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Effect of microstructure evolution on the
mechanical behavior of magneto-active
elastomers with different matrix stiffness

Mehran Roghani, * Dirk Romeis and Marina Saphiannikova

Evolution of microstructure in magneto-active elastomers (MAEs) which can be caused by an applied

magnetic field is a fascinating phenomenon with a significant impact on the mechanical behavior of the

composite. To gain insight into the underlying mechanisms of this phenomenon, it is essential to create

a model that can appropriately describe the field induced change in the particle distribution and its

mechanical implications. The magneto-mechanical coupling is driven by magnetic interactions between

the particles in the applied field. These magnetic interactions can result in macroscopic deformation of

the sample and also in rearrangement of the microstructure, i.e. the local positions of the particles.

In the case of initially isotropic MAEs made with a sufficiently soft matrix, this leads to the formation of

chains of magnetized particles, creating a significant increase in the mechanical moduli along the field

direction. In this paper, we implement a transversely isotropic Neo–Hookean material model to account

for such anisotropic elastic behavior. A dipolar mean field approach is used to describe magnetic inter-

actions between the particles. A penalty term is introduced to compensate for the micro-mechanical

elastic energy required to move the particles inside the cross-linked elastomer. The resulting model can

predict the huge magneto-rheological effects observed in experiments, and improves our understanding

of how microstructure evolution affects magnetically induced deformation and stiffness of MAEs.

1. Introduction

Magneto-active elastomers (MAEs) are composites made of a
soft elastomeric matrix with magnetic micro-inclusions. These
composites have been attracting a lot of attention due to their
highly adaptive properties, which classifies them as smart
materials.1–3 They are alternatively called magneto-rheological
elastomers (MREs) or magneto-sensitive elastomers (MSEs) in the
literature. MAEs can undergo noticeable deformation through the
application of an external magnetic field.4,5 Additionally, their
mechanical properties can be actively and controllably modified
by the field.6–8 Different classes of MAEs can be manufactured
with regard to the magnetic properties of the inclusions and
curing procedure of the matrix. If magnetically hard (e.g. NdFB)
inclusions are used, the resulting composite shows magnetic
hysteresis.9–11 Magnetically soft inclusions (carbonyl iron) show
negligible magnetic hysteresis, usually resulting in an MAE with
reversible behavior under magnetic loadings.12–14 MAEs can also
be manufactured in the presence of a (curing) magnetic field,
which results in anisotropic composites with direction specific
properties due to the formation of particle chains.15,16 Curing in

the absence of a magnetic field results in isotropic samples.17

These features give MAEs customizable magneto-mechanic prop-
erties, which make them ideal for high-tech applications. Recent
implementations include the use of MAEs in precision control
and adaptive vibration dampening,18–23 soft robotics,24–27

medical28–31 and energy harvesting devices.32–34

With the increasing implementation of MAEs in real-world
devices, the demand for accurate models that describe their
magneto-mechanical behavior is also growing. Macroscopic
approaches often treat the material as a homogeneous mag-
netic medium and aim to predict the macroscopic behavior of
samples with complex geometries.35–38 In contrast, microscopic
and mesoscopic approaches attempt to model the effects
of various microstructures that can result in non-isotropic
behavior.39–41 However, it is difficult to simultaneously capture
the coupling between micro and macro effects for a real MAE
sample. This is due to the well known nature of magnetic short
and long-range interactions, which require knowledge of the
sample’s configuration at both the micro and macro scales.42

In other words, the behavior of an MAE sample is strongly
influenced by the sample’s macroscopic shape and the arrange-
ment of particles at the micro-scale. To address this challenge,
multi-scale modeling approaches have been developed. These
approaches involve defining local characteristics using microscopic
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models in order to evaluate the macroscopic shape. Representa-
tive volume element homogenization43 and two-scale finite
element procedure (FE2)44 are examples of multi-scale approaches
which have the downside of implementation complexity and
high computational cost. Another multi-scale modeling
approach is the unified theory developed by Ivaneyko et al.42

for MAEs. This method reduces the computational cost signifi-
cantly by assuming dipolar interactions between particles, and
has been shown to provide very good accuracy in comparison to
full-field approaches.45 Recently, Romeis and Saphiannikova46

proposed a model for the effective magnetization behavior of
MAEs, utilizing analytical homogenization based on dipole
approximation. Chougale et al.47 implemented the mean field
theory in an invariant based approach to create a constitutive
model for anisotropic MAEs. For more details and comparisons
between the different modeling strategies, readers can refer to a
recent review by Nadzharyan et al.48

