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Understanding the complex electronic structure of
MgzSb, and the effect of alloying through first-
principles tight-binding modelsy
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Understanding the electronic origin of good thermoelectric (TE) transport properties is a crucial step to design
and discover new TE materials. MgsSb, is an intensely researched thermoelectric material, the high TE
performance of which comes from six-fold degenerate conduction band minimum at low symmetry k points,
leading simultaneously to a high Seebeck coefficient and a good carrier mobility. Furthermore, upon alloying,

its low-lying conduction band structure changes, which improves or deteriorates the TE transport properties.

Although extensively studied experimentally, the electronic origin of these changes is not well understood.
Based on the first-principles derived Wannier function tight-binding analysis of both pristine MgsSb, and its Bi/
Ca alloyed derivatives, we reveal that the simple Mg s—Sb p orbital interactions are not adequate and
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sufficient to describe the electronic structure of MgszSb,. Inclusion of both higher energy Mg p orbitals and

lower energy Sb s orbitals is demonstrated to be important to understand the shape of the lowest conduction
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1. Introduction

Thermoelectric (TE) materials, with their ability to convert
waste or environment heat into electricity, can help to bring
a carbon neutral society."™ The thermoelectric conversion effi-
ciency can be determined by materials’ figure of merit z7'= T x
S%g/k where « is the total thermal conductivity that includes
both the lattice and electronic contributions, S is the Seebeck
coefficient and ¢ the electrical conductivity.>® The term $% is
governed by the material's electronic band dispersion.
Compounds with electronic structures showing light carrier
pockets as well as symmetry induced band degeneracy typically
exhibit higher TE performance.” Therefore, understanding the
electronic structures of thermoelectric compounds, as well as
their chemical bonding origin, is of crucial importance for
finding new TE compounds or optimizing existing TE ones.*®
Among the best thermoelectric materials, Mg;Sb, and its
alloyed compounds exhibit relatively high thermoelectric
performance in the middle temperature region.'®** For
instance, the state-of-the-art n-type Mg;Sb, alloyed with Bi can
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band and its change upon alloying. The systematic chemical understanding developed in this work could
enable us to better control the conduction band dispersion by manipulating chemical interactions in MgzSb,.

reach zT of above 1.0 over a wide temperature range. As a result,
experimental modules utilizing Mg;Sb, as one of the thermo-
electric elements shows a promising conversion efficiency of
7.3% with a temperature difference of 315 K.** Indeed, its high
TE performance can be attributed to the fact that its light
conduction band minimum (CBM) is situated at a low symmetry
k point in the Brillouin zone (BZ), leading to six-fold-degenerate
carrier pockets that lead to high Seebeck coefficients while
maintaining good carrier mobility."**® Furthermore, alloying
with Bi can further reduce the conduction band effective mass
at the CBM point and increase band degeneracy by reducing the
conduction band edge energy at the I" point to convergence. At
the same time, the lattice thermal conductivity can be effectively
reduced with heavier Bi atoms, further improving the thermo-
electric performance of Mgj3(Sb,Bi),.">""*°

Despite the progress in improving and tuning Mg;Sb,'s
thermoelectric properties, its electronic structure, in relation to
the orbital interactions between Mg and Sb atoms, is not so well
understood due to the material's complex crystal structure.
Zhang et al. suggested that the interactions between Mg and Sb
atoms are mostly ionic in nature based on the evidence of
electron density topology analysis.”® Their calculated atomic
charges, based on Bader partitioning,*"** are relatively close to
the formal charge of Mg”* and Sb®~ in Mg;Sb, (+1.5 on Mg and
—2.2 on Sb) and support strong ionicity in the compound.
However, Wang et al. showed that covalent interactions between
Mg and Sb are also important, with electron localization func-
tion (ELF) basins observed between Mg and Sb atoms (a
fingerprint for covalent bonding). It turns out, from their

This journal is © The Royal Society of Chemistry 2023
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calculations, that an integrated crystal orbital Hamilton pop-
ulation (ICOHP) value over Mg and all its nearest neighbor Sb
atoms is around —6 eV, further supporting their covalent
interpretation.”

Some previous research studied the effect of Bi alloying on the
electronic structure of the lowest conduction band.'*'®*** In
areview by Li et al., Bi alloying was depicted to slightly decrease the
term EY'$— E2"°" and subsequently lead to the rapid lowering of
conduction band minimum at the I" point.** However, the atomic
orbital energy difference between Bi 6p and Sb 5p orbitals is only
around 0.2 eV, which is unlikely to lead to a dramatic change of the
conduction band. A later study by Pan et al. hypothesized that the
Mg 3s bands become “wider” upon Bi alloying, therefore
decreasing or even closing the band gap at I'.>** However, it is
doubtful that such a view, without firm evidence, corresponds to
the actual reason for the closing of the direct gap at I'.

