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Footprints of atomic-scale features in plasmonic
nanoparticles as revealed by electron energy loss
spectroscopy†

Mattin Urbieta, *abc Marc Barbry,bc Peter Koval, d Alberto Rivacoba,c

Daniel Sánchez-Portal,bc Javier Aizpurua cef and Nerea Zabala *bce

We present a first-principles theoretical study of the atomistic footprints in the valence electron energy

loss spectroscopy (EELS) of nanometer-size metallic particles. Charge density maps of excited plasmons

and EEL spectra for specific electron paths through a nanoparticle (Na380 atom cluster) are modeled

using ab initio calculations within time-dependent density functional theory. Our findings unveil the

atomic-scale sensitivity of EELS within this low-energy spectral range. Whereas localized surface

plasmons (LSPs) are particularly sensitive to the atomistic structure of the surface probed by the electron

beam, confined bulk plasmons (CBPs) reveal quantum size effects within the nanoparticle’s volume.

Moreover, we prove that classical local dielectric theories mimicking the atomistic structure of the

nanoparticles reproduce the LSP trends observed in quantum calculations, but fall short in describing

the CBP behavior observed under different electron trajectories.

1 Introduction

Since the first observation of surface plasmons excited by
swift electrons,1 electron energy loss spectroscopy (EELS)2–5

in scanning transmission electron microscopy (STEM)6,7 has
played a crucial role in plasmonics, together with optical
spectroscopies.8,9 Technical progress in the performance of
electron microscopes in the last two decades10–12 has opened
new opportunities for the characterization of novel materials
and nanostructures7,13 with sub-nanometer resolution6,14

and sub-eV energy sensitivity.15 Nowadays state-of-the-art
STEM-EELS allows to perform vibrational spectroscopy with
nanometer resolution of phonons5,16–19 or to characterize
biomaterials with low energy beams reducing radiation

damage.5,20,21 Moreover, a tomography scheme based on elec-
tron microscopy has allowed 3D-imaging of localized surface
plasmons (LSPs)22 and 3D-mapping of the local density of
states of plasmonic nanostructures in the nanometer-scale with
extraordinary resolution.23

Valence-EELS has long been used in the characterization
of nanostructures, and in particular in the study of
plasmon resonances in metallic nanoparticles,24,25 together
with classical electrodynamics theories within local dielectric
frameworks to address the electron response in such confined
structures.26–29 Analytical expressions of the EEL probability for
spherical nanoparticles (NPs)30 and numerical approaches for
NPs of irregular shapes in complex environments31–33 have
allowed to successfully explain the measured spectra. Never-
theless, with the aforementioned technical advances of STEM-
EELS and the evolution of the NP nanofabrication techniques,
attention has turned towards more subtle effects associated
with the quantum nature of the electron gas.34–36 The impact of
such quantum effects becomes non-negligible when the size of
the NPs falls below 10 nm,37,38 or when the inter-particle
distance goes below the nanometer.39–42

Phenomenological and semiclassical theories have contrib-
uted to understanding specific quantum effects in LSP reso-
nances, such as electron confinement,43 electron spill-out
at the interfaces,44–48 non-local effects in the dielectric
response,49,50 modification of local environments36 due to the
presence of substrates, or activation of quantum tunneling
across sub-nanometer interparticle gaps.51,52 Most of these
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approaches rely on a spherical description of the NP’s geome-
try, and include additional terms in its characteristic dielectric
function, both in the local, e(o), or non-local, e(o,k), approx-
imations, but do not incorporate the specific atomistic struc-
ture of the NPs.

Ab initio atomistic methods within time-dependent density
functional theory (TDDFT) provide an appropriate quantum
framework to consider the aforementioned effects in a straight-
forward and complete manner, including the role of the
atomistic structure of the NP in their interaction with external
probes. In this work, we present an original real-space imple-
mentation of valence-EELS of isolated NPs53 or nano-clusters,
which uses an algorithm based on an efficient iterative
scheme54 implemented into a TDDFT code built on top of the
SIESTA package.55,56 This algorithm has been successfully used
to describe the optical response of large metallic clusters,57

with up to several thousands of atoms,58 with moderate com-
putational resources. Albeit several recent atomistic ab initio
studies have addressed the plasmonic response of small
metallic NPs excited with light,59,60 demonstrating the sub-
nanometric field localization around atomic protrusions,61,62

so far the influence of such atomic-scale features on the
plasmonic response of small metallic NPs excited by electron
beams has remained unexplored.

In this work, we study the impact of the atomistic structure
of the NPs on their EEL spectra by considering as a canonical
example a nanocluster composed of 380 Na atoms, forming a
nanoparticle of icosahedral shape, as displayed in Fig. 1. This
size (radius around aB 2 nm) bridges the fields of cluster
physics and mesoscopic nanoparticle science.63 We explore the
potential sensitivity of valence-EELS to the specific orientation
of the electron beam with respect to the NP, i.e. to its non-
sphericity, by considering three representative trajectories
crossing the center of the particle and penetrating it through
a vertex, an edge, or a facet. Afterwards, we perform a systema-
tic study of the sensitivity of EELS to atomic-scale features as a
function of the electron impact parameter, both for penetrating
and external trajectories. In order to assess the influence of the
atomistic structure on the EEL spectra, we compare our TDDFT
results with a local classical dielectric description for three
different NP geometries, each mimicking the shape of the atom
cluster at a different level.

Although the present study is focused on a Na nanocluster,
which directly shows the collective effect of sp electrons in the
plasmon excitations, this methodology may be extended to NPs
made of other metals, such as Au or Ag which, incorporate the
effect of more localized d electrons in their response.53,57

2 Methods

The energy loss spectra in valence-EELS are described theore-
tically by the EEL probability, which may be calculated assum-
ing different approaches to address the probe-target
interaction.26,28,29,64,65 The energy lost by a swift electron mov-
ing with constant velocity v and impact parameter b along

trajectory re(t) = v�t + b passing nearby or through a NP is
calculated, neglecting recoil effects, by the work done by the
force exerted by the induced electric field Eind acting back on
the electron as:

W ¼ e

ð
dt v � Eind½reðtÞ; t� ¼

ð1
0

do �h oGEELSðoÞ: (1)

Then h�o is the energy transferred to the sample, with h� the
reduced Planck constant, and the EEL probability can be
calculated from:

GEELSðoÞ ¼
1

p�ho

ð
dt Re e�iotv � Eind½reðtÞ;o�

� �
; (2)

which is the magnitude comparable to the experimentally
measured energy loss spectrum. Notice that we use atomic
units (h� = e = me = 1) throughout this paper.

