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Stereodynamical control of cold HD + D2

collisions†

Bikramaditya Mandal, a James F. E. Croft, b Pablo G. Jambrina, c

Hua Guo, d F. Javier Aoiz e and Naduvalath Balakrishnan *a

We report full-dimensional quantum calculations of stereodynamic control of HD(v = 1, j = 2) + D2 collisions

that has been probed experimentally by Perreault et al. using the Stark-induced adiabatic Raman passage

(SARP) technique. Computations were performed on two highly accurate full-dimensional H4 potential

energy surfaces. It is found that for both potential surfaces, rotational quenching of HD from jHD ¼ 2!
j0HD ¼ 0 with concurrent rotational excitation of D2 from jD2

¼ 0! j0D2
¼ 2 is the dominant transition with

cross sections four times larger than that of elastically scattered D2 jD2
¼ j0D2

¼ 0
� �

for the same quenching

transition in HD. This process was not considered in the original analysis of the SARP experiments that

probed DjHD = �2 transitions in HD(vHD = 1, jHD = 2) + D2 collisions. Cross sections are characterized by an

l = 3 resonance for ortho-D2( jD2
= 0) collisions, while both l = 1 and l = 3 resonances are observed for the

para-D2( jD2
= 1) partner. While our results are in excellent agreement with prior measurements of elastic

and inelastic differential cross sections, the agreement is less satisfactory with the SARP experiments, in

particular for the jHD ¼ 2! j0HD ¼ 0 transition for which the theoretical calculations indicate that D2

rotational excitation channel is the dominant inelastic process.

1 Introduction

Inelastic and reactive collisions of small molecules have received
much interest due to their importance in the chemistry of the
early universe,1–7 Earth’s atmosphere, interstellar media (ISM),4,8,9

and star formation regions.10–12 Being the most abundant mole-
cule in astrophysical environments, H2 and its isotopic counter-
parts HD and D2, were a major focus of experimental and
theoretical studies.1,13 Unlike H2 which lacks a permanent dipole
moment, which makes its detection more challenging, the iso-
topologue HD possesses a non-zero dipole moment.4,13 The
signatures of j = 1 - j0 = 0 rotational transition in HD were
observed by the Herschel space observatory14,15 and by the long

wavelength spectrometer at the Infrared space observatory
(ISO).16,17 The prospects of detecting the j = 4 - j0 = 3 transition
in HD by the Atacama large millimeter array (ALMA),18 as well as
other transitions by the Spitzer space telescope16,19 have led to
much interest in collisions of rotationally excited HD. Due to its
small dipole moment the HD molecule is also thought to play an
important role in the cooling of the primordial gas despite its
relatively small abundance compared to H2.1,4,13,20,21 Major
advancements in ab initio electronic structure calculations
in the last decade, coupled with high-performance computing
and machine-learning algorithms have led to the availability of
high quality potential energy surfaces (PESs) for the interaction
between two H2 molecules.22–24 These surfaces have formed the
basis of a number of full-dimensional quantum calculations of
H2–H2 and H2–HD collisions of interest in astrophysics.4,5,13,25

Very recently, a full-dimensional PES for the H4 system that
accounts for four-center exchange reactions and collision-
induced dissociation channels in H2 + H2 collisions have also
been reported.26

Recent advances in molecular cooling and trapping technolo-
gies have also led to renewed interest in inelastic and reactive
collisions of atom–molecule and molecule–molecule systems.
Indeed, collisions of cold and ultracold diatomic molecules
are an active area of experimental and theoretical research due
to their applications to quantum sensing, ultracold chemistry,
quantum computing, and quantum information processing.27–43

a Department of Chemistry and Biochemistry, University of Nevada, Las Vegas,

Nevada 89154, USA. E-mail: naduvala@unlv.nevada.edu
b Department of Chemistry, Durham University, South Road, Durham, DH1 3LE, UK
c Departamento de Quı́mica Fı́sica, University of Salamanca, Salamanca 37008,

Spain
d Department of Chemistry and Chemical Biology, University of New Mexico,

Albuquerque, New Mexico 87131, USA
e Departamento de Quı́mica Fı́sica, Universidad Complutense, Madrid 28040, Spain

† Electronic supplementary information (ESI) available: Stereodynamical control
of cold HD + D2 collisions. It includes similar results as those presented in the
main text but obtained using the full-dimensional H4 PES by Hinde. Also, contour
plots of differential cross sections for the H-SARP and V-SARP preparations as a
function of the collision energy and scattering angle are included. See DOI:
https://doi.org/10.1039/d4cp01737d

Received 26th April 2024,
Accepted 27th May 2024

DOI: 10.1039/d4cp01737d

rsc.li/pccp

PCCP

PAPER

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

4 
Ju

ne
 2

02
4.

 D
ow

nl
oa

de
d 

on
 1

0/
31

/2
02

5 
11

:5
9:

53
 P

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n-
N

on
C

om
m

er
ci

al
 3

.0
 U

np
or

te
d 

L
ic

en
ce

.

View Article Online
View Journal  | View Issue

https://orcid.org/0000-0001-6682-0376
https://orcid.org/0000-0003-3264-5869
https://orcid.org/0000-0001-8846-3998
https://orcid.org/0000-0001-9901-053X
https://orcid.org/0000-0001-5718-5905
https://orcid.org/0000-0001-7196-1851
http://crossmark.crossref.org/dialog/?doi=10.1039/d4cp01737d&domain=pdf&date_stamp=2024-06-21
https://doi.org/10.1039/d4cp01737d
https://rsc.li/pccp
http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d4cp01737d
https://pubs.rsc.org/en/journals/journal/CP
https://pubs.rsc.org/en/journals/journal/CP?issueid=CP026026


This journal is © the Owner Societies 2024 Phys. Chem. Chem. Phys., 2024, 26, 18368–18381 |  18369

Molecular collisions in this regime are characterized by large de
Broglie wavelengths and are strongly influenced by long-range
intermolecular forces. Although, diatomic species such as CaF,
SrF, RbCs, KRb, NaK, etc. are preferred molecules for such
applications,44–48 their small rotational constants lead to high
densities of states making rigorous quantum calculations of
diatom–diatom collisions involving these molecules computation-
ally intractable.43,49,50 Therefore, lighter diatomic molecules, such
as H2 and its isotopologues, are generally preferred to benchmark
theoretical studies against experiments. These systems are char-
acterized by large rotational constants and low densities of states,
thus requiring only a small number of orbital angular momentum
partial waves to yield converged cross sections in the 1 kelvin
range of collision energies.43

