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An improved method for reactive scatterings in
ultra-cold conditions using the time-
dependent approach

Hailin Zhao and Zhigang Sun *

A new efficient method for considering the long-range effect of reactive scattering processes in ultra-

cold conditions has been developed using the time-dependent quantum wave packet theory, where the

initial wave packet could be placed at a position near the interaction region. This is in contrast to

previous methods, where the initial wave packet has to be placed far from the interaction region. The

new method reduces the numerical effort significantly. Typical reactions, such as S(1D) + H2, D+ + H2,

and 7Li + 7Li2 (v0 = 1, j0 = 0), under cold or ultra-cold conditions, are used to demonstrate the numerical

efficiency of the new method.

1 Introduction

With the development of the molecular cross-beam technique,
the collision energy range of a chemical reaction that can be
studied has been significantly expanded; from the thermal
collision energy1,2 to several meV,3–5 and now even to ultra-cold
conditions,6,7 many works have been reported. More and more
interesting phenomena have been revealed, such as Feshbach
resonance,8 resonance-induced quantum tunneling,3 and the
statistical effects in ultra-cold chemistry.6

Experimentally, only the initial and final states are measur-
able. The intermediate process of the reaction remains elusive.
Reactive scattering theory is important to uncover the dynamic
mechanism of the observed interesting phenomena, such as
using the quasi-classical trajectory (QCT) theory or the accurate
quantum reactive scattering theory.9 The QCT theory is fast and
applicable for large systems, which provides an intuitive under-
standing of the reaction.10,11 However, for reactions involving
quantum effects, the QCT theory fails, especially in the realm of
cold and ultra-cold chemistry, where quantum effects are
usually prominent. Here the quantum reactive scattering theory
serves as a crucial tool for comprehending the reactive scatter-
ing processes.

The key to quantum reactive scattering theory is solving the
Schrödinger equation. Generally, the Schrödinger equation can
be solved in two different forms: one based on the time-
independent framework,12,13 and the other based on the time-
dependent framework.14,15 The time-independent method works
well in cold and ultra-cold conditions, which usually requires a

smaller basis than for thermal energy.16–18 Anyway, the compu-
tational effort of the time-independent method scales as n3,
where n represents the total basis functions excluding the r
degree of freedom, which makes the time-independent method
difficult for calculating tetratomic and polyatomic reactions.

It is well known that the computational effort of the time-
dependent method scales as N2, where N represents the total
basis functions or grid points. If the fast Fourier transform
technique is employed, the computational effort could be
reduced to N log2 N.19 However, usually the time-dependent
quantum wave packet method is used to calculate reactions
at thermal energy.20–24 In the last several years, some attempts
with the time-dependent method have been applied to calculate
reactive scattering processes under cold conditions.25,26 How-
ever, since the initial wave packet has to be placed in the true
asymptotic region for the reaction under cold and ultra-cold
conditions, which is far away from the interaction region in the
time-dependent quantum wave packet methods, unlike for
thermal conditions, the numerical efficiency is very low.

In this work, an efficient method was developed for reactions
under ultra-cold conditions using the time-dependent quantum
wave packet theory, avoiding placing the initial wave packet at the
true asymptotic region. The method is a combined application of
the time-independent method and the time-dependent, where the
long range interaction in the asymptotic region is considered by the
time-independent method, but the strong interaction region is
considered by the efficient time-dependent method. In this way,
the advantages of the time-dependent and time-independent
method could be fully exploited and the numerical efficiency could
be significantly improved. Some typical reactions, S(1D) + H2 and D+

+ H2 and 7Li + 7Li2, under cold conditions, are taken as numerical
examples to demonstrate the performance of the proposed new
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method. The rest of this paper is organized as follows: Section 2
presents the usual triatomic scattering theory and the new calcula-
tion strategy. The detailed results are provided in Section 3. The
conclusions of this work are provided in Section 4.

2 Time-dependent quantum wave
packet theory for reactive scatterings

Here we use a typical triatomic reaction to demonstrate the
theoretical details of implementing the time-dependent quan-
tum wave packet theory to calculate reactive scattering at the
quantum state-resolved level.