An intriguing yet understudied aspect of isotropic MAEs
composed of a very soft elastomeric matrix and magnetically
soft spherical micro-particles is the phenomenon where the
particles rearrange into chain-like structures under a magnetic
field.49–53 This rearrangement of particles can lead to signifi-
cant changes in the elastic moduli of the material, often
spanning several orders of magnitude and changing the iso-
tropic properties to highly anisotropic ones.17,54 In terms of
modeling, several papers have studied particle rearrangement
at the micro-scale.55–60 However, particle rearrangement
induces high deformations in the matrix and particles can
come very close to each other, which poses challenges for direct
solutions to fully coupled finite element problems.61

This paper proposes an effective model that accounts for
microstructural evolution and the initial sample shape of
MAEs. To do so, we modify a transversely isotropic Neo–Hooke
model to better fit the emerging anisotropy of MAEs with an
evolving microstructure. Magnetic interactions are modeled
using dipolar mean field approximation. Additionally, a third
energy term is introduced to account for the elastic energy
penalty incurred by particle rearrangement. Finally, we mini-
mize the total energy function to determine the magnetically
induced deformation. More importantly, we analyze the mag-
netic field induced increase of the elastic properties, known as
the magneto-rheological effect.

2. Theory

The behavior of an MAE specimen under the external magnetic
field H0 is fundamentally driven by variations of the magnetic
energy. It has been shown that this energy can be expressed by the
following integral form over the volume of the sample VS:62,63

Umag ¼ m0

ð
VS

d3r �
ðH
0

MðrÞ � dHðrÞ þ 1

2
MðrÞ � ðHðrÞ �H0Þ

� �
;

(1)

where m0 is the permeability of vacuum. In eqn (1), it is evident
that the calculation of magnetic energy, Umag, necessitates the

knowledge of the magnetization M(r) and the local magnetic field
H(r) at every point r within the sample. These fields are inter-
related, as the magnetization of each particle is induced by the
local magnetic field.

The relationship between M(r) and H(r) in a magnetizable
particle can be described using a Langevin function to capture
saturation magnetization behavior:64

L HðrÞð Þ ¼ LðHÞ HðrÞjHðrÞj ¼M1 coth aH � 1

aH

� �
HðrÞ
jHðrÞj; (2)

where a and MN denote a scaling factor and value of saturation
magnetization that are adjusted to experimental data. In this
paper, these parameters take the following values: MN =
868 kA m�1 and a = 0.0218 m kA�1.65

Since the elastomer is non-magnetic in nature, the integral
in eqn (1) over the sample volume reduces to the volume
occupied by magnetic particles, Vp. In the following, we make
use of the so-called leading order approximation66 which
assumes that the position-dependent magnetization vector
can be approximated by a constant average magnetization
throughout the sample, i.e. M(r) E M. Similarly, the magnetic
field vector is replaced by an average magnetic field, H(r) E H.
This assumption works very well with spheroidal sample shapes
because they have the benefit of homogeneous induced magne-
tization in the entire sample. Therefore, we consider spheroidal
MAE samples exclusively in this study. With the aforementioned
approximation, the expression for magnetic energy per unit
volume is derived from eqn (1):

cmag ¼ m0f �
ðH
0

M � dH þ 1

2
M � ðH �H0Þ

� �
; (3)

where f = Vp/Vs denotes the volume fraction of particles in terms
of the total volume of the sample Vs and the volume taken up by
the particles Vp.

The magnetic field H is described by a superposition of the
external magnetic field and the demagnetization field Hd

(magnetic field induced by the spherical particles):

H = H0 + Hd. (4)

Fig. 1 Left: Schematics of a general ellipsoid and its three unique semi-
axes, a, b and c. Right: MAE model idea showing the evolution of the
microstructure upon increasing the external magnetic field H0. fc is the
volumetric portion of the columns with respect to the sample volume.
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As demonstrated in ref. 66, the magnetic energy of a composite
body can be succinctly expressed using dipolar mean field
approximation in terms of two key parameters, i.e. Gmacro and
Gmicro. The tensor Gmacro accounts for the macroscopic shape of
the sample, while Gmicro is the tensor related to the state of the
microscopic structure. This leads to a concise expression of Hd

that reads:

Hd ¼ �
I

3
� fGmacro � Gmicro

� �
�M ; (5)

where I is the identity tensor. For a general ellipsoid as
sketched in Fig. 1, the tensor Gmacro takes the following form:67

Gmacro ¼
I

3
� Ja; (6)

where Ja is the demagnetization tensor of an ellipsoid, which is
only a function of the sample’s two aspect ratios: g1 = a/b and
g2 = a/c.68

