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The GW approximation is very promising for an accurate first-principles description of charged
excitations in single-molecule—metal interfaces. In the cluster approach for electronic transport across
molecules, the infinite metal (with an adsorbed molecule) is replaced by a finite cluster whose volume
should be incrementally increased to test the approach to the thermodynamic limit. Here we show that
in GW, the approach to the thermodynamic limit will be much slower than in Kohn-Sham density-
functional theory (DFT) because of the Coulomb interaction. To demonstrate this statement, we
investigate spectral gaps in an ensemble of disordered sodium clusters in Kohn—Sham DFT, quasiparticle
eigenvalue-self-consistent GW and Hartree—Fock. The fundamental gaps (i.e. difference between the

Received 24th August 2023, lowest unoccupied and highest occupied level) in GW scale as N3 on average, where N is the number

Accepted 11th December 2023 of atoms. We demonstrate that this slow decrease artificially depletes the density of states at the Fermi
level when the cluster is used to simulate a semi-infinite electrode. Therefore, the GW method cannot

be taken as an out-of-the-box improvement of the DFT in cluster geometries, unless careful
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1 Introduction

The state-of-the-art theoretical ab initio description of the elec-
tronic transport through single molecules attached to metallic
contacts proceeds essentially in two steps.' First, a density
functional theory (DFT) calculation is performed, approximating
the infinite system by a finite cluster. Second, the electronic
Hamiltonian from the DFT calculation is equipped with self-
energies to account for infinite reservoirs.”” The latter step
facilitates the calculation of transport coefficients.* Their accu-
racy depends most critically on the DFT output and it has been
suggested that replacing the DFT Kohn-Sham spectrum with
GW quasiparticle energies constitutes an improvement over the
DFT>” (see also discussion in ref. 1). We challenge this view by
presenting numerical evidence that an artefact develops in the
quasiparticle density of states when calculated in GW in the
cluster approach. Since the electronic structure of molecular
adsorbates is relevant in broader context, e.g. for on-surface
catalysis or photovoltaics, this finding may have implications
also for the simulations in these related fields.

The first step mentioned above is an approximation that is
controlled by the size of the metallic cluster (either with
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convergence checks are performed.

periodic or vacuum boundary conditions). Any observable calcu-
lated in this way should be extrapolated with increasing size of
the clusters (i.e. thermodynamic limit). For a molecular junction
with vacuum boundary conditions, the calculation of transport
coefficients involves a pair of metallic clusters that approximate
semi-infinite electrodes (see ref. 1 and 8-10 for examples). The
computed transport coefficients depend on the cluster sizes and
this dependence must be extrapolated (see ref. 10, Methods
section, for an example). We illustrate this concept in Fig. 1.

Due to the considerable computational demand, ab initio
density-functional theory (DFT)'' provides the best trade-off
between precision and scalability for moderately correlated
systems. However, the salient Kohn-Sham orbitals are not a
good approximation for the electronic excitations. In particular,
frontier orbitals of molecular adsorbates tend to be too close to
the Fermi level (see ref. 12-16 for examples). It is generally
accepted that this problem will be ameliorated when
DFT is replaced by the more demanding GW methodology."”
There are studies employing the GW approach for adsorbed
molecules,®”"'® which show more promising results than DFT.
However, in these studies, the dependence of the conductance
on the electrode volume was not given and therefore, it is not
clear that the conductances were converged. In this work we
alert that the GW method can not be taken as an automatic
improvement over DFT because the energy levels of metallic
clusters are depleted around the Fermi level and this depletion
does not reflect the metallic density of states in the thermo-
dynamic (continuum) limit.
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Fig. 1 Ball-and-stick models of structures commonly used for electronic
conductance calculations. We show the molecule of pentacene bound to
electrodes with 22, 55 and 101 atoms (from right to left). The molecular
geometry relative to the electrodes is kept fixed, while the electrode
volume increases. The use of a finite metallic cluster is only an approxi-
mation and the calculated conductance ¥ is reliable if the cluster volume V
is large enough, i.e. for V > Von,, %(V) changes only within an expected
error margin.