Other studies tried to explain the location of the conduction
band minimum at the BZ edge in Mg;Sb,. Sun et al. observed
some bonding character between the two non-equivalent Mg
atoms and suggested that the conduction band minimum at
a low symmetry point is caused by Mg-Mg interactions.”” Later,
Wang et al., when comparing Mg;Sb, and CaMg,Sb,, suggested
that the absence of Ca (3d shell) unoccupied orbitals in the
conduction band drives CBM from the high symmetry M point
to the low symmetry CBM point in Mg;Sb, (we use CBM to
indicate the k point of the conduction band minimum in the
first BZ).*® However, they somehow ignored the existence of
unoccupied Mg 3p character, which can play a similar role. A
final work to mention is that from Brod et al., which connects
the conduction band minimum to the Mg-Sb nearest neighbor
antibonding interactions based on the evidence from band
resolved COHP between Mg 3s and Sb 5p orbitals.> The weak-
ness of their analysis is that the model they proposed is only
qualitative and is restricted to consider only s-p interactions.
Since the lower conduction bands, mainly made of Mg 3s
orbitals, cannot be separated from the higher energy conduc-
tion bands, understanding of the conduction band structure
based only on Mg s and Sb p orbitals is not sufficient.

In this work, we use a first-principles based tight-binding
model to provide a quantitative analysis of the orbital interac-
tions in Mg;Sb,. The effect of alloying is also captured and
compared using the same tight-binding framework within the
virtual crystal approximation. In contrast to previous under-
standings, we show that the lower energy Sb 5s orbitals and
higher energy Mg 3p orbitals play an important role in estab-
lishing the electronic structure of Mg;Sb,, especially the lowest
conduction bands mainly of Mg 3s character and where the Mg
3s and Sb 5p interactions only play a minor role. In addition,
our analysis also consistently explains the effect of alloying in
Mg;Sb, from the changes of orbital interactions.

2. Methods

2.1. Electronic structure calculations

The electronic structure of Mg;Sb, was calculated self-
consistently using the density functional theory (DFT) method
using plane waves as implemented in the Quantum Espresso

This journal is © The Royal Society of Chemistry 2023
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(QE) package.* Norm-conserving pseudopotentials in the form
of generalized gradient approximation (PBE-GGA) used in the
calculations were obtained from the Pseudo-dojo website.*"**
The energy cutoff for the plane wave expansion was set to 80 Ry
and the cutoff of charge density was four times higher. Fixed
occupation with a k-grid of 14 x 14 x 7 was used for the Bril-
louin zone summation of density.** The lattice parameters and
atomic coordinates were fully relaxed (forces less than 1 x 107>
Ry per au). The relaxed cell parameters a and ¢ of 4.595 and
7.272 A, respectively, are slightly overestimated with respect to
the experimentally measured values (a = 4.573 and ¢ = 70.229 A)
for Mg;Sb,.** The calculated indirect electronic band gap is
0.168 eV, smaller than the experimentally measured value (>0.4
eV) and that calculated with TB-mBJ functionals.'®* The
valence band (VB) maximum is located at the I" point and the
conduction band minimum is located at k = (0.425, 0.0, 0.333).
The coordinate of the CBM point agrees very well with previous
calculations.®® The calculated secondary conduction band
minimum at the K point is 0.2 eV above the conduction band
minimum. Although the band gap is underestimated, impor-
tant features of the electronic structure are well produced by the
PBE-GGA calculations, including the trend of alloying. As
a result, we do not expect that the underestimation of the band
gap undermines the discussion here. For simplification, the
spin orbital coupling (SOC) effect was not considered in the
calculations. The effect of SOC in Mg;Sb, was studied by Zhang
and Iversen.' It was found that the SOC splits the electronic
bands near the VB edge at the I point, which mainly derive from
Sb p orbitals, but its effect on the conduction band is negligible.
Since our study does not focus on the quantitative aspect of the
VB edge, it should be safe to omit SOC in the DFT calculations
and subsequent Wannier tight-binding model.

Virtual crystal approximation (VCA), in which an averaged
pseudopotential approximates the effect of “alloying” of
a specific site, was used for the calculation of the electronic
structure of alloyed compounds.*® In this way, we were able to
compare the Wannier tight-binding model of pristine Mg;Sb,
and its alloyed compounds. We notice that the limitation of
VCA is that the effects of local atomic configuration/relaxation
are neglected. (For example, both Mg-Sb and Mg-Bi bonds
with different distances exist in actual Bi alloyed Mg;Sb,, but
not in VCA calculations.) The averaged pseudopotential was
obtained using the virtualx code that comes with the QE
package. All structures using VCA pseudopotentials were fully
relaxed within the same crystal symmetry as that of Mg;Sb,. The
relaxed lattice parameters from VCA calculations are shown in
Fig. S1.f Bader analysis was performed from the computed
electron density using the Bader code.?” High symmetry points
in the Brillouin zone of space group P3m, are shown in Fig. 2.%

