and blue (RGB) colour-matching functions.

Following Halme & Miikinen,'® the 24 colours of the Color-
Checker colour rendition chart® formed the basis of the
optimizations. To obtain target (X, Y, Z) values for the optimiza-
tion, reflectance data from real ColorChecker charts>® is used to
calculate the target (X, Y, Z) coordinates under an AM1.5G
spectrum®’ using eqn (1). Consequently, the resulting colour
coordinates represent the colours which would be perceived if
the ColorChecker chart was viewed under an AM1.5G spectrum.
Since the AM1.5G spectrum is also used for calculations of cell
efficiency, this gives self-consistent colourimetric and photo-
voltaic calculations. While the target colours are defined
slightly differently than in Halme & Mikinen,'® the single-
junction results are nevertheless very close and follow the same
trends (further details and a comparison of results with the
same target coordinates are provided in Section S2 of the ESI¥).

Deviation from the target colour during optimization is
quantified through the maximum fractional deviation from
the target colour coordinates X;, Y; and Z:

b oo

Y-V |Z-2Z
7‘ Y 7’ Xt

The colour optimization process, discussed in the next
section, is continued until the AXYZ,,,,, is lower than a chosen
threshold value (set to 0.004, which was shown to lead to
imperceptible colour differences from the target colour, as
discussed in ESIt Section S4).

For representing the results in the CIE 1931 xy chromaticity
diagram, (X, Y, Z) coordinates are converted to (x, y, Y) coordi-
nates:

X - X,
| X

AXYZax = max{

_ X
X+)¥+Z 3)

X

TTXTvY+z

As we focus on limiting efficiencies for multi-junction
coloured PV and assume ideal reflectance spectra, we have
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neglected angular effects. The reflectivity of any real surface will
depend on the angle of incidence, and the observed reflection
and thus colour will depend on the viewing angle relative to the
angle of incidence. Because our analysis omits angle depen-
dencies, all colours in this work correspond to total hemisphe-
rical spectral reflectance, which, moreover, is assumed to be
independent of the incident angle of light. Consequently, our
results are most applicable for matte colours, i.e. coloured
surfaces exhibiting significant diffuse light scattering, which
is common for building materials. However, our results are not
readily applicable to iridescent or glossy materials because
their appearance cannot be described with a single unambig-
uous colour and will be dependent on the incidence angle of
light and the viewing angle. Systematic analysis of colour-
efficiency relationships in this case would require a different
approach, which, as far as we know, has not yet been
developed.

Detailed balance model

The detailed balance model was used to find the efficiency of
multi-junction cells based on the bandgap of the sub-cells (£, ;)
and the reflectance as a function of incident photon energy,
R(E). For each sub-cell i, the radiative recombination current
density®® I,; (at short-circuit (V = 0) and assuming an ideal,
wavelength-selective back reflector between sub-cells) and the
light-generated current I, ; are given by:

S (S I
04 h3cznexl4j Egi ekT

Egivi
ni=aqf (1 REDSENE G)

where g is the elementary charge, T is the cell temperature, and
Next,: is the external radiative efficiency (ERE) of junction i. Note
that we have made the Boltzmann approximation, which is
valid for solar cells under standard operation, and assume the
bandgap of each sub-cell is an abrupt absorption threshold, as
shown in Fig. 2; thus, we make no assumptions about the layer
thicknesses or optical constants of the sub-cells, assuming they
are perfect absorbers above their bandgap energy with no reflec-
tance (except for what is necessary for colour formation) or
transmission loss. The temperature 7 of the cell is set to 298 K.
The ERE is the fraction of recombination events in the cell which
result in externally emitted photons; it is thus a way to include the
effects of non-radiative recombination and imperfect outcoupling
of photons which are emitted internally through radiative recom-
bination in a detailed balance model, while setting #ey = 1 results
in the radiative limit.>** In the case that R(E) = 0 (i.e. a perfectly
absorbing black cell), the integral in (4) evaluates to:

2ngkT (Egi* + 2kTE,; + 2kT?)
IO,i = 30 E (6)
he ekT

If the reflectance is ideal to produce target colours (i.e. either
R =0 or R =1 at every wavelength, with only two R = 1 peaks
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Fig. 2 (a) AM1.5G photon flux. (b) Example of a rectangular reflectance

spectrum, and the perceived colour this reflectance would create when
illuminated by AM1.5G. (c) The absorptance in each sub-cell for a triple-
junction device with bandgaps of 1.7, 1.2 and 0.7 eV (dashed vertical lines).

necessary to produce any colour), I, ; can be expressed as the
sum of the indefinite integral in the areas where R = 0:

2 2
2 —kT |2(kT) +2kT + E
ekT ekT

where C is the constant of integration. For general reflectance
spectra, the integral (1) can be evaluated numerically, as is done
for I ;.

