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Importance sampling within configuration space
integration for adsorbate thermophysical
properties: a case study for CH3/Ni(111)†

Katrı́n Blöndal,‡a Kirk Badger, ‡a Khachik Sargsyan, b David H. Bross, c

Branko Ruscic c and C. Franklin Goldsmith *a

A new strategy is presented for computing anharmonic partition functions for the motion of adsorbates

relative to a catalytic surface. Importance sampling is compared with conventional Monte Carlo. The

importance sampling is significantly more efficient. This new approach is applied to CH3* on Ni(111) as a

test case. The motion of methyl relative to the nickel surface is found to be anharmonic, with

significantly higher entropy compared to the standard harmonic oscillator model. The new method is

freely available as part of the Minima-Preserving Neural Network within the ADTHERM package.

1 Introduction

First-principle based methods in heterogeneous catalysis are
increasingly important tools in catalyst development and reactor
design. Fortunately, the computational cost of an individual
single-point calculation continues to decrease, even as the accu-
racy of these methods increases, and calculations that would have
been challenging a few years ago are now increasingly common-
place. Accordingly, it is now feasible to move beyond the standard
harmonic-oscillator model when computing the partition func-
tion for adsorbates on metals.1,2 By providing a more accurate
depiction of the entropy of adsorbates, these anharmonic models
provide a more accurate estimate of the free energy of the
system.2–15

A common requirement in all of these methods is sampling
a broader number of nuclear configurations, particularly con-
figurations that are further from the minima than what would
be used to compute the gradients in forces that are required by
the Hessian. In principle, this configurational sampling can be
done directly by using a first-principle method – e.g. direct
sampling with density functional theory (DFT). In practice,
however, the large number of configurations required fre-
quently necessitates the construction of a surrogate potential
energy surface (PES). This surrogate PES is trained to DFT data,

and the design of the surrogate model should prioritize accu-
racy where it matters the most – i.e. near the stationary points.

In ref. 16 the authors introduced the minima-preserving
neural network (MPNN) as an accurate surrogate PES, which
was used within Monte Carlo (MC) integration routines to solve
a 3-dimensional integral for H* adsorbed on Cu(111); this
method was released as an open-source package, ADTHERM. In
ref. 17 this phase space integration approach was extended to
6-dimensions for polyatomic adsorbates, including CO/Pt(111)
and CH3OH/Cu(111). In all three cases, conventional MC
integration was used to compute the phase space integrals
and hence the partition function. Although the MC integration
was performed using the MPNN surrogate PES, and thus was
several orders of magnitude faster than direct calls to a DFT
calculator, the approach still required O(7) single-point calcula-
tions. However, alternative integration strategies are possible.
In particular, integration strategies based upon importance
sampling could reduce the number of required single-point
calculations. Indeed, with a sufficient reduction, it might be
possible to combine importance sampling with direct DFT
sampling and avoid the need for a surrogate model altogether.

In the present work, we extend ADTHERM to include impor-
tance sampling in the evaluation of the 6D phase space
integrals required to evaluate the entropy and other thermo-
physical properties of adsorbates. The method is here applied
for the specific case of adsorbed methyl, CH3*, on Ni(111). A
previous study by Henkelman et al.18 demonstrated a counter-
intuitive minimum-energy path for the rotation parallel to the
surface. The optimal mechanism of rotation of CH3* in the fcc
site is not through rotation about the carbon atom; instead, the
binding C atom is displaced from the fcc site to an adjacent hcp
site through rotation about one of the H atoms, due to the
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strong hydrogen-metal binding energy. To return to the fcc site
and obtain the 1201 rotated geometry, the methyl rotates again
about a different hydrogen atom. This rather unexpected
minimum-energy path makes CH3/Ni(111) an interesting can-
didate to study with the phase space integration approach,
since it confirms that a chemisorbed species (otherwise pre-
sumed to be tightly bound and thus harmonic) can have a
complicated, anharmonic motion relative to the surface. Such
behavior suggests that conventional analytical models, such as
the harmonic oscillator, are unlikely to capture the number of
thermally accessible states and thus will underestimate the
entropy of methyl on metal surfaces.