Zare and coworkers have recently developed a coherent optical
technique, called Stark-induced adiabatic Raman passage (SARP),
to study quantum controlled cold collisions of light molecular
systems, such as H2, HD and D2.51–63 The SARP technique allows
preparation of a phase-coherent superposition of degenerate
alligned states (mj) within a single ro-vibrational state.64 Addition-
ally, the colliding partners are adiabatically expanded and co-
propagated in the same molecular beam, yielding relative colli-
sion energies in the 1 kelvin regime for collisions involving H2 and
its isotopologues. This provides a powerful approach to probe
stereodynamics in collision of quantum state-prepared and
aligned molecules.65 The SARP technique has recently been
extended to chemical reactions of state-prepared HD with H
atoms leading to the D + H2 product using a crossed molecular
beam technique but at thermal and superthermal collision ener-
gies or collision energies above 0.5 eV.66

Zare, Mukherjee and collaborators have published a series
of papers applying the SARP technique to rotational quenching of
HD and D2 by collisions with H2, D2, and He.51–63 These systems
are amenable to full-dimensional quantum calculations and allow
direct comparisons between theory and experiment. Their first
experiment involved rotational quenching of aligned HD prepared
in the v = 1, j = 2 initial state colliding with unpolarized D2.53,63

Subsequent studies involved colliding partners of H2,53 D2,63 and
He,58,60 all of which were unprepared (unpolarized). They also
applied the SARP technique to D2 + He55,57 and D2 + Ne
collisions.56 In their most recent work rotational quenching in
collisions of two aligned D2 molecules prepared in the v = 2, j = 2
initial state61 was reported.

The SARP experiments stimulated a series of theoretical
studies aimed at gaining more insight into the quantum
dynamics and relevant partial waves that control the collision
outcome.23,31,43,67–73 Quantum dynamical studies of stereo-
dynamic control of reactive collisions of F + HD74 and H +
D2/D + HD75 systems have also been reported recently. While
analysis of the experimental data and the experimental relative
velocity distribution can discern the relevant partial waves
involved in the collision dynamics, theoretical studies are
needed to identify specific partial-wave resonances that control
the collision outcome. Theory is particularly useful as the
experimental measurements were not done with energy resolu-
tion, and averaging over the relative collision energy is needed.

Theoretical investigations of HD + H2,68,73 HD + He,69,70 D2 +
D2,43,71 and D2 + He72 yielded results in reasonable agreement
with experiments for the angular distribution though assignments
of specific resonances that contribute to signatures of the mea-
sured angular distribution differed between theory and experi-
ment. This is due in part to the lack of energy resolution in the
experiment. Though the HD + D2 system was the topic of the first
SARP experiment by Perreault et al.,53 no theoretical studies have
been reported so far. For this system experimental data was
reported for both DjHD =�1 and�2 transitions with HD prepared
initially in the vHD = 1, jHD = 2 state, while the D2 molecule is
unprepared.53,54 The measured angular distributions of the
HD molecule for the v0HD ¼ 1; j0HD ¼ 0 and v0HD ¼ 1; j0HD ¼ 1

final states involve a convolution of relative collision energies in
the 1 mK–10 K range with the peak of the energy distribution
centered around 1 K. Here, we report the first theoretical study
of this process using full-dimensional quantum scattering calcu-
lations on two highly accurate interaction potentials for the H2–H2

system.22,23 Besides its importance in astrophysics, this system
also serves as a benchmark for inelastic diatom–diatom collisions.

The article is organized as follows: Section II provides a brief
description of the two potential energy surfaces, quantum
scattering methods, and the SARP preparation. A detailed
discussion of our findings, state-to-state cross sections, partial
wave analysis, and comparisons between theory and experi-
ments are provided in Section III. Finally, in Section IV, we
summarize the key findings.

2 Methods
2.1 Potential energy surface

The H4 system is the simplest neutral four atom system; so high
quality full-dimensional PESs are available for this molecular
system.22–24 In this study, we adopt the PESs by Zuo, Croft, Yao,
Balakrishnan, and Guo (ZCYBG)23 and by Hinde22 (hereafter
referred to as the ZCYBG PES and Hinde PES, respectively).
A detailed comparison between the two surfaces was reported
in previous studies and is not our focus here.23,43 The inter-
action potential is represented in Jacobi coordinates (R, r1, r2,
y1, y2, f12) where R is the center-of-mass (COM) separation
between the two molecules, r1 and r2 are the two diatomic
vibrational coordinates, y1 and y2 are the two Jacobi angles of

-

R
with -

r1 and -
r2, and f12 is the dihedral angle. The current system

of interest, HD–D2, has the same interaction potential as the
H2–H2 system within the Born–Oppenheimer approximation,
except that the COM of the HD molecule is shifted compared to
the H2 COM. Thus, the interaction potential for HD + D2 is
expressed in this coordinate system as described in our prior
studies of HD + H2 collisions.4,5

The angular dependence of the PESs was parameterized by
the following spherical harmonic expansion as described in
detail elsewhere:23,43

V ~r1;~r2; ~R
� �

¼
X

l1;l2 ;l12

Cl1;l2;l12 r1; r2;Rð ÞYl1;l2 ;l12 r̂1; r̂2; R̂
� �

(1)

Paper PCCP

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

4 
Ju

ne
 2

02
4.