In this work we discard the spatial width of the beam, i.e., we
consider a classical point-like beam, even if the quantum
nature of the target sample is taken into account. Ritchie and
Howie66 studied the quantum nature of the electron beam and
concluded that the quantum-mechanical description of EELS
yields the same results as a semiclassical formalism if all the
inelastic electron signal is collected. The velocity and wave-
length associated with the electrons in the beam in STEM-EELS
depend on the acceleration potential,4 which we consider to be
100 kV in all the calculations presented in this work. Moreover,
we use the quasi-static approximation to describe the inter-
action between probing electrons and NP, which is proved to
work for the small size of the NPs considered in this work, of
width below 4 nm.

Fig. 1 Scheme of a Na380 nanoparticle and electron beams, crossing
through and passing by the NP, at impact parameter b, defined with
respect to the trajectory crossing the center of the NP. Atoms forming
atomistic features such as a vertex (red), edge (green), and facet (blue) are
highlighted among generic Na atoms displayed in purple.
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2.1 Atomistic ab initio TDDFT calculations

The quantum nature of the target, a NP formed by 380 Na
atoms (see Fig. 1), is considered using an atomistic ab initio
framework within TDDFT. The electron energy loss probability
of the external electron probe due to the interaction with the NP
is calculated in a similar way to that used to describe its optical
response in former studies, ref. 53, 57, 61 and 62.

We choose specifically Na380 for our study because it is
the largest cluster size for which the global minimum icosahe-
dral symmetry (as described using an effective Murrell–
Mottram potential67) is available.68 This structure69 is further
relaxed using density functional theory (DFT), as implemented
in the SIESTA code,55,56 within the generalized gradient
approximation (GGA), and using the Perdew–Burke–Ernzerhof
functional.70

In order to account for the electron energy loss due to the
electronic transitions induced in the target, we use perturba-
tion theory. In this context, the perturbation due to the
electron beam is approximated by the external potential
dVext(r,t) = |re(t) � r|�1 and the energy loss probability is related
to the induced charge density change dn(r,t):

GEELSðoÞ ¼ �
1

p
Im

ð
drdV�extðr;oÞdnðr;oÞ; (3)

where dVext(r,o) and dn(r,o) are the Fourier transforms of the
external potential and the induced density change respectively.
The latter can be computed using different approaches and ab
initio models of the target structure.71,72 In this work, we use
TDDFT within the linear-response approximation73 and
with semi-local functionals.74,75 More specifically, we use a
recently developed implementation of EELS calculations within
ab initio atomistic frameworks, based on an efficient iterative
algorithm54 to solve the linear response equations by exploiting
the locality of a linear combination of atomic orbitals
(LCAO)53,76 basis set, as used to expand the Kohn–Sham (KS)
orbitals within the SIESTA program.55,56,77 The description of
the electron energy loss calculation within this iterative TDDFT
formalism, including the algorithms for efficient implementa-
tion in large systems is briefly explained in the following lines,
and in more detail in a recent reference by some of the
authors.53,58,78 The algorithms to compute the electronic
response described here have been implemented in a a freely-
distributed Python code (PySCF-NAO53) interfaced with SIESTA
and other ab initio codes that use LCAO basis sets.

The basic quantity of the TDDFT calculation is the interact-
ing density response function, w(r,r0,o), which is a kernel of an
integral operator delivering dn(r,o) in response to the external
perturbation as:

dnðr;oÞ ¼
ð
wðr; r0;oÞdVextðr0;oÞdr0; (4)

The interacting response function is in turn related to the
non-interacting response function w0(r,r0,o) through the

following equation:

wðr; r0;oÞ ¼ w0ðr; r0;oÞ

þ
ð
w0ðr; r00;oÞKðr00; r000Þwðr000; r0;oÞdr00dr000; (5)

where K(r,r0) is the TDDFT interaction kernel, which is com-
monly separated into the Hartree and exchange–correlation
kernels:

Kðr; r0Þ ¼ 1

jr� r0j þ Kxcðr; r0Þ: (6)

In this work, we use the local density approximation (LDA)
kernel for the TDDFT calculations. The non-interacting
response, which is often written in terms of products of KS
eigenstates, Cn(r)Cm(r), is recast using the LCAO method. The
KS orbitals are expanded in terms of numerical atomic orbitals
(NAOs)56,79 as:

cnðrÞ ¼
X
a

Xn
a f

aðr� RaÞ; (7)

where the expansion coefficients Xn
a are determined by self-

consistently solving the KS equations, while fa(r) is a set of
atomic orbitals, usually centered on atomic nuclei at positions
Ra. Thus, the product of KS eigenstates gives rise to products of
atomic orbitals. The basis set of atomic orbitals is normally too
restricted to represent all the products of NAOs, making
necessary other (auxiliary) basis sets to expand these products.
Thus, one can introduce an auxiliary product basis, {Fm(r)},
which is adequate to expand the products of NAOs. In parti-
cular, we use the so-called product vertex ansatz:

fa(r) f b(r) = Vab
m Fm(r), (8)

where Vab
m are the product vertex coefficients. Here and later in

this paper, we use Einsteins summation convention over
repeated indices on the right-hand side of an equation. The
details of the construction of the product basis set used in this
method are described by Koval et al.53 Here we just mention
that, similar to the original NAOs, the auxiliary basis functions
are also centered in the atomic nuclei. By expanding the
induced density dn(r,o) in this basis set,

dn(r,o) = dnm(o)Fm(r), (9)

the coefficients are obtained from linear response theory as:

dnm(o) = w0
mn(o)dVneff(o), (10)

where w0
mn are the coefficients of the expansion of the non-

interacting response function:

w0(r,r0,o) = Fm(r)w0
mn(o)Fn(r0), (11)

dVneff(o) are the solutions of the matrix equations:

dVm
extðoÞ ¼ dmn � Kmm0w0m0nðoÞ

h i
dVn

effðoÞ; (12)
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and dVnext(o) are the Fourier transforms of

dVn
extðtÞ ¼

ð
FmðrÞ

r� R
m
elecðtÞ

�� ��dr: (13)

In this equation Rm
elec(t) = b + vt� Rm, and Rm are the positions

of the atomic nuclei, and the centers of the {Fm(r)} functions.
The components of the exchange interaction kernel appearing
in eqn (12) are given by:

Kmn
H ¼

ð
FmðrÞFnðrÞ
jr� r0j drdr0 (14)