2.2. Wannier tight-binding model

Orthogonal Wannier functions (that resemble atomic orbitals)
were used as a basis to obtain a first-principles tight-binding
model for Mg;Sb, and its alloys, as implemented in the Wan-
nier90 code.* It must be noted that Wannier functions used
here are not maximally localized, but close to the set of initial
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atomic orbitals apart from orthogonalization.*® Thus, we denote
these Wannier functions using the initial atomic orbitals. The
real space Hamiltonian operator was obtained by projecting
eight valence bands and twelve disentangled conduction bands
to the localized orbitals of Sb and Mg s/p orbital functions.** All
states lying 4 eV above the CBM were preserved exactly in the
Wannier projection. For alloyed Mg;Sb, derivatives calculated
using VCA, the exact same projection scheme and initial orbital
functions were used to obtain their corresponding tight-binding
Hamiltonian operator. The band structures obtained from the
Wannier tight-binding model, compared to the DFT calculated
ones, are shown in Fig. S2.f More details about the Wannier
projections are given in Appendix A.

3. Results

3.1. Electronic structure of Mg;Sb,

The structure of Mg;Sb,, which crystalizes in the layered
CaAl,Si, structure type with space group P3m; (no. 164), is
shown in Fig. 1a. The Mg atoms occupy two different Wyckoff
positions: interlayer Mg1 atoms are located at the 1a site and are
octahedrally coordinated with six neighboring Sb atoms (at 3.12
A apart), and intralayer Mg2 atoms are located at the 2d site (1/3,
2/3, z) in a tetrahedral environment somewhat elongated along
the z direction. Surprisingly, although the crystal structure
features a plane of Mg separating edge-sharing Mg2-Sb, tetra-
hedra, the two Mg atoms do not differ much chemically, as
evidenced from the computed atom-in-molecular (AIM) Bader
charges and the ICOHP values reported previously.>**

An analysis of the electronic structure (Fig. 1b) indicates that
the occupied states, from the two bands at —10 eV up to the

Mg s
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Sb p
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-
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Fig.1 Crystal structure and electronic structures of MgsSb,. (a) Crystal
structure of MgsSb, with the two non-equivalent Mg sites shown in
their octahedral and tetrahedral coordination, and (b) calculated
electronic band structure of MgsSb, and the projected density of
states (pDOS). The black lines in the band structure show the DFT-
calculated band structure while the red line (visible in the upper
conduction band) show the band structure obtained with the Wannier
tight binding model.
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Fermi level, are mainly of Sb s and p character. However, it
should be noted, from the tight-binding projected density of
states (pDOS), that Mg orbitals, both 3s and higher energy 3p
orbitals, somewhat mix into the valence band region. Above the
Fermi level, the conduction bands derive mainly from the
unfilled Mg s and p orbitals with some mixing with Sb p
orbitals. Due to the substantial orbital mixing both in valence
and conduction bands, it can be reasoned that covalent inter-
actions between Mg and Sb atoms are important for binding in
Mg;Sb,. Note that looking at electron density alone, as done
previously by Zhang et al., may wrongly lead to the neglection of
such a covalent character.>**>

Through tight-binding parameterization, we can gain
important insights of the orbital interactions in Mg;Sb, that
allow us to evaluate previous assumptions about the bonding
nature of Mg;Sb, and build a solid ground for discussing the
effect of alloying, i.e., substituting a large part of Mg or Sb. First,
through the Wannier function tight-binding model, we can
recognize the importance of long-range interactions that
control the electronic structure in Mg;Sb,. In contrast to high
symmetry cubic PbTe or perovskites the electronic structure of
which can be reproduced well by only considering the first or
secondary neighbor interactions,** interactions up to 10 A are
required to obtain a fair description of the conduction band
dispersion in Mg3;Sb, (shown in Fig. S3 and S47). As a result,
understanding of the role of orbital interactions in Mg;Sb, and
its alloyed derivatives is required to separate the effects of long
and short-ranged chemical interactions.

According to perturbation theory, the “ionic” interaction
between two orbitals typically occurs when their energies

=~ Mg(1)s

Energy (eV)
N

Fig. 2 Upper panel: Brillouin zone of MgsSb, with labeled special
symmetry points. Lower panel: energy dispersion of the Bloch func-
tions constructed from the different Wannier orbitals as a function of
the wave vector k. The dotted lines are the three lowest conduction
bands of MgzSb,. The zero energy is set to be the calculated energy of
the conduction band minimum in MgsSb,.

