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A reinvestigation of the boron cluster B15
+/0/�:

a benchmark of density functionals and
consideration of aromaticity models†

Yassin A. Jeilani,a Long Van Duong, *bd Obaid Moraya Saeed Al Qahtania and
Minh Tho Nguyen cd

This study presents a thorough reinvestigation of the B15
+/0/� isomers, first employing coupled-cluster

theory CCSD(T) calculations to validate the performance of different DFT functionals. The B15
+ cation

has two planar lowest-lying isomers, while the first 3D isomer is less stable than the global minimum by

B10 kcal mol�1. The PBE functional, within this benchmark survey, has proved to be reliable in

predicting relative energies for boron isomers. Other functionals such as the TPSSh, PBE0 and HSE06

result in good energy ordering of isomers but warrant reconsideration when distinguishing between 2D

and 3D forms. Caution is needed for structures having high spin contamination, as it may lead to

significant errors. The anomalously lower stability of the B15
� anion with respect to its neighbours, in

terms of electron detachment energy, was explained through a competition between both rectangle

and disk models for its geometry. This elucidates its stability with 12 electrons in rectangle model and

instability with 10 electrons in disk-shaped structure, emphasizing the value of employing such

geometric models. The proximity of the s* LUMO to the p HOMO also contributes to the weakening of

the B15
� stability.

1. Introduction

Boron clusters form an intriguing class of chemical compounds
in part due to the intrinsic characteristics of the element. Boron
has a small covalent radius, electron deficiency, and can form
multiple bonds with itself and other atoms; this leads to
unpredictability in the shapes and physico-chemical properties
of the resulting clusters.1 While the aromaticity of polycyclic
hydrocarbons seemingly relies solely on their p electrons,2–4

boron clusters could exhibit both p and s aromatic
characters.5–8 The classical Hückel (4n + 2) electron count rule
is commonly employed to rationalize structural motifs and
predict stability trends in planar hydrocarbons and organic
molecules. For example, while benzene is highly stable with 6

delocalized p electrons, naphthalene achieves its stability with
10 p electrons. The cyclic C3H3 represents the smallest ring
structure, and the simplest approach for it to satisfy the Hückel
rule is a removal of one electron leaving behind 2 p electrons in
the cyclic aromatic C3H3

+ cation.9 Boron clusters often exhibit
multi-center 2-electron bonds in both sets of p and s electrons,
and the number of p electrons in a certain boron cluster could
become unpredictable. For example, the simplest cyclic B3

�

anion features a double aromaticity with 2 p and 2 s
electrons.10 Both the B8

2� dianion11 and B12 neutral5,12 have
each 6 p and 6 s electrons. Another case in point concerns the
B15 size. The planar structure of the B15

+ cation13,14 has been
recognized to be at the same time s aromatic and p antiaro-
matic due to its possession of 6 delocalized s electrons and 8
delocalized p electrons,14 respectively. The B15

� anion which
formally results from addition of two p electrons to the B15

+

cation, has been shown to have a double aromaticity.15 This
implies that the B15

� anion is expected to have a high thermo-
dynamic stability. The first vertical detachment energy (VDE1),
as reviewed by Wang and coworkers,16 indicates that B15

� has a
lower VDE1 (3.43 eV) as compared to its two closed-shell
neighbors, namely B13

� (3.78 eV) and B17
� (4.48 eV), when

considering clusters with an odd number of boron atoms in the
anion state. This suggests that the thermodynamic stability of
B15
� is actually diminished rather than enhanced by the
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anticipated doubly aromatic character. In this context, we aim
in the present study to reveal that, in reality, the anion B15

� is
not a double aromaticity species as previously reported, and
this explains the observed decrease in its stability.

When conducting research based on density functional
theory (DFT) calculations for a given system it requires a careful
initial selection of a functional that has been validated through
appropriate benchmarks, aligned with the research objectives.
Typically, these benchmarks are carried out on smaller-scale
molecular systems due to the computational expense involved
in established standards. In addition, an open-shell isomer
with high spin contamination in its unrestricted HF reference
is a special case that requires calculation by complicated multi-
reference methods. Even in some closed-shell structures, a
multi-reference character causes a slow convergence of single-
reference wavefunctions leading to erroneous total energies.
Within a noticeably short period, two consecutive publications
have recently reported benchmarks for the study of relative
energies based on reference molecules with exceedingly high
spin contamination in their unrestricted solutions. The first
publication by Khatun et al.17 was conducted on the series of
small triatomic clusters B3, Al3 and Ga3. Subsequently, the
paper by Liu et al.18 focused on the pure boron clusters Bn

with n = 1–4. Despite the high spin contamination in the
unrestricted solutions of the studied systems, the functionals
such as M06, BPBE, VSXC, B1B95 and B2PLYPD3 have been
proposed for geometry optimizations of boron clusters. In this
context, through an analysis of the geometries of B15

+/0/� clusters,
in three charge states, we once again conduct some benchmark
calculations to emphasize the necessary caution when treating
systems having a high degree spin contamination whose electro-
nic energies are not quite correct due to the multiple solutions of
UHF references. The present investigation also underscores the
performance of density functionals on structures exhibiting a
strong competition between 2D and 3D configurations, a factor
often overlooked when benchmarking small-sized structures.