The triatomic reaction scattering, A + BC, could be described
using the atom–diatom Jacobi coordinate (Rv, rv, yv, xv), where
v = a, b, and g which represent the reactant arrangement
channel A + BC, the product arrangement channels B + AC,
and C + AB, respectively. Ra(b,g) is the length of the vector

-

Ra(b,g)

directing from A (B, C) to the center of mass of BC (AC, AB).
ra(b,g) represents the length of the vector -

ra(b,g) directing from B
(C, A) to C (A, B). ya(b,g) is the angle between the two vectors
-
ra(b,g) and

-

Ra(b,g). xa(b,g) expresses the Euler angles orienting
-

Ra(b,g) in the space-fixed (SF) frame, which defines the scattering
angle in the differential cross sections.

Using the reactant Jacobi coordinate (Ra, ra, ya, xa), the time-
dependent wave function in the body-fixed (BF) frame could be
expressed as

CJMe
a

~Ra;~ra; t
� �

¼
X
i;v;j;Ka

Fi;v;j;KaðtÞu Ra;i
� �

jv rað Þ

� yjKa yað ÞDJe�
MKa

oað Þ:
(1)

We used the sine discrete variable representation (DVR) method
to represent the wave function in the radial degree of freedom
Ra,

27 and Ra,i denotes the grid points. jv(ra) represents the
vibrational wave function of diatomic molecule BC. The spherical
harmonic functions yjKa

are used to describe the wave function in
ya. e is the parity of the system defined as e = (�1) ja+la, where ja
represents the rotational angular momentum of diatomic mole-
cule BC and la represents the orbital angular momentum. M and
Ka represent the projection of total angular momentum J on the
SF z-axis and BF z-axis, respectively. D represents the Wigner
matrix,28 which depends only on the Euler angles.

The initial packet is constructed in the SF representation in
the reactant channel,29–31 as follows:

CJMe
a = G(Ra)fv0j0

(ra)|JMj0l0ei (2)

where fv0j0
(ra) is the eigenvector of the diatomic molecule BC

with a specific rovibrational state (v0, j0). |JMj0l0ei is the
eigenvector with total angular momentum J in the SF represen-
tation, which can be transformed to the BF representation
using Clebsch–Gordan (CG) coefficients.29,31,32 Here, l0 is the
initial orbital angular momentum. G(Ra) is a Gaussian function
in Ra provided by

G Rað Þ ¼ 1

pd2

� �0:25

e
�

Ra�Ra;0ð Þ2
2d2 e�ikRa (3)

where k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mRa

E0

p
. E0 represents the central energy of the

wave packet, and Ra,0 is the central position of the wave packet.
The collision energy-specified coefficient A(E) of the initial

wave packet is usually calculated using

AðEÞ ¼
mRa

2pkv0j0

� �0:5ð
Hl0 kv0 j0Ra
� �

G Rað ÞdRa (4)

where kv0j0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2mRa

E
p

, Hl is an outgoing Riccati–Hankel func-

tion, which is the solution of the following equation

� 1

2mRa

d2

dRa
2
þ l0 l0 þ 1ð Þ

2mRa
Ra

2

� �
Hl0 kv0j0Ra
� �

¼ kv0j0
2

2mRa

Hl0 kv0 j0Ra
� �

(5)

by assuming that the long range interaction potential could be
ignored by placing the initial wave packet at a position which
could be handled using the time-dependent wave packet method.
This is usually true for a reaction under thermal reaction condi-
tions, where the initial wave packet could be safely placed at a
position with Ra no longer than 20 atomic units (a.u.).

After constructing the initial wave packet, the wave function
is propagated from the reactant asymptotic region to the product
asymptotic region using the split operator method.23 In the
product region, along with the increasing of Rb, the corres-
ponding ra in the reactant Jacobi coordinate also increases. This
usually leads to a narrower effective region in ya, which requires
lots of spherical harmonic functions yjKa

, to converge in the
reactant Jacobi coordinate. Sometimes, the radial degree of free-
dom Ra would also increase, depending on the skew angle, which
describes the angle between the reactant channel and product
channel based on the Jacobi coordinate.33

That is, an increase in the radial increment Rb in the product
Jacobi coordinate would result in significant increase in the
basis size and the computational effort. Therefore, for a reac-
tion with product of low translational energy or long-range
potential, a single reactant Jacobi coordinate for calculation is
very inefficient.