This journal is © The Royal Society of Chemistry 2023
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strongly differ. For example, in NaCl, the atomic orbital energy
of Na 3s is more than 8 eV higher in energy than the Cl 3p
atomic orbitals, in their respective elemental form, causing
electron transfer from the former to the latter and consequently
inducing strong ionic character when the solid compound is
formed. In contrast, the energy of the Mg s atomic orbital is only
around 0.8 eV higher than that of Sb p orbitals in their
elemental form, suggesting that the Mg s atomic orbital is more
likely to interact with Sb p orbitals in other ways.** In solids, due
to the periodicity and the modulation of the wave vector &, it is
more meaningful to discuss Bloch functions, constructed from
the localized, atomic-centered Wannier functions |Rn) by:

1;[/,(1:1/)> _ ZeikR‘Rn>
R

The energies of these Bloch functions thus include both the
“on-site” energy of the atomic orbitals and orbital interactions,
modulated by k, between their orbital sublattices.***¢® Surpris-
ingly, in Mg;Sb,, the tight-binding parameterization reveals
that the Bloch functions constructed from the Sb p orbitals lie
above those from Mg s orbitals in energy in a large portion of
the BZ, as shown in Fig. 2. Therefore, only considering the Mg s
and Sb p orbitals and their interactions cannot explain the
electronic structure in Mg;Sb, where the valence bands are
dominantly of Sb p orbital character and the conduction band
of Mg s orbital character.

3.2. Orbital interactions

Fig. 3 illustrates the interaction diagrams between Bloch
orbitals at different high-symmetry & points in the Brillouin
zone obtained from the tight-binding calculations. These
diagrams allow us to construct the electronic band structure in
terms of interactions between different Bloch functions. At
different k points, these interactions are determined by:

Hy (k) =) " H,,(R)
R

and are different due to the complex phase factor ¢®® that

determines the accumulation and cancellation of
10 4 A r K
5 - = [/
— Mgl/2 p “
: D\ '
5 o Mgl/25—(/_7— -?_ \\:)= =
Q
LICJ Y /
_5 E S— =
-10- =/ :/_ -
Fig. 3
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interactions.*>*”*® The orbital interactions in this form also
include long-range terms due to the summation over R. The
band energies ¢ can then be obtained after diagonalization of
the Hamiltonian matrix on the basis of periodic Bloch
functions.

To understand why the valence band is mainly from the Sb p
character, it is important to notice, from Fig. 3, that the Sb p
bands interact more significantly with the higher energy Mg p
bands than with the Mg s bands. It is thus clear that the polar
covalent interaction between Mg p and Sb p drives down the
energy of the Sb p bands to dominantly form the valence band,
leading to the band gap that separates the valence bands from
the lowest conduction band (mainly from the Mg s contribu-
tion). Strong Mg p and Sb p interactions are reflected by the
mixing of orbitals in the projected DOS in Fig. 1b, as well as
from the previous COHP calculations.”® Furthermore, in
Fig. S5,7 we show that the main valence and conduction band
structure is approximately correct even if only Mg p, Sb p
orbitals and their interactions are considered in the tight-
binding model.

For n-type thermoelectric transport properties, the band
structure of the lowest conduction band is the most important.
The same band also exhibits complex changes upon alloying,
indicating peculiar chemical interactions. Interestingly, orbital
interaction diagrams in Fig. 3 reveal that the lowest conduction
band interact weakly with the orbital components that form the
valence band. Therefore, the energy of the conduction band
edge is somewhat close to the energy of the Mg s Bloch orbitals
(Fig. 2) with dominant Mg s contribution. Additional informa-
tion regarding orbital interactions can be provided by the
summed, off-site COHP curves which reveal the overall bonding
or antibonding nature of the interactions (defined in Appendix
B). In Fig. 4a, the dispersion of the lowest conduction band in
Mg;Sb, together with the off-site COHP and orbital components
is shown. Furthermore, in Fig. 5, S6 and S7,f the entire COHP
matrix at three k points for the lowest conduction band is shown
in the form of a heatmap which provides the sign and magni-
tude of orbital-wise COHPs. Based on these results, the inter-
pretation of the bonding nature of the lowest conduction in
Mg;Sb, can be made.

Interaction diagrams between Bloch functions in MgsSb, at different k points in the Brillouin zone. The transparency of the interaction

lines is proportional to the coefficient of the orbital component in the final energy eigenstates. The resulting valence and conduction bands are

colored in black and red, respectively.

This journal is © The Royal Society of Chemistry 2023
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Fig.4 Band dispersion (top), off-site COHP (middle) and orbital component (bottom) of the lowest conduction band in (a) MgzSb,, (b) Bi-alloyed
MgzSb, on Sb site, and (c) Ca-alloyed MgsSb, on Mgl site. The alloyed systems correspond to 50% substitution of the corresponding sites. In the
bottom figure, Mg s and p indicate the combined components from all three Mg atoms present in the unit cell. Note that Mg s/p includes both

Mgl s/p and Mg2 s/p orbitals in the orbital component figure.
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Fig. 5 Off-diagonal (orbital pair-wise) COHP heatmap for the lowest
conduction band at the CBM point. The diagonal elements (on-site
COHP) are not shown in the heatmap. Negative values of COHP
indicate bonding character while positive values indicate antibonding
character.

