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The elastic properties of molecular crystals are important for pharmaceutical and material applications, but
calculating the elastic constant tensor through theoretical computations is computationally expensive. This
study evaluated the feasibility of using neural network potentials, which are noted for their lower
computational cost compared to theoretical calculations, in predicting the elastic moduli of molecular
crystals. The calculated elastic moduli were sufficiently consistent with experimental values, outperforming
Hartree-Fock calculations. It was found that this method is precise enough for predicting the Young's
modulus in specific directions via nanoindentation measurements, and relationships between the
magnitude of the Young's modulus and crystal structures were also discovered. Furthermore, the database
screening of elastic moduli of molecular crystals using a pretrained neural network potential suggested
crystals with large and small moduli.
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Introduction

The elastic constant tensor, commonly referred to as the
stiffness tensor, can be used for characterizing the elastic
behavior of materials. Once the components of the stiffness
tensor are ascertained, mechanical properties including the
bulk  modulus, Young's modulus along various
crystallographic axes, Poisson's ratio, and material anisotropy
can be computed. The elastic modulus, a measure of a
material's resistance to elastic deformation, is a crucial
parameter for assessing its suitability for specific
applications. For instance, engineered structures subjected to
high mechanical stress necessitate materials with substantial
elastic moduli, typically ranging from tens to hundreds of
GPa.' Conversely, materials intended for biocompatible
applications are often polymeric in nature, exhibiting elastic
moduli on the order of several to hundreds of MPa.>
Molecular crystals generally have medium Young's
modulus between hard and soft materials.*” Molecular
crystals have not been the mainstream of industrial
materials, but they are expected to be used in optoelectronics
and actuators,®® and so it is significant to clarify their elastic
properties. Pharmaceuticals consisting of small molecules
are molecular crystals for suppressing symptoms of diseases,
and elastic properties are also important because they are
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related to the compressibility when converting powder into
tablets.”'® Although there have been many reports in which
Young's modulus in a specific direction has been measured
by nanoindentation or bending tests,""? there have been a
limited number of literature reports in which the elastic
constant tensor has been experimentally determined.
Spackman et al. reported that the elastic constant tensors of
only 80 crystals have been determined since 1950.'* This is
due to the difficulty of obtaining large-size crystals suitable
for measurement and the need to determine many tensor
components (21 components at maximum) due to their low
symmetry compared to inorganic crystals. If the elastic
constant tensors of molecular crystals can be calculated, it
may be possible to develop molecular crystals with desired
elastic properties. Material screening should be an effective
approach to develop functional molecular crystals.

The calculation of elastic constant tensors can be
conducted using density functional theory with dispersion
correction (DFT-D), often augmented with Grimme's
dispersion correction for molecular crystals.">™'® DFT-D
calculations offer a notable advantage in calculation
accuracy, of course depending on the selected basis and
method. However, they are computationally intensive,
making it challenging to screen large datasets efficiently.
Recognizing this limitation, Spackman et al. employed the
corrected small basis set Hartree-Fock method (S-HF-3c) for
elasticity calculations,”® which has reduced computational
cost in comparison to DFT-D. Their study provided a
comprehensive comparison of experimentally determined
elastic constant tensors with those obtained from S-HF-3c
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calculations, revealing that the elastic moduli determined by
S-HF-3c were broadly close to experimental values."* The
importance of their work lies not only in highlighting the
efficacy of S-HF-3c but also in establishing a publicly
accessible benchmark dataset (elasticity dataset) comprising
both experimental and calculated elastic tensors.