To calculate Gmicro, a model for the microstructure and its
evolution during chain formation should first be established.
Modern imaging techniques performed on MAEs (e.g. X-ray
micro-computed tomography imaging69) show that if the com-
posite is soft enough, an initially random distribution of micro-
particles gives way to chains forming under an external mag-
netic field. A micro-scale model has been investigated in ref. 70,
where the chains of micro-particles are smeared into columnar
structures. This model, which was introduced for initially
anisotropic MAEs, is extended here to take into account the
field-induced rearrangement of particles. It operates by treating
the isotropic sample as comprising a single phase with a volume
fraction of particles f. After applying a magnetic field, two distinct
regions appear as shown in Fig. 1. One is the region densely
packed with particles forming chains, which is considered as a
column. The volumetric portion of these columns with respect to
the total volume of the sample is fc. The other part is the region
with a pure elastomer, which represents the area between the
columns with no particles inside. As the external magnetic field
increases and particles attract each other more, the volumetric
portion of the column section decreases relative to the entire
sample, causing an increase in the local volume fraction of
particles fp. These volume fractions are linked as follows:

fp ¼
f
fc

: (7)

This simplified picture, as sketched in Fig. 1 and expressed
through eqn (7), shall represent the evolution of particle arrange-
ment that occurs in the presence of a magnetic field.

Based on the mean field approximation, the aforementioned
model allows us to estimate the microstructure factor. For
columnar-like particle arrangements it takes the simple analy-
tical form:46

Gmicro ¼ fmicro

1 0 0

0 �1=2 0

0 0 �1=2

0
BBB@

1
CCCA; (8)

where

fmicro ¼
fp � f

3
: (9)

The parameter fmicro represents the scalar component of Gmicro

in the direction of the columns. It is worth noting that eqn (9)
accurately predicts a microstructure factor of zero, when fp =
f (resp. fc= 1), signifying the random distribution of particles
in the sample.

In this study, spheroidal samples are undergoing uniaxial
deformation, when a uniform external magnetic field is applied
parallel to the axis of symmetry. Under such conditions, the
spheroidal geometry is retained in good approximation, con-
sidering small deformations (o20%) of MAEs under moderate
magnetic field loadings.71 Additionally, considering fmacro and
fmicro as the scalar components of Gmacro and Gmicro along the
symmetry axis of the spheroid, the magnetic energy given by
eqn (3) takes a scalar form, simplifying the solution process.

To explain the anisotropic mechanical response of MAEs, an
elastic model is necessary to capture the significant change in
modulus along the direction of the magnetic field, which arises
from the formation of chains by magnetized particles. In this
work, we make the assumption of uniform deformations
within a spheroid in its current configuration.72 Based on this
assumption, we employ a modified Neo–Hookean material
model to describe the elastic energy density of the system. This
modified model is specifically designed to capture the emer-
ging transversely isotropic behavior exhibited by the material:

cmec ¼
Giso

2
ðz1 þ 1ÞðI1 � 3Þ þ z2ðI4 � 1Þ2
� 	

: (10)

Here, Giso is the shear modulus of the isotropic composite. I1 =
tr(b) is the first principal invariant of the left Cauchy deforma-
tion tensor b. Furthermore, I4 = -

a0�b�
-
a0 denotes the pseudo

invariant with a direction specified by the unit vector -
a0 =

(1,0,0). This unit vector points to the direction of the magnetic
field, along which the magnetized particle chains form. The
dimensionless parameters z1 and z2 are used to introduce
anisotropic (transversely isotropic) behavior into the elastic
energy. These anisotropy parameters essentially define
the material stiffness in two specified directions: perpendicular
to the symmetry axis and along it. They are estimated from
our simple microstructure model for different stages of
restructuring.

In the case of uniaxial deformations, b is given as follows:

b ¼

l21 0 0

0 l22 0

0 0 l23

2
6664

3
7775 (11)

where the stretch ratios along the x, y and z axes are repre-
sented by l1, l2 and l3, respectively. With that in mind, the
invariants of elastic energy I1 = l2

1 + l2
2 + l2

3 and I4 = l2
1 are known

in terms of the stretch ratios. Also, considering g0 = a/b = a/c as
the initial aspect ratio of a spheroid, the two aspect ratios of the
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sample can be rewritten in terms of the stretch ratios:

g1 ¼ g0
l1
l2
; g2 ¼ g0

l1
l3
: (12)

The incompressibility condition for the sample, which is a
fundamental assumption for elastomeric materials, relates
the three stretch ratios to conserve the sample volume:

l1l2l3 = 1. (13)