At the I point (and similarly at A and 4’ points), the lower
Sb s orbital plays an important role. At these points, the orbital
component of the lowest conduction band from the Sb s
contribution is large and the off-site COHP curve reveals an
overall antibonding character (also see Fig. S61). The strong s-s
interaction can be understood since at I', all the Sb s orbitals are
in phase with the Mg s orbitals while the s-p interactions are
cancelled. As a result, the dominant orbital interaction at I" can
be considered to be that of a two-orbital problem involving the
Mg and Sb s orbitals.

In Mg;Sb,, the conduction band minimum at the K point (1/
3, 1/3, 0) is very close to the true conduction band minimum
and can be considered to be nearly degenerate at medium
temperature in terms of electron transport.*® From Fig. 3 and

24232 | J Mater. Chem. A, 2023, N, 24228-24238

4a, it is found that the conduction band minimum state at K
only contains Mg1 s and Mg?2 p orbital contributions. Although
the large component of higher energy Mg p orbitals at K would
lead to higher band energy, this conduction band minimum is
stabilized by the interaction between the different Mg p orbitals
as shown in Fig. S7.f As a result, the conduction band
minimum energy at K is located only slightly higher than the
energy of Mg1 s Bloch orbitals (Fig. 2).

The true CBM is located somewhere near the L point (1/2, 0,
1/2) and M point (1/2, 0, 0). At L, M and the CBM points, the
conduction band minimum states are dominantly of Mg s
character (see Fig. S8t for the real space electronic density
corresponding to the carrier pockets of CBM). Although other
orbitals participate in the interaction at the conduction band
minimum state, the net interaction COHP is very small,
according to the results shown Fig. 4a. We argue that the small
net COHP of CBM is a result of the cancellation of weak
bonding/antibonding interaction between Mg s and other
higher/lower energy orbitals (as in a typical three-orbital system
in a molecule according to perturbation theory which leads to
a non-bonding intermediate molecular orbital). This can be
seen from the pair-wise COHP heatmap shown in Fig. 5 where
both positive and negative off-site COHPs are presented. It is
important to note that the small off-site COHP does not only
occur at the CBM point, but also in the vicinity of the CBM point
in the BZ. Since the change in COHP in the vicinity of the CBM
point is much smaller compared to the change in energy of the
conduction band, the covalent interactions (as revealed by off-
site COHP) do not directly lead to band dispersion. Therefore,
our interpretation differs from the mechanism suggested by
Brod et al. that attribute band dispersion near CBM mainly to
the antibonding interaction between the Mg s and Sb p
orbitals.> In contrast to the overall small off-site COHP values,
the ratio of orbital components changes significantly in the
vicinity of the CBM point, suggesting that the band dispersion

This journal is © The Royal Society of Chemistry 2023
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equivalent sites. Bands of pristine MgzSb, are shown in brown while the

bands of the alloyed compounds are shown in green. Top figures show band structures calculated using the VCA approximation. The bottom
figures show the band structures calculated using the Wannier tight-binding model that incorporates the effect of alloying by changes in the on-

site energies and the nearest neighbor interactions. A close-up view is

near CBM is due to the change in on-site COHP (see Appendix
B). At the CBM point, the lower energy Mg s orbital reaches its
largest orbital components, as shown in Fig. 4a. Moving away
from the band minimum, the component of higher energy Mg p
orbitals increases significantly. This shift in orbital components
from lower energy orbitals to higher energy orbitals leads to
band dispersion (see Fig. S9t for the on-site COHP curve, which
follows the band energy closely).

Even though the antibonding interactions between the
nearest neighbors Mg and Sb do not lead directly to the band
dispersion, we found that they are likely to play an important
role in determining the position of the CBM point. Wang et al.
suggested that the position of the CBM point is a result of
a competition of interactions between Sb and Mg s orbitals at
different sites.?® If this is indeed the case, then it can be ex-
pected that alloying would shift this conduction band
minimum. However, during our analysis, we observed that the
position of the CBM point, approximately at (0.42, 0, 0.33) in the
BZ, is relatively stable upon alloying. Although alloying with Ca
on Mg1 site shifts the conduction band minimum to the M
point, a local minimum persists even at 50% substitution (see
Fig. 6 and Table S1t for the coordinates of local minima for all
the alloyed compounds). Furthermore, truncating the tight-
binding Hamiltonian operator reveals that the local minimum
can be observed when only nearest neighbor interactions are
considered, even though the energy of the lowest conduction
band is not systematically correct (Fig. S41). The fact that the
position of the CBM minimum is robust with changing orbital
interaction values implies that the position of this minimum is

This journal is © The Royal Society of Chemistry 2023

shown for the Bi doped band structures.

related to the unique local crystal structure configuration of
Mg;Sb, and nearest neighbor Mg-Sb interactions.