We investigate the scaling of electronic excitation gaps of
small metallic clusters. We employ the quasi-particle eigenva-
lue self-consistent GW (evGW) which yields a single-particle
excitation spectrum, analogous to the Kohn-Sham spectrum of
DFT. Of special interest is the evGW LUMO-HOMO gap, i.e. the
difference between the highest occupied and lowest unoccu-
pied quasiparticle orbital (here we term these orbitals HOMO
and LUMO, as is common in chemistry). This energy formally
corresponds to the fundamental gap, since the GW quasiparti-
cle energies are energies of charged excitations. Our analysis
reveals that the LUMO-HOMO gap is systematically larger than
the energetic differences between adjacent occupied or unoc-
cupied quasiparticle orbitals. In other words, the evGW spec-
trum is depleted around the HOMO. We investigate systematic
trends of the gaps of metallic clusters of various sizes as a
function of their volume V in DFT, evGW and the Hartree-Fock
approximation. The scaling of the evGW LUMO-HOMO gaps is
consistent with a V=2 law, while the scaling of adjacent gaps is
V. We conclude that the spectral depletion in evGW is caused
by the Coulomb repulsion. We also investigate the local density
of states (LDOS) on the metallic clusters and at adsorbed
molecules to establish the influence of these findings on
transport problems.

This manuscript is organized as follows. In Methodology we
define an ensemble of clusters of different sizes. In Results we
present and analyse the scaling of spectral gaps and spectral
functions (LDOS). In Discussion we reflect upon the implica-
tions for transport calculations in molecular electronics.

2 Methodology

The aim of the calculations is to inspect the scaling of
the energetic levels of metallic clusters with volume. For the
metal we choose sodium for reasons of computational efficiency.
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The scaling laws should apply generally to sp-bonded metals, to
noble metals (for energies away from the d-band); the condition
of applicability is that density of states varies slowly in an energy
window around the Fermi level. However, the gap widening
should occur in all metallic systems.

First we discuss the most convenient choice of cluster
geometries that supports our objective. Then we describe the
computational approach.

2.1 Cluster selection

In transport calculations, metallic slabs or pyramidal clusters
such as in Fig. 1 and 2a are typically used. In both cases, the
structures are (almost) symmetrical, which leads to degenera-
cies or clustering of levels (see ESI} for illustration). The latter
phenomena greatly contaminate the statistical analysis of
electronic spectra and effectively slow down the approach to
the thermodynamic limit. For our purpose it is more practical
to employ disordered structures. We obtain them by a full
geometric relaxation of spherical clusters. Relaxation ensures
breaking of symmetries and lifting of degeneracies. An example
of a relaxed cluster is in Fig. 2b. Several relaxed geometries can
be obtained from different initial conditions. Consequently, for
a fixed number of atoms, there are several clusters, that
constitute an ensemble. From these ensembles, we again dis-
carded the clusters which contained random degeneracies,
leaving us only with clusters with approximately homogeneous
Kohn-Sham orbital energy spacings (details about cluster
choice and relaxation are given in ESIf). In the end, we were
left with 2 clusters per specific number of atoms. We perform
averages over various spectral variables, such as the LUMO-
HOMO gap, within an ensemble.

2.1.1 Average level spacing and errors. Given a quasiparti-
cle energy spectrum calculated by electronic structure methods,
we investigate the average energy level spacing 4,,, of occupied/
unoccupied orbitals, respectively, and LUMO-HOMO gap 4.
Let E; . be the energy of quasiparticle level HOMO+; of cluster ,
i.e, Ey. is energy of HOMO of cluster ¢, E_; . is energy of
HOMO-1 of cluster ¢ etc. Then, average energy level spacing of

(a) Pyramidal (b) Spherical

Fig. 2 Space-filling models of sodium clusters employed for the spectral
analysis: (a) the pyramidal clusters are closer to the shape of electrodes in
transport calculations, but contain many near-degenerate energy levels.
Notice the presence of two additional atoms (ad-atoms): these are
introduced and geometrically optimised to lift some of the degeneracies.
(b) Spherical clusters are fully relaxed variants with more even energy level
spacing.
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occupied orbitals is defined as

1 c -1
AO = WZ/:ZM Ej+1,c - Ej,m (1)

where C is the number of clusters of the same size and M is the
number of orbitals considered for averaging. This number
equals the number of valence electrons of the cluster divided
by two, so for cluster with N sodium atoms, M = N/2. An
analogous definition is used for unoccupied orbitals. For the
LUMO-HOMO gap, only a single level difference is used, so

1 C
Ag :GZEM—EM,. (2)

The standard error is defined as

Var4 Var4
o(dopa) =\ o) =)= 0O

where Var denotes the variance.

