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Theoretical study on the mechanochemical
reactivity in Diels–Alder reactions

Wakana Sakai,ab Lori Gonnet, cd Naoki Haruta, ab Tohru Sato*ab and
Michel Baron c

Mechanochemical reactions sometimes give different yields from those under solvent conditions, and

such mechanochemical reactivities depend on the reactions. This study theoretically elucidates what

governs mechanochemical reactivities, taking the Diels–Alder reactions as an example. Applying

mechanical force can be regarded as the deformation of molecules, and the deformation in an orthogo-

nal direction to a reaction mode can lower the reaction barrier. Here, we introduce a dimensionless

cubic force constant, a mechanochemical reaction constant. It tells us how easily the deformation can

lower a reaction barrier and enables us to compare the mechanochemical reactivities of different reac-

tions. The constants correlate positively with the yields of the mechanochemical Diels–Alder reactions.

1 Introduction

Mechanochemistry deals with chemical phenomena, such as
chemical reactions, caused by mechanical action.1 In the ball
milling method, hard balls and powder samples are placed in a
mill and ground together to apply a mechanical force to the
powder samples. Instead of grinding, uniform pressure2 or
polymer chains’ tensile stress3 can also be used as mechanical
action sources. In recent years, the mechanochemical synthesis
of organic molecules has received particular attention. The
reason is that it is ecological and economical because no
solvent or catalyst is required.4 It is also of potential interest
from a fundamental point of view. In mechanochemical reac-
tions, chemical reactions that should not proceed under con-
ventional solvent conditions often undergo unexpectedly, or
reaction yields can improve. For example, Wang et al. reported
that a high-speed vibration milling technique bridges buckmin-
sterfullerenes, yielding a dumb-bell-shaped C120.5 Hickenboth
et al. reported that polymeric substituents generate mechanical
stress in cyclic compounds, facilitating ring-opening reactions
upon being subjected to ultrasound.6 The Woodward–Hoff-
mann rule cannot explain the observed stereoselectivity.

It is still unclear what governs mechanochemical reaction yields.
Take the Diels–Alder reactions as an example (Fig. 1 and Table 1).

Fig. 1 The reported mechanochemical Diels–Alder reactions. Scheme 1:
anthracene + p-benzoquinone.7 Scheme 2: 9,10-dimethylanthracene + p-
benzoquinone.7 Scheme 3: cyclopentadiene + maleic anhydride.8

Scheme 4: 9-methylanthracene + maleic anhydride.9 Scheme 5: diphe-
nylfulvene + maleimide.10 Their yields are listed in Table 1.
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Watanabe et al. reported the mechanochemical Diels–Alder reaction
between anthracene derivatives and p-benzoquinone.7 Though
anthracene does not react under mechanochemical conditions
(Scheme 1), introducing one or two methyl groups makes anthra-
cene mechanochemically reactive (Scheme 2).7 On the other hand,
Zhang et al., McKissic et al., and Gonnet et al. reported the other
mechanochemical Diels–Alder reactions, including cyclopenta-
diene + maleic anhydride or maleimide derivatives,8 anthracene
derivatives + maleic anhydride,9 and diphenylfulvene + maleimide
(Schemes 3–5),10 with higher yields. These reactions (1)–(5) are
similar, but their mechanochemical yields are entirely different,
as shown in Table 1.

How can mechanochemical conditions be treated theoreti-
cally? Theoretical approaches to mechanochemistry are now
emerging.11 We here assume the ball milling method. During
grinding, random external forces are applied to individual
molecules inside and at the interfaces of the micro powders.
Applying an external force is equivalent to deforming the
molecule from its equilibrium structure and balancing the
external and internal forces. The molecular structure deforms
when an external force is applied in a specific direction at a
particular moment. Thus, mechanochemical reactions can be
regarded as reactions between distorted (more rigorously,
vibrationally excited) molecules. Luty et al. discussed the
impact of mechanical force on the electronic structure of
reactant molecules via structural deformation, i.e., the inverse
Jahn–Teller effect.12 Ribas-Arino et al. proposed that a mechan-
ical force can alter a reaction barrier by modifying the potential
energy surface. This can be regarded as a Legendre transformation
from a displacement to a force.13 They explained the facilitation of
the ring-opening reaction of cis-1,2-dimethylbenzocyclobutene
under a mechanochemical condition.