Kmn
xc ¼

ð
FmðrÞKxcðr; r0ÞFnðr0Þdrdr0: (15)

By using the Laplace expansion of eqn (13) in spherical
harmonics,80 and after some algebra,58 the external potential
perturbation dVnext(t) and its Fourier transformed dVnext(o) are
calculated. Finally, with the expansion coefficients of the
induced density obtained by iteratively solving the system of
linear equations in eqn (12), the electron energy loss probability
is calculated from the scalar product:

GEELSðoÞ ¼ �
1

p
Im½dVm�

extðoÞdnmðoÞ�: (16)

2.2 Classical dielectric description

Within the classical dielectric theory, in the local approxi-
mation, the target is described as a continuous medium with
a frequency-dependent dielectric response function e(o). In this
description, the total energy loss probability, for general trajec-
tories penetrating the particle, is obtained as the sum of two
contributions:

GEELS(o) = Gboundary(o) + Gbulk(o), (17)

where Gbulk(o) is the bulk loss probability due to the electron
probe moving inside an unbounded lossy medium and
Gboundary(o) describes the effects of the boundaries. The latter
includes the excitation of LSPs, but also a correction to the bulk
losses due to the presence of the boundaries, the so-called
begrenzung term. In the non-retarded approximation the bulk
term is proportional to the loss function Im[�1/e(o)] and the
propagation length L inside the medium29,81:

GbulkðoÞ ¼
2L

pv2
Im � 1

eðoÞ

� �
ln

qcv

o

� �
(18)

where qc is a cutoff for collected momentum transfers.29 The
maximum contribution of this term to the EEL spectrum
corresponds to the bulk plasmon (BP) energy of the material
where the electron is moving, i.e., to the plasma frequency op.
In bounded media, the bulk term contributes only along the
electron path inside the target and has no contribution for
external trajectories.

The first term Gboundary(o) in eqn (17) is due to the collective
excitations of the electron gas at the surface, LSPs, and its
dependence on the electron impact parameter is calculated by

solving Maxwell’s equations with the appropriate boundary
conditions at the interfaces separating different media. For
spherical particles, this contribution is given by analytical
expressions widely used in the literature, which describe the
superposition of multipolar plasmon modes.30,82 Nevertheless,
in order to describe more precisely the shape of real NPs,
numerical methods must be considered to calculate the
induced electric field and evaluate eqn (2). In this work we
use the BEM (boundary element method), as implemented in
the MNPBEM Matlab toolbox,32 which only requires the dis-
cretization of the boundary surfaces, instead of the whole
volume of the different dielectric media.

For the small size of the NP considered in the present study,
which is below the intrinsic mean free path of conduction
electrons in bulk metals, surface scattering has to be consid-
ered. We assume this effect, which leads to a reduced effective
mean free path Leff, by including a correction to the damping
factor in the free electron model (Drude model) of the bulk
metal, following the prescriptions in the literature.83 When the
specular reflection of electrons at the boundaries is assumed,
as in the so-called Billiard model,84 the effective mean free path
is given by Leff = 4V/A, where V and A are the volume and area of
the particle, respectively.85 Therefore, we adopt the Drude
model of the dielectric function given by:

eðoÞ ¼ e1 �
op

2

o2 þ io gd þ
vF

Leff

	 
; (19)

where eN is the background permittivity, op is the plasma
frequency, vF the Fermi velocity and gd the intrinsic damping.
For the Na clusters considered in this study we have assumed
eN = 1, op = 5.9 eV, vF = 1.07 � 106 m s�1 and gd = 27.6 meV.86

3 Results and discussion

We explore theoretically within TDDFT the sensitivity of
valence-EELS to the specific atomistic structure of a NP, by
addressing the energy loss spectrum of a sodium nanocluster
composed of 380 atoms probed by 100 keV electrons.

First, we select three representative trajectories, all of them
crossing the center of the NP, but penetrating it through (i) a
vertex, (ii) an edge, and (iii) a facet, as represented in Fig. 2(a);
afterwards we vary the electron impact parameter.

In order to conduct the interpretation of the results, and to
separate effects derived from electron quantum behavior and
those related to the atomistic shape of the cluster, we perform
additional calculations within a classical local dielectric frame-
work and using the MNPBEM.32 In these calculations, we
consider similar configurations of a NP with abrupt interfaces:
(i) a regular icosahedron resembling the atomistic structure of
the nanocluster (with smoothened edges and vertices as in ref.
62); (ii) a smoothened icosahedral NP mimicking the shape of
the electronic cloud in the atom cluster, which would capture
rounding effects derived from the atomistic geometry [see
Fig. S1 in the ESI† and insets in Fig. 3(a and b)]; and (iii) a
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perfectly spherical NP (radius a = 1.85 nm), as a benchmark of
the NP shape commonly used in the literature.

Although the kinetic energy of the electron beam (100 keV)
used in our calculations corresponds to v/c B 0.55, where c is
the speed of light, we have checked that relativistic effects are
negligible for the size of the NP (opa/c B 0.05) and impact
parameters involved in this work (see Fig. S2 in the ESI†).
Indeed, a thorough study on relativistic effects on EELS
in spherical NPs demonstrated in ref. 87 that for small NPs
(opa/c o 0.2) relativistic effects have no influence on the
spectra in a range of velocities v/c = 0.3–0.9.

3.1 Atomistic ab initio EEL spectra

First, we analyze the EEL spectra of the Na380 nanocluster
calculated within TDDFT, as described in the previous section,
for three electron trajectories crossing the center of the NP
[Fig. 2(b)], but from different penetrating points: through a
vertex, an edge and a facet, as depicted in Fig. 2(a). Notice that
for an equivalent NP with perfect icosahedral symmetry, these
trajectories would correspond to three different symmetry axes
of the icosahedron (5-fold, 2-fold, and 3-fold, respectively). For

simplicity, from here on we will refer to these trajectories as
‘‘vertex’’, ‘‘edge’’ and ‘‘facet’’.

Depending on the trajectory, different peaks emerge in the
EEL spectra [Fig. 2(b)], due to the excitation of localized surface
plasmons (LSPs): a peak at energy o = 3.4 eV dominates for the
vertex trajectory (red line); the trajectory through the edge
(green line) shows two peaks at o = 3.45 eV and o = 4.1 eV,
the latter more intense; and a peak at o = 4.05 eV and a
shoulder at lower energy are observed for the facet trajectory
(blue line). Moreover, a main excitation at o = 6.35 eV and some
shoulders at lower and higher energies are observed for all
three trajectories (with some slight differences in intensity),
which we attribute to the excitation of confined bulk plasmons
(CBPs), as we will describe later on.