Because of the symmetry of the sample, the stretches perpendi-
cular to the loading direction are equal, that is l2 = l3, and thus
g1 = g2 = g. This, in combination with eqn (13), results in the
following equation:

l2 ¼ l3 ¼
1ffiffiffiffiffi
l1
p : (14)

In order to evaluate the model for each prescribed H0, the
corresponding fp (particle volume fraction inside columns)
is computed, and this value is subsequently used to obtain
the effective elastic properties of the reinforced columns.
To accomplish this, we utilize the self-consistent effective
medium theory for the mechanical properties of two-phase
composites with spherical inclusions. Assuming incompressi-
ble phases, this approximation is given by the following
equations:73

O1f1 + O2(1 � f1) = 0, (15)

O1 ¼
Ge � G1

3

2
Ge þ G1

; O2 ¼
Ge � G2

3

2
Ge þ G2

; (16)

where Ge is the effective modulus, and G1 and G2 are the moduli
of each phase.

According to the self-consistent effective medium theory
above, the effective elastic modulus steeply changes when the
volume fraction of inclusions gets near f = 0.4. This pheno-
menon occurs due to one phase forming a percolation cluster,
and the volume fraction corresponding to this behavior is
referred to as the percolation threshold. However, in practice,
the percolation threshold value for a given composite can vary

considerably over a wide range of volume fractions and cannot
be precisely known.73

To overcome this limitation, a modification is applied to the
effective medium theory that lets us prescribe the percolation
threshold value. This approach, introduced by Snarskii et al.,74

is formulated as:

O1

1þ cðf1; pcÞO1
f1 þ

O2

1þ cðf1; pcÞO2
ð1� f1Þ ¼ 0; (17)

cðf1; pcÞ ¼ 1� 5

2
pc

� �
f1

pc

� �pc 1� f1

1� pc

� �ð1�pcÞ
; (18)

where pc denotes the prescribed percolation threshold.
Solving eqn (17) by taking into account eqn (16) and (18), we

can evaluate the effective elastic modulus of the composite, Ge.
Fig. 2 shows the behavior of this modified effective medium
theory for two prescribed values of percolation threshold
0.3 and 0.7. Also, for each of these values, the effect of relative
magnitudes of G1 and G2 on the effective elastic modulus of
the composite is investigated. It is evident from Fig. 2 that the
percolation threshold is shifted to the prescribed values, and
when the relative magnitude G1/G2 is higher, the steep change
of Ge that occurs when the inclusion volume fraction gets near
pc is more pronounced.

The aforementioned method is used to compute the shear
moduli of the initially isotropic sample, Giso, and of the
columns Gc that form under a magnetic field, for a given f
and fp. In this case, one phase is assumed to be a soft
elastomeric matrix, with the shear modulus Gm replacing G2

in eqn (16). The other phase can be considered as bulk iron,
which typically has a shear modulus of approximately 80 GPa.
Taking the modulus of bulk iron for the shear modulus G1

of the particle phase results in a very high effective elastic
modulus value for the composite when the volume fraction is
higher than the percolation threshold. However, such a high
shear modulus is not observed in manufactured percolated
composites, due to the presence of a thin layer made of polymer
chains between the iron particles. This layer prevents direct
contact between the particles, limiting the rise of the effective
shear modulus to much lower values than that of bulk iron.
In order to achieve a more realistic representation, we consider
a phase consisting of tightly packed hard-core soft-shell
particles75,76 instead of a pure iron phase. According to our
estimation, the modulus of such phase for a rigid iron core and
very thin polymer shell can be related to the matrix modulus as:

G1 = Gm � 103. (19)

Next, to find the elastic properties of the sample in the direc-
tion of the external magnetic field and perpendicular to it, the
rules of mixtures are used as follows:77

EL = (1 � fc)Em + fcEc, (20)

1

ET
¼ 1� fc

Em
þ fc

Ec
; (21)

where EL and ET are the elastic moduli of the sample parallel
and perpendicular to the magnetic field direction, respectively.

Fig. 2 Behavior of the effective shear modulus for two values of percola-
tion threshold 0.3 and 0.7, at different magnitudes of G1/G2 = 106 (solid),
G1/G2 = 104 (dotted) and G1/G2 = 102 (dashed).
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Em and Ec are elastic moduli of the matrix and columns
according to the known relation E = 3G for isotropic materials.
By comparing these properties to the moduli obtained from the
second derivatives of cmec, the anisotropy parameters z1 and z2

are adjusted until a match is achieved. This procedure, which is
omitted here for the sake of brevity and is described in detail
in ref. 70, allows us to determine the values of anisotropy
parameters and accurately model the elastic behavior of the
composite.