Typically, once a structure is characterized by an aromatic
character, leading to a high thermodynamic stability, its prop-
erties are readily manifested and easily elucidated. However, in
cases where aromaticity diminishes, identification of the
underlying reasons for such a reduction becomes significantly
more challenging. For this reason, the present study is con-
ducted to figure out the observed decrease in the stability of
B15
� with respect to its immediate neighbours.

2. Computational methods

Although the geometries of the B15 cluster in the cationic,
neutral and anionic states have extensively been determined
in previous studies,12–16,19–22 we would take this opportunity to
explore them again using different quantum chemical methods.
The lower-lying isomers are separately searched in each charge
state. The PBE functional in conjunction with the 6-31G(d) basis
set is used to optimize all initial isomers that are generated by
our search algorithm23 that combines a stochastic algorithm24

and a genetic algorithm.25 Geometries and harmonic vibrational
frequencies of lower-lying isomers of B15

+/0/� with relative ener-
gies smaller than 3.0 eV with respect to the corresponding
lowest-lying isomer are re-optimized using the TPSSh,26 PBE27

and BPBE28,29 functionals in conjunction with the 6-311+G(d)30

basis set. Finally, single-point electronic energies are carried out
using the coupled-cluster theory (U)CCSD(T) with the aug-cc-
pVTZ basis set using DFT/6-311+G(d) optimized geometries to
verify the suitability of the DFT functionals considered. Relative
energies are corrected with zero-point energy (ZPE) corrections
determined by DFT/aug-cc-pVTZ harmonic vibrational frequen-
cies without scaling. The unrestricted formalism (UHF, UCC. . .)
is used for open-shell species.

The magnetically induced current density is calculated and
visualized by using the SYSMONIC program31 which imple-
ments the CTOCD-DZ2 method.32,33 The ring current maps are
plotted using the convention that clockwise magnetic current
vectors indicate the diatropic character while the counterclock-
wise magnetic current vectors displayed indicate the paratropic
character. Analysis of bonding is also carried out employing the
adaptive natural density partitioning (AdNDP) method34 with
the Multiwfn 3.8 software.35 The Gaussian 16 program36 is
utilized for all calculations.

SEAGrid (https://seagrid.org)37,38 is acknowledged for com-
putational resources and services for the results presented in
this publication.

3. Results and discussion
3.1. Benchmarking of methods

Fig. 1 presents some of the most stable isomers of the B15
�/0/+

system based on calculations using the TPSSh, PBE and BPBE
functionals in conjunction with 6-311+G(d) basis set, along
with a calibration from single-point (U)CCSD(T)/aug-cc-pVTZ
electronic energies making use of the corresponding optimized
geometries. As for a convention, each structure considered
hereafter is labeled by Xq in which X = 1, 2, 3, . . . indicates
the ordering of isomers in terms of decreasing stability and
q = a, n or c stands for an anionic, neutral or cationic form,
respectively. While the closed-shell 1a has a T1 diagnostic value
of 0.04 for the coupled-cluster CCSD expansion, all remaining
structures are characterized by T1 values close to 0.02
for closed-shell systems and 0.04 for open-shell systems (cf.
Table S1 of the (ESI†) file), affirming the reliability of CCSD(T)
results.39 Although the T1 value of 0.04 for 1a remains signifi-
cantly lower as compared to the T1 values of the B2, B3 or B4

species (40.08),18 the energy of 1a is not included in our
benchmarking survey. Incidentally, we also notice some incon-
sistency in the previous T1 value for the triplet dimer B2; while
Khatun17 reported a value of 0.042, Liu18 gave that of 0.072.
We recheck this discrepancy and find the Liu’s report to be
highly questionable. In fact, we find the T1 value for the
tetramer B4 to be equal to 0.024, much smaller than the value
of 0.109 reported by Liu.18 The reason for such a discrepancy is
not clear to us.
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From calculated results at the TPSS/def2-TZVPP level, Oger
et al.20 found four most stable isomers of B15

+ including three
quasi-planar or planar isomers and one 3D isomer. The three
2D isomers were subsequently revisited by Wang et al.14

through geometry optimizations using the coupled-cluster the-
ory CCSD with the 6-311G(d) basis set that showed that they
rather consist of two isomers with both C2v and Cs symmetry
point groups (correspond to the 1c and 2c isomer in Fig. 1).
Present single-point CCSD(T) calculations from optimized geo-
metries using the above three different functionals confirm the
two lowest-energy isomers 1c and 2c, with an energy difference

not exceeding 2 kcal mol�1. Although 1c consistently exhibits a
more stable structural conformation, within the expected error
margin of �3 kcal mol�1 of the methods employed we would
conclude that both isomers 1c and 2c represent the global
competitive energy minima (GM), in contrast to the previous
Wang’s conclusion which only considered 1c as such. In addi-
tion, Oger et al.20 found that a 3D form (being the 4c isomer) is
B0.12 eV (B2.8 kcal mol�1) less stable than the GM and its
experimental existence has not been confirmed by their experi-
ment. Our results demonstrate that the 4c isomer is much less
stable than the GM by B10 kcal mol�1, thus lending a greater