In summary, the valence and conduction band structure of
Mg;Sb, is more complex than that expected simply from Mg s—
Sb p interactions. Indeed, the Sb p orbitals mostly form the
valence band with bonding interactions from both Mg s and Mg
p orbitals. On the other hand, the lowest conduction band
structure is determined as much by Sb s and Mg p as by Sb p
orbitals. Near the CBM point, the lowest conduction band is
almost non-bonding with a rather flat COHP curve, and the
band energy reaches a minimum when the orbital component
of Mg s reaches a maximum value.

3.3. Understanding the effect of alloying

We proceed to show how the effect of alloying at different k
points can be understood based on the corresponding orbital
interaction diagrams given by the tight-binding analysis. The
effect of alloying (up to 50% substitution) is approximated using
VCA in our DFT calculations and the resulting electronic
structures are shown at the top of Fig. 6. The band structure
changes by alloying from VCA calculations agree well with the
calculations of the end point compositions performed in
previous studies.>*****

Previously, the effect of alloying was thought to be the result
of disruption of the nearest neighbor interactions.” However,
since it is observed (Fig. S3 and S47) that long-range interac-
tions, at least beyond nearest neighbors, are important to
produce a quantitative tight-binding electronic structure in
Mg;Sb,, it should be investigated whether the alloying effect can
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be understood by changes of the nearest neighbor interactions
alone. To this end, we combined the tight-binding parameters
from both pristine Mg;Sb, and its alloyed compounds so that in
the tight-binding Hamiltonian, the nearest neighbor interac-
tion parameters (including the on-site energy) are those of the
alloyed systems while any interactions beyond the nearest
neighbors are kept as that of pristine Mg;Sb,. For simplicity, we
refer to these combined tight-binding models “short-range
substituted tight-binding” (SR-TB) and the band structure
calculated based on these combined tight-binding models are
shown in the bottom of Fig. 6. The changes observed in DFT
calculations that are reproduced by the SR-TB band structures
can be attributed to changes of the local, nearest neighbor
interactions while those that cannot be reproduced should be
attributed to changes of the relatively long-range interactions.
Thus, through the SR-TB model, we can attribute the band
structure changes of alloying to changes in the nearest-neighbor
interactions or long-range interactions beyond the nearest
neighbors.

We observed that the following band structure changes can
be understood by changes of nearest neighbor interactions
upon alloying: (i) the changes in valence band energies, (ii) the
rapid closing of the direct band gap at the I point and the
relatively fixed energies near the CBM and the K points upon Bi
alloying, (iii) the upshift of the lowest conduction band except at
the I' point for Ca substituting Mg1 site, and (iv) the shift of the
conduction band minimum to the three-fold degenerate M
point also for Ca on Mg1 site. We show in the following that
these changes can be consistently understood from peculiar
orbital interactions in Mg;Sb,.

However, some other changes in electronic structure upon
alloying cannot be attributed only to nearest neighbor interac-
tions. From the VCA calculations, we see that the band energy at
M and M’ moves up slightly upon Bi alloying while the energy at
the CBM point goes down, leading to a more dispersive band at
CBM. The change in conduction band effective mass upon Bi
alloying in Mg;Sb, is known from previous calculations and
experimental observations,'>*® but it is not reproduced by
changes in short range interactions, as shown by the enlarged
band dispersion in the middle panel of Fig. 6. Previously, Brod
et al. argued that the disruption of nearest neighbor Mg-Sb
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conduction band minimum.*® However, our quantitative result
reveals that the increased conduction band dispersion is related
to change of interactions beyond the nearest neighbors,
perhaps due to the more delocalized nature of the Bi p orbitals
compared to that of Sb. We also note that the band structure
changes introduced by Ca substitution on Mg2 site also cannot
be understood by just considering changes in short range
interactions (see Fig. S101). The reason could similarly be
a more delocalized p orbital behavior within the covalent Mg-Sb
network.

Model orbital interaction diagrams shown in Fig. 7 can, in
turn, serve as a guide to understand the effect of alloying for the
lowest conduction bands at important & points. These simpli-
fied orbital interaction diagrams are derived partly from the
orbital interaction diagram of Mg;Sb, shown in Fig. 3, partly
from the COHP results based on the tight-binding model. We
first discuss the case of Bi alloying. At the I' point, the Mg s and
Sb s antibonding interactions largely determine the energy of
the lowest conduction band. Upon Bi alloying, the anion s
energy is reduced most notably (by ~1 eV upon 50% of Bi
alloying at the anion site, Table S2). The lowering of the
anion s energy substantially reduces the energy of the anti-
bonding conduction band minimum at I" according to the two-
orbital interaction scheme (for orthogonal orbitals, &}, are the
orbital energies before interaction, Vi, is the interaction
parameter and ¢y, are the eigen-energies from the two-orbital
interaction):