For the light-generated current I; ;, the integration limits are
between the bandgap of the sub-cell being evaluated and the
bandgap of the sub-cell above; for the top (highest-energy
bandgap) sub-cell, the upper limit of the integral is the max-
imum energy in the solar spectrum data. I,; and I,; are
calculated independently for each sub-cell. To obtain limiting
efficiencies, we assume that each sub-cell is an ideal diode
obeying the current-voltage relationship:

(V)= I — I (e7*" — 1) (8)

Using (8), the current at the maximum power point (MPP)
for each of the sub-cells considered in isolation is as follows:

IMPP,z' = I(VMPP‘Z') = IL,i — IO,i eVMPP,i/kT (9)

Note that in eqn (8), the final —1 term (+I,) is the current
produced by absorption of thermal radiation from the sur-
roundings. In eqn (9), we have neglected it, since it is much
smaller than the other two terms at room temperature, stan-
dard AM1.5G illumination, and reasonable values of Vypp
(typically, by more than 10 orders of magnitude).

Up to this point, we have followed the standard definitions
for detailed balance calculations. In order to efficiently evaluate
the current and voltage at the MPP, and thus the efficiency of

This journal is © The Royal Society of Chemistry 2024
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the cell, we used the analytical expressions introduced by Pusch
et al.®® Directly calculating the efficiency from the sub-cell
bandgaps and incident spectrum using an analytical expression
is significantly faster computationally than numerically finding
the MPP by scanning through voltages, which becomes impor-
tant when this quantity must be evaluated many times, as is the
case for the differential evolution optimization algorithm
discussed below.

In a two-terminal multi-junction device, the overall current
will be limited by the lowest sub-cell current; we approximate
the current at MPP (Iypp) of the multi-junction device by
identifying the lowest Iyipp ;. This is a good approximation close
to current-matching;33 in our case, the most efficient cells will
be close to current-matched, and deviations from the current
value for less-efficient cells are not critical to the convergence of
the optimization. In the equation above, Viypp; is found using
the expression:*?

kT Ip;
e = 5 (o)

(10)

where W, is the Lambert W function (defined as the inverse
function of yexp(y)). We can thus find Iypp by calculating Iypp,;
for each junction (by substituting eqn (10) into eqn (9)), and
choosing the minimum of these values. Finally, the PCE of the
cell at the MPP is given by:

Pyvep Ivpp - Impp kT, (I} — Ivpp
= = Vi=——=% —In|=—— 11
1 Pin Pin Xz: Pin X;: n( I(') ( )

where the second equality follows by rearranging eqn (9) for V.
Py, is the power received from the incident solar spectrum
(1000 W m ™2 for AM1.5G).

Comparing results for this analytical expression for Vypp
with results calculated numerically (i.e. finding the MPP by
scanning through voltages, with a step size of 0.0005 V) using
the detailed balance solver in Solcore,** we find <0.35%
(relative) difference between the PCEs calculated for optimized
(current-matched) cells with up to six junctions (see ESIf
Section S3 for the full benchmarking results).

Problem definition
. Determine
Number of sub-cells :}number of

For I separate islands,
make populations of
10 X ny,,sfor multi-
objective DE.
Objectives are:

optimization
variables:

Number of reflectance peaks;
Peak shape, height, etc. i

Target colour Nyars 1. Minimize colour
deviation AXYZ
Optimization settings 2. Minimize -n
* Number of iterations nj,, (maximize cell
Number of islands / efficiency)

Colour deviation threshold AXYZ,,.,
Maximum efficiency change Aneshord
Wavelength resolution

Maximum trials for colour

Differential evolution settings

Fig. 3
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Differential evolution optimization

Finding the optimal reflectance spectrum and sub-cell bandgap
energies is a multi-objective optimization problem. We used
the open-source library pygmo®® to implement multi-objective
differential evolution®® optimization in Python. The optimiza-
tion involves two simultaneous objectives: to minimize the
deviation from the target colour (expressed in (X, Y, Z) coordi-
nates), and to maximize the cell efficiency. It is clear that these
objectives are in conflict and will not be individually optimized
by the same set of parameters; the best cell efficiency is
achieved when no photons are reflected, i.e. with a black cell,
and thus for any other target colour, sacrificing some efficiency
is required to produce a colour within the allowed deviation
AXYZ, .« as defined in eqn (2).