2 Methods
2.1 Electronic structure theory

Density functional theory (DFT) calculations were used for the
geometry optimization, generation of the Hessian, and for the
generation of the training data. The DFT calculations were
performed with the plane-wave code Quantum ESPRESSO.19–21

The Perdew–Burke–Ernzerhof functional22 was used with
Grimmes D3 corrections23 including three-body Axilrod–Teller–
Muto corrections,24,25 PBE-D3(ABC). Projector augmented wave
method (PAW) pseudopotentials generated using the ‘‘atomic’’
code by Dal Corso26,27 were used. A plane-wave cutoff of 60 Ry
and a (7 � 7 � 1) k-point grid were used for the energy
calculations, as well as the Marzari–Vanderbilt smearing
method28 with a smearing width of 0.01 Ry. The limited-
memory Broyden–Fletcher–Goldfarb–Shanno (LBFGS) algorithm
in the atomic simulation environment (ASE),29 with a maximum
force convergence criterion of 0.01 eV Å�1 along all directions
was used for geometry relaxations.

The optimized lattice constant with the PBE-D3(ABC) func-
tional was found to be 3.47 Å for Ni. The CH3/Ni(111) system
was modeled using a 4-layer Ni(111) slab with a 3 � 3 unit cell,
corresponding to a 1/9th monolayer coverage, and a 17 Å
vacuum between the top of the adsorbed CH3* and the bottom
of the repeated image. All Ni surface atoms were held fixed in
their bulk geometry while the CH3* adsorbate was relaxed on
the surface. The fcc binding site was found to be the optimal
position of CH3* on the Ni(111) surface, where the adsorption
energy is �2.16 eV, converged within 10 meV. A slightly less
stable minimum was found with CH3* in the hcp site.

For the gas-phase CH4(g), coupled cluster calculations
were performed. The geometry optimization and normal mode
analysis were performed at the UCCSD(T)/cc-pVTZ level in
Molpro.30

2.2 CH3/Ni(111) training data generation

The position of the adsorbed methyl relative to the surface can
be described by six degrees of freedom: x,y,z,a,b,g. The first
three degrees of freedom (x,y,z) correspond to translation of
CH3* in space (i.e. surface diffusion and desorption), and the
latter three degrees of freedom (a,b,g) correspond to rotation
about principal axes (i.e. libration, or frustrated tumbling, and

‘‘helicopter’’ rotation). The potential energy as a function of
these degrees of freedom, V(x,y,z,a,b,g), was calculated at a total
of 9930 (x,y,z,a,b,g) configurations of CH3* on the rhombus-
shaped surface of the unit cell volume. The z values ranged
from 0.75 Å below the optimal z value of CH3* to 2.5 Å above
the optimal z value, which was 1.62 Å in the fcc position. The
boundaries on the a, b, and g angles were [�p,p], [�p/2,p/2],
and [�p,p], respectively.

The generation of these training data consisted of multiple
steps. First, the selection of training data was intentionally
biased towards the fcc and hcc minima. This set included both
minima, as well as 84 displacements required to calculate
the rigid Hessian matrix at each minimum for a total of
168 displacements. Second, multivariate normal (MVN) distribu-
tions centered at each minimum were obtained using the
corresponding inverse-Hessian matrices as covariance matrices.
This scheme, which prioritizes the minima and distributions
around them, was intended to ensure ample sampling in the
low-energy region, which is the highest Boltzmann weight area.
The distribution centered at the fcc minimum included 2891
geometries, and the hcp distribution included 2833 geometries.
In order to properly capture a relatively dense sampling at the
lowest energies, scaled MVN distributions were included as well.
A total of 1000 geometries were generated from scaled covariance
matrices and added to the training data: 500 each for fcc and
hcp, both with MVN 1% scaling. To ensure that a sufficient
number of repulsive configurations were included in the surro-
gate model, 3036 geometries were distributed over the whole
constrained volume, 2024 of them being generated according
to a 6-dimensional Sobol sequence, and the remaining 1012
generated randomly. Finally, we removed all geometries with
z 4 3.0 Å, leading to a total number of N = 8861 training points.