One way to overcome this problem is the interaction-
asymptotic region decomposition (IARD) method.22,24 In this
method, the entire region is divided into the interaction region,
the reactant asymptotic region, and the product asymptotic region.
The optimal Jacobi coordinate is used in the respective asymptotic
region. The adjusting principal axes hyperspherical (APH)
coordinate34,35 or the Delves hyperspherical (DH) coordinate36,37

is used in the interaction region. The IARD method has been
verified as very efficient for the reaction F + HD, which involves
product of very low translational energy. However, the IARD
method is also not so efficient for calculation of the reaction
under ultra-cold conditions, such as the ultra-cold Li + Li2 reaction.

The difficulty for the time-dependent method in calculations
of ultra-cold reactions could be conquered in the following way.

Instead of calculating A(E) using eqn (4), the new A(E),
labelled as %A(E), could be calculated as

�AðEÞ ¼
mRa

2pkv0 j0

� �0:5ð
�Hl0 kv0 j0Ra
� �

G Rað ÞdRa (6)
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where %Hl0
is found by solving

� 1

2mRa

d2

dRa
2
þ l0 l0 þ 1ð Þ

2mRa
Ra

2
þ Veff Rað Þ

� �
�Hl0 kv0 j0Ra
� �

¼ kv0j0
2

2mRa

�Hl0 kv0j0Ra
� �

:

(7)

This equation could be efficiently solved using the Numerov
method in the time-independent framework.30,38,39 Here, Veff(Ra)
represents the effective potential originating from the long-
range interaction potential, which is given by Veff(Ra) =
hjv0j0|JMj0l0e|DV|JMj0l0e|jv0j0i where DV = V(Ra,ra,ya) � VBC(ra).
Similarly, Hlf(kvfjfRb/g) in the product arrangement channel could
also be replaced by %Hlf(kvfjfRb/g) to effectively account for the long-
range interaction potential in the ultra-cold conditions.

This improvement of the time-dependent quantum wave
packet method for reactive scattering, is easy to implement in the
existing time-dependent code, such as with the aDH-IARD method.40

For completeness, some details of the aDH-IARD method are
briefly presented in the following. In the aDH-IARD method, the
respective optimal Jacobi coordinate is used in different asymptotic
regions. And, the aDH coordinate, based on the reactant Jacobi
coordinate, is used in the interaction region. The internal coordinate
(r, w, y) in this coordinate could be obtained using the following
relationship

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
daRað Þ2þ ra=dað Þ2

q
(8a)

w ¼ arctan
ra

da2Ra
(8b)

y = ya (8c)

where da represents the mass-scaled factor given byffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mA

m
1� mA

mA þmB þmC

� �s
and m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mAmBmC

mA þmB þmC

r
, where

mA, mB, and mC are the masses of atoms A, B, and C, respec-
tively. The Euler angles in the aDH coordinate are the same as
those in the reactant Jacobi coordinate. The Hamiltonian in the
aDH coordinate could be expressed as

H = Tr + Tw + TJ + V (9)

and

Tr ¼ �
1

2m
@2

@r2
(10a)

Tw ¼ �
1

2mr2
@2

@w2
� 1

8mr2
(10b)

TJ ¼
ja
2

2mr2 sin2 w
þ J � jað Þ2

2mr2 cos2 w
(10c)

where ja represents the rotational angular momentum of the
diatomic molecule BC. Correspondingly, the second-order split
operator in the aDH coordinate is adopted as

e�iHDt E S2(Dt) = e�iVDt/2e�iTJDt/2e�iTwDt/2e�iTrDte�iTwDt/2e�iTJDt/2e�iVDt/2

(11)

since the second-order split operator is accurate enough for
asymptotic region propagation of the wave function,41,42 even
for ultra-cold reactions.