 D
ow

nl
oa

de
d 

on
 1

0/
31

/2
02

5 
11

:5
9:

53
 P

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n-
N

on
C

om
m

er
ci

al
 3

.0
 U

np
or

te
d 

L
ic

en
ce

.
View Article Online

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d4cp01737d


18370 |  Phys. Chem. Chem. Phys., 2024, 26, 18368–18381 This journal is © the Owner Societies 2024

where,

Yl1;l2 ;l12 r̂1; r̂2; R̂
� �

¼
X

m1 ;m2;m12

l1m1l2m2jl12m12h i

� Yl1;m1
r̂1ð ÞYl2 ;m2

r̂2ð Þ � Y�l12 ;m12
ðR̂Þ:

(2)

First, we present a brief comparison between the two PESs.
Fig. 1 displays the five leading terms in the angular dependence
of the interaction potential obtained from the ZCYBG PES
(solid lines) and the Hinde PES (dashed lines) with the HD
and D2 bond lengths fixed at their equilibrium value of re =
1.401 a0. The isotropic term derived from the ZCYBG and
Hinde PESs is found to be about 993 cm�1 and 1032 cm�1

deep, respectively, at a HD–D2 COM separation of R = 6.55 a0

(B3.47 Å). We also compare the five leading expansion terms
(Cl1,l2,l12

) with a previous study available in the literature from
1980s by Buck et al.76,77 In their joint theory-experiments, Buck
et al. adopted an ab initio PES, named M80, to derive the
expansion coefficients using an expression similar to eqn (1).
The comparison is provided in Fig. 2 in the same energy units
reported by Buck et al.76,77 As Fig. 2 illustrates, the expansion
terms are in excellent agreement with both PESs used in this
work. The potential minimum for the isotropic terms for all
three potentials occurs at an intermolecular separation of R B
3.5 Å. The well-depth of the isotropic term differs by about
0.46% and 3.46% compared to the ZCYBG PES and Hinde PES,
respectively. The isotropic, leading anisotropic, and other terms
show maximum deviation in the highly repulsive region, not
sampled at low and moderate collision energies.

For the scattering calculations of HD + D2, it was found
that l1 r 2 and l2 r 6 for HD and D2, respectively, were
sufficient to yield converged results for both the ZCYBG
and Hinde PESs.

2.2 Scattering calculations

Full-dimensional quantum scattering calculations were carried
out using a modified version of the TwoBC code.78 The metho-
dology for rovibrational scattering of two 1S diatomic molecules
is well established, and several benchmark calculations of the
H2–H2 system and its isotopic variants have been reported in the
literature.5,79–82 Here we provide a brief outline to introduce the
necessary quantum numbers and parameters involved in the
calculations. A time-independent quantum approach within the
close-coupling method is used for the scattering calculations.82

This yields the scattering matrix, S, from which observable
quantities are calculated. To label the initial and final states,
we introduce the combined molecular state (CMS), n � v1j1v2j2
where v1 and j1 are the initial vibrational and rotational quantum
numbers of asymptotic channels for the HD molecule while v2

and j2 denote the same for D2. Similarly, we define n0 � v01j
0
1v
0
2j
0
2

for the final channels of HD and D2. The state-to-state integral
cross section (ICS) for ro-vibrationally inelastic scattering at a
collision energy Ec is given by

sn!n0 Ecð Þ ¼
p

kn2 2j1 þ 1ð Þ 2j2 þ 1ð Þ
X

J;j12;j
0
12
;l;l0
ð2J þ 1Þ TJ

n;l;j12;n0;l0;j012

��� ���2

(3)

where, kn
2 = 2mEc/h�2, Ec = E � En where E is the total energy and

En is the asymptotic energy of channel n, m is the reduced mass

Fig. 1 The dominant expansion terms in the angular dependence of the
HD–D2 PESs as a function of the intermolecular separation. The solid
curves represent the results from the ZCYBG PES,23 while dashed curves
are obtained using the Hinde PES.22 The numbers in the legends corre-
spond to l1, l2, and l12, respectively.

Fig. 2 Same as Fig. 1. In addition to the solid curves obtained from the
ZCYBG PES23 and dashed curves from the Hinde PES,22 the dotted curves
show available results using the M80 PES reported by Buck et al.76 Note
the different units for the energy and R compared to Fig. 1.
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of the combined molecular system of HD + D2, and T J = 1 � S J.
The quantum number J refers to the total angular momentum
J = l + j12, l is the quantum number for the orbital angular
momentum l, and the total molecular rotational angular
momentum j12 = j1 + j2.

The differential cross section (DCS) is given in terms of the
scattering amplitude q as a function of the scattering angle,
y and the azimuthal angle f. The y dependence of the scatter-
ing amplitude is evaluated within the helicity representation, as
given by Schaefer and Meyer:83

qn;m!n0;m0 ðyÞ ¼
1

2kn

X
J

ð2Jþ1Þ
X

j12 ;j
0
12
;l;l0

il�l
0þ1TJ

n;l;j12;n0;l0 ;j012
dJ
m12;m

0
12
ðyÞ

� j12m12J�m12 l0j ih j012m
0
12J�m012 l

00j i
�

� j1m1j2m2 j12m12j ih j01m
0
1j
0
2m
0
2 j012m

0
12

�� ��
(4)

where dJ
m12 ;m

0
12
ðyÞ is an element of the Wigner reduced rotation

matrix, m�m1;m2;m12;m
0 �m01;m

0
2;m

0
12, and the quantities in

angular brackets h. . ..|. .i are Clebsch–Gordan coefficients. For
isotropic collisions, the differential rovibrational state resolved
cross sections are obtained by summing over all final m0-states
and averaging over initial m-states as given below:

dsn!n0

dO
¼ 1

2j1þ1ð Þ 2j2þ1ð Þ
X
m;m0

qn;m!n0;m0
�� ��2 (5)

where dO = sin ydydf is the solid angle.
The expressions given above for integral and differential

cross sections assume that the colliding entities are unpolar-
ized. In the SARP experiments of Perreault et al., rotational
quenching of HD by D2 was explored by controlling the align-
ment of HD relative to the SARP laser polarization.53,54 This is
achieved by selecting appropriate mj components of the rota-
tional state j of the HD molecule relative to the polarization of
the SARP laser.84,85 A rotational state of the HD molecule |j,m̃i
prepared by the SARP method can be expressed as

XjHD

mj¼�jHD

djHD
~m;mj
ðbÞ jHD;mj

�� �
(6)

where b is the angle between the initial beam velocity and the
initial polarization of the laser, i.e., the alignment angle. In the
SARP experiments studied here, only the m̃ = 0 preparation is
considered. An angle b = 01 corresponds to a horizontal align-
ment of the molecular bond axis with respect to the initial
velocity vector. This is referred to as the H-SARP preparation,
and for the HD molecule in the j = 2 rotational state, it
corresponds to |j = 2, mj = 0i initial state. For the same j = 2
rotational state of the HD molecule, a vertical alignment of the