In theory, some of the training data could be degenerate,
owing to the three-fold symmetry of methyl, and this degen-
eracy could be utilized in the generation of training data. In the
present work, however, external symmetry was not considered.
ADTHERM and the MPNN procedure are designed for arbitrary
adsorbates, irrespective of symmetry. Future versions of the
software may utilize symmetry.

2.3 Surrogate potential energy surface

We denote the input feature vector as x = (x,y,z,a,b,g). Given a
set of training input configurations and their corresponding
energy evaluations {x( j),V(x( j))} for j = 1,. . .,N, we approximate
V(x) as a neural network of a special form that preserves the
minima information. Specifically, we employ the minima-
preserving NN (MPNN) surrogate form described in ref. 16, 17
and implemented in a python-based library.31 The MPNN
surrogate is a weighted linear combination of multiple surro-
gates of form

VMPNNðxÞ ¼ Vðx0Þ þ
1

2
ðx� x0ÞTHðx0Þðx� x0ÞeNNðx�x0Þ; (1)

where the NN serves as a multiplicative correction factor to a
quadratic approximation, each ‘anchored’ at a minimum x0

with a given known Hessian H(x0). Notably, the form in eqn (1)
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preserves the minima location x0 of the underlying potential
energy surface.

We trained the NN function NN(�) within the PyTorch frame-
work, after transforming the input-output training data according
to eqn (1). The neural network surrogate was trained using a
standard multilayer perceptron architecture, with 3 hidden layers,
111 neurons in each layer, and sigmoid activation functions. The
training employed the Adam optimization method, with 5000
epochs, batch size of 2000 and a learning rate of 0.01. We also
separated 10% of the training data as a validation set to check the
overall minimization objective during training, and selected the
NN with the smallest validation error as the final result.

2.4 Importance sampling

In order to compute the thermodynamic quantities, phase
space integration needs to evaluate the following integrals:

I0 ¼
ðp
�p

ðp=2
�p=2

ðp
�p

ðz2
z1

ðy2
y1

ðx2
x1

e�VðxÞ=ðkBTÞsinb dx (2)

I1 ¼
ðp
�p

ðp=2
�p=2

ðp
�p

ðz2
z1

ðy2
y1

ðx2
x1

VðxÞe�VðxÞ=ðkBTÞsinbdx (3)

I2 ¼
ðp
�p

ðp=2
�p=2

ðp
�p

ðz2
z1

ðy2
y1

ðx2
x1

VðxÞ2e�VðxÞ=ðkBTÞsinb dx: (4)

As detailed in ref. 16 the entropy is proportional to the
logarithm of I0 and to the ratio I1/I0, the latter being related to
the enthalpy increment, while the ratio I2/I0 is required for the
heat capacity. Note that all the integrals are of the form

If ¼
ðp
�p

ðp=2
�p=2

ðp
�p

ðz2
z1

ðy2
y1

ðx2
x1

f ðxÞe�VðxÞ=ðkBTÞdx; (5)

where the prefactor function f (x) is equal to sinb, V(x)sin b, and
V(x)2sin b, respectively. In ref. 16 and 17 we computed these
integrals via conventional Monte Carlo integration:

If � IMC
f ¼

XM
m¼1

f ðxmÞe�VðxmÞ=ðkBTÞ; (6)

with the integration sample set {xm}M
m=1 drawn randomly inside

the integration domain O.
In this work we consider an alternative approach to conven-

tional MC that is more efficient, i.e. achieves higher accuracy of
integration with fewer integrand evaluations. Namely, we use
an importance sampling integration scheme where the integral
in eqn (5) is computed via weighted summation as

If � I ISf ¼
XM
m¼1

f ðxmÞ
e�VðxmÞ=ðkBTÞ

pðxmÞ
: (7)

Unlike conventional MC from eqn (6), here the integration
sample set {xm}M

m=1 is sampled according to a pre-defined prob-
ability density function (PDF) p(x).32 The efficiency of the impor-
tance sampling estimator, eqn (7), depends on a choice of the
PDF p(x), which ideally should be as close to e�V(xm)/(kBT) as
possible, up to a constant factor. For example, in an idealized

scenario where p(x) coincides with e�V(x)/(kBT), the integration
scheme becomes a simple averaging of the function f (x).