For propagating the wave function in the interaction region,
the higher-order split operator has to be included, since the
shape of the potential energy surface is more complicated. The
higher-order split operator with a symmetrical form is adopted
and implemented as42

Sn(Dt) = S2(akDt)� � �S2(a1Dt)� � �S2(akDt). (12)

In this work, the fourth-order split operator, named as 4S5 in
our previous work, is used.42 The parameters are given as a1 = 1/
(4 � 41/3), a2 = 1/(4 � 41/3), and a3 = 1 � 4a1.

Finally, the total reaction probability is obtained using the
flux method

PðEÞ ¼ 1

mRb

Im cJMe�
b

~Rb;~rb;E
� � @

@Rb
cJMe
b

~Rb;~rb;E
� �	 
����

Rb¼Rb0

(13)

and

cJMe
b

~Rb;~rb;E
� �

¼ 1

2p �AðEÞ

ð
cJMe
b

~Rb;~rb; t
� �

dt (14)

here, cJMe
b (

-

Rb,-rb;t) represents the wave function in the product
asymptotic region for the B + AC channel.

We could see that, comparing with our previous implemen-
tation of the aDH-IARD method, the only difference of the new
improved method is to replace A(E) with %A(E) in eqn (14) and
then obtain the total or product state-resolved reaction prob-
ability. Although it looks like the theoretical ‘‘patching’’ is very
little, it could improve the numerical efficiency significantly.

In the time-dependent wave packet method for the ultra-
cold reactions, the quality of the applied absorption potential is
very important, since the translational energy is very low and
usually very long range absorption potential has to be applied.
In our calculations, the transmission free absorption potential
proposed by Manolopoulos was applied, but in a modified form
to avoid the unnecessary singular problem.43 The transmission
free absorption potential has the following form

Vabs ¼ �
i

2mRa

2p
Ra;e � Ra;s

� �2
4

cþ xð Þ2
þ 4

c� xð Þ2
� 8

c2

" #
(15)

where c E 2.62206 and x ¼ c
Ra � Ra;s

Ra;e � Ra;s
. Ra,s and Ra,e represent

the starting point and end point of the absorbing region in the
original equation.

In the original implementation of the transmission free
absorption potential, Ra,e was simply set as the ending grid
point in the calculation. However, this would lead to a singular
potential in the calculation, which cannot be numerically
accounted for and is meaningless. It could be understood from
the relationship DEDt o 2p and DpDRa o 2p. Here, DE and Dp
represent the energy range of the Hamiltonian matrix and the
momentum range of the system, respectively. To address this
issue, in practical calculations, Ra,e is set as slightly greater than
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the actual end point of the grid, according to the chosen DRa

and Dt. This action not only avoids the singular potential
problem, but also improves the absorption effect – the actual
length of the applied absorption potential is longer. It is noted
that the transmission free absorption potential is very conve-
nient to use, since it is parameter-free and it does need to be
optimized. In the following calculations, the typical length of
the applied absorption potential is about 1000.0 bohr to
achieve an effective damping of the wave function around the
grid boundary.

3 Results and discussion
3.1 One-dimensional model

To understand the merits of the proposed new method more
deeply, we first demonstrate it using a one-dimensional (1D) model.

Fig. 1(a) displays the 1D model. The potential energy curves
of this 1D model are taken as the effective potential of 7Li + 7Li2 (v0 =
1, j0 = 0) as a function of R when R is greater than 10 bohr. For R less
than 10 bohr, the potential is set as a constant. These two regions
are connected with a smooth transition function. It is noted that the
distance with negative values simply indicates that the region with
R o 0 has no realistic meaning. This is just for numerical
convenience to obtain convergent results. Fig. 1(b) displays the
reaction probability at collision energy 0.0002 meV, i.e., the prob-
abilities going from the right side to the left side of the potential, as
a function of the propagation time, calculated using the new
method with R0 = 40 bohr and the previous time-dependent method
with R0 = 40 and 1235 bohr. The result calculated using the time-
independent method is also present (the propagation time is
meaningless), with the Numerov method.38

It is seen that the reaction probability obtained using the
previous time-dependent method with R0 = 1235 bohr agrees
well with that of the new method with R0 = 40.0 bohr, and
agrees well with that of the time-independent method
(Fig. 1(b)). However, the results obtained using the previous
method with R0 = 40.0 bohr, differ significantly.