Materials informatics offers advantages in material
screening, as demonstrated by machine learning-assisted
research.'”?' Neural network potentials (NNPs) can
approximate the relationship between material structures
and potential energies with an accuracy close to that of DFT-
D, provided that sufficient training data is available. Various
geometric graph neural networks (GNNs), including CGCNN,
SchNet, and MEGNet, have been reported.”*>* Recent NNPs
are based on GNNs, and have incorporated angular
information, as seen in models like TeaNet, ALIGNN,
M3GNet, and CHGNet.?>?° These NNPs have been used for
screening and molecular dynamics simulation, mostly for
inorganic crystals and metal-organic frameworks. However,
the use of NNP for predicting the properties of molecular
crystals is limited, and its effectiveness remains unclear. If
NNP proves to be effective, it can be utilized for the screening
of molecular crystals.

In this research, the prediction accuracy of NNP for the
elastic constant tensor of molecular crystals was assessed
using the elasticity benchmark dataset and nanoindentation
results. The pretrained NNPs available from the Atomic
Simulation Environment (ASE) calculator, namely PreFerred
Potential (PFP) based on TeaNet and the Crystal Hamiltonian
Graph Neural Network (CHGNet), were employed.>®>® Their
predictive capabilities were first evaluated using metrics
associated with structure relaxation and subsequently against
experimental elastic moduli. A comparison of NNP results
with experimental results and theoretical calculations (DFT-D
and S-HF-3c) revealed that the NNP's prediction accuracy was
more akin to DFT-D than S-HF-3c. Moreover, this study
inferred various moduli from a large dataset, highlighting
molecular crystals with both larger and smaller moduli owing
to low computation cost of NNP.

Results and discussion
Evaluation of NNPs

The benchmark dataset comprises 123 experimental elastic
tensors corresponding to 80 distinct compounds. S-HF-3c
calculations have been carried out for 44 compounds and
DFT-D results for 11 compounds have been summarized, in
the literature."* Comprehensive details can be found in ref.
14. For comparative purposes, NNP calculations were
executed on the same dataset as S-HF-3c. When multiple
experimental results were reported for a single compound,
the average was used for the comparison. Please note that
the experimental results may include experimental error, but
it is the good reference compared with calculations.

To remove residual strain prior to the calculation of elastic
constant tensors, the optimization of atomic coordinates and
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cell parameters was conducted by pretrained PFP and
CHGNet models wusing the Broyden-Fletcher-Goldfarb-
Shanno (BFGS) method,*® with a maximum of 2000 iterations
and a residual force threshold at 0.02 eV A™*. The optimized
crystal structure was assessed by the relative deviation AV of
the cell volume from the experimental volume.

The experimental-optimized scatter plot of cell volume
indicates that the volume of the structure optimized with
PFP was more consistent with experimental values compared
to other methods (Fig. 1). CHGNet generally overestimated
the volume. S-HF-3c tended to underestimate it as pointed
out in the previous literature report.’* All the optimized cell
parameters using PFP and CHGNet can be found in Fig. S1
and S2.f The mean absolute error (MAE) for AVpgp was 2.15%
(Table 1), which is lower than the 6.5% error of AVsypac
(Table S17).

The MAE for AVepgnee Was 19.88% (Table 1). This
considerable discrepancy is likely attributable to the training
dataset. The pretrained CHGNet has been trained using
crystal structures in Materials Project, which predominantly
features inorganic crystals.”® Conversely, PFP has been
trained using a broader dataset, encompassing both
Materials Project and organic dataset.”®

To further assess the NNPs, the X23 dataset—commonly
employed to evaluate theoretical calculations of molecular
crystals—was utilized. This dataset is composed of crystals
characterized by typical intermolecular interactions: van der
Waals forces and hydrogen bonds. The MAEs of AVppp and
AViugnet: for the X23 dataset were 4.27% and 25.19%,
respectively (Tables 1 and S2f). The literature reported that
the MAE of AV was 5.2 + 2.3% for S-HF-3c and 2.7 + 3.2% for
DFT-D (PBEh-3c)." This result also suggested the
generalization ability of PFP. Moreover, structure
optimizations were conducted on molecular crystals whose
papers have been published in 2023 (Y2023 dataset) to
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Fig. 1 Experimental-optimized plot of cell volumes. The data of the
largest volume was not calculated using CHGNet due to computer
memory limit. The dashed line is the reference line when predictions
perfectly match with experimental data.
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Table 1 MAE of AV using pretrained PFP and CHGNet models
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Table 2 MAE of predictions compared with experimental values