However, sampling from p(x) B e�V(x)/(kBT) is challenging,
hence we rely on Gaussian mixtures as p(x) to enable sampling
while sharing minima and curvature information with e�V(x)/

(kBT). Indeed, the shape of the potential surface (or its MPNN
surrogate) V(xm) is dominated by the quadratic approximation
anchored at each of the minima locations, hence an efficient
p(x) choice is a Gaussian (in case of one minimum) or a
Gaussian mixture model (GMM, in case of multiple minima),
truncated to the domain O = [�p,p] � [�p/2,p/2] � [�p,p] �
[z1,z2] � [y1,y2] � [x1,x2]. We refer to such truncated Gaussian
mixture model integration scheme as GMMT.

2.5 Direct state counting

Direct state counting of the six external degrees of freedom
(x,y,z,a,b,g) for the motion of CH3* relative to the nickel surface
were used to obtain a reference set of thermodynamic functions
using a discrete variable representation (DVR) method. Dense
eigensolves were carried out using the open-source DVR
package33 that implements the universal DVR approach origin-
ally proposed by Colbert and Miller.34 In order to attain
sufficiently converged densities of states for all degrees of
freedom, separate treatment of some degrees of freedom was
required, as was done previously.16,17 The direct count of
eigenstates from 2D scans of x, y translation along the surface,
as well as 1D translation away from the surface in z, was solved
via DVR basis functions that corresponded to Cartesian basis
functions in these coordinates. The CH3* x, y surface was
calculated on a rectangular grid of 238 � 185 grid points
spanning 2.786 Å in x and 2.413 Å in y by using the surrogate.
The z, a, b, and g coordinates were relaxed on the x, y surface.
The libration of the adsorbate was also treated using DVR, with
each rotational degree of freedom examined separately while
the other degrees of freedom were relaxed, as was done
previously.17 The product of the resulting xy, a, b, g, and z
states was used via state counting to compute the relevant
contributions to the desired quantum mechanical thermody-
namic functions.35

3 Results and discussion
3.1 MPNN surrogate construction

Fig. 1 demonstrates the quality of the approximation of the
exponential e�V(x)/kT resulting from the surrogate approximation
V(x) E Vs(x), for varying values of temperature T. We reported
relative root-mean-squared error (rRMSE) for the full training
set, defined as

rRMSE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
j¼1

h Vs xð jÞ
� �� �

� h V xð jÞ
� �� �� �2

PN
j¼1

h V xð jÞð Þð Þ2

vuuuuuut ; (8)

where the functional h(�) is defined as h(V) = e�V/kT. One objective
of the current work is to establish how much training data is

PCCP Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

2 
M

ay
 2

02
4.

 D
ow

nl
oa

de
d 

on
 4

/2
/2

02
6 

8:
10

:0
0 

PM
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n 
3.

0 
U

np
or

te
d 

L
ic

en
ce

.
View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d4cp01197j


17268 |  Phys. Chem. Chem. Phys., 2024, 26, 17265–17273 This journal is © the Owner Societies 2024

required to converge the desired thermophysical properties.
Given the total number of samples in the training data, 8861,
we randomly set aside 861 of them to compute the rRMSE as
defined in eqn (8). For a convergence study, we randomly
subsample from the rest, consecutively halving the number of
training samples: i.e., we repeat the MPNN construction with
N = 8000, 4000, 2000, 1000, 500, 250, 125 while keeping the
number of testing points, 861 the same. Fig. 2 reports the results
of this convergence study, using 40 replica computations (i.e. the
above subsampling is done using 40 different random seeds),
and reporting the median results. Note that we report the rRMSE
of the functional e�V(x)/kT for various values of T.