To get further insight into the footprints of atomic-scale
features in these EEL spectra, we explore in Fig. 2(c–h) the
nature of the identified plasmon excitations by plotting the
imaginary part of the associated induced charge density dis-
tributions at the nanocluster surface (isosurfaces). The isosur-
face corresponding to the lowest energy LSP at o = 3.4 eV,
excited for the vertex electron trajectory, shows a quadrupolar

Fig. 2 (a) Three electron beam trajectories with kinetic energy Ek = 100 keV crossing the center of a Na380 nanocluster, but penetrating it through
different icosahedron symmetry axes, with the entry points marked by white crosses (top view) and straight lines (side view): 5-fold, through two
opposing vertices (red); 2-fold, through two opposing edges (green); and 3-fold, through two opposing facets (blue). (b) EEL spectra for the three
electron trajectories through a Na380 nanocluster as calculated within TDDFT. (c)–(h) Isosurfaces of the imaginary part of the induced charge density for
the main excitations observed for each electron trajectory in the EEL spectra.
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pattern [Fig. 2(c)], in which the phase of the induced charge
density is the same at the entry and exit points of the electron
trajectory, similar to what is observed in small spherical NPs [to
be observed later in Fig. 3(c)]. Nevertheless, compared to the
quadrupolar plasmon (QP) excited in spherical NPs, the charge
density distributions for the nanoclusters in Fig. 2(c) preserve
the crystallographic shape of the underlying atomistic struc-
ture. Notice the strong charge localization around the vertices
and a characteristic five-pointed star-like charge distribution
around the electron path, directly related to the 5-fold symme-
try of the NP with probed by the vertex electron trajectory. Such
strong localization of the charge at the vertices is better
visualized in Fig. S3 of the ESI,† where we show the induced
charge density plotted at a continuous surface surrounding the
atom cluster, i.e., at the surface defining the smooth icosahe-
dron used in the BEM calculations (see Methods).

The induced charge density distributions in Fig. 2(d) corres-
ponding to the LSP excited for the edge trajectory (o = 4.1 eV,
green) show a 2-fold symmetry pattern imposed by this
trajectory orientation, with strong charge localization at the
vertices and rhomboid-like patterns in the surface around the
electron path.

For the facet trajectory (o = 4.05 eV, blue) the charge density
distribution in Fig. 2(e) is ruled by the 3-fold symmetry of the
electron trajectory, showing a triangular-like pattern. Notice the
difference with the distribution observed for the edge trajectory
[Fig. 2(d)], although the peaks observed in the EEL spectra
[Fig. 2(b)] are close in energy, meaning that different LSP

modes (or sets of LSP modes) are excited for each trajectory.
Nevertheless, for both trajectories, there is a charge accumula-
tion at the vertices, characteristic of corner-like plasmonic
excitations (also referred to as vertex-like in the literature).88

In contrast, the surface charge density distributions of
the CBPs excited at o = 6.35 eV for all the three trajectories
[Fig. 2(f–h)] do not show such strong dependence on the
orientation of the electron trajectory with respect to the NP.
In fact, due to the nature of the CBPs, i.e., electron collective
oscillations localized in the volume of the NP, these oscillations
mainly depend on the size of the nanoparticle, rather than on
the atomistic morphology of the surface.

3.2 Local classical description of atomic-scale features

As illustrated in Fig. 2(b), the crystallographic structure of the
nanoclusters breaks the spherical symmetry commonly
assumed for NPs in EELS analysis, resulting in different spectra
for different beam penetration points, thus lifting the plasmon
energy degeneracy with respect to the multipolar modes of a
spherical NP and giving rise to plasmon energy shifts89 and
splittings.88

We compare the results of the atomistic study with those
from classical dielectric theory calculations within the BEM,
considering NPs of continuous abrupt boundaries mimicking
the crystallographic surface structure of the Na380 nanocluster
considered above. The dependence of the calculated EEL
spectra on the NP’s geometry and orientation of the beam
trajectory is explored in Fig. 3, where results obtained within

Fig. 3 (a) EEL spectra for a Na nanoparticle with smooth icosahedral shape and (b) regular icosahedral shape calculated within BEM for three different
trajectories crossing each NP through two opposing vertices (red), through two opposing edges (green), and through two opposing facets (blue). The EEL
spectrum for a spherical NP is plotted in black in each figure, and the shape of each NP is plotted in the inset. The kinetic energy of the electron beam
is Ek = 100 keV for all trajectories. Plots of the imaginary part of the induced charge density plots representing the LSP modes, highlighted with squares in
Fig. 2(a) and with diamonds in Fig. 2(b), as calculated with BEM for (c) a spherical Na NP of radius a = 1.85 nm, (d) for a smooth icosahedral NP and (e) for a
regular icosahedral NP.
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a local dielectric approach for two model NPs, of regular
icosahedron and smooth icosahedron shapes, are presented
for direct comparison with the TDDFT spectra of the nanoclus-
ter. This comparison aims to reveal the accuracy and the
intrinsic limitations of classical local dielectric theories com-
monly used in the literature. In Fig. 3(a and b) the spectra for
the two selected model NPs (see insets) are displayed together
with the energy loss spectrum for a spherical NP of similar size
(a = 1.85 nm), given as a benchmark. More details of the
numerical BEM and the dielectric approach used are contained
in the Methods section and Section S1 of the ESI.†

The spectra for the irregular smoothened icosahedron NP
are plotted in Fig. 3(a) for the same trajectories (vertex, edge,
and facet) considered in the TDDFT calculations. Notice that
the LSP peaks are shifted with respect to the QP peak at o =
3.8 eV of the spherical NP used for reference (black line): to the
red (o = 3.6 eV, red line) for the vertex electron trajectory,
and to the blue for the edge (o = 4.0 eV, green line) and facet
(o = 4.1 eV, blue line) trajectories. Moreover, there is a peak at
o = 5.9 eV in all the spectra, at the energy of bulk plasmon (BP)
in Na. Direct comparison with Fig. 2(b) demonstrates that these
spectra closely match those obtained within TDDFT, reprodu-
cing correctly the same plasmon shifts with respect to the QP
mode of the spherical NP. In contrast, the spectra for the
regular icosahedron NP displayed in Fig. 3(b) show three clearly
distinguished LSP peaks for the three electron trajectories; at
o = 3.3 eV for the vertex trajectory (red line), at o = 3.9 eV for the
edge trajectory (green line), and at o = 4.2 eV for the facet
trajectory (blue line).

