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Monte Carlo simulation is used to study secondary nucleation, fissioning, or ‘reproduction’, of giant
clusters in a symmetric binary model fluid with competing short-range (SA) and long-range (LR)
interactions. Previous work [M. B. Sweatman, Mol. Phys., 116(15-16), 1945-1952] suggests that a pure
SALR fluid can exhibit secondary nucleation if the solute concentration is slowly increased. We show this
is also true for a binary symmetric SALR mixture where the cross-interactions can be tuned to generate
clusters with three different kinds of structure; (i) independent clusters of each component, (i) contact
clusters of different components, and (iii) mixed clusters. In each case, the overall concentration of each
component is identical. This binary model is an initial step towards using SALR fluids to model the intra-
cellular space of biological cells that contain a wide range of membraneless organelles and the chemical
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1 Introduction

Giant thermodynamically stable clusters occur in many
chemical systems including micelles in surfactant systems’
and liquid-like droplets in complex coacervates and many
polyelectrolyte solutions.>? Biological cells also contain a wide
variety of giant, membraneless clusters, known as membrane-
less organelles,” but it is not yet clear if these clusters are
thermodynamically stable. Normally, it is thought they form
through liquid-liquid phase separation (LLPS),° but giant
clusters are thermodynamically unstable if formed this way.
Instead, the bulk liquid phase is stable. Therefore, we should
expect a multitude of such large, finite-size clusters within
biological cells to aggregate given sufficient time. Since this
does not appear to happen, it seems that an unknown mecha-
nism beyond LLPS stabilizes them.

Giant, thermodynamically stable clusters can also form in
SALR fluids, where particles interact via short-range attractive
interactions (SA) and long-range repulsive interactions (LR).”
The SALR interaction has, therefore, been used to model some
fluids where giant clusters are apparently stable, including
membraneless organelles. Typically, the long-range repulsive
part of the SALR interaction is modelled as a screened-coulomb
interaction. Thus, giant SALR clusters are usually models of
charged-stabilized clusters.
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Since many biological molecules are charged in solution, it
raises the possibility the SALR model could be a good model for
many biological molecules and their condensates, including
membraneless organelles. If this is the case, then the suggested
mechanism (LLPS) for the formation of such condensates
might not be accurate, since giant SALR clusters are not formed
through liquid-liquid phase separation. Instead, the SALR
phase diagram features a pseudo phase transition line known as
the critical cluster concentration (CCC),® analogous to the critical
micelle concentration (CMC) of micelle-forming surfactants.
However, more complex clustering behavior beyond the appear-
ance of simple spherical clusters above the CCC has been revealed
for a wide range of both pure and mixed SALR fluids'*"® and
related to analogous behavior seen in real fluids. Normally,
the SALR model interaction is taken to represent the effective
interaction between solute particles mediated by a solvent (usually
water) that is not explicitly represented in the model. That is, the
solvent degrees-of-freedom are integrated-out.

Recently, Sweatman,'® using modified grand canonical
Monte Carlo simulations and a novel kind of density functional
theory for a pure SALR fluid, showed that giant SALR clusters
can fission when the overall concentration of SALR particles is
increased sufficiently slowly. This process might also be called
secondary nucleation,? or in the biological realm it might be
called ‘reproduction’. On the other hand, when the SALR
concentration is increased too rapidly, it was found that SALR
clusters can grow along one axis into long ‘sausage’ shapes or
primary nucleation of giant clusters can occur preferentially.
Similar results should be obtained using Brownian dynamics
simulations where the solute concentration is slowly
increased.>»?> Whichever simulation method is used, since
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an increase in SALR particle concentration is equivalent to a
decrease in implicit solvent concentration, Sweatman’s'® findings
also imply secondary nucleation of giant SALR clusters could
occur through solvent evaporation.

Sweatman'® explained this behavior in terms of three com-
peting rates; the rate of accumulation of SALR particles in the
system, the rate at which particles diffuse through the solvent
and the rate at which giant clusters can relax which is related
to cluster viscosity. Provided particle diffusion and cluster
relaxation are faster processes than particle accumulation, then
the giant clusters should remain close to their equilibrium
structures. However, if cluster size exceeds a geometric limit,
further cluster growth occurs along one axis of a cluster in
preference to primary nucleation of a new cluster. Eventually,
as cluster size increases still further, a cluster instability thresh-
old is encountered which results in clusters fissioning into two
smaller spherical clusters. This instability is caused primarily
by the competition between SA and LR interactions; above the
size threshold, LR interactions dominate. Similar physics
occurs in fissioning of atomic nuclei, except there the SA
interactions are generated by the strong nuclear force.