2.2 Electronic structure calculations

The energy spectrum of the clusters was calculated using the
TURBOMOLE"® code. The clusters are first geometrically opti-
mized in DFT, using PBE*® functional and def2-SVP basis®! in
spin restricted model. Details about convergence with respect
to basis size and invariability with functional change are given
in ESL.{ After the optimization, the DFT spectrum is noted, and
both Hartree-Fock and GW calculations are run from the DFT
start point.

The GW calculation is using the eigenvalue-only self-
consistent (evGW) implementation in TURBOMOLE.?**** Speci-
fically, at each iteration, the energy dependence of the self-
energy is linearized in energy and the quasi-particle equation is
solved in the linearized regime. The updated spectrum is used
in the next iteration to construct updated Green’s function,
until self-consistency is reached. All states accessible for a given
basis size are included in the calculation, Coulomb integrals
are solved exactly, i.e. without the RI approximation.> For the
dielectric function, random phase approximation (RPA) is
used.”® The choice of the evGW method is a compromise
between reduced computational effort and good precision of
the results - in previous works,” evGW method reached
spectrum values within 5% of values from quasi-particle fully
self-consistent GW.

2.3 Local density of states

To illustrate the impact of the level scaling on physical obser-
vables, we compute a local density of states (LDOS) on the tips
of pyramidal clusters with absorbing boundary conditions,”
which simulate an interface with a fermionic continuum, Ze.
a semi-infinite electrode. We use pyramids (see Fig. 2a) with
either 16 or 20 atoms. Absorbing boundary conditions are
enforced by adding complex self-energies, as implemented in
the AITRANSS code.” Specifically, for atoms interfacing the
infinite electrode, energy-independent constant self-energy is
added to all atomic orbitals. Then, the Green’s function is

This journal is © the Owner Societies 2024
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determined in the basis of atomic orbitals as
N 1
GE)=—+——, 4
(B)=——— )

where H is the single-particle Hamiltonian determined from
DFT, HF or evGW. In evGW, the orbital energies of the Kohn-
Sham Hamiltonian are updated but remain real. Therefore, H is
still a well defined object and can be used in the same manner
as a Kohn-Sham effective single-particle Hamiltonian. The self
energy can be expressed as

£=3 Il + e, -

Here, ¢ is a constant (real) number determining the broadening
caused by the presence of the reservoir, v is a constant energy shift,
determined in a self-consistent loop to ensure charge neutrality of
the system, 7, is an indicator variable, being 1 at atomic orbitals of
atoms coupled to reservoir and 0 otherwise, and |j) are the atomic
orbitals. In our setup, only the atoms in a single outermost layer
are coupled to the reservoir - see the Results section for an
example applied to pyramidal clusters. The charge neutrality
condition for v ensures that ratio |AN/N| < 10™%, where N is the
number of electrons in a charge neutral cluster and AN is the
difference between N and number of electrons determined com-
putationally from the integral of spectral function.

The value of the imaginary part of the self-energy is chosen
as ¢ = 0.1 Ha. This value minimizes the changes in LDOS for
small perturbations of the imaginary value and corresponds to
the bandwidth of the clusters (see Fig. 5). The chemical
potential is determined after the determination of v by requir-
ing charge neutrality with stricter precision |AN/N| < 10~°.

The LDOS itself is determined by projection of density of
states onto apex (1st and 2nd layer) molecular orbitals of the
pyramidal electrode. Specifically, from Green’s function of the
system coupled to reservoirs G in the basis of molecular
orbitals, the (energy dependent) LDOS p(E) is determined as®

p(E) = 13" 3G (E), ©

neA

where A is the set of apex atomic orbitals and J marks the
imaginary part.