For such small NPs, the exclusive excitation of even modes
can be explained by symmetry arguments.82 In the case of a
spherical NP excited by a central beam, only m = 0 modes are
excited due to the azimuthal symmetry of the excitation. The
external potential produced by the electron beam shows the
dependence Vext(r,o) B eioz/v, in the non-retarded approxi-
mation, so that the phase variation inside a spherical NP of
radius a for such trajectory is given by 2oa/v. In the present
study (a o 2 nm, Ek = 100 keV, op B 6 eV), the phase variation
is almost negligible (2opa/v B 0.2 { p), thus the external
potential is almost constant along the electron path inside the
NP, and mainly even multipolar l modes are excited in the
particle, as the phase of the induced charge density at the entry
and exit points of the electron remains unchanged.28 Never-
theless, notice that changing the size of the NP or the kinetic
energy of the electron beam will alter the relative intensity of
the modes in the spectra [see Fig. S2 of the ESI† for results with
electron beams of different kinetic energies].

The differences observed between the spectra of the two
model NPs and the spherical one in Fig. 3(a and b) are a direct
consequence of their different underlying symmetry and corres-
ponding LSP mode structure, which is more clearly reflected in
the induced charge density distributions plotted in Fig. 3(c–e).
It is observed that the induced charge density profiles clearly
follow the NP symmetry around the electron path, corres-
ponding to the three strategic penetration points considered.
The side views for the same charge density distributions of

Fig. 3(c–e) are also represented in Fig. S3 (ESI†), showing the
nature of the LSPs at a glance. As a consequence of well-defined
geometrical features, the regular icosahedron shows character-
istic charge accumulation at the edges for the edge and facet
electron trajectories, as compared to the smooth icosahedron
[Fig. 3(d)] and the atom nanocluster [Fig. 2(c–e)], which
increase the energy splitting between the modes.88,89 Such
splitting is illustrated in Fig. 4, where the energies of the main
peaks from the EEL spectra of Fig. 2(b) and 3(a and b) for the
central trajectories are compared, evidencing the influence of
the shape on the modal structure. For a more quantitative
comparison of the mode energies see Section S3 in the ESI.†

The most intense peak in the EEL spectra for penetrating
electron trajectories appears at o = op = 5.9 eV, which corre-
sponds to the BP in Na. Contrary to the behavior observed in
the ab initio calculated spectra for the nanocluster [Fig. 2(b)], in
the spectra calculated within the classical dielectric framework
[Fig. 3(a and b)] the energy of the bulk plasmon is independent
of the NP’s shape (sphere, smooth icosahedron or regular
icosahedron) and electron trajectory orientation [see Fig. 4],
as the contribution of the bulk plasmons to the energy loss
probability is introduced ad hoc (see eqn (18) and (19) in the
Methods section). More interestingly, the induced charge den-
sity distributions of the BP, on the right column of Fig. 3(c–e)
show a strong charge localization around the electron path for
the BP, but no charge oscillations (phase change) at the surface,
in contrast to the TDDFT results [Fig. 2(f–h)].

3.3 Impact parameter dependence

So far we have focused on a particular set of electron trajec-
tories crossing the center of the atom cluster or NPs (impact
parameter b = 0), but in STEM the electron beam scans the NPs,
producing EEL spectra and plasmon maps for a wide range of
impact parameters and trajectories, passing by or through the
NP. We study here general penetrating and grazing trajectories
[Fig. 5(a)], in order to explore the influence of the atomistic
features of the nanocluster on the excitation of different modes
as a function of electron beam impact parameter. To complete

Fig. 4 Comparative energy diagram of the main plasmonic excitations
observed in the EEL spectra obtained for the four Na NP shapes and central
trajectories considered in Fig. 2(b) and 3(a and b).
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this study, and in the spirit of the previous section, we test to
what extent local classical approaches that properly describe
the shape of the NP (smooth icosahedron, [Fig. 5(b)]) can match
the impact-parameter dependent EEL spectra provided by the
ab initio atomistic TDDFT calculations. We also take the
spherical NP [Fig. 5(c)] of similar size as a reference.

The main results are presented in Fig. 5(b), where the
colormap shows the dependence of the EEL spectra on impact
parameter, as calculated within the ab initio atomistic TDDFT,
for electron trajectories parallel to the nearest facet of the
nanocluster (the atoms forming the facet are highlighted in
cyan) in Fig. 5(a). We label these trajectories as ‘‘near-facet’’. In
addition, five representative spectra corresponding to impact
parameters b = 0, 0.5, 1, 1.5 and 3 nm of trajectories sketched in
Fig. 5(a) are highlighted in Fig. 5(c).

For external trajectories ðb �4 1:5 nmÞ the spectra are domi-
nated by the excitation of LSPs; there is no trace of CBPs (they
are distinguishable only if a logarithmic scale is used, as shown
in Fig. S4, ESI†). In particular, for trajectories far from the NP,
such as b = 3 nm, the main excitation is the dipolar plasmon

(DP) (labeled as S1) at o = 3.2 eV, as happens in optical
spectra.61,62 As the electron trajectory approaches the NP surface,
the intensity of the energy loss increases, especially the relative
intensity of high-order plasmon (HOP) modes (labeled as S3),
which are more sensitive to the rapidly decaying field created by
the electron beam, in contrast to the DP. Notice that the energy of
the S3 peak (o = 4.1 eV) closely matches the energy of the mode
excited for the edge axial trajectory plotted in Fig. 2(b).