An understanding of giant SALR cluster fissioning, ie.
secondary nucleation, could be especially important in biology.
This is because recent research suggests the onset of many
diseases, including some cancers and neurodegenerative dis-
eases, is related to the rate of proliferation of specific biological
condensates.”® In turn this rate could be sensitive to the
mechanism by which such clusters are generated, i.e. primary
versus secondary nucleation, since nucleation rates for these
processes can differ by orders-of-magnitude. Therefore, treat-
ment of some diseases, like cancers and neurodegenerative
diseases, might be improved by a better understanding of
nucleation in biological condensates. It follows that if giant
SALR clusters are a good model of membraneless organelles,
then a better understanding of primary versus secondary
nucleation in giant SALR clusters might have implications for
the treatment of many common diseases. In addition, cellular
reproduction, which is essentially just secondary nucleation of
large complex clusters, was obviously important in the initial
development of life from non-living clusters since any species
can only escape extinction through reproductive replacement.
If the initial development of life involved membraneless orga-
nelles or other kinds of biological condensate, and if giant
SALR clusters are good model of these aggregates as well, then a
better understanding of the nucleation of giant SALR clusters
could also be important in understanding the origin of life.

This work takes the initial work of Sweatman'® one step further.
That is, we consider secondary nucleation of giant clusters in
symmetric equimolar binary mixtures of SALR particles. We are
interested in SALR mixtures because the cellular cytoplasm con-
tains a wide range of biological molecules and membraneless
organelles.” ®** Likewise, the chemical ‘soup’ leading to the devel-
opment of life would have been highly mixed.>* Essentially, we
view each type of cluster as a different kind of membraneless
organelle or as a different species in models of early life. We
choose symmetric equimolar SALR mixtures for simplicity and
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convenience. More complex mixtures that are more representative
of real mixtures can be considered in future work.

The organization of this paper is as follows. In Section 2,
computational details of the Monte Carlo simulations, as well
as the model parameters, are given. Simulation results are
presented and a discussion is provided in Section 3. A summary
of this work is provided in Section 4.

2 Computational details

This work focuses on fluids consisting of equimolar symmetric
binary mixtures of components A and B, with particles from
both components interacting through short range attractive
and long range repulsive (SALR) forces. Following Sweatman
et al,>'® these SALR interactions are modelled by double-
Yukawa potentials, extended here to the mixture case. There-
fore, hard sphere interactions occur for r < 1, while for r > 1,

dpyii () = —Psa;(r) + drry(r)

Psai(r) = A:ij exp[—zu;(r — 1)] (1)

d)LRij(r) = %QXP[_ZW(” = 1)]

Here, the term ¢sa;() represent the short-range attraction, the
term ¢y g;(r) represent the long-range repulsion and i, j = 4, B,
which are the two components. The parameters A,; and A,;
represent the magnitude of the attractive and repulsive inter-
actions respectively, while the parameters z,; and z,; represent
the inverse decay length of the attractive and repulsive interac-
tions respectively.

Using a modified kind of density functional theory, Sweat-
man et al® find that a cluster fluid occurs at low system
concentrations in the pure SALR system with the following
parameters; 4, € [1.6,2.2], A, = 0.5, 2z, = 1, 2, = 0.5 (note that
reduced units are used throughout this work, so that energies
are given in units of kT, with kg being Boltzmann constant and T
being the temperature, lengths are stated relative to the hard sphere
diameter, d, and density is given in units of particles per d°).
MC simulations confirm that choosing parameters within this range
can lead to the formation of giant SALR clusters at equilibrium.®
Typically, such cluster states are highly metastable and therefore
once equilibrium is achieved, no new cluster nucleation or evapora-
tion events are observed in simulations within a reasonable time.
Through investigation of a density functional theory model,
Sweatman' explained that this is because the free energy barrier
for such events is too high, at least for the giant clusters we are
interested in.

To ensure both components of our binary SALR fluid
by themselves would also exhibit equilibrium clustering, the
following interaction parameters are selected: A us = Agpp = 1.75,
Aran = Argp = 0.5, Zaaa = Zape = Zaap = 1, and 2,44 = 288 = Zrup = 0.5.
These parameters are identical to those used in earlier work
that investigated giant SALR cluster formation in symmetric
binary SALR mixtures.”® In that work, it was found that there
are three general kinds of giant cluster scenario for these binary
SALR fluids at equilibrium under equimolar conditions, which
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are determined by the choice of cross-interaction parameters.
Choosing Agp = 0.35, 4,43 = 0.1 results in independent clusters
of relatively pure A and pure B. Choosing Agsp = 0.55, 4,45 = 0.1,
on the other hand, results in relatively pure clusters of A and B
that tend to touch. Finally, choosing 4,45 = 1.4, A;45 = 0.3 results
in larger mixed clusters. It is expected that these parameter
selections cover the fundamental clustering behavior of interest
to us.”!