These results suggest that 8000 training samples are suffi-
cient to converge the partition function to within �5% over a
useful range of temperatures (indeed, in many cases fewer
samples would likely be entirely adequate).

3.2 Integration via GMMT importance sampling

The GMMT importance sampling weight PDF is a truncated
Gaussian mixture model and has the form:

pðxÞ ¼
PK
k¼1

wkpkðxÞ if x 2 O

0 otherwise

8><>: (9)

where each PDF pk(x) of the mixture model is a truncated
Gaussian

pkðxÞ ¼
epkðxÞ=Zk if x 2 O

0 otherwise

(
(10)

where:

epkðxÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pjCkj

p e�
1
2
ðx�lkÞTCk

�1ðx�lkÞ (11)

The GMM weights wk ’s are selected according to

wk ¼
vkPK

k¼1
vk

and vk ¼ f ðlkÞe�VðlkÞ=kBT
ffiffiffiffiffiffiffiffiffi
jCkj

p
(12)

This approach ensures
PK
k¼1

wk ¼ 1 and that the weight func-

tion p(x) has consistent weighting of mixture elements with the
underlying integrand e�V(x)/kBT. The extra volume factor Zk ¼

Ð
O epkðxÞdx captures the truncation effect and is analytically

available.36 We select the mean lk that matches the k-th
minimum location and covariance which is a factor away from
the corresponding inverse Hessian Ck = rkBTHk

�1(x).
The latter expression ensures that the behavior of the weight

function p(x) mimics that of the integrand e�V(x)/kBT. The
selection of this factor r has an impact on the effectiveness of
importance sampling. If r is selected to be very small, then the
weight function will become a mixture of narrow Gaussians.
These narrow Gaussians will force all samples to be taken from
smaller neighborhoods near the minima, missing out on poten-
tially significant points further away from minima. The result
would be that the integration will converge more quickly, but to
a biased value. Conversely, if r is chosen to be very large, then
the weight function will be closer to a uniform distribution, so
the integration would perform similarly to MC integration. To
determine the best value of r for this system, the convergence of
I0 was tested with different covariance factors and across a
variety of temperatures. The results are plotted in Fig. 3 below:

As seen for all three temperatures in Fig. 3, for low values
of r, the integral I0 converges quickly but to the wrong
value, whereas for high values of r, the integral converges to
the correct value, but the convergence is slow and unstable. The
intermediate value of r = 64 strikes a balance between the rate

Fig. 1 Parity plot demonstrating the surrogate quality across temperatures for the exponential functional e�V(x)/kT.

Fig. 2 Relative RMSE error of the integrand e�V(x)/kT for gradually increas-
ing training sizes.
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of convergence and stability, and was used in all subsequent
integration.

3.3 Comparison with Monte Carlo integration and
convergence of GMMT

Whereas our prior work relied on conventional MC sampling,
importance sampling should offer improved performance both in
terms of sampling efficiency and in terms of convergence. Conven-
tional MC integration runs the risk of underestimating the integrals
in low-temperature regimes, particularly for a low number of
integration samples, since the integrands have sharp peaks, and
MC samples do not resolve these peaks sufficiently well.

Fig. 4 compares the two methods directly at three different
temperatures (columns) for each of the three integrals (rows). In
lieu of the exact value, we report the relative error with respect to

the highest, M = 107 solution, i.e. eðMÞ ¼ jI0ðMÞ � I0ð107Þj
I0ð107Þ

. The

GMMT results at M = 107 were used in both cases as the reference.

As can be seen, the GMMT results converge more quickly. For
example, a relative convergence to within 10% at 300 K requires
approximately M = 5 � 105 samples using GMMT, but MC
requires nearly two orders of magnitude more samples to obtain
the same convergence. Higher temperatures require fewer sam-
ples in both cases. Overall, the GMMT estimator is more robust,
and it possesses both reduced bias and variance compared to MC
integration.