The reason is, that in the previous method, when the
initial wave packet was placed not far enough away, the weak

long-range interaction potential could not be ignored in ultra-
cold conditions. It could only be eliminated after placing it in a
position very far away in true asymptotic region; the blue line shows
the effect on obtaining accurate results, i.e., with R0 = 1235 bohr.

However, by employing the new method with R0 = 40.0 bohr,
the long-range interaction potential could be incorporated in
eqn (6) and (7) by %A(E). Consequently, the convergent results
could be obtained by placing the initial wave packet at a much
closer position.

We know that the total propagation time is determined by
the complete evolution time of the initial wave packet from the
initial position to the final position. In the new proposed
method, since the initial wave packet could be located in a
much closer position, the total propagation time could be
significantly reduced and the computational effort could also
be significantly reduced correspondingly.

It is seen in Fig. 1(b) that the reaction probability oscillates
as a function of total propagation time, this is mainly due to the
remaining evolution of the wave function. The amplitude
decreases with the increasing propagation time and finally
disappears. The period of the oscillations satisfies the uncer-
tainty principle: DT E 2p/E. Therefore, the oscillations in the
results by the new proposed method with R0 = 40.0 bohr
disappear much more rapidly than the results by the previous
method with R0 = 1235.0 bohr.

3.2 The S(1D) + H2 and D+ + H2 reaction under cold conditions

Since the consideration of the long-range interaction potential in
the S(1D) + H2 and D+ + H2 reactions is important for obtaining
accurate results at relatively low collision energy, we took these
two reactions to illustrate the advantages of the proposed new
method for reactions under cold conditions.40,44 The S(1D) + H2 is
a typical insertion reaction, in the following calculations using
the IARD method for this reaction, the aDH coordinate is chosen
to describe the reaction in the interaction region, our previous
numerical test indicated that the aDH coordinate is more effec-
tive than the APH coordinate.40 In the calculations, the latest
potential energy surface (PES) constructed by Yuan and cow-
orkers is used.45 For more details of the calculations, one may
refer to our previous work.40

Fig. 1 (a) The 1D model. The green line is the potential energy curve, the red line represents the initial wave packet located at R0 = 40 bohr in the
calculation using the new method, and the blue line represents the initial wave packet located at R0 = 1235 bohr in the calculation using the previous
time-dependent method. (b) The reaction probability at collision energy 0.0002 meV as a function of the propagation time, obtained using the new
method with R0 = 40 bohr and the previous time-dependent method with R0 = 40 and 1235 bohr. The green line represents the accurate results obtained
using the time-independent method (the propagation time is meaningless here).
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Fig. 2 displays the total reaction probabilities of the S(1D) +
H2 reaction for J = 0 and 2, calculated with the initial wave
packet located at different positions of Ra,0 using the previous
time-dependent method. It is observed that the total reaction
probabilities with the initial wave packet located at Ra,0 = 20 a.u.
differ significantly from the results located at Ra,0 = 100 a.u. In
particular, the total reaction probabilities with the initial wave
packet located at Ra,0 = 20 a.u. are much larger than 1 at low
collision energy, as shown in Fig. 2(b). These facts indicate that
the long-range effect has to be considered in the S(1D) + H2

system, and the central position of the initial wave packet must
be placed far away to obtain accurate results using the previous
time-dependent method, i.e., at least Ra,0 = 100 bohr. This
increases a lot of the computational effort, as compared with
the calculations at thermal energy.

However, with the implementation of the proposed new
method, accurate results could be obtained with Ra,0 = 20 bohr.
This demonstrates the power of the proposed new method.

For calculation of the D+ + H2 reaction, the PES of the
electronic ground state, constructed by Viegas and colleagues,
is used.46 This PES analytically describes the long-range inter-
action potential. The numerical parameters in the asymptotic
regions could be found in our previous work.44 For the inter-
action region, different from our previous work using the APH
coordinate, the aDH coordinate is utilized here: 95 grid points
of the sine DVR method are employed for the hyper-radial r
degree of freedom in the range [0.01, 8.0] a.u.; 79 grid points of
the sine DVR method are used for the hyper-angle degree of
freedom w in the range [0, p/2]; 31 spherical harmonic basis

functions with even number ( jmax = 60) are used in the angular
degree of freedom. For efficient and accurate propagation of
the wave function in the interaction region, a high-order split
operator is utilized.42