Recently, dibenzophenazine was synthesized with a high
yield of over 99% by the ball milling method.14 Kinetic and
calorimetric experiments suggested that two reaction pathways
are involved in this reaction.15,16 Our density functional theory
(DFT) calculations found the stepwise reaction as the lowest energy
path and the concerted reaction as a higher energy path.17 How-
ever, the highest energy point of the latter is the higher-order
saddle point with two or more imaginary frequencies; hence, it is
not acceptable as a reaction path. The extra imaginary frequency
comes from the instability of the plane-symmetric conformation
in one of the reactants. We clarified that an external force
easily deforms this molecule, the plane-symmetric conformation
becomes stable, and the higher-order saddle point of the concerted
reaction pathway changes to the transition state (TS; the first-order
saddle point). This result demonstrates a mechanism by which
mechanical action opens a new reaction pathway.

We also studied the Diels–Alder reaction of diphenylfulvene
and maleimide. The product of this reaction has two

stereoisomers called endo- and exo-isomers. Although the reac-
tion can proceed in organic solvents, the ball milling method
improves the selectivity of the endo form.10 We considered the
possibility that the reactants are distorted and the reaction
barrier is changed by applying an external force.18 The reaction
barrier variability is characterized by the cubic force constant,
which is a derivative of the curvature of the reaction curve
concerning another normal coordinate (deformational coordi-
nate). The constant indicates how much the curvature of the
reaction curve is changed by the deformation in the direction of
a normal mode. When reactants are distorted, the reaction
barrier increases if the reaction curve bends more steeply, and
the reaction barrier decreases if the reaction curve bends more
loosely. Comparing the endo- and exo-formation pathways, we
found a difference in the magnitudes of the cubic force con-
stants. When deformed, the reaction barrier of the endo-type
path was significantly lower than that of the exo-type pathway.

Felts et al. reported that functional groups such as CQO are
mechanically cleaved from chemically modified graphene
sheets when atomic force microscope tips apply the force of
nano Newton.19 Though it is difficult to observe the mechanical
force applied to each molecule during ball milling directly, the
mechanical forces of nano Newtons seem to be needed to
undergo mechanochemical reactions. This is consistent with
our previous study:18 mechanical forces of (sub-)nano Newtons
are needed to vary the reaction barriers.

These previous works imply that mechanochemical reactiv-
ities of various reactions depend on the change in the curva-
tures of their reaction curves. The present study aims to
theoretically clarify the origin of the difference in the yields
of the mechanochemical Diels–Alder reactions by introducing a
quantity describing mechanochemical reactivities.

2 Theory

A random force is applied to each reactant molecule during
grinding because of the interfacial stacking of microcrystalline
grains. Any external force acting on a molecule can be divided
into components along normal modes, similar to an internal
force. Let us suppose that the applied force is mechanically
balanced with the internal force,

Fa þ
@E

@Qa

� �
Qa¼D
¼ 0; (1)

where Qa denotes a normal coordinate of mode a, and E
represents the potential energy. The application of the force
Fa for mode a is equivalent to making a structural deformation
of Qa = D.

We here focus on forces orthogonal to the reaction mode.18

If the deformation in the direction orthogonal to the reaction
mode considerably lowers the reaction barrier, such a reaction
pathway is mechanochemically favorable. The potential energy
E can be expanded around the TS in terms of the reaction

Table 1 The reported maximum yields of the mechanochemical Diels–
Alder reactions (1)–(5). Reaction schemes are shown in Fig. 1

Scheme 1 2 3 4 5

Yield 0.007 0.267 r0.828 0.949 0.9210
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coordinate Qs:

E ¼ ETS þ
1

2
KsQs

2 þ 1

3!
gsQs

3 þ 1

4!
dsQs

4 þ . . . ; (2)

where ETS is the potential energy at the TS. Ks, gs, and ds are
quadratic, cubic, and quartic force constants for the reaction
mode, respectively. By definition, Ks is negative, and ds is
positive. As shown in Fig. 2, the deformation can lower the
reaction barrier when the absolute value of the potential energy
curvature Ks becomes smaller. Note that the change of the
higher-order derivatives is ignored here for simplicity. In this
case, the decrease in the reaction barrier depends on the
feasibility of variation in the curvature by deformation in mode
a, which can be evaluated by a third-order mixed derivative, a
cubic force constant K(1)

s,a,

Kð1Þs;a ¼
@

@Qa

@2E

@Qs
2

� �� �
TS

ða ¼ 1; 2; . . . ; fvib � 1Þ; (3)

where fvib denotes the vibrational degrees of freedom, and the
superscript (1) means the first derivative concerning Qa. Herein,
we can introduce a cubic effective mode ueff, which is the
deformational mode ueff such that the curvature variation is
maximum,

ueff ¼
1

N

Xfvib�1
a¼1

K ð1Þs;a u
a; N ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXfvib�1
a0¼1

K
ð1Þ
s;a0

2

vuut ; (4)

where N denotes a normalization factor, and ua is a vibrational
vector for mode a. The cubic force constant K(1)

s,eff for the cubic
effective mode ueff is given by N. K(1)

s,eff characterizes the maximum
curvature variation due to the application of a random force.

If a reaction barrier is very high in a particular reaction, the
magnitude of K(1)

s,eff loses its importance. A dimensionless
quantity that does not depend on the energy scale is required
to compare the mechanochemical reactivities of different
reactions. With the frequency os of the reaction mode, Ks is
written as

Ks = �|os|
2. (5)

Note that os is a purely imaginary number. As a result, E can be
rewritten by

E ¼ �h osj j �
osj j
2�h

Qs
2 þ gs

3!�h osj j
Qs

3 þ ds
4!�h osj j

Qs
4

� �
; (6)

in which the energy of h�|os| is factored out. We here introduce
a dimensionless reaction coordinate qs,

qs ¼
ffiffiffiffiffiffiffiffi
osj j
�h

r
Qs; (7)

and thus

E ¼ �h osj j �
1

2
qs

2 þ 1

3!
g0sqs

3 þ 1

4!
d0sqs

4

� �
; (8)

where g0s and d0s are dimensionless cubic and quartic force
constants for the reaction mode,

g0s ¼
ffiffiffiffiffiffiffiffiffiffi

�h

osj j5

s
gs; d0s ¼

�h

osj j3
ds: (9)

As with the reaction coordinate, a dimensionless normal coor-
dinate can also be introduced as

qa ¼
ffiffiffiffiffiffi
oa

�h

r
Qa: (10)

The energy term, including the third-order mixed derivative
K(1)

s,a, can be nondimensionalized as

E0 ¼ 1

2
Kð1Þs;a Qs

2Qa ¼
1

2
�h osj jK ð1Þ

0
s;a qs

2qa; (11)

where a dimensionless third-order mixed derivative K
ð1Þ0
s;a is

given by

K ð1Þ
0

s;a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�h

osj j4oa

s
K ð1Þs;a : (12)

Similarly, K
ð1Þ0
s;eff for the cubic effective mode can also be

obtained.

K
ð1Þ0
s;eff ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�h

osj j4oeff

s
K
ð1Þ
s;eff : (13)

K
ð1Þ0
s;eff means the degree of the maximum curvature varia-

tion due to a random force and is independent of the energy

scale. We hereafter call K
ð1Þ0
s;eff a mechanochemical reaction

constant (MRC),

3 Computational methods

Geometry optimizations and vibrational analyses based on DFT
calculations were performed for the reactants, TSs, and pro-
ducts of the Diels–Alder reactions (1)–(4) in a vacuum. The
reactants, TS, and product of the reaction (5) in a vacuum are
available in our previous study.18 Subsequently, anharmonic
vibrational analyses were performed for the TSs to obtain the
cubic force constants for the reaction mode and other normal
modes. All the DFT calculations were performed at the B3LYP/

Fig. 2 Role of a force in a direction orthogonal to the reaction mode. A
reaction barrier is lowered when the force changes the curvature of a
reaction curve at the TS.
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6-311G(d,p) level of theory using the Gaussian 09, Rev. D.01
program package.20 Furthermore, as per eqn (4) and (13), the
cubic effective mode ueff and its dimensionless cubic force

constant K ð1Þ
0

s;eff were calculated for each TS.