HD bond axis corresponding to b ¼ p
2

, known as V-SARP,

includes a superposition of mj states given by
ffiffiffiffi
3

8

r
j ¼ 2;mj ¼ þ2
�� �

� 1

2
j ¼ 2;mj ¼ 0
�� �

þ
ffiffiffi
3

8

r
j ¼ 2;mj ¼ �2
�� �

:

(7)

In the HD + D2 experiments of Perreault et al.,53,54 both
H-SARP and V-SARP preparations of the HD molecule were
realized for the initial rovibrational state of vHD = 1, jHD = 2. The
corresponding DCSs for the SARP preparations are given by

dsn!n0 ðbÞ
dO

¼ 1

2j2 þ 1ð Þ
X

m1;m2;m
0
1
;m0

2

djHD
0;m1
ðbÞ

��� ���2 qn;m!n0 ;m0
�� ��2; (8)

where the redundant indices m12 and m012 are omitted in the
summation. Note that the experimental results correspond to
an integration over the azimuthal angle which washes out any
interference between different m1 states in the initial
preparation.67,71 Thus, the overall effect of the initial alignment

is captured by the weight factor d
jHD
0;m1
ðbÞ

��� ���2 attached to each |q|2

term for a given m1.
In the computations, a basis set including three vibrational

levels v = 0–2 was considered for both molecules. For the HD
molecule, within each vibrational level six rotational states j =
0–6 were included while for the D2 molecule three rotational
states, j = 0, 2, and 4 were considered, which led to nearly 200
CMSs. Calculations were done for total angular momentum
quantum numbers J = 0–8. The coupled-channel equations
resulting from the time-independent Schrödinger equation
were integrated from R = 3 to R = 103 a0 with a step size of
DR = 0.05 a0. This choice of parameters yield results converged to
within 1% in the collision energy regime of 1 mK to 10 K
reported here. Additional calculations were carried out at higher
collision energies to compare against the experimental and
theoretical results of Buck et al.76,77 as discussed in the next
section. These calculations adopted the same rotational basis
sets for both molecules but limited to the v = 0 vibrational level.

3 Results
3.1 Comparisons with prior theory and experimental results

First, we benchmark our results against available experimental
and theoretical results. Unfortunately, very limited data exist for
this system and the available experimental and theoretical results
correspond to the work of Buck et al.76,77 four decades ago. The
measurements were reported at collision energies of 45.4 meV
(B527 K) and 70.3 meV (B816 K)76,77 and the corresponding
theoretical calculations adopted a rigid rotor formalism for both
molecules. Because the previous calculations and measurements
correspond to fairly high collision energies we include total
angular momentum quantum number J up to 80 to achieve a
convergence within 1% with respect to summation over J. Fig. 3
shows a comparison of DCS from our calculation for both elastic
and inelastic collisions on the ZCYBG PES with the theoretical
results of Buck et al. at collision energies of 45.4 and 70.3 meV.
Our results correspond to both molecules in the ground
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vibrational state. Similar comparisons using the Hinde PES are
provided in the ESI.† The agreement between the two results is
excellent for both collision energies for the entire range of
scattering angle despite the large variation in the magnitude of
the DCS for the different transitions. It is remarkable to see the
oscillatory behavior of the DCS arising from interference between

different partial wave contributions quantitatively reproduced by
the two calculations. The DCSs for the elastic transition, 02-02
and the dominant inelastic transition, namely 02-12 (where the
numbers denote jHD jD2

before and after collision; see figure
caption for the notation), are almost identical from the two
calculations for both collision energies. Slight differences seen

Fig. 3 Comparison of angular dependence of the calculated differential cross sections from the present study using the ZCYBG PES (solid curves) and
those of Buck et al. (dashed curves) for state-to-state transitions (refer to the legends inside figure) for two collision energies, 45.4 meV (left panel) and
70.3 meV (right panel). The transitions are denoted as jHDjD2

! j0HDj
0
D2

.

Fig. 4 Comparison of angular dependence of the total elastic and inelastic differential cross sections between our calculations using the ZCYBG PES
(solid curves) and experimental data of Buck et al. (circles) for two collision energies, 45.4 meV (left panel) and 70.3 meV (right panel). The total elastic and
inelastic cross sections in the left panel and that for DE = 11 meV and DE = 33 meV in the right panel are obtained by taking weighted sum of ICSs for
different thermally populated D2 initial rotational states as described in more details in the text.
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for the weaker 02-10 and 02-00 transitions can be attributed to
differences in the potential expansion term l2,0,2 as illustrated in
Fig. 2. However, even for these weaker transitions with 2–3 orders
of magnitude smaller DCSs than the elastic and leading inelastic
transitions, the oscillatory behavior as a function of the scattering
angle is nearly identical in both calculations.

In Fig. 4 we compare our DCS results on the ZCYBG PES with
the experimental results of Buck et al.76 for the two collision
energies of 45.4 and 70.3 meV. A similar comparison for the
Hinde PES is provided in the ESI.† To compare with the
experimental results, we used the same procedure as in Buck
et al.77 where we summed over contributions from different
thermally populated rotational levels of the D2 collision part-
ner. The total elastic cross sections in the left panel at a
collision energy of 45.4 meV were obtained by taking a weighted
sum of transitions jHDjD2

! j0HDj
0
D2

for 00-00, 01-01, 02-02

with weights 0.27, 0.33 and 0.40 for D2 rotational states j = 0, 1,
and 2, respectively. Similarly, the total inelastic cross sections
were obtained by a weighted sum of the transitions 00-
10, 01-11, 02-12, and 02-20. For details, see Buck
et al.76,77 In the right panel of Fig. 4, the filled circles represent
the experimental data, while the solid curves show our results.
Here, DE refers to the energy difference between the combined
molecular states of HD + D2. Specifically, DE = 11 meV includes
transitions 02-20, 00-10, 01-11, and 02-12 while
DE = 33 meV includes 00-20, 01-21, 02-22, and
00-12. The total cross sections corresponding to the energy
gaps are then obtained by taking a weighted sum of D2

rotational states j = 0, 1 and 2 with weights of 0.62, 0.33, and
0.05, respectively. The agreement is excellent, for both elastic
and inelastic collisions, including scattering angles where the
DCS shows strong oscillatory pattern. The excellent agreement
between our results and the theoretical and experimental
results of Buck et al. at the level of differential cross sections
validates the accuracy of the results presented here and the
quality of the PESs adopted for the scattering calculations.