The elastic energy under uniaxial deformation along the
field direction can be computed from eqn (10) with respect to
the given values of the local volume fraction fp and the long-
itudinal stretch ratio lL. As described above, each value of fp

leads to the evaluation of anisotropy parameters z1 and z2 for
the corresponding state of microstructure. Naturally, the elastic
energy reaches its minimum value when there is zero deforma-
tion, i.e., lL = 1 (as demonstrated in Appendix A, Fig. 11). Also,
for local volume fractions above the percolation threshold, the
energy increases significantly starting at moderate elongations.
This is a consequence of the formation of pronounced chains
that results in a large increase of the elastic modulus.

The magnetic energy can also be computed from eqn (3)
with respect to given values of fp and lL. With eqn (9) in mind,
the value of fmicro can be obtained for a known fp. Also,
changes in the value of lL result in variations of the aspect
ratios given by eqn (12), and hence affect fmacro according to
eqn (6). The formation of chains from magnetized particles is
highly favorable since it results in a decrease of magnetic
energy. Moreover, the magnetic energy is lower for positive
values of lL, indicating a preference for prolate shapes or
elongation (as can be seen from the magnetic energy landscape
in Appendix A, Fig. 12).

The magneto-mechanical coupling happens when these two
energies are combined, as both are functions of fp and lL.

From the resulting energy landscape shown in Fig. 3, it is
observed that the minimum energy (indicated by the black
cross in Fig. 3) lies at no deformation and maximum restruc-
turing fp = 1. Changing the values of the external magnetic
field H0 and matrix modulus Gm does not affect the position of
this minimum. This implies that pronounced chains are always
formed, regardless of the intensity of the applied magnetic field
or the stiffness of the elastomer used. This is contrary to
intuition and also to experimental findings reported in the
literature.49,53

This discrepancy is originated in our simplified model,
where the elastic energy only takes macro-scale deformations
into account and thus neglects the elastic energy required to
rearrange particles in the elastomeric matrix. For a realistic
description, we need to add a microscopic mechanical energy
function that characterizes changes in the state of the micro-
structure. As previously discussed, we quantify the microstruc-
ture state using the variable fmicro in eqn (9). Therefore, we will
utilize this variable in the energy function to capture the
changes in the microstructure state. Additionally, since the
matrix stiffness affects particle rearrangement strongly, this
energy should also depend on the initial stiffness of the
composite, denoted by Giso. As the exact form of this function
is unknown, it is reasonable to represent it in terms of a virial
expansion. Therefore, we can express it as follows:

cmic ¼
km

2
Gisoðfmicro � f 0microÞ2; (22)

where f 0
micro is the initial state of the microstructure (which we

consider to be uniformly distributed, thus fp = f and f 0
micro= 0).

A rescaling constant that controls the degree of microstructure
evolution is also used which we call the micro-mechanical
constant, km. The linear component of the polynomial is
excluded to maintain symmetry with regard to changes in the
state of the microstructure. The second order dependence with
fmicro is ideal because when multiplied by Giso, the resulting
behavior is similar to a Hookean spring. The higher order terms
are neglected as well, since they would not contribute a lot to
the phenomenon we want to model at this stage. Combining
eqn (22) with the two previously defined energy terms results in
the following equation:

cMAE = cmec + cmag + cmic. (23)

This free energy function for spheroidal MAE samples cMAE

serves as a basis for analyzing their behavior in the subsequent
section.

3. Results and discussion

Based on eqn (23), the energy landscape of an initially spherical
MAE sample is plotted in Fig. 4 for different values of matrix
stiffness. The micro-mechanical constant is set to be km = 45
here to produce maximum microstructure evolution at saturat-
ing values of the magnetic field for the sample with the softest
matrix. It is observed from the minima of the energy, that
the model forecasts substantial microstructure evolution and

Fig. 3 Free energy landscape of a spherical MAE sample with respect to
stretch ratio lL in the direction of the magnetic field and local volume
fraction fp (H0 = MN, pc = 0.5, f = 0.3, Gm = 5 kPa). The minimum energy
is indicated by the black cross.
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nearly no deformation for the softest sample (Gm = 5 kPa). For a
slightly stiffer sample (Gm = 10 kPa), microstructure evolution is
half as pronounced compared to the softest case, but the
deformation is still negligible. However, for higher values of
elastomer modulus, the local volume fraction fp remains below
pc. This makes the field induced stiffening to be weak and
because deformation is not hindered anymore, the elongation
of the sample becomes more prominent.