Since these giant SALR cluster states are highly metastable,
they must be driven towards an instability to observe new
cluster nucleation or evaporation events. Clearly, to observe
nucleation events we should consider adding particles to the
system. Sweatman previously achieved this using a modified
grand canonical Monte Carlo (GCMC) approach to generate
reproduction behavior in a pure SALR system.' In this
approach, (i) only small particle movements are allowed, i.e.
no non-physical moves are performed; and (ii) grand canonical
particle insertion attempts are allowed but particle deletion
attempts are not. This asymmetry leads to a steady increase in
particle concentration. Clearly, these simulations are not equi-
librium simulations. This accords with our main interest which
is to investigate the effect of the rate of accumulation of SALR
particles on nucleation behavior. This situation, where the
particle concentration increases steadily, could correspond to
where, (i) proteins or other biomolecules, perhaps produced by
a disease, are continually generated within a biological cell, or
(ii) where water evaporates from a warm pond containing
‘primordial soup’.

Brownian dynamics simulation would be a natural choice
for the simulation of solute systems. However, the Monte Carlo
simulation method defined above is better suited to the
hard particle interactions used here (1) and should produce
similar outcomes to Brownian dynamics for suitably small step
sizes.”"** Therefore, in this paper, Sweatman’s modified GCMC
simulation method is used to also study the binary SALR
mixture system.

Specifically, trial displacements have a maximum step size
of 0.35 and the fictitious fugacity for particle insertions is set to
0.016 for both components. Also, one insertion attempt per
500 or 25 cycles is made for scenario 1 and scenario 2, while
one insertion attempt per 1000 or 50 cycles is made for scenario
3 (a cycle consists of an attempt to move each particle). A cubic
simulation box of side length 27 with periodic boundaries in
each Cartesian direction and a long-ranged cut-off of half the
box length is employed.

The initial configuration for scenarios 1 and 2 consists of
700 particles of each component, while the initial configuration
for scenario 3 has 400 particles of each component. Thus, the
particle concentrations used here are similar to those used in
earlier work.>

Preliminary MC simulations begin with a random distribu-
tion of particles but without any trial insertions. These initial
concentrations are chosen such that an initial pair of clusters
will rapidly form for scenarios 1 and 2, or a single mixed cluster
will spontaneously form for scenario 3, but no further clustering
is observed with longer simulations. There is no selection bias
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for these initial states. We use the output configurations of these
preliminary MC simulations as the input to our modified GCMC
simulations, reported next.

3 Simulation results

Fig. 1, corresponding to scenario 1 (one insertion attempt per
500 cycles), shows the growth and reproduction of both blue
and red clusters as the particle concentration slowly increases.
Initially, as the clusters grow beyond a critical size, they both
begin to grow along one axis. Further growth leads to an
instability and secondary nucleation. The first reproduction
event takes place just before 500000 cycles (blue cluster),
followed by the second reproduction event at about 530000
cycles (red cluster).

Fig. 2 also corresponds to scenario 1 but with one insertion
attempt per 25 cycles. In this case, particle accumulation is
faster than both particle diffusion and cluster relaxation. Now,
both blue and red clusters keep growing along one axis without
any secondary nucleation events, leading to elongated sausage-
like shapes. In addition, primary nucleation events are
observed for both components; the first occurs just before
60000 cycles (blue cluster), while the second occurs before
80000 cycles (red cluster).

cycle=500000

cycle=530000

Fig. 1 Snapshots from Monte Carlo simulations of binary SALR mixtures for
scenario 1 corresponding to one insertion attempt per 500 cycles (see text).
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cycle =80000 cycle =90000

Fig. 2 As for Fig. 1, except only one insertion attempt per 25 cycles.

Fig. 3 corresponds to scenario 2, where clusters of relatively
pure A and B touch, with one insertion attempt per 500 cycles.
Initially, the fused red and blue clusters grow together. Subse-
quently, the blue cluster fissions before 400000 cycles with
both blue daughter clusters still attached to the extended red
cluster. Later, the red cluster also fissions before 670 000 cycles.
The final configuration consists of two fused daughter clusters,
each consisting of a pairs of red and blue daughter clusters in
contact.