0

v
~ 0 12
€1~€1+ ﬁ<€l

& —&

VZ

- .0 12 0

a=6H+t 558
& — &

Since the anion orbitals do not participate in the lowest
conduction band state at the K point, as shown in Fig. 4 and 7,
the orbital components at the K point almost remain the same
upon Bi alloying (Fig. 4b). A minor upshift in energy is observed
and could be attributed to a slightly decreased bonding overlap
between the Mg p orbitals as a result of an increase in the lattice

interactions was responsible for the more dispersive parameter (Fig. S1t). Finally, at the CBM point, there is
r CBM
= Mg p = Mg p = Mg p
I,
/
/
Mgs—/_‘\\ MQ S - — e MQ S m—— = Sb p
\
\
\
\
\
\
\
\
\
= Sh s = Sh s

Fig. 7 Simplified pictures of orbital interactions in MgzSb, at important k points for the lowest conduction band, in terms of the interactions
between Mg s and other orbitals. (Note that Mg s and Mg p interactions in general do not occur at the same site.)
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a downshift in band energy. At this point, multiple weak
interactions of Mg s with higher/lower orbitals cancel each
other, according to our previous analysis. The lowering of the
anion s energy would reduce the antibonding interactions for
the CBM states, leading to a slightly lower energy of CBM. These
changes described here are consistent with the previous calcu-
lations, particularly those depicted by Zhang et al.*

With Ca alloying on Mg1 site, the band gap is increased with
the upshift in energy for the lowest conduction band. This is not
surprising since Mg s orbitals play an important role in this
band. However, the reason for the very minor changes at the I
point and the shifts of the conduction band minimum from the
six-fold degenerate CBM point to the three-fold degenerate M
points is worth discussing. The higher energy cation p orbitals
are important here. At the I' point, although the conduction
band energy is expected to increase with the increase of the on-
site energy of cation s, there are, at the same time, stronger
bonding interactions with the higher energy orbitals of cation p
due to the reduced energy difference Ej, — E on the cation. The
stronger bonding interaction stabilizes the lowest conduction
band states (see Fig. S117). This result is supported by the fact
that the overall antibonding interactions at I in pristine Mg;Sb,
are reduced significantly for Ca alloyed on Mgl site, with
a much larger Mg p component, as shown in Fig. 4c.

The same bonding interactions with higher energy cation p
orbitals also explain the change of conduction band minimum
from low symmetry point to M point. Near the CBM point in
Mg;Sh,, the cation s components reach their maximum, so the
conduction band energy increases in correspondence with the
change of cation s energy. However, at M point, there is
a stronger bonding participation of higher energy cation p
orbitals (from different atomic sites), which can be observed
when we compare the off-site COHP at M’ point with that at the
CBM point, in Fig. 4c. The bonding interactions from higher
orbitals drive down the conduction band energy at M’ and M
compared to the bonding minimum at the CBM point, shifting
the conduction band minimum from the six-fold degenerate
CBM point to three-fold degenerate M point. This interpretation
of the changes of conduction band also explains why the
conduction band minimum does not move to the L point with
Ca alloying, since the lowest conduction band states at L (L)
point contain less cation p contribution than at M (M), as can be
seen in Fig. 4c. The above analysis is in line with previous
studies, except that previous work considered the Ca 3d shell
but does not consider the higher energy orbitals in the pristine
case.”®?

In summary, understanding orbital interactions in Mg;Sb,
allowed us to interpret the effect of alloying which affects the
lowest conduction band structure whose carrier pockets are
important for thermoelectric transport properties. Although it
was previously thought that the effect of alloying could be
mainly attributed to the Mg s and Sb p nearest neighbor inter-
action, our tight-binding based analysis demonstrates instead
that changes of interactions between Mg s orbitals with higher
energy Mg p and lower energy Sb s orbitals are more important.
Furthermore, some subtle band structure changes upon alloy-
ing may require effects beyond nearest neighbor interactions.

This journal is © The Royal Society of Chemistry 2023
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3.4. Strategy for band structure engineering

Let us discuss here the implication of the chemical insights
developed by suggesting a band structure engineering strategy
to converge the conduction band minimum at the K and CBM
points. In Mg3;Sb,, the lowest conduction band energy at the K
point is slightly above the conduction band minimum.
According to our analysis, the energy of local conduction band
minimum at the K point is related to the bonding interaction
between the p orbitals of different Mg atoms. As a result, it can
be expected that if the orbital overlap between these Mg p
orbitals increases, their bonding interaction will be stronger
and will lead to an energy lowering at the K point. This can be
achieved by a compressive strain. At the same time, due to the
relative weak interaction for the lowest conduction band at the
CBM point, its energy should not be affected so much. In
Fig. S12, we show, with first-principles band structure calcu-
lations, that such a convergence is indeed realized under a —2%
strain. We note that this phenomenon was observed in
a previous report by Xie et al.** However, its origin was not
explained, and this approach has not been experimentally
attempted to the best of our knowledge. A recent work illus-
trated that strain engineering can tune the valence band and
thus the p-type thermoelectric performance in Mg;Sb, films.
According to our analysis, the effect of strain on the n-type
thermoelectric performance is also worth investigating.