3.2 Sensitivity of low-energy collisions to potential energy
surfaces

The experimental data by Perreault et al.53,54 corresponds to
pure rotational quenching of the HD molecule from jHD ¼ 2!
j0HD ¼ 0; 1 within the vHD = 1 vibrational level in collisions with

n-D2(vD2
= 0) but with a thermal population of rotational levels.

Since the D2 molecules were used without state preparation D2

is considered as an isotropic collision partner. The experiment
involves a broad distribution of collision energies centered
around B1 K with the higher energy tail extending to about
B8 K. To what extent energies below 1 K contribute to the
measured angular distribution is not clear but we first explore
sensitivity of rotationally inelastic cross sections to the inter-
action potential at collision energies relevant to the experiment.
Fig. 5 shows the integral cross-section as a function of
the collision energy for the jHD ¼ 2! j0HD ¼ 0 transition for
jD2
¼ j0D2

¼ 0. Results are presented for both the Hinde and

ZCYBG PESs. As shown in the figure the newer ZCYBG PES

predicts slightly higher values of cross sections, B9 Å2 near
the peak of the primary resonance at about B1 K compared to
B6 Å2 on the Hinde PES. Also, the resonance occurs at about
1.01 K for the ZCYBG PES compared to 0.62 K for the Hinde
PES, which is also narrower. In contrast, the Hinde PES yields
slightly higher values (less than 0.2 Å2) of the cross section for
the secondary resonance at 5.6 K even though the resonance
energy differs by only B0.1 K for the two PESs. Apart from these
differences in the resonance region, it is striking to note that
the background cross section, including the ultracold s-wave
limit, is nearly identical for both PESs. We note that below
B10 mK, the cross sections exhibit the well-known Wigner
threshold behavior where they vary inversely as the velocity or
1

 ffiffiffiffiffi

Ec

p
.86,87 Such resonance features supported by the entrance

channel van der Waals potentials have been reported for many
atom–diatom and diatom–diatom systems, including the
benchmark F + H2 and F + HD chemical reactions.88,89 The
properties of these resonances are generally very sensitive to the
choice of the interaction potential, in particular, if they occur
close to the entrance channel threshold.72,88,89

A partial wave analysis of the cross sections for the jHD ¼
2! j0HD ¼ 0 transition shows that the primary peak corre-
sponds to an l = 3 shape resonance originating from total
angular momentum quantum number J = 3. The partial wave
resolved cross sections on the ZCYBG PES is shown in Fig. 6.
The shoulder feature seen on the left side of the primary
resonance peak also arises from l = 3 but from J = 5. A similar
analysis on the Hinde PES is shown in the ESI† that also
features an l = 3 resonance for the primary peak. The secondary
resonance corresponds to l = 4 arising from J = 2, 4, and 6
coinciding with the same collision energy on both the PESs.

Fig. 7 shows integral cross sections for the DjHD = �1
transition in HD for the same initial state on the two PESs.

Fig. 5 Integral cross sections for jHD ¼ 2! j0HD ¼ 0 transition in HD + D2

collisions within the vHD = 1 vibrational level for jD2
¼ j0D2

¼ 0 as a function of

the collision energy. The results obtained on the ZCYBG PES are shown by the
red solid curve while those on the Hinde PES are denoted by the blue curve.
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Results correspond to elastically scattered D2, i.e., jD2
¼ j0D2

¼ 0.

For this case, the quenching cross section is an order of
magnitude larger than the DjHD = �2 transition, as it is driven
by the leading anisotropic term of the interaction potential
depicted in Fig. 1. Similar to the DjHD = �2 transition, the
primary resonance peak is observed at 1.02 and 0.62 K, respec-
tively, on the ZCYBG and Hinde PESs. A partial wave analysis
reveals that the same partial waves are responsible for the
resonances in both DjHD = �1 and DjHD = �2 transitions. For

DjHD = �1, the l = 3 resonance originates from J = 2, 5 (shoulder
region) and J = 3, 4 (main peak). The secondary resonance peak
is also observed at the same energy as the jHD ¼ 2! j0HD ¼ 0

transition, and the Hinde PES predicts slightly larger cross
sections compared to the ZCYBG PES (less than 2 Å2).

3.3 Effect of ortho and para-D2 colliders

The experiments of Perreault et al.53,54 employed n-D2 collision
partner with populations of 59% in j = 0, 33% in j = 1 and 8% in
j = 2, all in the v = 0 vibrational level. Results presented in Fig.
5–7 correspond to D2( jD2

= 0). Cross sections for D2( jD2
= 1)

collisions are shown in Fig. 8 for both Hinde and ZCYBG PESs.
The dominant peaks on both PESs arise from l = 1 and l0 = 3
partial waves while the secondary peaks correspond to l = 3, l0 =
3, 5 though the l0 = 5 feature is absent for the Hinde PES. The
resonance positions predicted by the two potentials are some-
what different for the two low-energy resonances illustrating
the sensitivity of the resonance features to the attractive part of
the two PESs. However, both potentials predict the same
position and similar magnitudes for the resonance near 6 K.
The primary peak in the cross section is an l = 1 - l0 = 3
resonance, which is more prominent on the ZCYBG PES,
occurring at about 0.15 K compared to about 1 K for the Hinde
PES. This could be attributed to the small differences in the
well-depth of the isotropic potential as shown in Fig. 1. This
applies to both DjHD = �2 and DjHD = �1 transitions shown in
Fig. 8. Compared to ortho-D2( jD2

= 0) collider, for which the
dominant resonance was found for l = 3, for para-D2( jD2

= 1)
both l = 1 and l = 3 contribute to the resonance features.