Fig. 1 Optimized geometries of B15
+/0/� using TPSSh, PBE and BPBE functionals with the 6-311+G(d) basis set with symmetry point group and electronic

state. Relative energies (kcal mol�1) are obtained with ZPE corrections without scaling at the respective functional, TPSSh (upper values), PBE (middle) and
BPBE (lower). Relative energies obtained by single-point (U)CCSD(T)/aug-cc-pVTZ energies at corresponding DFT geometries and ZPE corrections are
given in parentheses.
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plausibility for its non-detection. Fig. 1 illustrates the existence
of a slightly more stable elongated 3c isomer as compared to
the 3D counterpart, albeit less stable than the GM by approxi-
mately 9 kcal mol�1. Therefore, it is reasonable that Oger
et al.20 were not able to discern it in their experiment.

The shape of 1c is not fully maintained following electron
addition. In fact, as discrete electrons are sequentially added to
the cation 1c generating the neutral 1n and subsequently the
anionic 1a, the corresponding global minima retain the shape
but with some important distortions. In fact, while the sym-
metry of 1n is thus lowered to Cs, 1a no longer has a symmetry
(C1). The underlying cause for such a symmetrical reduction
presents an enigmatic phenomenon, which will be comprehen-
sively expounded upon in the following section.

The neutral 2n can also be considered to be a quasi-
degenerate GM because it is only slightly less stable than 1n
by B2 kcal mol�1. The elongated structure tends to move away
from the GM when it becomes now less stable than the GM by
B4 kcal mol�1 in the neutral state and B3 kcal mol�1 in the
anionic state. The anion 2a, with two B atoms attached to one
side of an elongated B16, exhibits a marginal relative energy of
less than 1 kcal mol�1 with respect to 1a. Together with six
close in energy isomers shown in Fig. 1, it is evident that the
B15
� anion represents a more flexible configuration having

many isomers competing for the GM.
We have recently validated the TPSSh functional for its

suitability in exploring the structural characteristics of complex
boron clusters involving silicon or lithium,40,41 while the PBE

functional has demonstrated its theoretical adequacy in cases
involving a competition between 2D and 3D geometrical
configurations.42

One intriguing observation is that despite the substantial
differences in relative energies obtained from DFT calculations,
particularly between the 3D and 2D forms, 4n compared to 1n,
and 4c compared to 1c, the relative energies derived from
single-point CCSD(T) energy calculations using DFT optimized
geometries show negligible deviation. Consequently, we select
the relative energies obtained from CCSD(T) calculations with
PBE/6-311+G(d) geometries as reference for subsequent bench-
mark computations. The benchmarking study incorporates
several additional functionals, including the TPSSh, PBE0 and
HSE06 that have extensively been demonstrated to be suitable
for boron; the M06 and BPBE as proposed by Khatun et al.;17

the popular B3LYP functional which has repeatedly been shown
to be unsuitable for energy exploration in the context of boron
clusters, and the VSXC, B1B95 and B2PLYPD3 that were sug-
gested by Liu et al.18 We would emphasize that double-hybrid
functionals such as the B2PLYPD3 are computationally expen-
sive; a substantial computational resource of 500 GB of disk
space needs to be allocated for a single calculation on B15 using
the latter functional.

To ensure that the benchmark only accounts for isomers
without heavy spin contamination. The four most stable iso-
mers for the open-shell neutral state including 1n, 2n, 3n and
4n and the cations 1c, 2c, 3c and 4c all satisfy this condition.
Both series are related to 1n and 1c for reference energies,

Fig. 2 DDEi–r values of different DFT functionals of B15
+/0/� and the average MAE of these three charge states.
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respectively. The selection of isomers in the anionic state is
more intricated. As mentioned above, the closed-shell 1a is
found to have a relatively larger T1 value (B0.04) and therefore
excluded, and the isomer 2a becomes the reference isomer. The
next selected isomers are 3a and 4a, whereas 7a (Fig. 1) is the
last isomer considered for additional investigation of singlet–
triplet energy differences.

The relative energy DECCSD(T)
i–r between isomer ‘‘i’’ and the

reference isomer ‘‘r’’ is determined using the reference calcula-
tion at the CCSD(T)/aug-cc-pVTZ//PBE/6-311+G(d) level. The
error in the relative energy, denoted by DDEi–r, is then com-
puted as the difference between the DFT-calculated relative
energy DEDFT

i–r and the reference relative energy DECCSD(T)
i–r , where

‘‘DFT’’ stands for the density functional used.
The DDEi–r values obtained for B15

+/0/� in this survey are
shown in Fig. 2 and Tables S2–S4 (ESI† file). The mean absolute
error (MAE) for three relative energy errors of each DFT level,
denoted as:

MAE ¼ 1

3

X
i

DEDFT
i�r � DECCSD Tð Þ

i�r

��� ���
is computed and illustrated in Fig. 2 and Tables S2–S4 (ESI†
file). Minor variations in MAE energy signify precise relative
energies alignment.