4 Results and discussion

Fig. 3 shows the obtained reaction profiles of the Diels–Alder
reactions (1)–(5). The transition states and their reaction modes
are shown in Fig. 4. Diene and dienophile regions approach
each other as usual in each reaction mode. All the reactions
have reaction barriers with 0.6–1.1 eV, which are not too high
compared with thermal energy. Additionally, we found that
reaction (1), with a mechanochemical yield of almost zero, has
the highest barrier, and reaction (4), with a high yield, has the
lowest barrier. This result implies a weak correlation between

the reaction barriers and mechanochemical yields. However,
such a correlation is violated for reactions (2)–(5).

We subsequently calculated MRCs for the Diels–Alder reac-
tions (1)–(5), as shown in Fig. 5. We found that the obtained
MRCs correlate positively with the yields of the mechanochem-
ical Diels–Alder reactions well. This indicates that the max-
imum curvature variation due to the application of a random
force determines the yields of the mechanochemical Diels–
Alder reactions. It should also be noted that there are other
factors than intra-molecular properties in general. For example,
if the packing structures of the reactants in the solid state are
different, they might have non-negligible effects on mechano-
chemical reactivities. We must be careful of other factors to
compare mechanochemical reactivities if reaction types or
reactant structures are entirely different.

As shown in Fig. 5, reaction (1), with the highest reaction
barrier, has a small MRC, whereas reaction (4), with the lowest
one, has a large MRC. According to the third-order perturbation
theory, a cubic force constant is given by the sum of its primary
and mixing terms. The primary term depends only on the total
electron density in the ground state. In contrast, the mixing
term depends on the excited and ground states, in which their
energy gaps are denominators. An unstable transition state
generally has a narrow energy gap between occupied and
unoccupied molecular orbitals, yielding minor stabilization
due to orbital interaction. As a result, the mixing terms are
different between reactions (1) and (4). This is one of the
reasons why the MRCs differ. For enhancing/suppressing
mechanochemical reactivities, MRCs should be increased/
decreased by molecular design. One can introduce substitu-
ents, for example, and change the mixing terms by varying
occupied and unoccupied orbital levels, leading to the control
of MRCs.

Reaction (5) correlates slightly less with MRC than the other
reactions. In contrast to reactions (1)–(4), only the diene (one of
the reactants) of reaction (5) is neither a monocyclic ring nor a

Fig. 3 The calculated energy diagrams of the Diels–Alder reactions
(1)–(5).

Fig. 4 The obtained transition states with the reaction modes: the Diels–
Alder reactions (a) 1, (b) 2, (c) 3, and (d) 4. The frequencies of these modes
are 472i, 451i, 435i, and 461i cm�1, respectively. The blue dotted circles
indicate the significant components of the vibrational vectors. The transi-
tion state of the reaction (5) is available in our previous study.18

Fig. 5 The calculated mechanochemical reaction constants and the
previously reported yields of the mechanochemical Diels–Alder
reactions.7–10
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fused one. This means that the number of low-frequency modes
in the transition state of reaction (5) is greater than those of
reactions (1)–(4). The deformations (vibrational excitations)
that are effective for the reaction are more accessible along
these low-frequency modes. This could be one of the reasons
that only the experimental yield of reaction (5) is higher than
predicted.

Fig. 6 shows the calculated cubic effective modes for the
Diels–Alder reactions (1)–(4). All the modes mainly consist of C–
H stretchings. This is similar with the previously reported cubic
effective mode of reaction (5).18 One plausible reason for this is
that the C–H stretching modes assist in the conversion of
sp2 - sp3 in carbons around the reactive regions. The curva-
tures are expected to change considerably if these modes are
partially excited during mechanical grinding. In fact, as for
reaction (5), we already confirmed that the reaction barrier is
significantly lowered by deformation along the C–H stretching
mode by calculating potential energy surfaces along the reac-
tion and cubic effective modes.18

5 Conclusion

We found that a dimensionless cubic force constant, i.e., a
mechanochemical reaction constant, governs the mechano-
chemical reactivities of the Diels–Alder reactions. This constant
represents how easily the deformation can lower a reaction
barrier and does not depend on the energy scale. The calculated
mechanochemical reaction constants correlate positively with
the yields of the mechanochemical Diels–Alder reactions well.
Evaluation of the constants before experiments could enable us
to predict the yields of mechanochemical Diels–Alder reactions.
The present theory should be verified for various mechano-
chemical reactions, including the other Diels–Alder ones, in the
near future.
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