Fig. 3(a) displays the total reaction probability of the D+ + H2

reaction with the initial wave packet located at different positions
of Ra,0. It is evident that the total reaction probabilities calculated
using the previous time-dependent method with the initial wave
packet located at Ra,0 = 20 bohr are quite different from those with
the initial wave packet located at Ra,0 = 300 bohr. The results with
the initial wave packet located at Ra,0 = 300 bohr converge quite
well with respect to the position of the initial wave packet.
However, there are still some slight oscillations in the results with
Ra,0 = 300 bohr due to the limited propagation time 2 � 108 a.u.

However, by applying the proposed new method, the results
with the initial wave packet located at Ra,0 = 20 bohr, agree with
those of Ra,0 = 300 bohr, very well by ignoring the slight oscilla-
tions. This might be surprising but is easily understandable.

For a more comprehensive comparison, the total reaction
probabilities obtained by the time-independent ABC code are
depicted in Fig. 3(b) with varying rmax.

47 In the calculations, Dr is
set to 0.00625 bohr. The maximum energy Emax and angular basis
function jmax, are set as 4.2 eV and 50, respectively. It is observed
that the total reaction probabilities vary with different rmax. When
rmax is larger than 202 bohr, the results converge. This is con-
sistent with the time-dependent method. For comparison, the
converged results obtained by the time-independent ABC code
are also displayed in Fig. 3(a), which agrees with the converged
time-dependent method results.

Fig. 2 (a) Total reaction probabilities of the S(1D) + H2 reaction for J = 0 with the initial wave packet located at Ra,0 = 20.0 bohr and 100.0 bohr using the
previous time-dependent method, and with the initial wave packet located at Ra,0 = 20.0 bohr using the proposed new method. (b) The results on the
right hand side show the enlarged parts of the left panel. (c) Total reaction probabilities of the S(1D) + H2 reaction for J = 2 with the initial wave packet
located at Ra,0 = 20.0 bohr and 100.0 bohr using the previous time-dependent method, and with the initial wave packet located at Ra,0 = 20.0 bohr using
the proposed new method. (d) The results on the right hand side show the enlarged parts of the left panel.
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In Fig. 3(b), we observe that the peak at a collision energy of
about 0.045 meV varies significantly with different rmax. To
understand this phenomenon, the time-independent scattering
wave function at 0.045 meV is displayed in Fig. 4, calculated
using the time-dependent wave packet method. It is observed
that the wave function varies drastically with Ra less than
50.0 a.u., and with Ra larger than about 200.0 a.u., the wave
function gradually exhibits asymptotic behaviour. Therefore, it
is not surprising that rmax significantly influences the results at
a collision energy of about 0.045 meV.

3.3 The 7Li + 7Li2 reaction under ultra-cold conditions

The efficiency and accuracy of the proposed new method for the
S(1D) + H2 and D+ + H2 reactions suggest that the time-
dependent wave packet method may be applied for a realistic
ultra-cold reaction of alkali metals. The 7Li + 7Li2 reaction plays
an important role in cold and ultra-cold conditions. Using
magnetically tunable Feshbach resonances, long-lived Bose–
Einstein condensates can be created.48 In the following, we will
show the power of the proposed new method for this reaction
under ultra-cold conditions. For the calculations of this reac-
tion, the aDH-IARD method was chosen, and the PES con-
structed by Soldán and coworkers was used.49

The numerical details are as follows. In the reactant asymp-
totic region, 16 383 grid points are utilized for the sine DVR
method in Ra in the range [17.0, 1617.0] bohr. The length of the
absorbing potential is 1395.5 a.u. to effectively dampen the
wave function with extremely low translation energy. 6 vibra-
tional wave functions of 7Li2 are used in ra, and 16 spherical
harmonic basis functions with even number ( jmax = 30) are
used in ya. In the product asymptotic region, the parameters for
Rb and rb are the same as those for Ra and ra, and 31 spherical
harmonic basis functions are used in yb. The second-order split
operator is used in the asymptotic region with a time step of
Dt = 100 a.u. In the interaction region, 191 grid points for the
sine DVR are employed for r in the range [5.0, 25.0] a.u., 79 grid
points for the sine DVR are used for w in the range of [0, p/2],
and 36 spherical harmonic basis functions with an even
number ( jmax = 70) are used for the angular degree of freedom.
The higher-order split operator 4S5 is adopted in the inter-
action region with a time step of Dti = 100 a.u. for obtaining
accurate results.42 The total propagation time is 1.0 � 109 a.u.
under these cold conditions.