Differential evolution®” is a type of evolutionary algorithm
which can be used for global optimization of arbitrary func-
tions over large parameter spaces, with the only requirement
being an objective function which returns the fitness of a
candidate solution against one or multiple objectives. The
operation of the optimization algorithm is summarized in
Fig. 3. The problem is defined by the light source used (e.g
AM1.5G, a black body spectrum, or any other incident spectrum
of interest), the number of sub-cells, the number of reflectance
peaks and their shape, maximum height, etc., and the target
colour. The problem definition gives us the number of variables
we need to optimize (7,,:5), depending on the number of sub-
cells and the type of reflectance spectrum. The optimization
proceeds by maintaining a population of vectors, with each
vector containing a set of values for the variables being opti-
mized (a candidate solution); in this case, the location and
width of the reflectance peaks and the sub-cell bandgaps. The
initial population is randomly generated within the allowed
bounds. We choose some number of generations (set at 10 X
Nyars for the results presented), and allow the differential
evolution to proceed for this number of generations on each
island. At each iteration of the algorithm, each vector in the
population is mutated according to a set of rules; if the mutated
version of the vector performs better according to the objective
function, it replaces that member of the population. To
improve the chances that we are finding the best combinations
of parameters, simultaneous evolution processes happen in

A Find overall champion vector considering
all islands together; this is the vector
which gives the highest cell efficiency
Nmax While not exceeding the maximum
colour deviation AXYZ,,,.

Island 1: evolve
population ny,, times

Island 2: evolve
population ny,, times
Compare 1,,,, With the value obtained in
the previous round and compute the
difference:

Island /: evolve An= Nmax, current ~ Mmax, previous
population ny,, times

J/

Get final champion

Operation of the multi-objective differential evolution method used to optimize cell colour and efficiency simultaneously.
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parallel on different ““islands”, each with separate a population
of 10 x nya vectors. This process continues for a pre-set
number of generations (nj,,). We then find the overall cham-
pion vector from all the islands; this is the vector giving the
highest cell efficiency while not exceeding the maximum
allowed colour deviation. If this was the start of the optimiza-
tion, we let the differential evolution proceed on each island for
niter More generations. At the end, we compare the efficiency of
the new champion population with that obtained at the end of
the previous round; if it has decreased, or the difference is
within the tolerance set for Ay, we end the optimization (see
Fig. 3). Otherwise, we continue in batches of 7., generations
until the condition for convergence is met.

Further details of the mutation and crossover rules, multi-
objective decomposition method, colour threshold and conver-
gence conditions, and convergence testing can be found in
Section S2 of the ESL{ Because this is a multi-objective
problem, there will not be a single best solution, but rather
a continuous set of solutions with increasing colour accuracy
but decreasing efficiency (a ‘Pareto front’). The code is written
so that the user can look at the whole population at the end,
and if desirable change e.g. the allowed colour threshold to
improve the efficiency. This could be justified for example
when the Pareto front suggests that a relatively small amount
of colour accuracy can be exchanged for large improvement in
efficiency. Visualizations of the Pareto fronts and further dis-
cussion can be found in the ESIt video files and Section S2 of
the ESL¥

All code used to produce the results and figures in this
paper, and the data presented, are available.*® The up-to-date
version of the Python code is hosted on GitHub.*
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Results
Multi-junction cell efficiency

Fig. 4a shows the maximum achievable efficiency of cells with
1-6 junctions for the 24 ColorChecker passport colours. The
optimal efficiencies are also listed in Table 1. Note that these
limits are for series-connected sub-cells; the limits for cells with
more than two terminals (e.g. three or four-terminal configura-
tions for a tandem cell) would be higher.”® As expected, the
efficiency increases with the number of junctions, and in
general colours with higher relative luminance have a lower
limiting efficiency since they require a larger number of
photons to produce the desired colour (this confirms the
results for single-junction cells, despite using a different opti-
mization method, and extends them to cells with up to six
junctions). However, some colours can be formed more effi-
ciently due to the sensitivity of the human eye; the human eye is
very sensitive to wavelengths around 550 nm, where the photon
flux in the AM1.5G spectrum is also close to its maximum. This
means there are many photons that can be reflected close to the
peak sensitivity for yellow and green perception, giving espe-
cially efficient colour formation for yellow-green hues. The
relative efficiency loss with respect to an ideal black cell
(Fig. 5a) is mainly determined by the target colour rather than
the number of junctions.