Fig. 4 corresponds to scenario 2 with one insertion attempt
per 25 cycles. This time, with this rapid rate of particle inser-
tion, the original fused cluster grows continuously without any
obvious fissioning events. However, a primary nucleation event
occurs before 40 000 cycles.

Fig. 5 corresponds to scenario 3, i.e. mixed clusters, with one
insertion attempt per 1000 cycles. When the cluster grows
beyond a size threshold at about 400 000 cycles, further growth
occurs along one axis leading to formation of a non-spherical
prolate cluster. The formation of a dumbbell or pinched shape
can be observed at about 600 000 cycles due to encountering an
instability. Just before 800000 cycles, the cluster fissions to
create two daughter mixed clusters.

Fig. 6 corresponds to scenario 3, but now with one insertion
attempt per 50 cycles. At this high rate of insertion, a new
cluster forms via primary nucleation before 60000 cycles and
continues to grow.

In general, we observe secondary nucleation, fissioning or
‘reproduction’, for all three scenarios when the insertion rate is
sufficiently slow, as shown in Fig. 1, 3 and 5. However, when the
insertion rate is fast (corresponding to the results in Fig. 2, 4
and 6), clusters do not have sufficient time to relax and undergo
secondary nucleation and instead new cluster production typi-
cally occurs through primary nucleation in these SALR
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cycle =600000

cycle =670000

Fig. 3 Snapshots from Monte Carlo simulations of binary SALR mixtures
for scenario 2 corresponding to one insertion attempt per 500 cycles.

cycle =60000

cycle =80000

Fig. 4 As for Fig. 3, except only one insertion attempt per 25 cycles.
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cycle =700000 cycle =800000

Fig. 5 Snapshots from Monte Carlo simulations of binary SALR mixtures
for scenario 3 corresponding to one insertion attempt per 1000 cycles.

mixtures. This agrees with similar observations for the pure
SALR fluid."

cycle =60000 cycle =80000

Fig. 6 As for Fig. 5, except only one insertion attempt per 50 cycles.
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Fig. 7 Evolution of the configurational energy of scenario 1.

Fig. 7-9 present the evolution of the configurational energy
per particle of scenarios 1, 2 and 3, where the blue plots refer to
Fig. 1, 3 and 5 (secondary nucleation), and the red plots refer to
Fig. 2, 4 and 6 (primary nucleation). A very important common
feature of the red plots is that one can observe the formation of
a large peak in configurational energy per particle relative to the
blue plots. In contrast, all the blue plots tend to decrease
gradually. As the starting point of the blue and red plots is
identical, it can be concluded that these large energy peaks
indicate a larger free energy barrier for primary nucleation
compared with secondary nucleation, which agrees with the
previous theoretical analysis for the pure SALR fluid."®

Also, in Fig. 10-12, the cluster size evolution of the above
three scenarios is presented. Here we use the DBSCAN algo-
rithm to calculate cluster size.”® This algorithm assigns parti-
cles to a cluster if they are virtually ‘bonded’ to at least n other
particles, where a virtual bond is formed between particles that
are separated by less than s. The DBSCAN algorithm should not
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Fig. 8 Evolution of the configurational energy of scenario 2.
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Fig. 9 Evolution of the configurational energy of scenario 3.

be very sensitive to the choice of the parameters n and s
provided sensible choices are made. Typically, it is sensible to
choose n = D + 1, where D is the system dimensionality. This is
because D + 1 points in D-dimensional space will generally
describe a volume in that space. For s, a sensible choice is a
distance similar to the interaction potential well width.
Therefore, we choose n = 4 and s = 1.5, which produces
cluster sizes that agree well with visual inspection of the snap-
shots in Fig. 1-6. As there are rapid fluctuations in the popula-
tion of tiny clusters that never exceed a critical nucleation size,
we only consider clusters consisting of more than 10 particles.
Fig. 10 tracks the size of the giant clusters seen in Fig. 1 and
2 corresponding to scenario 1 with slow and fast insertion rates,
respectively. We see that initially the cluster size for both
clusters is around 450 particles, and for the slow insertion rate
the clusters grow until an instability occurs at around 600
particles. Each parent cluster then divides into a pair of

108 T T

old blue cluster
old red cluster
new red cluster
new blue cluster
= = old red cluster
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= = new red cluster 1

cluster size
>
N
:
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0 3 4 5 6

cycle x10°

-
N

Fig. 10 Evolution of the cluster size of scenario 1. The full lines refer to
fast insertion and the dash lines refer to slow insertion.
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Fig. 11 As for Fig. 10, except
scenario 2.