For penetrating trajectories (b o 1.5 nm), together with the
LSPs, around the Na bulk plasmon energy a broad excitation
consisting of a bunch of CBPs emerges. Notice that the inten-
sity of this broad excitation is highly sensitive to the impact
parameter of the electron beam and does not emerge immedi-
ately just when the electron trajectory starts to penetrate the
cluster, but it requires a minimum L distance inside the NP to
be efficiently excited. Regarding the LSPs, the DP mode (S1)
dominates the spectrum only for trajectories close to the sur-
face b �4 2a=3, with a the NP’s radius. As the impact parameter
decreases, the QP mode (S2) at o = 3.4 eV gains strength,
consistent with the results for axial trajectories, plotted in

Fig. 5 (a) Atomistic cluster and set of electron trajectories labeled as ‘‘near-facet’’ for a specific orientation of the NP for which the electron trajectories
pass near the facet (the atoms forming the facet are highlighted in cyan). (b) Color map of EEL spectra as a function of electron impact parameter b for
‘‘near-facet’’ electron trajectories calculated within ab initio atomistic TDDFT. The peaks corresponding to different plasmon modes are highlighted by
bullet points and labeled as surface (S) or bulk (B) modes. (c) EEL spectra from (b), for impact parameters b = 0 nm (blue line), b = 0.5 nm (red line), b =
1 nm (green line), b = 1.5 nm (magenta line), and b = 3 nm (amber line). (d) Smooth icosahedron used in BEM calculations with the same orientation and
corresponding ‘‘near-facet’’ electron trajectory set. (e) Color map of EEL spectra as a function of electron impact parameter b for ‘‘near-facet’’ electron
trajectories calculated within BEM for the smooth icosahedron, and (f) EEL spectra corresponding to selected trajectories as in (c). (g) Spherical NP used in
BEM calculations and electron trajectories, with its corresponding impact parameter dependent EEL spectral colormap, (h) with LSPs labeled according to
their l-number and (i) EEL spectra for specific impact parameters as in (c) and (f). The kinetic energy of the electron beam is Ek = 100 keV in all cases.
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Fig. 2(b). This transition from the S1 to the S2 mode for small
impact parameters clearly illustrates the deactivation of the DP
as b - 0, which is forbidden by symmetry. In turn, when the
electron trajectory approaches the NP axis, HOP modes (S3) are
efficiently excited.

As mentioned above, similar to the LSPs in Fig. 5(b), the
energy losses corresponding to CBPs also show impact para-
meter dependence: for b = 1 nm a single peak (B2) at o = 5.9 eV
is observed, for b = 0.5 nm there is an additional CBP (B4) at o =
6.5 eV, and for the central trajectory b = 0 nm, two different
excitations are induced at o = 5.6 eV (B1) and o = 6.35 eV (B3).
These modes are the signature of boundary confinement effects
on the longitudinal collective electron oscillations induced
inside the NP by the electron beam. The excitation of CPB
modes in spherical NPs by light, or by external electron
beam trajectories, has been described using hydrodynamic
models,49,50 but their contribution is rather small. In contrast,
for penetrating electron beam trajectories, CBPs can be effi-
ciently excited and directly observed in the spectra. Although
CBP modes have received less attention than LSPs in the
literature, shifts of bulk plasmon energies detected in EELS
experiments37,43,90 could be explained by the existence of
different CBPs, whose excitation depends on the relative impact
parameter, as it occurs with LSPs. Additional calculations of
EEL spectra for the other two trajectory sets (‘‘near-edge’’ and
‘‘near-vertex’’) are presented in Fig. S5 (ESI†), and demonstrate
that CBPs are rather insensitive to the NP orientation, contrary
to the LSPs.

To get further insight into the characteristics of the EEL
spectra of the nanocluster calculated with TDDFT, and to
identify their geometrical or quantum origin, we compare them
with additional classical calculations for icosahedral and sphe-
rical NPs, as we did for the axial trajectories. Fig. 5(e and f)
contain the EEL spectra for the ‘‘near-facet’’ electron trajectory
set in the smooth icosahedral NP (‘‘near-edge’’ and ‘‘near-
vertex’’ electron trajectory sets are presented in Fig. S6, ESI†).
Both classical and TDDFT spectra show similar general trends
for the LSPs: (i) excitation of the DP (S1) at o = 3.35 eV for
external trajectories with large impact parameters (b c a), (ii)
excitation of HOP modes (S3) at o = 4.0 eV for grazing
trajectories bBa and penetrating trajectories b o a, and (iii)
excitation of the QP mode (S2) at o = 3.6 eV for small impact
parameters. Moreover, a direct comparison between individual
trajectory sets for both models shows that the classical calcula-
tions qualitatively capture the spectral features observed in the
TDDFT calculations. Nevertheless, there is an increased relative
intensity of the S3 modes in the local classical spectra as
compared to the atomistic ones, which may be attributed to
non-local effects included in TDDFT but not accounted for in
the classical dielectric description.91 Furthermore, the small
discrepancies observed in the LSP energies can be attributed to
quantum effects not considered within the BEM calculations.
For reference, we have considered a spherical NP of radius a =
1.5 nm [Fig. 5(g)] enclosing the nanocluster Na380 and calcu-
lated its EEL spectra as a reference [Fig. 5(h and i)]. In contrast
to the smooth icosahedron NP, it is worth noting that the

spherical NP model fails to reproduce even qualitatively the LSP
spectra of the nanocluster for penetrating and grazing trajec-
tories, in particular the gap between modes S2 and S3.

Importantly, the local classical dielectric approach fails to
reproduce the spectral features observed in the TDDFT calcu-
lated spectra around the Na bulk plasma energy. In particular, a
sharp bulk plasmon is excited for penetrating trajectories at the
same energy o = 5.9 eV, independently of impact parameter or
NP shape, as for the axial trajectories b = 0 displayed in Fig. 3(a).
One may conclude that the trends of the CBPs obtained with
the TDDFT are due to the quantum confinement effects of the
electron collective oscillations in the volume of the NP. As
explained above, these confinement effects may be described
within hydrodynamical models of spherical NPs, which
describe the interferences in the electron oscillations in the
volume of the NP, bouncing at the spherical boundary.49,92

3.4 Charge density distributions of LSPs and CBPs

In this section, we analyze the features of the induced charge
densities [Fig. 6] corresponding to the characteristic plasmonic
excitations discussed above [Fig. 5], with special emphasis on
the LSPs. We briefly comment on the charge density plots of the
CBPs, and point out hints to understand their involved quanti-
zation scheme.

3.4.1 Localized surface plasmons. First, we analyze in
Fig. 6(a) the charge density isosurfaces of the nanocluster’s
plasmons highlighted in Fig. 5(b). Starting from the bottom of
the figure, lower energy loss, modes S1 (o = 3.2 eV) and S2 (o =
3.4 eV) show the characteristic charge density distributions of
the DP and QP modes, respectively, fitting to the symmetry
determined by the ‘‘near-facet’’ electron trajectory and the
crystallographic shape of the atom cluster under study. More-
over, the induced charge density distributions of mode S3,
corresponding to the peaks of Fig. 5(c) in the range o = 4.05–
4.15 eV, suggest the contribution of different HOP modes.
Indeed, these LSPs show great dependence on the orientation
of the trajectory, as demonstrated also by complementary
induced charge density distributions of the ‘‘near edge’’ and
‘‘near-vertex’’ electron trajectory sets shown in Fig. S7 (ESI†).
These results prove that the contribution of each mode to the
EEL spectrum is determined by its symmetry, and so strongly
depends on the electron trajectory orientation and impact
parameter. It is interesting to note that the induced charge
density of the S3 peaks is very localized at the vertex atoms,
which produces sub-nanometer localization of the near fields.61

Such atomic-scale hot spots are at the origin of ultra-resolution
and strong light–matter interaction regimes93 and could also be
exploited in STEM.