Effect of relative luminance

Fig. 6 shows the effect of increasing relative luminance Y at
fixed values of x and y (i.e. fixed chromaticity) for four hues
from the ColorChecker chart: Blue, YellowGreen, Red and
neutral colours from black to white. As observed previously,
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Fig. 4 (a) Limiting power conversion efficiency and (b) optimal reflectance band placement for cells with 1-6 junctions for all the ColorChecker shades,
9 9 y

allowing two peaks in the reflectance spectrum. The X, ¥ and Z colour-matching functions and visible part of the AM1.5G spectrum, with indicative
colours for each wavelength, are shown in (c) on the right. The colours are ordered from low to high relative luminance, with the greyscale shades from

black to white shown separately.
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Table 1 Target (x, y, Y) colour coordinates and maximum efficiency for 1-6 junctions for the ColorChecker colours and an ideal black cell, using two
reflectance peaks to produce the target colour. The uncertainty estimates, given at the top of the column for each number of junctions, are the
maximum standard deviation seen across 20 independent runs of the optimization for a sub-set of colours, as detailed in Section 2 of the ESI

Efficiency (%) with number of junctions N

Name x y Y N=1(0.001) N=2(0.0007) N=3(0.0009) N=4(0.0009) N=5(0.001) N=6(0.004)
Blue 0.197 0.159  0.060  32.64 44.38 49.86 53.43 55.61 57.52
Purple 0.317  0.241  0.064  32.90 44.73 50.31 53.92 56.15 58.30
Dark Skin 0.420 0370 0.102  32.74 44.53 50.05 53.64 55.99 58.19
Purplish Blue ~ 0.224  0.202 0.116  32.08 43.52 48.78 52.25 54.30 56.26
Red 0.560 0.327 0.124  32.26 43.79 49.13 52.65 55.56 57.43
Foliage 0.361 0.441 0.133  32.63 44.37 49.84 53.42 55.60 58.01
Blue Sky 0.265 0.285 0.186 31.75 43.01 48.20 51.56 53.60 55.53
Cyan 0.207 0.288 0.194 31.62 42.81 47.98 51.29 53.33 55.19
Moderate Red ~ 0.487  0.322  0.195  31.65 42.86 48.03 51.35 54.37 56.29
Magenta 0.400 0.259 0.199 31.34 42.39 47.49 50.75 53.24 55.52
Green 0.319  0.495 0.231  32.02 43.43 48.67 52.13 54.17 56.28
Blue Flower 0.289  0.273  0.234  31.20 42.18 47.24 50.48 52.46 54.31
Orange 0.523  0.405 0.307  31.00 41.88 46.89 50.09 53.20 55.33
Light Skin 0.406  0.366  0.351  30.62 41.30 46.21 49.37 51.29 54.41
Bluish Green ~ 0.275  0.376  0.420  30.11 40.55 45.35 48.43 50.26 51.88
Orange Yellow  0.490  0.441  0.430  30.23 40.72 45.54 48.64 51.18 54.04
Yellow Green ~ 0.392  0.496  0.441  30.57 41.22 46.12 49.26 51.18 53.76
Yellow 0.464 0472  0.602  29.01 38.89 43.54 46.42 48.11 51.61
Black 0.000 0.000 0.000 33.79 45.85 51.76 55.49 57.82 59.71
Black-2 0.332  0.343  0.032 3345 45.42 51.21 54.89 57.18 59.19
Neutral 3-5 0.330  0.344  0.089  32.85 44.66 50.22 53.83 56.04 58.29
Neutral 5 0.331  0.346 0.191  31.96 43.33 48.56 51.99 54.04 56.69
Neutral 6-5 0.332  0.346  0.359  30.48 41.09 45.97 49.10 51.00 52.71
Neutral 8 0.333  0.346  0.588  28.30 37.81 42.41 45.11 46.74 48.17
White 9-5 0.336  0.350 0.913  23.87 31.58 35.46 37.19 38.81 39.40

the green colour has a higher limiting efficiency than the others
at a given value of Y. Up to a relative luminance of around Y =
0.85, two-junction cells have a higher limiting efficiency than
single-junction cells of any colour, showing that the additional
junction can compensate for the loss of current due to colour
formation for a wide range of colours. Additional junctions
have diminishing benefits but can still provide a wide range of
colours with higher limiting efficiencies; up to a relative lumi-
nance of Y = 0.6, with 1-5 junctions, all colours considered
have <20% loss of maximum power compared to an ideal
black cell with the same number of junctions.