Fig. 5(a) displays the cross section for the 7Li + 7Li2 (v0 = 1,
j0 = 0) reaction with different total angular momentum from 0
to 10 with the proposed new method. The collision energy
range is from 0.0002 to 2 meV, which corresponds to 2.32 mK to

Fig. 3 (a) Total reaction probabilities of the D+ + H2 reaction with initial wave packets located at Ra,0 = 20.0 bohr and 300.0 bohr using the previous
time-dependent method, and with the initial wave packet located at Ra,0 = 20.0 bohr using the proposed new method, along with the results calculated
using the time-independent ABC code with rmax = 302. (b) Total reaction probabilities of the D+ + H2 reaction calculated using the time-independent
ABC code with different rmax.

Fig. 4 Time-independent scattering wave function for the D+ + H2 reaction at a collision energy of 0.045 meV as a function of ra and Ra where ya has
been integrated out (a), and as a function of Ra where ra and ya have been integrated out (b).
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23.2 K. For a more in-depth comparison, the results obtained by
Cvitaš et al. using the time-independent method are also shown
in Fig. 5(b).50 It is observed that these two results agree well
with each other. We note that the nuclear spin is considered in
the time-independent method,51 while it is not considered in
our time-dependent framework. Therefore, these two results
cannot be exactly the same.

One may worry about the accuracy of our results, especially
for collision energy at 0.0002 meV. It requires a very long
propagation time and a very long range absorption potential.
However, as in our calculations, indeed a very long range
absorption potential (about 1400 a.u.) was applied. At the same
time, from Fig. 1, we could see that, with a total propagation
time of 1.0 � 109 a.u., the results could have an uncertainty of
about 1%. Therefore, the results in Fig. 5 are credible, even
though the collision energy looks so low for the time-dependent
wave packet method.

4 Conclusions

In this study, we have proposed a strategy, combining the time-
independent and time-dependent methods, to improve the
numerical accuracy and efficiency for a time-dependent wave
packet method considering the long-range interaction potential
for reactions under cold or ultra-cold conditions. Compared to
the calculations using the usual time-dependent wave packet
method where the initial wave packet must be placed at a
position very far from the interaction region for a reaction in
cold conditions, in the proposed new method, the initial wave
packet could be placed much closer. Two typical reactions S(1D)
+ H2 and D+ + H2 under cold conditions, which involves long
range interaction potential, and the 7Li + 7Li2 (v0 = 1, j0 = 0)
reaction under near ultra-cold conditions, are taken as the
numerical examples to examine the performance of the new
method, which clearly demonstrate that the improved new
method not only reduces the total propagation time but also
saves quite a lot of grid range.

The proposed method shares similarities with that of the time-
independent method in the work by Lara and coworkers,52,53 in
which the whole reactive region is split into the inner region and
outer region. In their work, the hyperspherical coordinate is used

in the inner propagation region, and the Jacobi coordinate is used
in the outer propagation region. In this way, the computational
efficiency could be significantly improved.

Although the method is proposed and demonstrated with tria-
tomic calculations, it is straightforward to extend to tetratomic and
polyatomic reactions. In tetratomic and polyatomic reactions, the
main issue with the time-independent method is that the numerical
scaling scales as n3, and the computational effort could be sub-
stantial. By employing our proposed method, the initial wave packet
could be placed much closer, which saves computational effort for
the time-dependent method for calculating ultra-cold reactions. We
expect that the ultra-cold tetratomic reactions or polyatomic reac-
tions could effectively deal with the time-dependent method in the
near future, and the combination of the time-dependent and time-
independent theory may become popular for investigating reactive
scatterings in cold or ultra-cold conditions.
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