Dataset MAE of AVpgp (%) MAE of AVepenet (%) Mean model S-HF-3c¢ DFT-D PFP
Elasticity (n = 44) 2.15 19.88 Ey (GPa) 5.72 9.38 5.46 4.51
X23 (n = 23) 4.27 25.19 Ex (GPa) 4.82 7.01 3.65 3.58
Y2023 (n = 20) 1.88 33.00 Ey (GPa) 5.03 8.11 4.21 3.81
Ery (GPa) 4.88 7.53 3.87 3.55

Ky (GPa) 4.10 6.30 3.27 5.32

. . . Ky (GPa 3.10 6.09 2.70 5.18

guarantee that inference data is not used for training. The KR ((GPa)) 3.56 6.18 2.91 595
resultant MAE for AVppp was 1.88%, closely mirroring the Kr (GPa) 3.32 6.14 2.80 599
MAEs of AVppp in the elasticity and X23 datasets (Tables 1 Gy (GPa) 2.36 3.74 2.24 1.75
and S37). Consequently, it has been determined that the PFP  Or (GPa) 2.00 2.74 1.46 1.32
. ited f lecul tal trained | networl Gy (GPa) 2.09 3.21 1.72 1.44
is sui e; or molecular crystals as pretrained neural network ;" gpa) 2.02 2.96 1.55 1.32
potential. v 0.04 0.04 0.03 0.05
Here, it is posited that the worse performance of CHGNet 4 0.68 0.52 0.34 0.58

should not be inherent to its model architecture but is rather
dependent on the training data. It is anticipated that CHGNet
could yield better results if provided with enough training
data of molecular crystals. For the model improvement,
CHGNet was fine-tuned using molecular crystal data. The
additional training data employed potential energies and
forces calculated using PFP. This is a commonly used
technique in the field of artificial intelligence known as
“knowledge distillation”, which utilizes the outputs of a
better model to train another model. However, even after
additional training and increasing the training data to 2000
samples, no improvement in the model was observed (Fig.
S31). A possible reason for this could be the difference
between the inorganic crystal in Materials Project and the
molecular crystals, rendering the additional training
ineffective. To resolve this, increasing the number of
molecular crystal data for further training could be
considered, but this would require more computational
resources (GPU memory), necessitating detailed investigation
in another study. Thus, the better pretrained NNP, PFP
model, was used for the following analysis.

Comparison with experimental moduli

The elastic constant tensor is determined by the second-rank
derivative of the potential energy, and yields values for the
bulk, Young's, and shear moduli, as well as the Poisson's
ratio and anisotropy. Elastic moduli can be compared using
average properties, and multiple averaging schemes are
available such as Voigt and Reuss schemes. The Hill
averaging employs the arithmetic mean of the Voigt and
Reuss averages. In addition, the arithmetic mean of the
Reuss and Hill averages has been mentioned as a better
approximation in the literature,"* and used in this study.

The elastic properties were predicted and subsequently
compared with experimental values. The error in predicting
elastic properties using PFP was found to be lower than with
S-HF-3c, and comparable to the error associated with DFT-D
(Table 2). For instance, the MAE of Egy calculated by PFP was
3.55 GPa, which is less than that of S-HF-3c (7.53 GPa) and
even DFT-D (3.87 GPa). The observed-predicted plot of Egy
indicated superior predictions using PFP (Fig. 2a), with errors

This journal is © The Royal Society of Chemistry 2024

E: Young's modulus, K: bulk modulus, G: shear modulus, v: Poisson's
ratio, A: anisotropy, and the subscript is the averaging method.