Reflectance peaks and bandgap placement

Fig. 4b shows the placement of the reflectance peaks for cells
with 1-6 junctions and two allowed reflectance peaks. The
spectral photon flux and colour-matching functions are shown
for illustration on the right-hand side. We see that the position
of the two reflectance peaks is constant with the number of
junctions, with one peak centred close to 450 nm (the peak of
the z colour-matching function), and a second peak centred
between 550 and 600 nm (the peaks of the j and x colour-
matching functions, respectively), with its centre wavelength
depending on the chromaticity of the target colour. We clearly
see the reflectance bands broadening with increasing relative
luminance. While there is some small variation in the exact
peak placement with different numbers of junctions, this
appears to be a result of the numerical optimization; there is
no trend in changing peak placement with increasing number
of junctions. With only two reflectance peaks, this remains true

This journal is © The Royal Society of Chemistry 2024

even when the optimal bandgap for the top junction shifts to
the visible wavelength range, inside the reflectance bands, as
can be seen in Fig. 7. However, if we allow the optimization
algorithm to place three reflectance peaks, the efficiency of five
or six junctions cells with some colours can be slightly
improved, as shown in Fig. 5b. This happens only for cells
where the optimal top cell bandgap is close to the peaks of the x
and y colour-matching functions; in this case, the top cell
voltage may be slightly improved by splitting the longer-
wavelength reflectance peak and placing the bandgap in
between the two new peaks. As shown in Section S4 of the
ESI,} using three reflectance peaks slightly increases the total
number of photons reflected to produce the colour, and
reduces the total current available, and thus splitting the
reflectance peak is only favourable for some cells where the
top cell bandgap is in the visible region. However, since this
requires forming two very narrow reflectance peaks close
together, and the potential efficiency gain is extremely small
(<0.5% relative, compared to two reflectance peaks), the addi-
tion of a third reflectance peak is unlikely to be of practical
importance, and in most cases allowing a third reflectance peak
does not change the optimal reflectance spectrum (see ESIT
Fig. S8).

When all the cell bandgaps are at wavelengths longer than
those relevant for colour formation, it is possible to simplify the
optimization problem by first finding the reflectance which
produces the desired colour with the minimum number of
photons, and then choosing cell bandgaps to maximize the
efficiency.'® Depending on the desired colour, and assuming we

Energy Environ. Sci., 2024, 17, 1189-1201 | 1195
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Fig. 5 (a) Relative efficiency loss for coloured cells with 1-6 junctions and
optimized bandgaps and reflectance spectra, compared to a black cell
with the same number of junctions. The reflectance spectra have two
rectangular peaks with height 1 (as in Fig. 4). (b) The relative change in
optimized efficiency for reflectance spectra with three allowed peaks, as
compared to the two-peak data shown in (a). In these plots, different
symbols are used to denote different numbers of junctions, while different
colours are used to differentiate the number of reflectance peaks.

can choose ideal bandgaps, this will be the case for a cell with
up to 4 or 5 junctions (see Fig. 5b). Thus, the optimization
method described above is in fact more complicated than
necessary for the case of ideal reflectance peaks with fewer
junctions, which will include most realistic applications. How-
ever, the advantage of the multi-objective method presented
here, as compared to a two-step optimization process, is that it
can be applied to realistic coloured PV implementations where
the reflection is achieved using e.g. a Bragg reflector,”® so that
the effect of the reflector will not be strictly isolated to only the
target wavelengths and therefore affect current generation in
more than one sub-cell. By applying this optimization frame-
work to the relatively simple case of ideal reflectance peaks and
detailed balance-limit cells, we can confirm its efficacy and
produce limiting reference values which can inform more
practical optimization studies.