In a general context, the difference in errors caused by the
basis set employed is negligible as compared to the more
significant variation observed when changing the functional.
Therefore, the use of the 6-311+G(d) basis set is appropriate for
achieving accuracy at a low cost in exploring the relative
energies of boron clusters. This can be expected for doped
boron clusters that do not include transition metal atoms as
dopants. It also can be readily observed that the DDEi–r values
in the anionic state are lower with respect to those found in the
neutral and cationic states, where there is a competition
between 2D and 3D isomers.

In the anionic state, DDE3a-2a turns out to be smaller than
the DDE4a-2a and DDE7a-2a. This is believed to be due to the fact
that 7a has a triplet state ground state, and 4a exhibits a mixed
2D and 3D form. While 2a and 3a share more similarities with
each other, both are in a 2D shape and a singlet ground state.
The relative energy discrepancy between the triplet 7a and the
singlet 2a from B1B95 calculations, as compared to CCSD(T),
has the smallest absolute values with 0.2 kcal mol�1 for the
def2TZVPP basis set and 0.5 kcal mol�1 for the 6-311+G(d).

Subsequently, the M06 and B2PLYPD3 functionals follow
with small differences, whereas other functionals exhibit larger
|DDE3a-2a| 4 3 kcal mol�1. Particularly noteworthy is the
observation that the quantity DDE3a-2a o 0 for every DFT
functional, indicating that the DFT functionals considered tend
to overestimate the stability of triplet states as compared to
(U)CCSD(T) results, that yield higher energy for triplet states.
This implies that in some cases, DFT calculations may suggest
a more stable triplet structure, but such a result could
be reversed to a more stable singlet structure when further
validated by CCSD(T) computations. Further investigation is

warranted through a comprehensive examination involving
various singlet–triplet structure pairs to draw more accurate
conclusions.

The 4a is not entirely a 3D structure since it only involves
two B atoms located at an angle in B13, making it classified as a
mixed 2D–3D structure. However, the |DDE4a-2a| divergence
becomes noticeable when compared to the quasi-planar struc-
ture 2a. TPSSh exhibits the smallest deviation, followed by
PBE0, B1B95 and HSE06, while B3LYP remains the functional
having the largest discrepancy. Both M06 and VSXC also display
substantial errors (45 kcal mol�1). In general, the B1B95 and
B2PLYPD3 functionals have lower MAE values due to their
small |DDE7a-2a| errors.

The DDEi–r in the neutral and cationic states is significantly
higher than that in the anionic state, particularly in terms of
DDE4n-1n and DDE4c-1c, where all their values fall outside the
MAE threshold (cf. Fig. 2). Two prominent hybrid functionals,
namely the B3LYP and B2PLYPD3, are worth mentioning. The
B3LYP functional has gained great popularity in the study of
organic and inorganic compounds, and has extensively been
chosen in the studies of boron clusters over the past few
decades. However, it has been observed that this functional
induces a significant discrepancy between energies of 2D and
3D structures of boron clusters.43 Our present results tend to
concur again with this assessment. Both the hybrid B3LYP and
double-hybrid B2PLYPD3 underestimate the stability of 3D
structures, and as a result, previous studies on boron clusters
relying on the B3LYP functional are likely to have overlooked
certain 3D isomers. Conversely, the B1B95 and M06 apparently
overestimate the stability of 3D structures as compared to
planar counterparts. As a matter of fact, on the basis of M06/
def2SVP calculations, Khatun et al.17 drew a significantly erro-
neous conclusion that the global minimum of the B12 cluster is
a 3D structure, even though the C3v quasi-planar structure has
long been established to be its lowest-energy isomer.5,44,45

In a recent study of Liu et al.,18 some small errors in the
relative energies of small B3 and B4 clusters were found for
the VSXC functional, but a substantial error in the case of the
diatomic B2. This indicates an inconsistency when using single-
reference methods for highly spin-contaminated systems. Fig. 2
reveals that VSXC provides contrasting evaluations with respect
to those derived from the TPSSh, PBE0 and HSE06, even though
their mean absolute errors (MAE) are similar to each other. The
latter functionals push a preference for 3D structures, whereas
the former tends to favor 2D configurations. Fig. 2, however,
unveils that the VSXC presents divergent assessments in con-
trast to the TPSSh, PBE0 and HSE06, despite sharing similar
MAEs. Again, the latter functionals have a propensity for 3D
structures, while the former leans towards favoring 2D config-
urations. It is rather hard to understand such trends of these
current functionals as most, if not all, of them have semi-
empirically been constructed with different sets of parameters.

Finally, both BPBE and PBE emerge as the two most suitable
functionals for exploring stable structures of boron clusters.
While the BPBE is characterized by smaller errors in the
cationic state, the PBE shows smaller errors for both neutral
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and anionic states. Therefore, the average values suggest a
slightly better performance for the PBE functional.

3.2. Aromatic character

After benchmarking the performance of the current density
functionals for treatment of boron clusters in the specific size
of B15, we now focus on their electronic characteristics, in
particular their aromatic character, as a mean to understand
their thermodynamic stability.