4. Conclusion

In conclusion, our first-principles based tight-binding study
provides a detailed analysis of orbital interactions occurring in
Mg;Sb,. Somewhat in contrast to previous studies which consid-
ered the formation of valence and conduction bands with a Mg s-
Sb p (ionic) interaction framework, we demonstrated here that the
covalent interactions are important with higher energy Mg p
orbitals participating importantly in the crystal bonding (valence
band) and that both the higher energy Mg p and lower energy Sb s
orbitals shape the dispersion of the lowest conduction band.
Although the chemical interactions are different, the conduction
band minima at the CBM and K points lie very close in energy to
the Mg s orbitals, leading to near-degenerate conduction valleys.
Important band structure changes upon alloying on Sb or Mg1
site can be understood as changes in the nearest neighbor inter-
actions. However, the change in effective mass of CBM upon Bi
alloying should be attributed to changes in the long-range inter-
actions. These chemical interactions determine the electronic
structure and correspondingly the electrical transport properties.
We hope that the study presented here can provide helpful
insights for further improvement of the thermoelectric transport
properties in n-type Mg;Sb, by offering a guideline for experi-
mentally manipulating chemical interactions in this system.

Appendix
A. Wannier tight-binding electronic structure calculations

In this section we describe the projection scheme to obtain
localized Wannier functions and the details of the tight-binding
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calculations employed in this work. Given a set of trial orbitals
lgn), a set of non-orthogonal Bloch wavefunctions |¢,,) can be
obtained by projecting a set of J bands |, that are the eigen-
states of the crystal Hamiltonian operator at k (for clarity, we
use k to indicate wave vector in the following):*’

J
lb) = Z|‘//ik><\l/ik|gn>
=1

An orthogonal set of Bloch functions, which are used to
obtain the localized orthogonal Wannier functions, can be ob-
tained by the transformation:

) = e (57),,

where §,*/? is the overlap matrix between the non-orthogonal
functions |¢,.). The superscript (W) indicates “Wannier”
gauge.”® Finally, a set of localized Wannier functions can be
obtained by the Fourier transformation:

% Ze4kk ‘//EAV(V)>

k

[Rn) =

with the reverse transformation:

nk > ZelkR ‘ Rl’l

It should be noted that a disentangle method should be
applied to obtain a set of optimally connected subspaces since the
higher conduction bands are also considered in the projection.
This disentangle method selects a subspace by unitary trans-
formation that minimizes the spread of the wavefunction.****

The electronic structure can be determined from the ob-
tained Wannier function tight-binding Hamiltonian matrix
elements Hy,(R) = (nO|H|mR) (where m and n denote different
Wannier functions in the unit cell and R is lattice translation) by
Fourier transformation:

w k) — ZeikRHnm (R
R

Finally, the diagonalization of the Hamiltonian matrix gives

the eigenstates at k: |¢y) = Zu%‘n\x//fl‘::)), where the coefficients
n

u® are determined by:*

2 W) _ k
Hnm Uy = Eily,

m

The orbital coefficients that determine the nth orbital compo-
nents of the eigenstates for ith band are given by ¢;,(k) = ||

In this work, the trial Wannier functions used for the above-
mentioned projection were constructed from the real radial and
angular atomic functions. The radial part of the wavefunction is
given by:

R(r) = 20 exp(—ar)
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while the angular part is given by the real spherical harmonic
function for s and p orbitals:

1

04(0,¢) = 7

3
0,.(0,¢) = \/Ecos 0
3.
0,.(0,9) = \/Rsm 0 cos ¢
3. .
0,,(0,¢) = q/Esm 0 sin ¢

B. COHP calculations

3

To understand the bonding and antibonding character of the
electronic bands, the off-site crystal orbital Hamilton pop-
ulation (COHP) was used to measure quantitatively the orbital
interaction between atoms. Dronskowski and Bloch defined the
COHP between different local atomic centered orbitals.>
Instead of following their definition, a simpler quantity that
measures the orbital interaction between the periodic Bloch
functions at k was used in this work, denoted as COHPX,. The
band structure energy ¢, of the ith band at k can be written as:

ex = (Pul H|pa) = Z( m) H;SZ/ (k)
n,m—,_/
coHprk

nm

Furthermore, “on-site” and “off-site” (non-local) terms can be
defined in such a way that ¢3 = COHPX ;. + COHPX, . .5 They
are given by:

COHP;‘; site ZCOHP;:;
COHP’okff site — €k COHP:; site

where {n'} is the set of orbital components ' that is on the same
atoms with component n. In the example of Fig. 5, the off-site
COHP at the CBM point is the sum of all the orbital pair-wise
(off-diagonal) COHP values.
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