being distributed in an almost random fashion (Fig. 2b).
There is no evident bias in PFP unlike S-HF-3c¢, which
maintains overestimation bias (Fig. 2b). Such a trend was
consistent across different averaging approaches for E and G,
surpassing the MAE of the mean model, which assumes that
there is no relationship between the input structure and
output. Thereby it indicates a successful prediction of E and
G by PFP, which should capture of the underlying
relationship between crystal structure and potential energy.
Observed-predicted plots of other elastic properties are
summarized in Fig. S4-S6.}
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Fig. 2 Comparison of the experimental and calculated Young's
modulus. (a) The observed-predicted plot of Ery. (b) Error plot of the
predictions. Error was defined by the calculated value minus the
experimental value. The dashed lines are the reference lines when
predictions perfectly match with experimental data.
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The prediction of the bulk modulus K using PFP did not
surpass the mean model but was still superior to S-HF-3c
(Table 2). The observed-predicted plot demonstrates that the
predicted values from PFP align closely with the reference
line, though there seems to be a slight intercept, possibly
attributed to some inherent bias (Fig. S47). As the Poisson's
ratio and anisotropy have relatively smaller values than
elastic moduli, assessing prediction accuracy becomes
challenging. However, the prediction errors from PFP align
closely with other computational methods (Table 2).

Comparison of nanoindentation results of polymorphs

The most studied elastic property of molecular crystals is the
Young's modulus along a specific direction, which can be
determined from the load-displacement response curve of
the crystal surface in a small area by nanoindentation.’*
Moreover, in molecular crystals, polymorphs are often
obtained, and the Young's moduli of polymorphs can vary
even for the same molecule due to different crystal
structures.*** If machine learning potentials are effective in
predicting the results of nanoindentation of polymorphic
crystals, it would be a strong motivation to use the machine
learning potentials.

The Young's moduli of crystal polymorphs of 8
compounds measured by nanoindentation are summarized
in a literature report.*” In this nanoindentation dataset, the
CSD code and indentation face are specified (Table S4t). This
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Fig. 3 Comparison of experimental and predicted Young's modulus.
(a) Experimental-predicted plot of Young's modulus of polymorphic
crystals measured by nanoindentation. Abbreviations in the legend
represent the following compounds. pABA = p-aminobenzoic acid;
PNBA = p-nitrobenzoic acid; STZ = sulfathiazole; CCM = curcumin; FIA
= fluorinated amide; FAM = famotidine; FEB = febuxostat; FEL =
felodipine. (b) Error plot of the prediction. In both panels, the dashed
line represents the reference line when predicted values are perfectly
matched with experimental values.
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dataset is used as experimental data. The stiffness tensors of
these crystals are calculated by PFP, and the Young's
modulus in a specific direction is then calculated and
compared.

The overall correlation coefficient between experiment
and prediction was 0.67, indicating that the predictions
roughly reproduced experimental values (Fig. 3a and Table
S47). The prediction error, MAE = 4.28 GPa, also exceeded the
mean model (MAE = 4.96 GPa), supporting positive results.
Furthermore, this prediction error is about the same as the
PFP prediction error in Table 2, indicating no significant
difference in accuracy between predicting specific directional
Young's modulus and average Young's modulus.

When focusing on individual compounds, there are some
that successfully reproduced the experimental relationship
between polymorphs and some that did not (Fig. 3a). Four
compounds (pABA, pNBA, STZ, and FEB) successfully
reproduced the large/small relationship of Young's modulus
between polymorphs. For the other four compounds (CCM,
FIA, FAM, and FEL), the predictions are almost the same for
all polymorphs or the large/small relationship is reversed
compared to the experiment.

The error plot shows that there is a slightly negative trend
(Fig. 3b). Such a trend was not seen in the error plot for the
average Young's modulus (Fig. 2b), so it can be said to be a
characteristic of the nanoindentation results.
Nanoindentation experiments are known to have varying
measurements of elastic modulus depending on the shape
and material of the indenter and the depth of indentation.
Therefore, the experimental values may include the deviation
from the true modulus. There might be a bias in
nanoindentation, such as excessively high values for a high
elastic modulus.