The quasi-planar anion 1a which possesses 10 p electrons,
thus according to the classical (4n + 2) electron count, antici-
pates a p aromaticity, and consequently a high thermodynamic
stability. As mentioned above, this B15

� isomer has a first
vertical detachment energy of VDE1 = B3.4 eV, which is smaller
than VDE1 values of B13

� (B3.8 eV) and B17
� (B4.5 eV). This

observation suggests that the anion 1a exhibits a lower stability
with respect to its closed-shell neighbours. To elucidate this
phenomenon, let us commence with an examination of two
cationic structures 1c and 3c (cf. Fig. 1).

The elongated conformation of 3c whose planar shape is
maintained upon successive addition of electrons to form the
neutral 3n and anion 3a is of interest. Relative energy of 3q
isomer with respect to the corresponding most stable structure
gradually decreases throughout electron addition process. In
this analysis, we utilize an unrelaxed structure of 1a, referred
hereafter to as 1a-C2v, to have a clearer view of the orbitals and to
gain a deeper understanding on its 10 p electrons. The anion 1a
is in fact the outcome following a geometry relaxation eliminat-
ing two imaginary frequencies (�817i and �121i cm�1) asso-
ciated with 1a-C2v (cf. Fig. 7).

The magnetic current density maps from p-electron contri-
bution to a perpendicular external magnetic field B over a plane
placed at 1 a.u. above the 1c, 1a-C2v, 3c and 3a structures are
displayed in Fig. 3. It is not surprising that both 1c and 3c
possess a p antiaromatic character when each isomer has 8 p
electrons. However, upon addition of two electrons, 1a-C2v does
not completely manifest an aromaticity, whereas 3a retains a
fully p-aromatic character (cf. Fig. 3).

The p bonds, according to an adaptive natural density
partitioning (AdNDP) analysis for these isomers, are illustrated
in Fig. 4 with the aim to identify some key points for explaining
the reduced aromaticity of 1a-C2v. The most noticeable change
is that the three localized p bonds (10, 11 and 12) of 3c are
transformed into globally delocalized p bonds (namely 14, 15
and 16) in 3a (cf. Fig. 4), corresponding to a shift from a p
antiaromaticity to a p aromaticity. Having 10 p electrons, 1a-C2v

is expected to enjoy an aromaticity according to the (4n + 2)
counting rule. However, the 5th bond of 1a-C2v (cf. Fig. 4) is not
a part of a (15c-2e) global delocalized orbital, but rather a
(10c-2e) orbital, indicating its partial aromaticity. However, as
demonstrated by in-depth analyses on the correlation between
magnetization and energetic stability,46,47 it appears that both
the magnetic ring current maps and AdNDP approach only
reveal the chemical phenomenon without providing us with a
clear explanation. Therefore, we now attempt to delve deeper
into the interplay between these structures and aromatic models.

To explore the reason for why its 10 p electrons do not confer
a higher thermodynamic stability to the 1a-C2v structure, we now
investigate their relationship with those of hydrocarbon mole-
cules possessing 10 p electrons. Of the latter, naphthalene is the
most renowned, and its structure is often compared to other 10 p
electron boron clusters such as B16

2�,48,49 B17
�,50. . . The p elec-

tron spectrum and magnetic ring current properties of C10H8 are
easily discernible51 through the resolution of polynomial equa-
tions employing the method of secular determinants within the
framework of linear variational theory,52 specifically applying the
Hückel molecular orbital theory.2,53,54 However, it is not feasible
to construct secular determinants for boron clusters such as the
elongated B16

2�, or the present 3c, 3a. . . isomers. In this case,
solution of the Schrödinger equation for the particle motion in a
specific box becomes an alternative method, leading to the
electron level spectrum and, consequently, an accurate solution
for the ring current,49 despite the absence of bond order predic-
tion as in the Hückel model. In the present case of the B15

� anion
1a, its geometry can be modeled either by a rectangle or a circular
disk. Let us now analyze in some detail the electronic picture of
the anion within these two geometric models.

The rectangle model (RM)49,55 represents a particle moving
within a rectangle potential well characterized by the length La

and the width Lb, whose eigenstates ca,b and eigenvalues Ea,b

are defined by:

ca;b ¼

ffiffiffiffiffiffi
2

La

s
sin

apx
La

� �
�

ffiffiffiffiffiffi
2

Lb

s
sin

bpy
Lb

� �

Ea;b ¼
h2

8m

a2

Lað Þ2
þ b2

Lbð Þ2

" #

Fig. 3 The magnetic current density maps from p electron contribution
to a perpendicular external magnetic field B over a plane place at 1 a.u.
above the (a) 1c, (b) 1a-C2v, (c) 3c and (d) 3a. Local diatropic and local
paramagnetic ring currents are highlighted for the (b) 1a-C2v by blue and
red rings, respectively.
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that are dependent on two quantum numbers of a = 1, 2, 3, . . .

and b = 1, 2, 3. . . The ordering of eigenfunctions according to
RM varies with the ratio La/Lb.

A small and straightforward Python code snippet is pre-
sented in the SI file for the computation of the dimensions La �
Lb of a rectangle box and the root mean square error (RMSE)
index for the accuracy of the model:

RMSE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPm
i¼1

EDFT
i � ERM

i

� �
2

m

vuuut

with m being the number of occupied molecular orbitals;
EDFT

i and ERM
i represent the energy of the MOs calculated from

a DFT method and from the RM, respectively.
The dimensions of the RM depicted in Fig. 5 illustrate that

these RMs are broader than the real structure, indicating the

Fig. 4 Chemical p orbitals pattern of (a) 1c, (b) 1a-C2v, (c) 3c, and (d) 3a
isomers on the basis of adaptive natural density partitioning (AdNDP)
analysis. Occupation numbers (ONs) are indicated.