As can be seen from Fig. 4, by minimizing the free energy for
certain values of model parameters H0, pc, f, km, g0 and Gm, an
equilibrium state can be found. This state which points to
certain values of local volume fraction fp and stretch ratio lL in
the direction of the magnetic field leads to the determination of
the magneto-rheological behavior of the material. Having
determined the value of fp we use it as a known parameter to
calculate the second derivative of the free energy with respect
to the stretch ratio in the direction of the magnetic field.
The value of this derivative at lL, which is obtained through

minimization in the previous step, corresponds to the elastic
modulus along the magnetic field direction, denoted as EL.
In the following, the effects of the model parameters on the
magnetically induced deformation and magneto-rheological
behavior will be described in detail.

Fig. 5 shows the change of elastic modulus and elongation
along the magnetic field for MAE samples with various values
of matrix stiffness (Gm). A very low but experimentally achiev-
able modulus for the matrix (Gm = 5 kPa) is chosen here such
that the particles can rearrange by the magnetic interactions.
The plot on the left demonstrates that the softest sample
experiences an increase in elastic modulus of nearly two orders
of magnitude (blue solid curve). This increase in modulus has a
saturating behavior regarding the intensity of the external
magnetic field. The highest value of matrix stiffness considered
in this study is Gm = 30 kPa, which corresponds to a sample where
the microstructure evolution is suppressed due to the relatively
rigid matrix. It is observed that the magneto-rheological effect

Fig. 4 Free energy landscapes of spherical MAE samples with respect to the stretch ratio lL in the direction of the magnetic field and local volume
fraction fp plotted for various values of matrix stiffness: (a) Gm = 5 kPa, (b) Gm = 10 kPa, (c) Gm = 15 kPa, (d) Gm = 20 kPa. Model parameters: H0 = MN,
pc = 0.5, f = 0.3, km = 45.
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obtained for this sample (purple curve) is negligible compared
to the softest case. In addition, the results for intermediate
values of Gm show that as the matrix stiffness increases,
the field induced changes in mechanical modulus become
more gradual and saturate at higher intensities of the applied
magnetic field.

An aspect of the magneto-rheological effect which is pre-
dicted by our model is the quadratic dependence of mechanical
moduli on the field intensity at low magnetic fields, as reported
in ref. 42 and 78. This is mostly visible in the initial slope of the
blue solid curve on the left in Fig. 5. Also, our results for the
field dependent mechanical moduli of MAEs are in qualitative
agreement with the experiments conducted by Nanpo et al.49

The authors reduced the stiffness of the elastomeric matrix in
their MAE samples by adding different weight fractions of
plasticizer and observed that there is a direct relationship
between the magneto-rheological effect and softening of the
sample induced by the addition of plasticizer. A rheometer has
been used to measure the magneto-mechanical properties of
the MAE samples and a maximum difference between off-field
and on-field moduli for the softest sample around two orders of
magnitude is observed. It should be noted that the experi-
mental approach employed in ref. 49 involves torsion to deter-
mine the mechanical properties of the material while the model
here is based on uniaxial deformations, so our focus lies on the
qualitative modeling of the significant stiffening phenomenon.
It is important to acknowledge that various papers, employ-
ing different testing protocols and materials, have reported
different magnitudes of field-induced stiffening in MAEs.
These magnitudes range from below one order to as high as
four orders, highlighting the variability in the observed effects
across different experimental setups and material composi-
tions.17,54,78 Despite the differences in specific magnitudes,
our model aims to capture the underlying mechanisms that contri-
bute to this pronounced stiffening behavior under the influence of
a magnetic field and is tunable using a few model parameters.

On the right in Fig. 5 the correlation between the mag-
netic field intensity and stretch ratio of the sample along its

symmetry axis lL(H0) is shown. For the softest sample, a peak in
elongation of about 4% at relatively low fields is observed, but
then the deformation decreases and stabilizes at low values.
This behavior is due to the static nature of our model: each
evaluation of the magneto-rheological properties at a certain H0

is performed for an MAE sample subjected to an instanta-
neously applied magnetic field. If the magnitude of the mag-
netic field is large enough, the microstructure evolves into
strong chains immediately (as seen on the left of Fig. 5),
making the sample very stiff and thus preventing elongation.
This suggests that the rate of the applied magnetic field can
affect the deformation of the sample, and future experiments
could be designed to investigate this phenomenon. The peak
of elongation happens at a larger intensity of the external
magnetic field for a slightly stiffer sample, Gm = 11.25 kPa,
and the saturated deformation at high fields is a little larger.
For stiffer samples, the decrease in deformation at high mag-
netic fields disappears; instead, the elongation maintains its
peak deformation at 4%, which is the same for all the values of
matrix stiffness studied here.