In the low-energy limit, both ortho and para-D2 are domi-
nated by s-wave scattering, and the cross sections are nearly
identical for the ZCYBG and Hinde PESs. While low-energy
scattering is generally very sensitive to the fine details of the
interaction potential, the fact that the cross sections are iden-
tical on the two PESs, implies that the long-range part of the
two PESs is accurately described. We also note that in the
scattering calculations, we use the same diatomic potential
energy function for HD and D2 molecules, the H2 potential of
Schwenke.90

3.4 Energy transfer from HD to D2

In their analysis of the experiments, Perreault et al.53,54 treated
the D2 collision partner as a spectator, i.e., its rotational level is
considered to be unchanged during the collision. Because the
rotational constant of D2 (B43 K for v = 0) is significantly
smaller than that of HD (B64 K for v = 0 and B61 K for v = 1)
this assumption may not be valid as a DjHD = �2 transition in
HD can accompany a DjD2

= +2 transition in D2. Indeed, the
energy difference of j = 0 and j = 2 state of the HD molecule in
v = 1 is about B367 K, while the same for D2(v = 0) is about
B258 K. Therefore, the energy released from quenching of HD
in a jHD ¼ 2! j0HD ¼ 0 transition is sufficient to excite ortho-D2

molecule from jD2
¼ 0! j0D2

¼ 2. This energy transfer is only

possible for the ortho-D2 collision partner in jD2
= 0 because the

released energy from the quenching of HD is not sufficient to

Fig. 6 Partial-wave resolved cross sections for the jHD ¼ 2! j0HD ¼ 0

rotational transition in HD(vHD = 1) on the ZCYBG PES as function of the
collision energy. The red curve denotes the total quenching cross section
while grey, black, green, blue, and orange curves show contributions from
l = 0, 1, 2, 3, and 4 respectively. It can be seen that the primary peak is due
to l = 3 while the secondary peak arises mainly from l = 4.

Fig. 7 Collision energy dependence of the inelastic cross section for
DjHD = �1 transition in HD(vHD = 1). The blue and red curves represent
results obtained on the Hinde and ZCYBG PESs, respectively.
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excite para-D2 molecule from jD2
¼ 1! j0D2

¼ 3 state. Also, the

energy released from HD quenching from jHD ¼ 2! j0HD ¼ 1

transition in v = 1 is about B245 K, and thus, not sufficient to
excite the ortho-D2 molecule from jD2

¼ 0! j0D2
¼ 2. Therefore,

an accurate characterization of the experimental results of Per-
reault et al.53 must include concurrent excitation of D2 from jD2

¼
0! j0D2

¼ 2 in the quenching of HD from jHD ¼ 2! j0HD ¼ 0.

We investigated this process of energy exchange between HD
and D2, and the resulting cross section is shown in Fig. 9 as a
function of the collision energy. The results show that this
process has a cross section that is a factor of 4 greater than pure
rotational quenching of HD from jHD ¼ 2! j0HD ¼ 0 without D2

rotational excitation. Except for the resonance peaks both
PESs predict similar results. A partial wave analysis reveals that
the resonance peaks arise from the same partial waves as in
elastically scattered D2 (DjD2

= 0).
Results in Fig. 9 illustrate that the energy exchange process

between HD and D2 cannot be ignored in the jHD ¼ 2! j0HD ¼ 0

rotational quenching of the HD molecule in HD(vHD = 1, jHD = 2)
+ D2( jD2

= 0) collisions. As such, this transition is more impor-
tant, and should be considered together with other transitions in
characterizing the experimental data. However, this process was
not included in the original analysis of the experimental data,54

presumably due to lack of information on the cross section for
this process. Instead, the experimental studies explained their
results using a partner reorientation theory that accounts for m0

changing collisions of the para-D2( jD2
= 1) partner. While such

collisions may indeed occur in the scattering experiment, and
the experimental data may well be reproduced by a model
including this effect, a correct description should also account
for rotational excitation of D2 in jD2

= 0 collisions. As mentioned

above the cross sections for jHD ¼ 2! j0HD ¼ 0 transitions in
HD(vHD = 1) by para and ortho-D2 have similar magnitude for
elastically scattered D2, but the energy exchange process between
HD and D2 yields cross sections that are four times larger,

Fig. 8 Integral cross sections for DjHD = �2 (left panel) and DjHD = �1 (right panel) transitions in HD by collision with para-D2( jD2
= 1). The red and blue

curves represent results obtained on the ZCYBG and Hinde PESs, respectively. An l = 1 - l0 = 3 resonance is seen to be more prominent as compared to
the l = 3 resonance for ortho-D2.

Fig. 9 Integral cross sections as function of the collision energy for
rotational quenching of HD from from jHD ¼ 2! j0HD ¼ 0 with and without

rotational excitation of the D2 molecule from jD2
= 0 to j0D2

¼ 2. The red

curves represent the elastic transition in D2 (DjD2
= 0) (cross sections

depicted in Fig. 5) while the black curves denote the D2 rotational
excitation channel. The solid and dashed curves show results computed
on the ZCYBG and Hinde PES, respectively.
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making it an important mechanism in interpreting the experi-
mental data. This is further supported by the comparisons with
the results of Buck et al. shown in Fig. 3. Among the various
transitions reported in Fig. 3, we would like to draw attention to
the 02 - 20 transition. This is the reverse process in which HD
is excited from jHD ¼ 0! j0HD ¼ 2 while D2 relaxes from
jD2
¼ 2! j0D2

¼ 0. The agreement between the two calculations

is excellent over the entire range of the scattering angle for both
collision energies reported in Fig. 3. This further validates the
importance of the D2 rotational excitation process in the
DjHD = �2 quenching of the HD molecule. We note that the
cross sections for HD(v = 1, j = 2 - v0 = 1, j0 = 0) + D2(v = 0,
j = 0 - v0 = 0, j0 = 2) and its reverse process are connected by the
principle of microscopic reversibility.

The ICSs for the different processes discussed thus far
correspond to isotropic preparations of the collision partners.
The various SARP prepared ICSs are compared against their
isotropic counterpart in Fig. 10 for DjHD = �1 (left panel) and
DjHD = �2 (right panel) in HD(vHD = 1, jHD = 2) + D2( jD2

= 0)
collisions. It is seen that the cross sections are strongly sensi-
tive to the SARP preparation, in particular, in the vicinity of the
resonance. The X-SARP preparation corresponds to b = �451
and refers to a bi-axial state that involves linear combinations
of mjHD

= �1 states.64 For the DjHD = �1 transition the V-SARP
preparation maximizes the cross section at the resonance peak
near 1 K while for the DjHD = �2 transition it is the H-SARP
preparation that maximizes the cross section. For DjHD = �2,
the X-SARP preparation leads to the smallest ICS. However, for
the DjHD = �1 transition, the less prominent shoulder peak
on the left of the main peak near 1 K becomes even more
prominent for the X-SARP preparation and becomes compar-
able in magnitude to the main peak of the isotropic case. Thus,
strong stereodynamic effect is seen in the resonance region that

allows considerable control of the ICS through alignment of the
HD rotational angular momentum.