Fig. 5 Correlation between DFT (PBE/6-311+G(d)) orbital energies of
(a) 3c, (b) 3a and (c) C10H8 and eigenvalues of solutions of a particle in a
rectangle box. Dimensions of the rectangle for each isomer are drawn in
proportion to the size of the isomer. The red circles indicate the occupied
levels while the blue squares indicate the unoccupied levels. The solid
and dashed arrows correspondingly indicate translational and rotational
transition.
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enhanced outward mobility of p electrons.49 The RMSE for the
three referenced rectangular structures is very small, indicating
a good fit of the model. However, the RMSE for C10H8 is larger
than that of elongated B15

+/�, suggesting a certain difference
between them. This observation can be attributed to the fact
that elongated B15

+/� are homogeneous species, while C10H8 is a
heterogeneous molecule composed of both carbon and hydro-
gen atoms; this leads to energy level shifts caused by the
difference in electron affinity between two elements. The RM
also reveals that 3a and C10H8 share the same p electron level
spectrum, indicating a similarity in their p aromatic character.

In the ipsocentric model,56,57 a virtual excitation of an
electron from an occupied MO to an unoccupied can give rise
to a ring current contribution exhibiting diatropic, paratropic,
and null characteristics. The diatropic ring current, arising
from an allowed translational transition, is manifested when
the product of symmetries of the occupied and unoccupied
orbitals contains the DL = 1 condition, indicating a difference in
rotational quantum numbers of one between the initial occupied
and final unoccupied orbitals. Conversely, the current is deemed
to be paratropic if the DL = 0 condition holds, implying no
difference in rotational quantum numbers. On the basis of the
allowed translational transition depicted in Fig. 5, we observe a
common characteristic: an allowed translational transition
increases either of the quantum numbers a or b by one unit
while leaving the other quantum number(s) unchanged. The
observed translational transitions (Da = 1, Db = 0) are identified
as c2,2 - c3,2 in 3a and C10H8 and c1,2 - c2,2 in 3c; and the
c3,1 -c3,2 in 3a and C10H8 transition is example for (Da = 0, Db = 1).
The c3,1 - c2,2 transition is an allowed rotational transition
and thereby contributes significantly to the paratropic current
in 3c whereas c1,2 - c4,1 transition has a minor contribution.

In this manner, the RM does not only aid us to elucidate the
electronic configuration, delineating the operational range of
electrons, but also expounds upon the aromatic character of the
structure. Resolution of secular determinants or the Schrödinger
equation uniformly concludes that the 10 electrons engaged in
aromaticity and 8 electrons participated in anti-aromaticity for
structures closely resembling a rectangle shape. It appears that
this is consistent with the classical Hückel (4n + 2) counting rule,
indicating that the number of electrons 2, 6, 10, 14,. . . corre-
sponds to structures exhibiting an aromatic character. The
Baird’s rule,58,59 conversely, proposes that a structure with a
(4n) electron count exhibits aromaticity under the condition of
being in a triplet state. This phenomenon arises due to the cyclic
shape where the Hückel rule consistently indicates the existence
of non-degenerate ground energy levels (requiring 2 electrons),
while higher levels always possess a two-fold degeneracy (requir-
ing 4 electrons to fully occupy each level). Consequently, when 2
electrons in the upper level are lost, the structure becomes
aromatic in a triplet state. The solution to the Schrödinger
equation for a particle moving in a circle60 also supports a
similar conclusion. Therefore, both the Hückel or Baird rules
can readily be observed for organic molecules in the form of a
ring annulenes CnHn or macrocyclic molecules,61 but the Baird
rule is not found in a rectangle-shaped structure yet.

A legitimate question is as to whether there exists any
circular disk-like structure exhibiting an aromaticity with 10 p
electrons. We are notably surprised by our inability to identify
any disk-like aromatic structure with 10 p electrons, while
numerous aromatic structures have been established with 12
p electrons, such as C13H9

+,62 B19
�, B20

2�,63. . .

The disk model (DM)11,64,65 representing a particle moving
within a circular disk potential has been described in much
detail in previous studies. Briefly, the eigenstates cnl and
eigenvalues Enl are dependent on two quantum numbers,
namely the principal number of radial n and the rotational
number l. The principal quantum number n has value of 0, 1, 2,
3, . . . whereas the rotational number l has value 0, �1, �2, �3,
�4, �5 . . . While the eigenstates where l = 0 are non-degenerate
wavefunctions, the rest of l values are two-fold degenerate
(�) wavefunctions, and the corresponding eigenstates are
denoted as s (l = 0), p (l = � 1), d (l = � 2), f (l = � 3), g
(l = � 4), Z (l = � 5), . . . The lowest eigenstates in an ascending
ordering are c1s, c1p, c1d, c2s, and so on and are shown in
Fig. 6a. Fig. 6a illustrates that the large gaps DE1p-1s and DE1d-1p

are substantial, explaining why 2 and 6 are considered magic
numbers. Conversely, the gap DE2s–1d is notably smaller com-
pared to the gap DE1p–1s, and the gap DE1f–2s is larger than
DE2s–1d but approximately equal to B0.6 the gap DE1p–1s.
Therefore, in these cases 12 electrons may not necessarily be
a magic number, but 10 electrons are consistently associated
with a relatively lower thermodynamic stability.