3 Results
3.1 Analytical predictions

For the spectrum of Kohn-Sham levels in DFT within the
conduction band, we expect that the average energy level spacing
behaves identically to the spacing of free particles in a disor-
dered potential.>® In absence of degeneracies, the average gap
between levels in the middle of the band should be proportional
to W/N (for sufficiently large clusters), where W is the band-width
and N is the number of atoms. When referencing the LUMO-
HOMO gap specifically, we call this gap contribution the residual
gap. For DFT, this is the only expected contribution to observed
LUMO-HOMO gap. Here, we do not consider spin-orbit cou-
pling; spin degeneracy is therefore trivial.
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For Hartree-Fock systems, there is a distinct difference in
energy scaling of the LUMO-HOMO gap, which is caused by the
discontinuity of the interaction term for occupied and unoccu-
pied orbitals. Specifically, consider the Hartree-Fock Hamilto-
nian (in basis of atomic orbitals indexed by i and j)*"~>°

N/2

H'F = hy+ Y 20 — Kiy 7)
k

where % is the one-electron Hamiltonian, J; is the Hartree
repulsion term due to closed shell with index k, K; is the Fock
exchange term due to closed shell with index k and N/2 is the
number of occupied closed shell states. For occupied orbitals,
the Hartree term and Fock exchange term compensate so that
the orbitals do not self-interact. For unoccupied orbitals, this is
no longer the case, and unoccupied orbitals feel repulsion from
an extra electron present in the Hartree term. We call this gap
contribution the charging gap. The observed LUMO-HOMO gap
in HF is then the sum of the charging gap and the residual gap.

We can estimate the value of the charging gap by consider-
ing the electrostatic (Hartree) repulsion of single charge on
a sphere

- 1
U~ J‘d3r1p(71)‘[d3r2% - (8)
4meo|r) — 73| N3
where we assumed uniform distribution of charge p () = —szi’)’

where volume V is linear function of number of electrons N. See
ESI,T for details of this elementary calculation. Therefore, the
charging gap scales with the number of atoms with a weaker
power than the gaps of the occupied (unoccupied) levels, where
1/N power law is still expected, same as for the residual gap.
Hence, as the cluster size increases, the ratio of the charging
gap to residual gap increases as N*”* and the charging gap
dominates the overall gap.

From this analytical consideration a widening of the funda-
mental gap in metallic clusters in HF can be expected. This
effect can be traced to a known singularity of the exchange
energy at the Fermi level of jellium.*® The singularity results
from a long-range nature of the unscreened Coulomb inter-
action. The GW method introduces (partial) screening of the
Coulomb interaction. To investigate the widening in the evGW
we turn to numerical calculations.

3.2 Numerical results

For DFT, HF and evGW, we determined the LUMO-HOMO gap
and average spacing of energy levels in valence orbitals of
sodium clusters. For cluster containing N atoms, we consider
valence levels to be N/2 most energetic occupied levels. This
corresponds to the model of sodium with single valence
electron. Energy levels below these are significantly offset
(about —22 eV), signalising the end of the valence band of
sodium. Analogously, we only consider N/2 lowest energy
unoccupied states for unoccupied energy level spacing analysis.

DFT results are presented in Fig. 3. The occupied levels and
LUMO-HOMO gap follow the expected convergence behaviour,
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Fig. 3 On the left, average level spacings of occupied and unoccupied
levels and LUMO-HOMO gaps of several cluster realisations are pre-
sented, as calculated in DFT. Green and blue lines are fits of inverse
proportionality to number of atoms in the cluster (a/N), red line is a more
general fit with exponent as parameter (a/N* o« = 0.66 + 0.05). On the
right, energy levels in sample clusters are shown, aligned to HOMO.

while unoccupied levels converge slightly slower. We suspect
that this is due to the properties of the basis, specifically due to
basis being optimised to represent occupied states well. The
error bars in Fig. 3 are determined as described in Methods.
Similar analysis is present for HF in Fig. 4. The average
energy spacings in HF remain somewhat similar as in DFT, but
the gap is significantly larger and converges slower than in

DFT. The convergence of the gap follows the N ’% dependence
expected from additional repulsion of single electron.