Fig. 4 further demonstrates the convergence of GMMT inte-
gration as the number of training samples, M, increases, for the
three integrals needed to compute the thermophysical proper-
ties. Given that the surrogate PES required nearly 9000 samples,
we can conclude that performing the phase space integration
with a direct DFT approach, particularly one that uses fewer
single-point calculations, would have resulted in a relative error
E25% at 300 K for all three integrals. Accordingly, we do not
recommend direct DFT sampling for the evaluation of phase
space integrals, even when a well-tuned importance sampling
procedure is used.

3.4 CH3/Ni(111) thermophysical properties

The Monte Carlo amd GMMT configuration space integration
(both using the MPNN surrogate PES) were performed at
21 evenly spaced temperature values between 290–1030 K.
The results of the two PSI methods are shown in Fig. 5. The
conventional MC sampling are the solid red line, and the
GMMT approach are the blue triangles. The benchmark DVR
results are the black stars. Also included in Fig. 5 are the
common analytical models for the two limiting cases, harmonic
oscillator (black dash-dot line) and free translator (cyan dashed
line), as well as the hindered translator and hindered transla-
tor/rotor models of Sprowl et al.4 (yellow and magenta dotted
lines, respectively). In order to allow direct comparison, the
free-translator model is confined to the same unit cell area as
the PSI model. Both the MC and GMMT PSI models are in
excellent agreement with the DVR results.

A useful measure of the anharmonicity is the ratio of the PSI
(or DVR) partition function to the harmonic oscillator partition
function, or the anharmonic correction factor, f PSI = qPSI/qHO.
For CH3/Ni(111), the anharmonic correction factor increases
from a nominal value of f PSI E 1 at 300 K to f PSIE6 at 1000 K.
The DVR results are quantitatively similar, apart from a con-
stant offset of f DVR E f PSI + 0.5 (see ESI† for details). As detailed
below, this offset does not translate to a meaningful difference
in thermophysical properties.

The Helmholtz free energy, F = �kBTln(q), entropy S/R;
enthalpy increment, [H(T)–H(0)]/RT; and isobaric heat capacity,
Cp/R, were derived from the partition function. In our
approach, the six transitional (‘‘external’’) degrees of freedom
(x,y,z,a,b,g) are assumed to be coupled and anharmonic, but
they are still separated from the 6 ‘‘internal’’ degrees of free-
dom of CH3* (i.e. those resulting in C–H stretches, HCH
bending modes, etc). Those degrees of freedom would be
treated the same in all the models represented in Fig. 5 (e.g.
as harmonic oscillators). Accordingly, only the contributions of
the six transitional degrees of freedom are represented in Fig. 6.

Fig. 3 Integral I0 as a function of the number of integration samples, M,
for different temperatures T and covariance factors r.

Fig. 4 Convergence of MC and GMMT integration results for T = 300, T =
600, and T = 900 as the number of samples increases. The line plots depict
the medians, and the corresponding color cloud indicates 25% and 75%
quantiles among 200 identical integrations.
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Notably, for all thermophysical properties, the PSI method is in
excellent agreement with the DVR benchmark.

Although confirming or validating the interesting saddle point
observed by Henkelman et al.18 was not the aim of this work, our
results are consistent with their observation that the motion of
methyl relative to the Ni(111) surface is indeed quite labile. This
high degree of mobility contributes significantly to the entropy of
the adsorbate, and the entropy of CH3* is considerably larger than
that predicted by the harmonic oscillator model.