Fig. 6b displays the c2s (HOMO) and c1d (HOMO�1 and
HOMO�10) shapes of the 12 p dianion acepentalene (C10H6

2�)
and its p ring current maps. The latter shows that it a p
aromatic species.66 When removing 2 electrons from C10H6

2�,
the electron loss occurs not in the c2s orbital but in one of the
two-fold degenerate MO of c1d, leading to a Jahn–Teller effect,
as depicted in Fig. 6c, corresponding to C10H6. It is challenging
to identify the MO shape of the LUMO of C10H6 (assigned as
c1d+) because it belongs to c1d without considering its trans-
formation during the removal of 2 electrons as described above.
In the case of 1a-C2v, the inherently lower symmetry of the
structure causes c1d to automatically be split into c1d+

(HOMO�1) and c1d� (HOMO). Remarkably, the symmetry of
c1d+ and c2s is quite similar to each other after spitting, akin to
a 901 rotation.

The Jahn–Teller effect causes structures with 10 p electrons
to become more ellipsoidal than circular, leading to a change in
the MO shape of c2s, which closely resembles c1d+ after a 901
rotation. This structural deformation results in a more ellipsoi-
dal shape rather than a circular disk. However, for the sake of
simplicity, we can view these MOs of 1a-C2v under a rectangle
model. Indeed, the MOs c2s and c1d+ under the RM correspond
to c1,3 and c3,1, respectively, reflecting their symmetry. Under
the C2v point group, both belong to the b1 representations, and
the c1d� turn to the c2,2, with the a2 representations.

The G(Ty, Rx) = b2 = a2 � b1 is both translationally and
rotationally allowed transition, which results in both the para-
magnetic current in p ring current maps of C10H6 and 1a-C2v

(cf. Fig. 6). Thus, according to the RM, the proximity of the c1d
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and c2s levels, along with their low symmetry, causes a splitting
of the c1d level into both c1d+ and c1d�, with c1d+ exhibiting a
symmetry similar to that of c2s. This results in the antiaro-
matic nature of both c1d�- c2s and c1d�- c1d+ transitions.
This is a possible reason for why a high symmetry disk-like
structure having 10 p electrons has not yet to be identified as
fully aromatic.

The anion B17
� is an exceptional case with a high thermo-

dynamic stability involving 10 p electrons,50 but its geometry
does not involve a high symmetry. It features a four-boron ring
which is not a preferred form for boron clusters. Furthermore,
B17
� also displays a local paratropic ring currents around this,

as shown in Fig. S1 (ESI† file). An AdNDP analysis reported by
Sergeeva et al.50 also indicated that the p electrons of B17

� do
not exhibit a global delocalization such as the case in 3a.
Electronic distribution of the anion B17

� also demands an

in-depth investigation to thoroughly explain the origin of its
high stability.

Because p-MO shapes of 1a-C2v exhibit similarities with the
eigenfunctions of the rectangle model, a survey assessing the
suitability of RM for 1a-C2v reveals an RMSE value of 0.014 as
shown in Fig. 7. Although 1a-C2v deviates from an elongated
structure and is noticeably less rectangular, the small RMSE
value suggests that an explanation of the electronic properties
of 1a-C2v based on the RM model is appropriate. The ratio of La/
Lb for 1a-C2v (1.37) is closer to 1 than the La/Lb ratio for 3a (1.62),
leading to the c1,3 eigenfunction approaching the c3,1 eigen-
function. As a result, c1,3 becomes the first unoccupied p MO,
holding the highest weight in the antiaromaticity of 1a-C2v,
which is due to the c2,2 - c1,3 transition. Thus, the properties
of a structure depend not only on the occupied MOs but also on
the unoccupied MOs, or more precisely on the frontier MOs. An
analogy between boron clusters and hydrocarbons solely based
on the occupied MOs is thus insufficiently comprehensive.

When explaining the antiaromaticity of 1a and the aromati-
city of 3a, another question arises as to for why 3a becomes less
stable than 1a. The aromaticity of an isomer is just one of the
factors influencing its stability, and geometric shape is another
significant factor. While boron clusters prefer seven-membered
rings, comprising a ring of 6 atoms around a central atom, the
eight-membered form is not their preferred geometry. Isomer 1a
has an eight-membered ring, while 3a has two; therefore, the
stability of 3a is improved as compared to its cation counterpart
3c but it is apparently not enough to surpass 1a.

And finally, there is still one factor influencing the stability
of B15

�. The LUMO of 1a-C2v is a s* MO with an energy of only
0.07 eV higher than the HOMO. A narrow frontier orbital energy
gap is often the cause leading to a multi-reference character of a

Fig. 6 (a) The lowest eigenstates in the disk model. p frontier of (b)
C10H6

2�, (c) C10H6 and (d) 1a-C2v and their p ring current maps.