In Fig. 6, the change in the local volume fraction fp with
respect to the magnetic field is shown for the same model
parameters as used in Fig. 5. It can be seen that for the two
softest matrices, fp surpasses the percolation threshold as H0

increases and that is the reason behind the huge increase in
sample stiffness and decrease of elongation. The results for the
change of local volume fraction due to the applied magnetic
field are omitted for the other cases shown further, since fp

follows a similar trend of behavior as in Fig. 6.
The effect of macroscopic shape on the magnetic behavior of

MAEs is demonstrated in Fig. 7 by changing the initial aspect
ratio of the sample g0. With g0 = 1 corresponding to a sphere,
aspect ratios smaller than 1 correspond to oblate spheroids and
aspect ratios larger than 1 correspond to prolate spheroids.
From the left plot in Fig. 7 we see that the prolate samples
stiffen at lower intensities of the magnetic field, while oblate
samples stiffen at larger magnetic fields. Furthermore, it is
worth noting that there appears to be a limit to the effect of

Fig. 5 Elastic modulus EL and stretch ratio lL along the direction of the applied magnetic field for spherical samples with various values of matrix stiffness
depending on the field amplitude. Model parameters: pc = 0.5, f = 0.3, and km = 45.
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shape on the stiffening of MAEs. Specifically, when the value of
g0 is below 0.2 or above 5, the observed behavior does not

change significantly. The deformation of the samples confirms
previous studies demonstrating maximum deformation for a
spherical shape.47 As the aspect ratio decreases from 1, the
peak deformation is decreased and happens at larger values of
the magnetic field, see the right plot in Fig. 7. However, oblate
samples experience larger deformation in comparison to their
prolate counterparts because a huge field stiffening occurs at
higher H0 values in this case and thus the magnetic inter-
actions are strong enough to deform the sample. For the
samples with g0 4 1 we observe that the peak happens at lower
values of H0 which is caused by the early onset of the stiffening.

Fig. 8 shows the change of elastic modulus and elongation
of an MAE sample under a magnetic field for various particle
volume fractions f. It is observed that the sample with a low
volume fraction of f = 0.05 experiences only a modest change
in its elastic modulus under the influence of the magnetic field,
see blue curve. This behavior can be attributed to the dilute
distribution of the particles, where the local volume fraction fp

can’t reach the percolation threshold value of pc = 0.5 even
at large magnetic fields. Consequently, the field-induced

Fig. 7 Elastic modulus EL and stretch ratio lL along the direction of the applied magnetic field for samples with various aspect ratios depending on the
field amplitude. Model parameters: pc = 0.5, Gm = 5 kPa, f = 0.3, km = 45.

Fig. 8 Elastic modulus EL and stretch ratio lL along the direction of the applied magnetic field for spherical samples with various particle volume
fractions depending on the field amplitude. Model parameters: pc = 0.5, Gm = 5 kPa, km = 45.

Fig. 6 Local volume fraction fp of spherical samples with various values
of matrix stiffness demonstrated in Fig. 5 depending on the field amplitude.
Model parameters: pc = 0.5, f = 0.3, km = 45.
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deformation of this sample does not show a peak value, which
is a result of the minimal change in modulus. Samples with
higher particle volume fractions undergo a large increase in
their modulus with the onset of the percolation happening at
lower magnetic fields. Also for higher particle volume fractions
the elastic modulus saturates at higher values. Additionally,
increasing the particle volume fraction beyond f = 0.3 does not
significantly enhance the material’s response to the magnetic
field, consistent with experimental findings reported in the
literature.78 From the right plot in Fig. 8, we see that the sample
with f = 0.2 has the largest peak deformation, while samples
with higher volume fractions have lower peak values predicted
at smaller field intensities because stiffening takes place at
lower fields for them. For the case of f = 0.15, although the
stiffening occurs at larger magnetic fields, the deformation
peak is not the highest one due to the lower volume fraction
of particles that decreases the magnetic energy in the sample to
deform it.

The correlation between magneto-rheological behavior and
percolation threshold pc is demonstrated in Fig. 9. If we look at

the change of elastic modulus in the left plot, it can be seen that
for the lowest value of percolation threshold pc = 0.3 (blue solid
curve in Fig. 9), the volume fraction of the sample f = 0.3 is
equal to pc at zero magnetic field. Subsequently, the sample has
a very high modulus even in the absence of a magnetic field
and undergoes only a small increase in its stiffness. For cases
with higher values of pc, the behavior of elastic modulus does
not differ much at both low and saturating magnetic fields.
Also, only a small difference is observed for the intensity of the
magnetic field at which the huge increase of the moduli
happens for different pc values above 0.3. However, the right plot
in Fig. 9 shows a noticeable difference between the elongation
curves for different values of the percolation threshold. Except for
the lowest value of pc which follows a monotonic deformation
behavior, the other samples show a peak in deformation: all at the
same intensity of the magnetic field but with different maximum
values. Higher values of percolation threshold result in a larger
maximum deformation in those cases.