In general, the optimal bandgaps redshift as the relative
luminance increases; the sub-cell(s) which lose current due
to colour formation reduce their bandgap energy to adjust
to a spectrum with fewer high-energy photons, and the
other sub-cells must similarly shift downwards to maintain
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Fig. 6 (a) The effect of relative luminance on the theoretical efficiency

limits of a multi-junction solar cell for four example colours and 1-5
junctions (using two rectangular reflectance peaks). The four example
colours are taken from the ColorChecker chart; their x and y coordinates
are kept fixed while Y varies. (b) The same results normalized with respect
to the black cell with same number of junctions. The results for 6 junctions
are omitted for clarity of presentation. The colour patches along the
bottom represent the four colours at each Y value.

current-matching, as shown in Fig. 7. However, this trend is
somewhat obscured due to sudden jumps in the optimal
bandgap, which are due to atmospheric absorption bands in
the AM1.5G spectrum which occur around e.g. 1.3 eV, 1.1 eV
and 0.9 eV (see Fig. 2a). Within the absorption band, where
photon flux is low, the optimal bandgap becomes ‘pinned’ to
the high-energy side; this will give a higher V¢ than the low-
energy side, and since there are not many additional photons
which can be absorbed, the J5c does not increase much if the
bandgap is reduced. For this reason, placing the bandgap at the
high-energy edge of the atmospheric absorption band gives a
higher efficiency. This ‘pinning’ effect is clearly visible in the
results for single and triple-junction cells in Fig. 7 as sudden
shifts in the optimal bandgap. If a black-body spectrum is used
instead for the optimization, these abrupt changes disappear
(see ESIt Fig. $10). Due to the use of the detailed balance model

This journal is © The Royal Society of Chemistry 2024
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Fig. 7 Optimized bandgap placement for all sub-cells for MISCs with 1-6 junctions under the AM1.5G spectrum for the 24 ColorChecker colours and
an ideal black cell. The reflectance bands required to produce each colour are shown as grey-shaded areas where they fall within the same energy ranges
as the bandgaps (the higher-energy reflectance peak, around 450 nm (2.76 eV) is thus not shown in any of the plots). When an optimal bandgap is
calculated to fall inside a reflectance band, it is shown at the high-energy edge, as explained in ESIf Section S4.

and perfect (100%) reflectance peaks, a bandgap which is
placed inside a reflectance band will lead to the same calcu-
lated efficiency (since absorption and emission of photons from
that junction are restricted to energies above the high-energy
edge of the reflectance peak). This effect is discussed and
explained further in Section S4 of the ESL

Implications for multi-junction cell design

Thus far we have considered the design of MJSCs where the
bandgap of each sub-cell can be tuned arbitrarily to find limit-
ing efficiencies for coloured MJSCs. In order to explore how
these limits relate to technologically relevant MJSC architec-
tures, we will consider: (1) a two or three-junction cell with
crystalline silicon (Ey = 1.12) as the bottom cell, relevant for e.g.
perovskite on silicon or III-V on silicon devices, and (2) a
Gap sIng sP/GaAs/Ge triple-junction cell, which represents a
typical high-efficiency device architecture used for space
applications.

Crystalline Si-based multi-junction devices. Fig. 8a shows
the limiting efficiency of cells with one to three junctions, when
the bandgaps are allowed to vary freely (open markers) and
when the lowest sub-cell bandgap is constrained to E; = 1.12 eV
(coloured markers), and the external radiative efficiency of the
sub-cells is set to realistic values, to make the efficiency limits
more relevant to real devices. We choose high but realistic
values for the external radiative efficiency (ERE) of each

This journal is © The Royal Society of Chemistry 2024

material (which are used in eqn (4)). For the Si junction, we
set the ERE to 1.6% (the highest value reported to our knowl-
edge for crystalline Si*'). For the one or two junctions which are
placed on top of the Si, we set ERE = 10%; this is a high but
achievable value for perovskites,** while GaAs and GaInP have
achieved EREs of 35.7% and 13.0%, respectively.*'

As expected, reducing the ERE of the junctions causes a
significant reduction in the limiting efficiency, due to an
increase in J,; and associated reduction in the voltage. The
limit obtained using an ERE of 1.6% for a single-junction E, =
1.12 eV cell is 29.0%, as shown in Fig. 8a, in line with previously
reported values of the efficiency limit of crystalline silicon (in
the range 29.0-29.5%) when Auger recombination is taken into
account.*" Most of the reduction in the efficiency compared to
the unconstrained case is due to the more realistic values of the
ERE, rather than due to the fixed Si bandgap, as shown in ESI}
Fig. S12.