Fig. 7 Correlation between DFT (PBE/6-311+G(d)) orbital energies of
1a-C2v and eigenvalues of the particle in a rectangle box. Dimensions of
the rectangle are drawn in proportion to its size. Red circles indicate the
occupied levels while the blue squares indicate the unoccupied levels.
Solid arrows indicate translational transition while dash-dotted arrows
stand for allowed translational and rotational transition.
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structure.67 Indeed, Fig. 8 shows that upon stabilization of the
wavefunctions of 1a-C2v, the shapes of its HOMO and LUMO
undergo significant changes that are also similar to those of 1a
(after geometry relaxation from 1a-C2v). Such a shape transfor-
mation leads to a similarity making it difficult to distinguish
between p and s character for both HOMO and LUMO in 1a,
and consequently, it is challenging to assign separated p and s
contributions to its aromatic character.

Overall, the present study identifies two main reasons con-
tributing to the diminished aromaticity of the B15

� anion.
Firstly, the 10 p electrons do not follow the aromaticity criterion
according to the Hückel rule, a phenomenon explainable
through both disk and rectangle models. From a DM perspec-
tive, a disk-shaped structure with 10 electrons would distort it
to a lower symmetry and induce a reduced aromaticity due to
similarities in the MO shapes among the frontier MOs. The RM
also brings in similarities in the MO shapes among the frontier
MOs as the rectangular shape becomes compressed closer to a
square. Furthermore, the emergence of a s* LUMO and a very
small HOMO–LUMO gap leads to electron exchange between
HOMO and LUMO, diminishing the aromaticity of B15

�.
In summary, both the RM and DM provide us with a similar

perspective on the electronic structure of the B15
� anion which

leads to its reduced aromaticity. It is not in line with the
classical electron count rule that the 10 p electrons must lead
to a fully aromatic character.

4. Concluding remarks

A comprehensive examination of the B15
q isomers in three

charge states, cationic, neutral and anionic, was meticulously
conducted. First, we carried out a benchmark on the accuracy
of a series of DFT functionals that has been verified with
respect to (U)CCSD(T)/aug-cc-pVTZ single point electronic
energy calculations. Through the study of B15

+/0/�, a number
of important findings emerge as follows:

– For the cation B15
+, both 1c and 2c isomers can be

considered as degenerate global minima whereas 3c is only
slightly higher than 1c by B3 kcal mol�1. The 3D isomer 4c is
B10 kcal mol�1 higher in energy than 1c, providing a better
explanation for why this 3D isomer was not discovered in the
previous Oger et al.’s experiments.

– A stringent benchmark relying solely on isomers with low
spin contamination demonstrated the high reliability of the
PBE and BPBE functionals in accurately predicting the relative
energies for boron isomers. The accuracy of PBE is attributed to
its ability to differentiate between 2D and 3D structures in
agreement with CCSD(T) results. The TPSSh, PBE0 and HSE06
functionals still provide a good accuracy but need careful
reconsideration regarding the competition in stability between
2D and 3D isomers. The present study also highlighted that
functionals previously recommended from benchmarks based
on coupled-cluster computations on systems having high-spin
contamination tend to lead to large errors. Consequently, much
caution is again suggested when treating structures bearing
high spin contamination.

– Both cationic isomers 1c and 3c are p antiaromatic with 8 p
electrons. However, as extra electrons are successively added, 3c
is gradually transiting towards an aromatic character, while 1c
undergoes a distortion and fails to acquire a high stability upon
electron addition, even with 10 p electrons in the anionic
state (1a-C2v). The 10 electron rule originates from solution
of the secular determinants for naphthalene. The rectangle
model provides us with a similar solution, but it is easier
to solve it than equations of secular determinants, and it can
be applied to any rectangle-shaped molecule. The antiaromati-
city of 3c and aromaticity of 3a were clearly understood from
the rectangle model.

– The 1a-C2v geometry is closer to a disk shape than a
rectangle. Notably, the 10 p electrons according to the Hückel
rule are observed in ring-like structures but not in disk-like
counterparts. A disk model analysis showed that the c1d and
c2s levels have similar energy levels, and if c1d is split into c1d�
and c1d+, the shape of c1d+ becomes similar to c2s. Therefore,
these three energy levels can be considered as degenerate, and
while these 10 electrons do not confer a higher thermodynamic
stability, the 12 electrons do.

– The 1a-C2v is also examined from the perspective of the
RM. The early appearance of c1,3 is the reason behind
the antiaromatic character of 1a-C2v. This highlights the role
of an appropriate geometry model for explaining the electron
configuration and demonstrates that the shape of frontier MOs
greatly influences the stability of the structure considered.

Fig. 8 Transformation of the HOMO and LUMO shapes from (a) unstable
wavefunctions structure to (b) stable wavefunctions structure, and the
transformation of HOMO and LUMO shapes during relaxation from (a) to (c).
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– Another factor contributing to a decreased stability of 1a is
the emergence of a s* LUMO, and a very small HOMO–LUMO
gap which leads to an electron exchange between HOMO and
LUMO when the 1a is relaxed from the more symmetrical 1a-C2v.
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