Relationship of Young's modulus and crystal structure

The relationship between Young's modulus and crystal
structure was investigated using the nanoindentation dataset.
The structures of two polymorphs each of pABA and pNBA,
which were consistent with experimental results, were picked
up for the comparison. In the a-form of pABA, a one-
dimensional (1D) hydrogen bond chain extends along the
c-axis, and the hydrogen bond chains stacked in the a-axis
direction (Fig. 4a). In the b-axis direction, phenyl rings are
stacked, displaying a herringbone arrangement. It is known in
anthracene-based crystals that when force is applied, the crystal
elastically deforms due to the change of stacking distance and
angle,®?° suggesting softness in this b-axis direction. The
predicted Young's modulus results show that Ejyo is the
smallest, consistent with the crystal structure. The direction in
which hydrogen bond chains stack has a higher Young's
modulus than the direction of the chain itself (Er00) > Eoo1])s
suggesting that not only hydrogen bonds but also the repulsion
between chains increases the Young's modulus. The B-form of
PABA forms a 3D hydrogen bond network and has the largest
Young's modulus in any direction among the four crystals

This journal is © The Royal Society of Chemistry 2024
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Fig. 4 Crystal structure and directed Young's modulus of polymorphic crystals. (a and b) p-Aminobenzoic acid crystals of form (a) o and (b) B. (c and d)
p-Nitrobenzoic acid crystals of form (c) | and (d) Il. The feature of hydrogen bonds and the predicted Young's modulus are described in each panel.

(Fig. 4b). This is consistent with the report indicating a
tendency for the elastic modulus to increase with a higher
number of hydrogen bonds per molecule.*

In the two polymorphs of pNBA crystals, although the
molecular arrangements are similar, form I has hydrogen
bonded pairs without a network, while form II has a 2D
hydrogen bond network on the (10-2) plane (Fig. 4c and d).
Furthermore, the molecules are similarly stacked along the
b-axis direction in both polymorphs, displaying a
herringbone arrangement. Since the direction of such a
stacking is considered to be soft, it is consistent with Ejy;o]
being the smallest Young's modulus in both polymorphs.
Possibly due to the presence of a hydrogen bond network,
form II has a slightly higher value. The hydrogen bond
network in form II can be said to stack more in the [100]
direction than in [001], making E;o) the largest among the
three directions. This is consistent with the results of the
o-form of the pABA crystal (Fig. 4a).

A crystal with characteristic molecular arrangements in the
X23 dataset was also used for verification. The uracil crystal
forms a 2D hydrogen bond network on the (001) plane
(Fig. 5a). The repeating unit of this hydrogen bond network is
hexagonal. Considering one hexagonal motif due to crystal
symmetry, the long axis nearly along the b-axis is 10.85 A, and
the short axis nearly along the a-axis is 7.27 A (Fig. 5b). In this
motif, the long axis consists of four hydrogen bonds, while the
short axis is formed by two hydrogen bonds. The calculated
E[o10] is about twice that of Ejjoe, possibly reflecting this
structural feature. The c-axis consists of stacking of these 2D
hydrogen bond sheets, resulting in a smaller Young's modulus
compared to the other two directions.

While the predicted values of Young's modulus do not
exactly match the experimental values, direction-dependent
Young's moduli reflected the structural features for crystals
where valid results were obtained. These results suggest that

This journal is © The Royal Society of Chemistry 2024

the NNP adapted for molecular crystals can be utilized for
predicting nanoindentation results in any direction.