A wide range of colours can be formed for dual and triple-
junction cells on Si without significant performance loss rela-
tive to a black cell. For a two-junction cell with ERE limited as
described above and the bottom bandgap fixed at 1.12 eV, all
colours considered can be formed with <36% efficiency loss
relative to the black cell; if the three highest-luminance colours
(Yellow, Neutral 8 and White 9-5) are excluded, this falls to only
a <15% loss. The limiting efficiencies of all coloured two-
junction cells, except for a white cell, are higher than for a

Energy Environ. Sci., 2024,17,1189-1201 | 1197
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(a) Limiting efficiencies of 1-3 junction cells for (1) unconstrained optimization of the sub-cell bandgaps (grey,open symbols), when all sub-cells

have an external radiative efficiency (ERE) of 100%, and (2) with the lowest sub-cell bandgap fixed at 1.12 eV, the bandgap of c-Si (coloured, filled
symbols), and EREs fixed at 1.6% for the Si and 10% for the other junctions. (b) Optimal bandgaps of the top cell(s) for the constrained optimization

(bottom cell £ = 1.12 eV).

single-junction black c-Si cell. For the triple-junction with a c-Si
bottom junction, the maximum loss relative to the black triple-
junction is 38% for a white cell, or 19% if the three lightest
colours are once again excluded. With a bottom cell E,
1.12 eV, the optimal bandgaps for the top cell are in the ranges
1.53-1.73 eV for a two-junction device, and 1.39-1.50 eV/
1.69-2.00 eV for the middle/top cell of a three-junction device.
If we exclude white, these ranges change to 1.61-1.73 eV and
1.43-1.50 eV/1.82-2 eV for two and three-junction cells, respec-
tively. These values are achievable using, for example, existing
perovskite** and III-V materials.*®

Fig. 9 shows the optimized efficiency (top row) for a Si-based
tandem cell at varying relative luminance values Y = 0.25, 0.50
and 0.75, for all colours which can be formed through reflec-
tance of the AM1.5G spectrum (since there are a limited
number of photons available, not all possible colours can be
formed by reflecting unconcentrated Sunlight, with the gamut
of possible colours decreasing as the relative luminance
increases). The ERE of each junction is again fixed, as described
above. The maximum efficiency at each relative luminance is
indicated, and as expected, it occurs for a yellow-green colour.
The red dashed line indicates where the optimized efficiency is
within 99% of this maximum. Many yellow-green hues can be
formed with high efficiency, with orange and blue-green shades
slightly less efficient. Lighter blue and pink/red colours are the
least efficient. The bottom row of plots in Fig. 9 shows
the optimal top bandgap for the tandems cells of each colour;
as previously observed, a higher relative luminance reduces the
optimal top cell bandgap, and the overall range of optimal top
cell bandgaps for an Si-based tandem cell is 1.54-1.75 eV for all
possible colours in the 0.25-0.75 relative luminance range.

III-V triple-junction device. Fig. 10 shows the limiting
performance of coloured Ga,sInysP/GaAs/Ge triple-junction
cells. Note that in this case, all sub-cell bandgaps are assumed

198 | Energy Environ. Sci., 2024,17, 1189-1201

to be fixed and only the reflectance spectrum is optimized.
These cells are typically current-limited by the GaAs (E, =
1.44 eV), with the GaInP (1.90 eV) producing a slightly higher
short-circuit current. The Ge cell (0.67 eV) has a much lower
bandgap than necessary for current-matching, but is commonly
used due to a good lattice-match with GaAs and GaInP, facil-
itating epitaxial growth. Due to its low bandgap, it produces
almost twice as much current as the GaAs for an ideal black
cell. With ideal reflectance spectra, the Jsc of the Ge and GaAs
junctions is not affected by the colour formation, whereas the
current produced by the high-bandgap GaInP top cell decreases
as part of the visible, high-energy photons are used for colour.
The cell is tolerant to this without significant efficiency loss
until the GaInP becomes current-limiting; for colours with
higher Y, we see very significant decreases in efficiency, to the
extent that the ideal white cell has an efficiency of only 15% due
to the GaInP being severely current-limiting. This is a dramatic
loss compared to the 42.5% limiting efficiency of the corres-
ponding ideal black cell, and shows that a triple-junction solar
cell is more vulnerable to colour-induced efficiency loss than a
single-junction solar cell, when the top junction is current-
limiting. In a current-matched MJSC the visible photons used
for colour cut out a proportionally larger fraction of cell current,
because the current in the MJSC is lower than in a SJSC (the
photon absorption is split between multiple series-connected
cells). Due to their high cost, this type of cell is unlikely to be
widely used in e.g. building-integrated photovoltaics which
require large areas, but a coloured cell with higher power
density may be desirable for specific applications such as
vehicle or product integration; these results indicate that a
range of darker colours (up to Y & 0.25), or green hues, could
be achieved without significant efficiency loss.