In Fig. 10, the effect of micro-mechanical constant km on the
magneto-rheological behavior is investigated. As described

Fig. 9 Elastic modulus EL and stretch ratio lL along the direction of the applied magnetic field depending on the field amplitude for a spherical sample
considering various values of the percolation threshold. Model parameters: f = 0.3, Gm = 5 kPa, km = 45.

Fig. 10 Elastic modulus EL and stretch ratio lL along the direction of the applied magnetic field depending on the field amplitude for a spherical sample
considering various values of the micro-mechanical constant. Model parameters: pc = 0.5, f = 0.3, Gm = 5 kPa.
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earlier, selecting km = 45 ensures that the maximum micro-
structure evolution with fp close to 1 occurs at saturating
magnetization for the lowest value of matrix stiffness consi-
dered here with Gm = 5 kPa. Consequently, smaller values of km

are not reasonable since they result in strong chains forming
immediately. The behavior at larger values of km can be
explored, resulting in the following observations. As km

increases, the maximum elastic modulus attained at saturating
magnetic fields decreases, and the magnetic field intensity at
which the modulus exhibits a sharp increase becomes higher.
This indicates that higher values of km lead to a reduction in the
overall stiffening effect and higher magnetic fields should be
applied to observe significant modulus changes. The right plot
in Fig. 10 reveals that with increasing km, the peak deformation
shifts towards higher magnetic field intensities. The peak value
of deformation also increases for larger km values, which
correlates with the reduced stiffening at the same values of km.

4. Conclusions

In the present paper a model is proposed that takes into
account the effects of particle arrangement, its evolution and
the shape of the sample on the behavior of MAEs under
magnetic loadings. With the help of the dipolar mean field
approximation, the effects of the microstructure and macro-
scopic shape of the sample on the magnetic energy are
accounted for. This is done by assuming that the position
dependent magnetization field inside the ellipsoid can be
replaced by an average magnetization. The relationship
between the local magnetic field and magnetization in the
inclusions follows a saturating behavior modeled by a Langevin
function. For elastic energy, we implement a Neo–Hooke model
which is extended by two variable anisotropy parameters to
describe the rearrangement of the magnetized particles into
columnar-like structures. The elastic modulus of the particle
enriched column phase is estimated with the help of an
effective medium theory with a modifiable percolation thresh-
old. Another elastic energy term is added that takes into
account the energy spent on rearranging the particles inside
the elastic media on a micro-scale. To obtain the magnetic field
induced change in elastic modulus and deformation of the
samples, an iterative scheme is implemented to minimize the
total magneto-mechanical energy in the sample.

Our results predict a huge increase in the mechanical
properties of MAEs (magneto-rheological effect) if they are
made of a very soft elastomeric matrix. This effect can be as
large as several orders of magnitude depending on the choice of
initial parameters. The strength of the model presented in this
study is that it captures the microstructure evolution and its
effect on the mechanical properties with a small number of
model parameters. These parameters can be modified to tune
the model to the behavior of the specific materials used in the
sample and experimental testing procedures.

It is important to note that the model is static in nature and
thus we see a drop in elongation upon increasing the magnetic

fields which is caused by the pronounced stiffening due to the
formation of columnar-like structures in very soft MAEs.
For such MAEs, we report here a curious interplay between
microstructure evolution on a local scale and changes in the
macroscopic shape. Which one of the two processes is domi-
nant should be determined by their respective time rates. This
prediction is an interesting aspect that may be tested experi-
mentally to see if the rate of applying the magnetic field has an
effect on the final deformation.
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Appendix

A. Energy landscapes

The elastic (eqn 10) and magnetic (eqn 3) free energy densities
are plotted in Fig. 11 and 12 as energy landscapes with respect
to the local volume fraction of particles fp and the longitudinal
aspect ratio lL.

Fig. 11 Elastic energy landscape of a spherical MAE sample with respect
to deformation lL in the direction of the magnetic field and the local
volume fraction fp (pc = 0.5, f = 0.3, Gm = 5 kPa).
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51 M. Schümann and S. Odenbach, J. Magn. Magn. Mater.,
2017, 441, 88–92.

52 M. Watanabe, Y. Takeda, T. Maruyama, J. Ikeda, M. Kawai
and T. Mitsumata, Int. J. Mol. Sci., 2019, 20, 2879.
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