Screening of Young's modulus

Since PFP afforded better prediction ability of elastic moduli,
database screening was performed to identify molecular
crystals with large and small Young's modulus. Here, the
screening was focused on the average modulus Ery because
the direction-dependent modulus can be calculated using the
obtained stiffness tensors. 5000 crystal structures were

(@)

2D hydrogen-bonded network

e
o=
e

<]

(b)

Eo1o = 67.6 GPa
Eqoor) = 23.7 GPa

X
\
\
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2 y

727 A

Fig. 5 Crystal structure and directed Young's modulus of uracil. (a) 2D
hydrogen-bonded network of uracil (CSD code: URACIL). (b) The
extracted motif of the hydrogen-bonded network and the predicted
Young's modulus along each direction.
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Fig. 6 Database screening of Young's modulus. (a) Histogram of Egry predicted by PFP. (b) Top-3 crystal structures with the (b) largest and (c)
smallest predictions. CSD reference code, space group, and predicted Ery are also shown.

randomly selected from the Cambridge Structural Database
(CSD), after filtering under some conditions (see the
Experimental section). The deviation of cell volumes of the
optimized structures from experiments was sufficiently small,
1.88% (Fig. S71). The predicted Egry is distributed with a
mean of 9.60 GPa, a median of 9.17 GPa, a maximum of 92.5
GPa, and a minimum of 1.88 GPa, respectively (Fig. 6a).
Other elastic properties are also summarized in Fig. S8.}

Some crystal structures were visualized to find structural
features from the screening. The largest Exy was found in
WAWNAL (CSD refcode), which formed hydrogen-bonding
chains and n-n interactions along the b-axis of a 2-fold
screw axis (Fig. 6b). This result agrees with the knowledge
that hydrogen bonds promote the larger Young's modulus.*
The second crystal (IVENAZ) also forms a hydrogen-bonded
chain of C=O0O--‘H along the b-axis (Fig. 6b). The third
crystal (KUCWEN) is formed by ionic bonds between C,N*"
and Sr**, which are stronger interactions than most
intermolecular interactions of molecular crystals. Other
high-ranking crystals also have similar interactions in
common. The largest modulus by nanoindentation is
reported to be 46.8 GPa,® and thus the suggested crystals
may have a larger modulus than known if measurement is
conducted. Note that Ery is the average property, crystals
with a higher modulus may be found when focusing on the
elastic modulus along a specific direction.

The smallest predictions are located at a left tail of the
distribution centered around 10 GPa, resembling a normal
distribution (Fig. 6a). Molecular crystals often have weak
intermolecular interactions, leading to a greater number of
examples than larger Young's modulus. The smallest crystal
(ECUSAZ) is formed by van der Waals interactions without
evident stronger interactions (Fig. 6¢). The other smallest
predictions are also found in the crystals without stronger
interactions such as hydrogen bonds (Fig. 6¢). Since Egy is
the average property, crystals with a smaller modulus may be
found when focusing on the elastic modulus along a specific
direction and the smallest modulus of a molecular crystal is

636 | CrystEngComm, 2024, 26, 631-638

known to be 0.27 GPa.> When more crystals are screened by
this process, other crystals with anomalous elastic properties
could be found. In the future, it is expected that crystal
structure prediction will be able to handle the case where the
crystal structure is unknown, and that the generative model
will be able to suggest unknown candidate molecules, which
will also be useful in molecular crystal design.

Conclusions

In conclusion, it has been demonstrated that NNP-based
predictions of elastic properties of molecular -crystals
achieved a higher accuracy than S-HF-3c and comparable to
DFT-D. The predictive accuracy of each calculation was
evaluated against benchmark datasets, confirming their
validity. PFP was used to predict Young's modulus of a
specific direction measured by nanoindentation, and roughly
reproduced the experimental values. The database screening
was then conducted to find crystals with large and small
Young's modulus, suggesting crystals with a larger modulus
than known. The novelty of this work should lie on the
application and validation of pretrained NNP for property
predictions of molecular crystals. All python codes and the
screening result are supplied at https://github.com/takuyhaa/
NNP-Modulus-MolecularCrystal.