Finally, in evGW, gap follows similar dependence as in HF,
but values are smaller than in HF. Results are presented in
Fig. 5. The consistency of the evGW LUMO-HOMO gaps with
the HF is indicative of the role of the Coulomb repulsion.
Namely, the evGW gaps correct for the self-interaction error
in PBE.

We also note that the same scaling is present in GOWO0 (our
results are available in ESI}), albeit with a different (smaller)
prefactor.

3.3 Local density of states

To elucidate the impact of the widening of the LUMO-HOMO
gap on surface science applications, we now switch to pyrami-
dal clusters (see Fig. 2), which are employed in molecular
electronics as electrodes. We calculated the local density of

— \ 4 = = —
3 - = -
& I Oce. levels 2 —
£ >
g 10° I Unocc. levels o
& I LUMO-HOMO | g ¢ —ev — -
z —_— = =
° _ S _ = —]
g «1/N £ — =
j — x1/N° | -2 - — =
10~ —471 — Occupie —
> -
& o«c1/NV3 —— Unoccupied —
10! 2x10' 3x104x10' 6x 10! 0 10 20 30 40 50 60

Number of Atoms Number of Atoms

Fig. 4 On the left, average level spacings of occupied and unoccupied
levels and LUMO-HOMO gaps for several cluster realisations are pre-
sented. Calculations were done in Hartree—Fock approximation. Green,
blue and red lines are fits of functions a/N*%, a/N and a/N* respectively
(with oo = 0.69 £ 0.05). The scaling of the LUMO-HOMO gap is consistent
with a 1/NY® dependence. The error bars are of similar order as the
spacings, but appear smaller due to the logarithmic scale. On the right,
energy levels aligned to HOMO for sample clusters from the ensemble are
shown.
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Fig. 5 On the left, average level spacings of occupied and unoccupied
levels and LUMO-HOMO gaps in evGW in an ensemble of clusters are
presented as a function of the number of atoms. Green, blue and red lines
are fits of the functions a/N%, a/N and a/N respectively (the resulting « =
0.69 + 0.05). The scaling of the LUMO-HOMO gap is consistent with a
1/NY3 dependence. The error bars are of similar order as the spacings, but
appear smaller due to the logarithmic scale. On the right, energy levels
aligned to HOMO for sample clusters are shown.

states for the 5 apex atoms of pyramids with 16 and 20 atoms.
Results are summarized in Fig. 6. We stress that the LDOS is
not a simple convolution of the spectrum; the LDOS follows
from the embedding approach (see eqn (6)) The LDOS varies
significantly depending on the method used. When the LDOS is
averaged in an energy window from —2 eV to 2 eV around Ey,
both evGW and HF produce lower LDOS than DFT - about 22%
lower for evGW and 53% lower for HF for the smaller electrode,
as seen in Fig. 6.

3.4 Local density of states on methanethiolate adsorbed on
sodium

In order to illustrate the effect of the sodium gap widening on a
metal-molecular interface, we repeated the pyramidal cluster
calculations with an attached methanethiolate molecule, i.e. a
methanethiol missing one hydrogen at the sulfur ion. The
position of the methanethiolate molecule is optimized with
the same parameters as in the case of spherical clusters, the
basis used for final calculation is def2-SVP, DFT uses PBE
functional. We project the density of states onto the atomic
orbitals of the carbon atom. The local density profile, presented
in Fig. 7, qualitatively reflects that of the isolated cluster - the

10 10 T
— DFT — DFT
8 — HF 8 — HF
. — evGW . — evGW
Ll © > 6 \
2, 2,
8 8
= 4 = 4
- -
2 2
2 —1 0 1 0—2 —1 0 1
AR gl A0 DT 10 TETT FHTITH
oo T - ]
st (B N g L1 [T
& —— DFT —— HF —— evGW &|— DFT —— HF —— evGW
—2 —1 0 1 -2 -1 0 1
E—Ey [eV] E—Ep [eV]