3.5 Comparisons with SARP experiments

3.5.1 Dj = �1 rotational transition in HD. The main goal of
this work is to compare our theoretical predictions with the
experimental results of Perreault et al. for the H-SARP and
V-SARP preparations of the HD molecule in the vHD = 1, jHD = 2
initial state.53,54 The experimental results are not energy
resolved but averaged over the relative velocities of HD and
D2 present in the experiment. This can be done using the
velocity distributions of the HD and D2 molecules in the
molecular beam as discussed by Perreault et al.53,54 and in
our prior work.68 The HD and D2 velocity distributions from the
experiments are given by a Gaussian distribution P, where
P(vHD) p f (uHD = 2015, sHD

2 = 1732/2) and P(vD2
) p f (uD2

=
2061, sD2

2 = 1322/2) for HD and D2 respectively, where v, u, and
s are expressed in units of m s�1.53 The relative velocity is given
by vr

2 = vHD
2 + vD2

2� 2vHDvD2
cos w, where w is the crossing angle

between the two beams of HD and D2. A beam divergence of 12
mrad in the transverse direction has been reported by Perreault
et al.54 In the analysis of the experimental data by Perreault
et al.53,54 a simpler 1-dimensional (1D) relative velocity distri-
bution corresponding to w = 0 is used. A 3D relative velocity
distribution obtained from a Monte-Carlo sampling of w con-
sistent with the reported beam divergence is used in our
analysis. However, we have verified that a 1D velocity distribu-
tion yields nearly identical results.

In constructing the velocity averaged differential rate, the
ortho and para-D2 contributions are weighted by their popula-
tions of 59% and 33%, respectively for j = 0 and 1. There is a
minor 8% contribution from j = 2 but it is neglected in our
calculations. While we have computed the DCS on both PESs,

Fig. 10 Integral cross sections as a function of the collision energy for the vHD ¼ 1; jHD ¼ 2! v0HD ¼ 1; j0HD ¼ 1 DjHD ¼ �1ð Þ (left panel) and vHD ¼
1; jHD ¼ 2! v0HD ¼ 1; j0HD ¼ 0 DjHD ¼ �2ð Þ transitions (right panel) in collision with D2( jD2

= 0). Green, red, blue, and black colors represent the isotropic,

H-SARP, X-SARP, and V-SARP cross sections, respectively.
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we present the results from the ZCYBG PES in the main text,
and provide that of the Hinde PES in the ESI.†

The collision energy distribution evaluated from the 3D
relative velocity distribution is shown in the left panel of
Fig. 11. In the middle and the right panel of Fig. 11, we show
ICS for H-SARP and V-SARP preparations multiplied by the
relative velocity and the corresponding energy distribution as a
function of the collision energy in Kelvin for DjHD = �1 and �2,
respectively. For both cases, the collision partner is D2( j = 0)
and the DjHD = �2 process does not include contributions from
rotational excitation of the D2 molecule. As can be seen, for
both H-SARP and V-SARP preparations, the energy dependent
rate coefficients convoluted with the energy distribution
peak near 1 K, and are dominated by contributions from the
l = 3 partial wave resonance. We note that the analysis of
the experimental data is limited to l = 0 and l = 1 and that

the experimental results are not energy resolved.53,54 Thus, the
energy dependent rate coefficient weighted with the collision
energy distribution presented here can provide key insights
into specific partial wave resonances that contribute to the
measured angular distribution.

Fig. 12 shows a comparison of the experimental angular
distribution of Perreault et al.53 and our theoretical results for
the jHD ¼ 2! j0HD ¼ 1 transition in HD(vHD = 1, DjHD = �1).
The left panel shows the results for the H-SARP preparation
while the right panel shows that for the V-SARP case. We note
that the experimental data are reported in arbitrary units
and they do not correspond to absolute cross sections (rates).
Thus, to enable comparison with experiments, the experi-
mental results are scaled appropriately. The comparison is
overall good for both H-SARP and V-SARP preparations. How-
ever, the peaks in the experimental and theory results are

Fig. 11 The normalized collision energy distribution with the inset showing a magnified view in the 0.001–1 K range in logarithm scale (left panel). The
middle and the right panels show, respectively, the product of the cross section, relative velocity and the energy distribution as a function of the collision
energy for H-SARP (red curves) and V-SARP (black curves) preparations of the HD molecule. Results for DjHD = �1 are shown in the middle panel while
that for DjHD = �2 are shown on the right panel. For both transitions, the collision partner is D2( jD2

= 0) and it is scattered elastically. Please note the
different vertical scale between the middle and right panels.

Fig. 12 A comparison between experiment and theory of the differential rate coefficients averaged over the relative energy distribution for rotational
quenching of HD for jHD ¼ 2! j0HD ¼ 1 transition. The left and right panels correspond to H-SARP and V-SARP preparations, respectively. The
experimental data by Perreault et al.53 are shown by filled circles while the theoretical results are shown by solid and dashed curves.
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largely out-of-phase except for the forward scattering peak in
the H-SARP result.

3.5.2 Dj = �2 rotational transition in HD. Finally, we
present the angular dependence of the H-SARP and V-SARP
differential rates for the jHD ¼ 2! j0HD ¼ 0 rotational transi-
tion in HD(vHD = 1).54 Fig. 13 provides a comparison between
experiment and theory with filled circles representing the
experimental results and solid curves denoting theoretical
results. For this case, Perreault et al.54 have proposed a partner
re-orientation theory that involves mj changing collisions of the
D2( j = 1) partner to account for the experimental findings
(strictly speaking, we believe ‘‘partner re-orientation’’ is a
misleading terminology because the D2 molecule is un-
prepared initially and its angular momentum is not polarized.
We believe, ‘‘collision-induced alignment’’ is a more appropri-
ate terminology and we adopt in our discussions here). Speci-
fically, the H-SARP angular distribution could not be
reproduced by their non-linear fitting scheme when mj chan-
ging collisions of D2( j = 1) are not considered.54 Thus, three
different scenarios have been examined from a theoretical
standpoint: (i) mj changing collisions of D2( j = 1) is not invoked
(shown by the green curve); (ii) mj changing collisions of D2( j = 1)
are considered with the corresponding results shown by the black
curve. In both these cases, we have omitted contributions from
the rotational excitation channel in D2( j = 0) collisions, i.e., only
direct relaxation of HD is considered. Both yield comparable
results and display strong deviation from the experiment for
H-SARP and V-SARP preparations. Lastly, (iii) we include the D2