Following the same strategy of Section 3.2, we compare the
charge distributions of the nanocluster with those of the
classical smooth icosahedral NP mimicking the cluster geome-
try [Fig. 6(b)] and the reference spherical NP [Fig. 6(c)]. As
observed in Fig. 6(b), the smooth icosahedral NP captures
the impact parameter-dependent evolution of the charge dis-
tributions of the DP (S1), QP (S2), and HOP modes (S3)
excited for the ‘‘near-facet’’ electron trajectory, reproducing
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the atomic-scale features and detailed patterns of the induced
charge densities calculated within ab initio atomistic TDDFT
[Fig. 6(a)]. See also Fig. S7 and S8, ESI† for the ‘‘near-edge’’ and
‘‘near-vertex’’ trajectories. However, the induced charge densi-
ties of the spherical NP plotted in Fig. 6(c), corresponding to
the DP (l = 1), QP (l = 2), and HOP (l = 3), obviously miss the
atomic-scale features.

3.4.2 Confined bulk plasmons. So far we have demon-
strated that the local classical dielectric framework is able to
describe the LSPs of EEL spectra of nanoclusters obtained with
TDDFT if the profile of the unperturbed electron density of the
atom cluster is properly incorporated into the classical calcula-
tions. Nevertheless, regardless of the geometry considered to
describe the NP shape, local approaches have limitations to
describe the range of the EEL spectrum around the plasma
energy, as the contribution of the bulk plasmons to the energy
loss probability is introduced ad hoc in local approaches, as
explained in Section 2.2. Such differences between the atomis-
tic TDDFT and the classical calculations are apparent when
comparing the charge density isosurfaces of the modes excited
for b = 0 nm and b = 0.5 nm, shown in the top panels of Fig. 6(a)
and (b) for the nano-cluster and the icosahedral NP, respec-
tively. In the calculated classical spectra there is a unique
excitation at 5.9 eV, labeled as BP, for both the icosahedral
NP and the spherical NP, which has no phase change in the
charge distribution. On the other hand, for the TDDFT calcu-
lated isosurfaces of the nanocluster 4 different charge profiles
(B1, B2, B3, and B4) are identified in the energy range of 5.6–
6.5 eV.

As opposed to LSPs, which are localized at the surface, the
charge oscillations of the CBPs occur inside the volume of the
NP, and therefore their excitation does not show great depen-
dence on the orientation of the NP [see Fig. S5, ESI†]. Thus, in
principle CBPs can be properly addressed within hydrodynamic
models (HDM) that consider spherical NPs,47,49,92 within which
the CBP modes are characterized by (l,n) angular and radial
integer numbers. Notice that CBPs follow similar symmetry
rules as the LSPs so that odd l-number modes are not excited in
small NPs probed by swift electron beams with axial trajectory.
From a deeper analysis of the dispersion relation for plasmons
in spherical NPs within the HDM, along with the symmetry
rules, one can infer that the CBPs that best match the TDDFT
results are: B1 as (l,n) = (0,1), B2 as (1,1), B3 as (2,1) and B4 as
(3,1). It is worth noting that a description of how these volume
plasmons are excited for different impact parameters of the
electron probe requires the complete expression of the EEL
probability in the HDM, including both external and penetrat-
ing trajectories. For the latter, our TDDFT calculations demon-
strate that the CBPs are much more efficiently excited, but the
analytical EEL expression obtained within HDM is more com-
plicated and deserves further attention, which is out of the
scope of the present study.92

3.4.3 The role of the atomistic shape of the nanocluster in
valence-EELS. The comparison of the three NP geometries
presented illustrates to what extent the crystallographic shape
of the nanocluster can affect the energy of the LSP modes and

Fig. 6 (a) Isosurfaces of the imaginary part of the charge density for the
different modes highlighted in Fig. 5(b) for impact parameters b = 0, 0.5, 1,
1.5, 3 nm. Imaginary part of the induced surface charge density
corresponding to the different modes highlighted in Fig. 5(e and h)
for (b) a smooth icosahedron and (c) a sphere, respectively, calculated
using BEM.
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their excitation by swift electrons. Our results prove that con-
sidering the atomic-scale shape of the NP within a local
classical dielectric description, instead of a spherical shape,
can account for energy shifts of the order of a few hundreds of
meV observed for LSPs, as compared to atomistic quantum
calculations. The rest should be due to a combination of
mechanisms of the electron response that are not included in
the local dielectric framework, such as non-locality, dynamical
surface screening, or electron spill-out effects. It is worth noting
that in the case of Na NPs studied in this work, the electron
spill-out at the NP’s surface produces a characteristic redshift
of the DP, which superposes to the redshift due to non-
spherical shape; in contrast, other materials, such as Ag NPs
show a characteristic blueshift of the DP resonance for decreas-
ing NP sizes.58

It is worth mentioning that the relaxation of the structure
produces slightly different lengths in different directions, redu-
cing the symmetry of the system, and thus inducing slight
plasmonic mode splitting, as we show in Section 3.1. In this
regard, a different choice of the xc-functional within DFT, may
affect the EEL spectra. For instance, it is well known that within
DFT, LDA underestimates the lattice parameter of Na, and
therefore overestimates the electron density and plasma
energy, while GGA, provides a more accurate value of the lattice
parameter and plasma energy.61,62 On the other hand, concern-
ing the xc-kernel used in TDDFT, it has been shown that
TDDFT-LDA and TDDFT-GGA give similar results for the optical
response of Ag nanoclusters (relaxed using DFT-GGA),57 thus
one would expect just minor corrections from the use of the
GGA-PBE kernel.

In summary, atomistic TDDFT offers a framework that
naturally integrates all the above-mentioned effects and can
therefore serve as a benchmark. Such considerations can help
to understand, and hopefully straighten, some disagreements
observed between experiments and theory in the literature,
especially regarding models in which the specific shape of
the NPs has not been properly considered.