Fig. 6 Local density of states at apex atoms of pyramidal clusters as a
function of energy calculated in DFT, HF and evGW. The figure on left
(right) shows LDOS of a pyramid with 16 (20) atoms. The insets show the
respective geometries (apex atoms are distinguished by a red colour,
atoms coupled to reservoir are distinguished by green colour). Presented
below are the spectra of the respective Hamiltonians.
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Fig. 7 The local density of states at the carbon atom of the methanethio-
late molecule attached to the surface of the sodium pyramid (at the hollow
site next to the apex). The qualitative properties of the local density of
states are similar as for the projection onto apex atoms of the sodium
pyramid — namely, the local density of states is depleted in evGW and HF
compared to DFT, especially in the excited energy range (E — Ef > 0).
Insets show relaxed geometries. The large balls represent atoms of the
sodium clusters, atoms coupled to the reservoir are colored green. Atoms
of the molecule are colored by red (C), white (H) and light-yellow (S),
respectively.

depletion of the local density of states around the Fermi energy
is adopted by the molecular states at the carbon atom as well.

4 Discussion

The widening of the LUMO-HOMO gap seen in the evGW com-
pared to DFT reflects the correction of a self-interaction problem of
semi-local density functionals.>" The occupied Kohn-Sham orbital
energies are shifted upwards as a result of this error. On the other
hand, the observed evGW gap scaling is physical, for it is the correct
behaviour of ionization energies. Here we discuss how does the
scaling change in presence of a fully-developed screening and what
are the implications for computational surface science based on
the cluster approximation.

4.1 Asymptotic scaling of the fundamental gap

The scaling of the evGW LUMO-HOMO gaps seen in our
numerics is consistent with a V' law for the cluster sizes
assumed. It is the scaling of the Coulomb charging energy.
However, the larger the cluster the more efficient screening
becomes. Therefore, we can not exclude the possibility that the
V'3 scaling is pre-asymptotic only. Let us assume that the
cluster is large enough, so that it is also characterized by a
screening length Ls. The screening turns the long-range Cou-

—r/Ls

1 1
lomb potential P to an effectively short-range, ;e , L.e. the

Yukawa potential.>* The scaling of the screened charging
energy can be obtained by the dimensional analysis. The
charging energy integral is

7 Ve~ lN—1l/Ls
Us x Jd%[d%/’ (F)p(r)e . 9)
7 =7

-, 1 . . .
The densities scale as «x —. The outer integral will scale with
cluster volume V, but the inner integral will remain constrained
to a constant volume of Lg*, due to the exponential. Therefore,
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A calculation in the ESI,{ confirms this scaling for the case of
homogeneous charge densities on a sphere.

Concluding, when the clusters are large enough so that
screening is fully developed, the widening of the fundamental
gap will disappear. It is not clear whether this regime can be
accessed with contemporary computational resources.

4.2 Implications for studies of surfaces, adsorbates and
molecular junctions

Our results have important implications for computational
attempts to simulate a semi-infinite metallic electrode in
cluster GW, as the charge of the excited states on the finite
electrode is not dispersed into infinite reservoir. Suppose that
the aim is to investigate the electronic properties of a molecular
adsorbate (e.g. conductance, thermopower, level alignment).
Since the quasi-continuum density of metallic states is depleted
around the Fermi level, consequently, frontier molecular orbi-
tals will not be described correctly. The error in the density of
states that we report will affect the width of molecular reso-
nances, and consequently, the computed molecular conduc-
tance. This artefact can be avoided only if careful convergence
tests with increasing electrode volume are performed.

Finally, we remark that our results are also applicable to
insulating clusters, as long as the electronic states in question
are delocalized. Although the limiting value of the gap scaling
is finite, given by the bulk gap, the gaps will approach the bulk
gap with the power N~ in evGW.

5 Conclusion

We have investigated the LUMO-HOMO gap and average level
spacing of sodium clusters containing 10-56 atoms in the evGW
approach. Electron-electron interaction results in widening of the
LUMO-HOMO gap, which scales by a factor N** slower on average
than the nearby electronic gaps with the number of atoms N.
Consequently, when macroscopic surfaces are approximated by
clusters for computational studies in surface science, the resulting
electronic structure will suffer from artefacts around the Fermi
energy. The promising GW method can not be taken as an out-of-
the-box method replacing DFT unless careful convergence with
cluster volume V is performed. The computed results for an
observable O(V) are reliable if the changes of O(V) become
negligible with increasing V or in some cases the thermodynamic
limit V — o can be reasonably extrapolated from O(V).
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