The heat capacity shows a maximum value between 400 and
600 K for the PSI and state counting from DVR state solutions,
which is a consequence of anharmonic effects. Namely, the
harmonic oscillator eigenstates are an infinite equidistant set,
causing the heat capacity to rise monotonically with temperature
and approach asymptotically a fixed value of 1R for each degree of
freedom. However, for a finite set of bound states, such as those
encountered in a typical anharmonic oscillator, the function will
change depending on the density of states. In an anharmonic
oscillator, where there is initially a higher density of states in a
given region than predicted by the harmonic model, the result is
an initial increase in heat capacity exceeding the value predicted
by the harmonic oscillator model, but at higher temperatures the
attained value begins to decline and eventually approaches zero
when all bound eigenstates become equally saturated.35,37

The results in Fig. 6 only include the six degrees of freedom for
the motion of the adsorbate relative to the surface, since the phase
space integration approach does not consider the anharmonicity
of internal modes. Our current assumption is that those six
internal modes are still reasonably well described by the harmonic
oscillator model, at least for the temperatures considered relevant
for catalysis. The CH3* umbrella mode is arguably the most likely
to exhibit some degree of anharmonicity, but explicit considera-
tion of that mode is beyond the scope of this work.

It is useful to consider how analogous results would com-
pare for methyl adsorbed on different metals. Broadly speaking,
the weaker the binding energy (i.e. less negative), the greater the
contribution of anharmonicity to the total partition function.
If we compare the binding energy for CH3* on Ni(111) versus
Pt(111),38–40 we see methyl binds more strongly to Ni(111) than
to Pt(111) (by roughly �17 kJ mol�1 at 0 K). We would therefore
expect that CH3/Pt(111) would be slightly more anharmonic than
CH3/Ni(111) (e.g. CH3/Pt(111) would exhibit greater entropy at a
given temperature). As we move from Ni(111) and Pt(111) to
Cu(111) and Ag(111), the binding energy of CH3* progressively
weakens.41,42 We would expect, therefore, that f PSICH3Agð111Þ4

f PSICH3=Cuð111Þ4 f PSICH3=Ptð111Þ4 f PSICH3=Nið111Þ. We plan to test this

hypothesis in a subsequent manuscript.

3.5 Dissociative adsorption of methane on nickel

Finally, to give a broader context to the implications of these
results, we discuss the impact of anharmonicity on the equili-
brium constant for the dissociative adsorption of methane,
CH4(g) + 2* " CH3* + H*. Fig. 7 presents the equilibrium
constant, as computed from the partition functions:

K Tð Þ ¼
qCH�3qH

�

qCH4ðgÞ
e�DE0=RT (13)

The partition function for methane, qCH4(g), was computed
using the standard rigid-rotor harmonic-oscillator model; the
geometry optimization and normal mode analysis were per-
formed using CCSD(T)/cc-pVTZ, as detailed above. The parti-
tion function for adsorbed methyl, qCH�3 , was taken from the

results in the previous section. For the hydrogen adatom, qH� ,
we performed the geometry optimization and normal mode
analysis for H/Ni(111) using the same electronic structure
method as for CH3/Ni(111). However, we did not perform new

Fig. 5 The partition function per cell for CH3* adsorbed on Ni(111) at
290–1000 K, evaluated using Monte Carlo phase space integration (PSI) of
the MPNN surrogate PES, as well as importance sampling via GMMT. The
free translator (FT), the free translator and free rotor (FT + FR), the 6D
harmonic oscillator (HO), the hindered translator (HT), and discrete vari-
able representation (DVR) are plotted for reference.

Fig. 6 (a) Helmholtz free energy F, (b) entropy S/R, (c) enthalpy increment
(H(T) � H(0))/RT, and (d) heat capacity Cp/R, versus temperature for CH3/
Ni(111). All the plotted quantities are only for the transitional degrees of
freedom (that is, not including the 3N-6 internal vibrations).
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phase space integration results for H/Ni(111). Instead, as an
approximation, we scaled our new harmonic oscillator results,

qHO
H� , by the same anharmonic correction factor we obtained for

H/Cu(111), f PSI
H/Cu(111), in ref. 16 In ref. 16 the anharmonic

correction factor ranged from f PSI
H/Cu(111) E 2.5 at 300 K to

f PSI
H/Cu(111) E 3.5 at 1000 K, and the PSI results suggested that even

tightly bound H/Cu(111) has entropy that is closer to that of a free
translator than that of a harmonic oscillator.