4 Conclusions

We have studied theoretically the valence-EEL spectra of a
nanocluster composed of 380 Na atoms using an efficient ab
initio TDDFT formalism. This size is especially interesting
because it lies at the border between the systems studied in
cluster physics and those tackled in nanoparticle plasmonics.
We have shown that the atomistic features of a NP greatly
influence its plasmonic response and thus, they need to be
properly accounted for in a full description of EELS experi-
ments at this NP size level. In addition to the particular
atomistic morphology of the nanoparticle, TDDFT includes
naturally all the quantum effects associated with the electron
response.

Much of the discussion from previously published papers
about EELS in NPs is focused on quantum size effects, namely
the shift of the dipolar surface plasmon, to the red or to the

blue (depending on the material), when their radius is
decreased below 2 nm. Different phenomenological descrip-
tions have been implemented in the literature to explain these
shifts, including quantum effects as electron spill-out,44–46,48

dispersion in the dielectric response49,50 or dielectric functions
which account for quantum confinement.43 In general, these
studies assume spherical NP shapes and do not consider the
atomic-scale structure which, as we have shown, clearly affects
the EEL spectra for grazing and penetrating trajectories, in
particular regarding the mode structure and charge localization
at the vertices. So, the specific atomic surface structure should
be considered when interpreting the results in EELS experi-
ments, as small NPs usually show polyhedral shapes that
exhibit well-defined faces, edges and vertices, with the icosahe-
dron being a frequent motif.35,36

The NP shape effect on the LSPs and CBPs in calculated
EELS spectra has been explored by taking as a reference the
TDDFT spectra, and comparing them with those calculated
within a classical local dielectric approach for two levels of
description of the NP geometry: (i) the polyhedral shape with
sharp features based on the atomistic structure of the cluster,
and (ii) the approximated shape of the NP’s surface obtained
from DFT calculations, which shows a smoother shape than the
former one. This comparison concludes that the latter provides
better agreement regarding the mode structure, concerning
both the spectral peak distribution and corresponding induced
charge density distributions.

The influence of the electron beam orientation and impact
parameter observed in the atomistic TDDFT-EEL spectra are
also well reproduced by the classical local approach, except for
slight differences arising mainly due to electron spill-out and
non-local effects. These results are also compared with those
obtained for a spherical NP, as a benchmark, showing shifts of
a few hundreds of meV, and highlighting the importance of
considering the full atomic-scale configuration of the NP, with
special mention to the characteristic charge localization at the
vertices of atomistic NPs.

On the other hand, the excitation of longitudinal electron
oscillations inside the volume of the NPs, the so-called CBPs,
are inherently included in the TDDFT framework. We have
shown that their relative contribution to the spectrum for
penetrating trajectories is as important as that of LSPs. In this
spectral region, contrary to the LSPs, local dielectric models
with boundaries resembling the atomistic shape of the
nanocluster are not able to account for the rich footprints of
the CBP spectral region, neither for the intensity nor for the
width of the CBPs or their sensitivity to the impact parameter.

We have shown that ab initio atomistic TDDFT offers a state-
of-the-art framework to study the interaction of electron beams
with small NPs showing atomistic geometrical features.
Although we have focused on a Na nanocluster, TDDFT can
be applied to a wide variety of materials, including Ag NPs,
which are still the object of much discussion in the literature.63

In principle, the detection of atomic-scale features and diverse
CBPs in the EEL spectra is at hand with the spatial and energy
resolution obtained nowadays in STEM microscopes. Thus,
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although challenging to detect experimentally, our results can
motivate further research on EELS by revealing atomic-scale
features. Moreover, these features would further enhance the
interaction between plasmons and matter attached to the one
atom-size vertices of NPs, opening the possibility to perform
extreme field-enhanced EELS.
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F. J. Garcı́a-Vidal, Phys. Rev. B: Condens. Matter Mater. Phys.,
2014, 90, 161407.

60 M. Kuisma, A. Sakko, T. P. Rossi, A. H. Larsen, J. Enkovaara,
L. Lehtovaara and T. T. Rantala, Phys. Rev. B: Condens.
Matter Mater. Phys., 2015, 91, 115431.

61 M. Barbry, P. Koval, F. Marchesin, R. Esteban, A. G. Borisov,
J. Aizpurua and D. Sánchez-Portal, Nano Lett., 2015, 15,
3410–3419.

62 M. Urbieta, M. Barbry, Y. Zhang, P. Koval, D. Sánchez-Portal,
N. Zabala and J. Aizpurua, ACS Nano, 2018, 12, 585–595.

63 H. Haberland, Nature, 2013, 494, 6–7.

64 N. Zabala and A. Rivacoba, Phys. Rev. B: Condens. Matter
Mater. Phys., 1993, 48, 14534–14542.

65 Z. Wang, Micron, 1996, 27, 265–299.
66 R. H. Ritchie and A. Howie, Philos. Mag. A, 1988, 58, 753–767.
67 J. N. Murrell and R. E. Mottram, Mol. Phys., 1990, 69, 571–585.
68 E. G. Noya, J. P. Doye, D. J. Wales and A. Aguado, Eur. Phys.

J. D, 2007, 43, 57–60.
69 D. J. Wales, J. P. K. Doye, A. Dullweber, M. Hodges, F.

Naumkin, F. Calvo, J. Hernández-Rojas and T. F. Middleton,
The initial structure of the Na380 cluster was downloaded
from the Cambridge Cluster Database, https://www-wales.
ch.cam.ac.uk/CCD.html.

70 J. P. Perdew, K. Burke and M. Ernzerhof, Phys. Rev. Lett.,
1996, 77, 3865–3868.

71 J. M. Pruneda, D. Sánchez-Portal, A. Arnau, J. I. Juaristi and
E. Artacho, Phys. Rev. Lett., 2007, 99, 235501.

72 K. Tsubonoya, C. Hu and K. Watanabe, Phys. Rev. B: Con-
dens. Matter Mater. Phys., 2014, 90, 35416.

73 M. Petersilka, U. J. Gossmann and E. K. Gross, Phys. Rev.
Lett., 1996, 76, 1212–1215.

74 K. Yabana and G. F. Bertsch, Phys. Rev. A: At., Mol., Opt.
Phys., 1999, 60, 3809–3814.
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Fernández, V. M. Garcı́a-Suárez, S. Garcı́a, G. Huhs, S. Illera,
R. Korytár, P. Koval, I. Lebedeva, L. Lin, P. López-Tarifa,
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