rotational excitation channel in D2( j = 0) collisions as well as
collision-induced alignment of the D2( j = 1) partner. Note that the
D2 rotational excitation channel has the largest cross section as
shown in Fig. 9. Despite including all possible processes the
agreement between theory and experiment is not significantly
improved, although the V-SARP results depict a broad central

peak consistent with sideways scattering. The experimental data
display very similar features for both H-SARP and V-SARP pre-
parations, which is very different from the jHD ¼ 2! j0HD ¼ 1

transition. In general, for H-SARP collisions, two dominant peaks
are observed at forward and backward scattering angles with a
less prominent peak at 90 degrees. This appears to be the case for
all of the atom–molecule and molecule–molecule collisions for
which SARP experiments have been reported so far.55–58,60–62 A
strong central peak is typical for the V-SARP case. Such features
are also implied by the values of the reduced rotation matrix
elements that characterize these preparations (e.g., see Fig. 2 of
ref. 67). It is unlikely that the lack of agreement with experiment
for this case is due to the PES employed as corresponding results
on the Hinde PES presented in the ESI† also depict similar
comparisons. At this point we can only speculate on the source
of the discrepancy but energy-resolved measurements may yield
more insight.

Perreault et al.54 have discussed the possibility of including
the D2 rotational excitation channel in their analysis of the
experimental data. However, they excluded this process in favor
of mj changing collisions of D2( j = 1) as the measured time-of-
flight spectrum of the scattered HD molecules appeared to be
consistent with this mechanism. The D2 rotational excitation
channel would require lower HD speeds based on energy
conservation but this seems to be not supported by the time-
of-flight data. Beam-divergence is not considered in the experi-
ments and it is not clear whether this would have an impact on
the measured time-of-flight spectrum. We would like to point
out that angular momentum conservation effects would pro-
duce similar outgoing partial waves regardless of whether the
D2 rotational excitation process or mj changing collisions of the
D2( j = 1) partner is invoked in fitting the experimental data.
In our prior simulations of HD(v = 1, j = 2) + H2 collisions where
jHD ¼ 2! j0HD ¼ 0 collisions were probed by the SARP

Fig. 13 Differential rates in H-SARP and V-SARP for jHD ¼ 2! j0HD ¼ 0 rotational transition in HD induced by collisions with D2. H-SARP (left panel) and
V-SARP (right panel) results from Perreault et al.54 (red dots) are compared against theoretical results (solid curves) from this work using the ZCYBG PES.
Black and green curves represent, respectively, results with and without considering collision-induced alignment of D2 in D2( j = 1) collisions, while blue
curve includes this process and the D2 excitation from j = 0 - j0 = 2.
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techniques54 excellent agreement with experiment is observed
without invoking mj changing collisions of the H2( j = 1)
partner.68 In this case, rotational excitation of H2( j = 0) is not
energetically possible at the collision energies involved in the
experiment. Similarly, we have obtained excellent agreement
with the SARP experiments for aligned collisions of two D2(v =
2, j = 2) molecules using the ZCYBG PES adopted in this
study.43,71 Indeed, in this case it was important to include the
effect of four-vector correlations in the theoretical formalism as
well as collisions involving aligned D2(v = 2, j = 2) and
unpolarized D2(v = 0, j = 1, 2) molecules present in the beam
in reproducing key features of the measured H-SARP angular
distribution. Thus, all relevant processes should be taken into
account in the analysis of the experimental data as done in this
work for HD + D2.

4 Conclusions

In this paper, we report theoretical studies of the stereody-
namics and quantum-controlled scattering of HD and D2 for
the first time. It is found that the dominant inelastic channel in
the rotational quenching of HD from vHD ¼ 1; jHD ¼ 2! v0HD ¼
1; j0HD ¼ 0 involves an energy transfer to D2 leading to jD2

¼ 0!
j0D2
¼ 2 rotational excitation of the D2 molecule. This transition

conserves the total molecular rotational angular momentum
and has a cross section that is 4 times larger than that of direct
relaxation of HD without D2 rotational excitation. A partial wave
analysis shows a dominant l = 3 resonance for both DjHD = �2
and DjHD = �1 transition in HD for ortho-D2( j = 0), while both
l = 1 and l = 3 resonances contribute to para-D2( j = 1) collisions.
These results are found to be largely insensitive to the choice of
the potential energy surfaces for the H2–H2 system adopted in
the scattering calculations. Our computed results are in excel-
lent agreement with prior calculations and measurements of
differential cross sections for elastic and rotationally inelastic
collisions of HD and D2 at higher collision energies. However,
the agreement is less satisfactory with recent SARP experiments
that report stereodynamic control of rotational quenching in
HD(vHD = 1, jHD = 2) + D2 collisions. While our results generally
agree with experiments for the jHD ¼ 2! j0HD ¼ 1 transition, a
significant discrepancy is observed for the jHD ¼ 2! j0HD ¼ 0

transition in HD. The discrepancy persists regardless of
whether D2 rotational excitation channel is considered in the
theoretical simulations. We believe, a re-analysis of the experi-
mental data including the D2 rotational excitation channel in
D2( j = 0) collisions or measurements of energy resolved cross
sections may help resolve the discrepancy.
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R. C. Forrey, R. J. Hinde and P. C. Stancil, J. Chem. Phys.,
2011, 134, 214303.

26 Y. Liu, P. G. Jambrina, J. F. E. Croft, N. Balakrishnan,
F. J. Aoiz and H. Guo, J. Chem. Theory Comput., 2024, 1829.

27 J. L. Bohn, A. M. Rey and J. Ye, Science, 2017, 357, 1002.
28 V. V. Albert, J. P. Covey and J. Preskill, Phys. Rev. X, 2020,

10, 31050.
29 J. Toscano, H. J. Lewandowski and B. R. Heazlewood, Phys.

Chem. Chem. Phys., 2020, 22, 9180.
30 M. G. Hu, Y. Liu, M. A. Nichols, L. Zhu, G. Quéméner,
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