The DE0 in eqn (13) is the difference in zero-point corrected
electronic energy between the adsorbates and the gas-phase
methane. Although the purpose of the present work is not to
provide the most accurate value for the equilibrium constant,
we would prefer, nonetheless, to do better than using
the raw DFT values from the binding energies. Instead,
we used experimentally derived enthalpies of formation at
DE0 ¼ DfH

0K
CH�3
þ DfH

0K
H� � DfH

0K
CH�4ðgÞ

. The enthalpy of for-

mation for methane, DfH
0K
CH4ðgÞ ¼ �66:55 kJmol�1, was taken

from the ATcT database.43,44 For the two adsorbed species, we
started with published enthalpies of formation at 298.15 K:
DfH

298K
H� = �46.5 kJ mol�1 and DfH

298K
CH3

� ¼ �71:2 kJmol�1, both

of which were obtained from calorimetery experiments by
Campbell and coworkers from ref. 45 and 40 respectively. These
values were then corrected from 298 K to 0 K using the DFT
frequencies, as described in ref. 39 The corrected results were
DfH

0K
H� ¼ �42:8 kJmol�1 and DfH

0K
CH3

� ¼ �63:8 kJmol�1, for a

final value of DE0 = �173.2 kJ mol�1.
Fig. 7b presents the concentration equilibrium constant:

Kc ¼
RT

Pref
K (14)

where Pref is the reference pressure, which is the standard state
pressure of 1 bar. In a typical microkinetic mechanism in which
mass action kinetics are assumed, the ratio of the adsorption
rate constant to the desorption rate constant is equal to Kc. The
dashed gray horizontal lines at unity help to demarcate visually
the temperature at which the equilibrium composition favors
the adsorbed state. The harmonic oscillator prediction falls
below 1.0 at a lower temperature (286 K and 350 K for K and Kc,
respectively) than the anharmonic prediction (302 K and 388 K
for K and Kc, respectively).

The results in Fig. 7 demonstrate that adsorbate anharmo-
nicity can have a quantifiable impact on reaction thermochem-
istry, even at lower temperatures. The phase space integration
results (solid red line) are larger than the harmonic oscillator
results (dash-dot black line) for all temperatures, which implies
that the increase in adsorbate entropy results in higher cov-
erages at equilibrium for a fixed temperature. If we consider the
ratio of the phase space integration result to the more conven-
tional harmonic oscillator model (i.e. normalize the solid
red line by the dash-dot black line in Fig. 7), this ratio is
equivalent to product of the anharmonic correction factors

for the adsorbates: KPSI=KHO ¼ fCH3
� fH� . Accordingly, the

impact of anharmonicity on the equilibrium constant increases
from approximately a factor of 3 at 300 K, to a factor of 8 at 600
K, and to a factor of 16 at 900 K. Although the spread between
the phase space integration results and the harmonic model
increases with increasing temperature, the PSI model still does
not reach the free translator limit (at least not at any tempera-
ture that would be of relevance for heterogeneous catalysis). It
is worth re-emphasizing that the two adsorbates in question,
CH3* and H* are typically thought of as tightly bound and thus
suitable candidates for the harmonic oscillator approximation,
yet the present work suggests that this approximation could
lead to an error of roughly an order of magnitude at industrially
relevant temperatures. We expect similar results to be true for
equilibrium constants for other adsorption reactions.

4 Conclusions

Importance sampling is explored as an alternative to ‘‘naı̈ve’’
Monte Carlo sampling in computing the phase space integrals
for adsorbates on metals. The new sampling procedure is
significantly more efficient than the conventional Monte Carlo
implementation. The thermophysical properties of CH3* on
Ni(111) are investigated. It was found that the motion of methyl
relative to the nickel terrace is anharmonic, despite the fact that
it is typically considered to be strongly bound. This improved
sampling procedure is now part of the open-source ADTHERM

package.46 The calculations were performed in the low-coverage
limit, but anharmonic, coverage-dependent partition functions
are underway.
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