Experimental
Dataset curation

Elastic constant tensors of experimental, S-HF-3¢, and DFT-D
results are summarized in the literature."* Crystallographic
information files (CIF) assigned by identifiers were collected
from the Cambridge Structural Database (CSD) and Inorganic
Crystal Structure Database (ICSD). In some CIFs, hydrogen
atoms were not included, and other identifier files were used
as shown in Table S1.f The X23 dataset was also collected
from the CSD based on the identifiers.*’” The ammonia
crystal was not registered in CSD, and the atomic coordinates
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were manually converted into CIF.*®* The nanoindentation
dataset was collected from the literature.>® For the inference
of the large dataset, CIF files were collected from CSD (v.5.24)
using CSD Python API (v.3.0.14), under the search condition:
only organic, density >0, temperature is not None, 3D
structure determined, R factor <10, pressure is none, and
without disorder. This search extracted 111939 structures,
and 5000 structures were randomly used to calculate the
elastic constant tensors.

Structural optimization by NNP

To remove residual strain prior to the calculation of elastic
constant tensors, the optimization of atomic coordinates and
cell parameters was conducted by pretrained PFP (v.4.0.0)
and CHGNet (v0.2.0) models using the Broyden-Fletcher—-
Goldfarb-Shanno (BFGS) method,*® with a maximum of 2000
iterations and a residual force threshold at 0.02 eV A™*. PFP
is commercially available through a cloud software
Matlantis™ (Preferred Computation Chemistry, Inc.), and
CHGNet is freely available through Python API (https:/
chgnet.Ibl.gov/). The optimized crystal structure was assessed
by the relative deviation AV of the cell volume from the
experimental value.

Finetuning of the pretrained CHGNet model was performed
using the additional training data calculated by the PFP model.
Crystal structures were randomly selected from 111939
structures extracted from the CSD at the amount of 100, 500,
1000, and 2000. Learning was performed by fixing the weights
of the pretrained CHGNet's convolutional layers, basis
expansion layers, and embedding layers, while allowing the
weights of other layers to be adjustable.

Calculation of elastic properties by NNP

The elastic constants can be derived from the strain second
derivatives of the crystal energy as follows,

1 9E
vy Vaé‘,‘aé‘j.

Once the elastic constant tensor is obtained, averaged elastic

properties were calculated for comparison. In the Voigt
averaging, it is assumed that individual grains undergo
uniform strains, enabling the direct calculation of the bulk
modulus (Ky) and shear modulus (Gy) from the stiffness
matrix components, C;. Conversely, in the Reuss averaging,
grains are presumed to experience uniform stresses, and the
average values, Kz and Gg, are derived from the inverse of the
stiffness matrix, known as the compliance matrix, S;. The
Poisson's ratio (v) and Young's modulus (E) are deduced from
K and G. The Hill averaging employs the arithmetic mean of
the Reuss and Voigt averages. In addition, the arithmetic
mean of the Reuss and Hill averages has been mentioned as
a better approximation in the literature,"* and used in this
study. The calculation of each elastic modulus is summarized
as follows.
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(1) For K, G, and E, Voigt average yields the following
formulas.

(C11 + Ca2 + C33) = (C12 + Ca3 + C31) + 3(Cua + Cs5 + Cop)
15

Gy =

1 1 1

Ey 3Gy | 9Ky

(2) Reuss average yields the following formulas.

1

23323351‘]‘

i=1j=1

KR:

15
 4(S11 + Saz + S33) —4(S12 + S23 + S31) + 3(Sua + S5 + Ses)

Gr

1 1 1

Ex  3Ge 9Ky

(3) Hill average is the arithmetic mean of Voigt and Reuss
values.

(4) The arithmetic mean of Reuss and Hill values is also
used for good approximation.

Poisson's ratio (v) is given by

1 3Gu
v=—|1-—%———).
2 3Ky + Gu

Anisotropy (4) is given by

o (o) ()
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