showing evolution of the cluster size of

daughter clusters with around 300 particles each, as expected.
In the case of fast insertion, the original clusters grow rapidly
from their initial size of around 450 particles to around 700-
800 particles by the end of the simulation without fissioning.
New clusters are formed via primary nucleation, reaching sizes
around 100-250 particles before the end of the simulation.
Fig. 11 tracks the size of the giant clusters seen in Fig. 3 and
4 corresponding to scenario 2 with slow and fast insertion rates,
respectively. We see that initially the cluster size for both
clusters is around 350-400 particles for the slow insertion rate
and fissioning occurs once they reach around 600 particles.
Each parent cluster divides into a pair of clusters with around
300 particles each, as expected. In the case of fast insertion, the
original clusters grow rapidly from their initial size of around
350-400 particles to around 600 particles by the end of the
simulation without fissioning. New clusters are formed via
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Fig. 12 As for Fig. 10, except showing evolution of the cluster size of
scenario 3.
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primary nucleation, reaching sizes between nearly 100 and 200
particles before the end of the simulation.

Fig. 12 tracks the size of the giant clusters seen in Fig. 5 and
6 corresponding to scenario 3 with slow and fast insertion rates,
respectively. In this case, there is only one initial mixed cluster
of nearly 600 particles. The cluster grows until fissioning at
nearly 1000 particles into a pair of clusters with around 500
particles each, as expected. In the case of fast insertion, the
original cluster grows rapidly to around 1000 particles by the
end of the simulation without fissioning. A new cluster forms
via primary nucleation, reaching over 200 particles before the
end of the simulation.

4 Conclusions

Similar to the single SALR component system, it is demon-
strated here that the clusters in an equimolar symmetric binary
SALR mixture can also display secondary nucleation, i.e. fis-
sioning or reproduction. Specifically, when the system concen-
tration increases sufficiently slowly, clusters of this kind of
SALR mixture can serve as nucleation centers to produce
further clusters. This process seems to occur preferentially to
primary nucleation regardless of the ‘scenario’, that is regard-
less of the cross-interaction strength and the kind of cluster in
the system provided the particle concentration increases suffi-
ciently slowly. Investigation of the configurational energy per
particle suggests that secondary nucleation occurs in prefer-
ence to primary nucleation because it has a lower free energy
barrier, as predicted by earlier theoretical work."®

On the other hand, with a faster insertion rate, the simula-
tion results reveal primary nucleation is preferred. We suggest
this is because local fluctuations in the particle concentration
can be much larger and lead to the formation of nucleation
centers.

As explained in the introduction, we are interested in giant
cluster nucleation mechanisms mainly because it is thought
they can have a profound effect on the onset of many diseases.
Specifically, many diseases are thought to be mediated by
cellular membraneless organelles or other biological conden-
sates, and the rate of disease onset is thought to be determined by
the proliferation rate of these biological aggregates. Therefore, it is
possible that a better understanding of biological condensate
nucleation pathways can lead to more effective treatments for
many diseases. Since cells are typically crowded with many
different kinds of biological molecule, organelle and other con-
densates, it is important to study the mixture case. Therefore,
provided the SALR interaction is a good model for the biological
molecules that form such condensates, the insights provided here
might find use in future studies of disease.

Specifically, if the slow accumulation regime modelled here
is typical within the cellular cytoplasm, and if the SALR inter-
action is a reasonable model of effective molecular interactions
for biological molecules that form condensates within cells, then
we can expect that secondary nucleation could also be the
dominant production mode for such biological condensates.
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The reason for this seems to be that the nucleation barrier is
much lower compared to primary nucleation. This was also the
conclusion of earlier work with the pure SALR fluid.*® It follows
that the reason for rapid onset of some diseases might be related
to a low free energy barrier for secondary nucleation, compared
to primary nucleation, in some biological condensates.
Regarding the origin of life, if the SALR model is reasonable for
early biological molecules, then this work also suggests that the
development of life might be related to a low free energy barrier
for secondary nucleation, ie. reproduction, relative to primary
nucleation for the earliest life-like aggregates. This is perhaps a
trivial observation, since it is obvious that no living species,
however simple, can spontaneously nucleate through primary
nucleation. Indeed, this might be considered a fundamental
characteristic of life, which would tend to suggest that viruses,
which procreate through primary nucleation, are not alive.
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