Fig. 10 demonstrates the detrimental effect colour formed
through reflectance can have on current and thus efficiency if

This journal is © The Royal Society of Chemistry 2024
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Fig. 9 (a)-(c) Optimized efficiency for a two-junction cell with bottom junction having E4 = 1.12 (i.e. crystalline silicon) at three different relative
luminance values Y. In each case, the gamut which can be achieved by reflecting the AM1.5G spectrum (i.e. the possible values of x and y at a fixed value
of Y) are shown. The red circle marks the point at which the maximum conversion efficiency occurs, which is indicated in %. The dashed red line shows
the area where the optimized efficiency is within 99% of the maximum efficiency and the black contours show how the efficiency changes when the
chromaticity moves away from the yellow-green maximum. (d)—-(f) The optimized bandgap of the top junction with increasing luminance. The external
radiative efficiency is fixed at 10% for the top cell and 1.6% for the bottom cell, as in Fig. 8.

the junction which absorbs visible light (generally the top

(a) junction) becomes current-limiting. However, as long as the
<40 LEXX X XXX XXX NI . . o ®®46 "7  junction responsible for visible light absorption is not current-
> ° ° limiting in a series-connected multi-junction cell, the efficiency
§ will not be affected by colour formation (in the ideal case of
i 201 .' reflectance restricted only to visible wavelengths).

30(?):::::::::::::::::::::::: .
T ol e { Conclusions
§ Ge
E 20f GalnP ] Efficiency limits for multi-junction solar cells with up to six
é 15F - ] junctions across a range of colours have been calculated for the
% 1oF ] first time, and we have presented the optimal sub-cell band-
% st ] gaps and reflectance spectra required to reach these limiting
E T T T T T T T T I T eI [T efficiencies. The method introduced to solve the multi-objective
oé%{%\p‘%}o%ez@z%{i@e%&f00%$%\ f“b‘i&‘é@ﬁ&%" f;\ &“&2‘5&5‘1@2‘%@& optimi.zation problem has been dernons.tra.ted tf’ be applicable

RS o 0 TR GE 1 ol R SR to arbitrary target colours and up to six junctions and th.ree

¥ K3 @ \é)\‘g«’ﬁe}\ SEAE reflectance peaks. Two or three-junction cells across a wide

Fig. 10 (a) Limiting efficiency and (b) current density at the maximum Fange' of COlO.UI'S. offer a'performa.lnce boost over a black S'lngle-
power point per junction for an GalnP/GaAs/Ge triple-junction cell (£, = junction device if effective selective reflectors can be designed.
1.90/1.44/0.67 eV). As expected, colours with higher relative luminance, requiring
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more photons to be reflected for colour formation, have lower
limiting efficiencies, while green colours are easiest to make at
fixed luminance due to the sensitivity of the human eye. We
have confirmed through numerical optimization that two
reflectance peaks are sufficient to produce a given colour using
the smallest possible number of reflected photons.'® Although
for some target colours, and only if at least one of the bandgaps
is in the visible wavelength range, it is possible to reach a
slightly higher efficiency (<0.5% increase in maximum power)
by further splitting the reflectance peaks to increase the voltage
of the top sub-cell, the small potential benefit and necessity for
extremely narrow (<10 nm) reflectance peaks mean that in
general, designs using at most two reflectance peaks will be
more relevant in practice.

Silicon-based tandems, such as perovskite on silicon, could
be a promising platform for coloured PV; using realistic values
for the external radiative efficiency in a detailed balance model
shows a two-junction device with Si as the bottom junction
could achieve efficiencies over 35% for a wide range of colours,
or over 40% for a silicon-based triple-junction device.

In addition to presenting efficiency limits for a variety of
device architectures, the method used has been made freely
available,*® and can be applied to other device types** or more
realistic optical and device models. In this work, angular effects
have been neglected, but these must be considered when
designing real devices; further work is required to investigate
how closely real reflecting structures could approach the limits
calculated here.
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