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Size-dependent bending of a rectangular
polymer film†

Yin Liu, ‡a Xuemei Fu, ‡b Ruochen Yang, ‡b Jun Liu, a

Benjamin Chee Keong Tee bc and Zhuangjian Liu *a

Inhomogeneous swelling of polymer films in liquid environments may find applications in soft actuators

and sensors. Among them, fluoroelastomer based films bend up spontaneously once they are placed

on an acetone-soaked filter paper. The stretchability and dielectric properties of a fluoroelastomer is

attractive in the fields of soft actuators and sensors, making in-depth studies on and understanding of

fluoroelastomer bending behaviors important. Here, we report an abnormal size-dependent bending

phenomenon of rectangular fluoroelastomer films, which transform the bending direction from the

long-side bending to the short-side bending as their length or width increases or the thickness

decreases. By using finite element analysis and an analytical expression obtained using a bilayer model,

we reveal the key role of gravity in determining the size-dependent bending behavior. In the bilayer

model, an energy quantity is obtained to characterize the role of each material and geometrical

parameters in determining the size-dependent bending behavior. We further construct phase diagrams

to correlate the bending modes and the film sizes based on the finite element results, which are in good

agreement with experimental results. These findings can be useful for the design of future swelling-

based polymer actuators and sensors.

1. Introduction

An active polymer material is responsive to external stimuli
such as temperature, electric field, ion concentration, etc.
Examples of such materials include, but not limited to heat-
responsive liquid crystal elastomers,1,2 swellable elastomer
polydimethylsiloxane (PDMS) films in an organic bath,3 voltage
and cation sensitive cross-linked N,N0-dimethylyacrylamide,4

humidity responsive polyethylene oxide nanofibers,5 tempera-
ture sensitive shrinkable polymers,6 pre-stretched latex sheets,7

etc. Bending in thin polymer films is a widely used deformation
mode for such materials, and has been found in broad applica-
tions such as self-locomotive ratcheted actuators,5 3D self-
folding devices1,8 and microgrippers.9 Similar thin active polymer
structures actuated via the bending mode can also be observed in
some plant tissues in nature, such as the scale of a seed-bearing

pine cone10 and the keel of an ice plant seed capsule,11 which can
close or open up in response to humidity change. In addition to
various applications for smart actuators, the stimuli-responsive
bending behavior may also be used for the design of swelling-
based sensors.12,13 To understand the mechanism for the active
bending phenomena and to achieve optimal design for related
applications, it is of great significance to conduct theoretical
studies on the bending behavior of stimuli-active polymer films.

To date, there have been multiple theoretical models focus-
ing on understanding the relationship between the bending
degree and stimuli of polymer films. One widely used model is
a bilayer model where the film is simplified to be a lamella
composed of a passive layer and an active layer.14 The active
layer can generate active strains by expanding/shrinking
its volume in response to the change of external stimuli
(e.g., temperature, PH, electric field, etc.), while the passive
layer does not. The mismatched strain between the two layers
enables global bending of the bilayer. Early studies were
focused on solving the bending curvature of two-dimensional
(2D) bilayers which are assumed to deform into cylindrical
shapes.15,16 Recently, some modified solutions14,17–20 were
obtained in determining the bending curvature of 3D cases in
comparison to Timoshenko’s solution.15 In three-dimensional
(3D) cases, a planar square bilayer deforms into a dome-shaped
configuration with an equal curvature in different directions
and bifurcates into a cylinder-like shape once the active strain
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exceeds a certain threshold21–23 and the bilayer can maintain in
either bending direction without applying an external force.24,25

An interesting observation is that under the influence of iso-
tropic active strains, a rectangular bilayer tends to bend along
the long side rather than the short side. Such a phenomenon
was observed in both numerical studies26,27 and experiments28

and has been well understood by Alben et al.,26 showing that
the LS bending state has lower total strain energy than SS
bending due to the edge effect. In some other situations,
preferred LS bending was attributed to non-homogeneous
swelling and adhesion between the polymer and substrate for
a small hydrogel film.29 Athas et al.4 found that the bilayer can
bend along the short side by tuning the stiffening degree at the
edges of a gel bilayer with cations.

Despite significant progress, we find that the existing the-
ories cannot explain the abnormal size-dependent bending
behavior of swellable rectangular polymer films. In our experi-
ment, we use a film made of 3 Mt Dyneont Fluoroelastomer
FC 2230, which can swell and generate active strain by absorb-
ing acetone, when it is placed on an acetone-soaked filter
paper, the acetone diffuses into the film and has a higher
concentration at its bottom side than the top side, leading to
larger swelling deformation (active strain) at the bottom side
than the top side (Fig. 1a). This mismatched swelling deforma-
tion across the thickness direction induces global bending of
the film. We find that, depending on its size, a rectangular film

can show either a short-side (SS) or a long-side (LS) bending
behavior (Fig. 1b–d, Movies S1 and S2, ESI†). Here, the different
bending modes are distinguished by visual observation in the
initial deformation stage. We summarize some experimental
observations as follows: (i) for a film with a dimension of
L � W = 40 mm � 10 mm (see definition of L and W in
Fig. 1a), when its thickness H decreases from 1255 mm to 174
mm, the bending direction changes from the LS to SS (Fig. 1b).

(ii) If we change the length L, while keeping the aspect ratio
L

W

and the thickness H as constants (e.g.,
L

W
¼ 4:1, H = 420 mm),

the film tends to bend along the LS for small L and along the SS

for large L (Fig. 1c). (iii) Increasing the ratio
L

W
for fixed H and L

leads to a shape transition from SS to LS bending (Fig. 1d,
Movies S1 and S2). These observations indicate that the bend-
ing direction of the rectangular polymer film depends on all of
its three geometrical parameters L, W and H.

The observed size-dependent bending of the rectangular
film seems contradictory to the analysis reported by Alben
et al.,26 where the LS bending configuration is the expected
deformation mode because it corresponds to the lower energy
state compared to the SS bending and no size-dependence was
found. This inspires us to explore the underlying mechanism of
the size-dependent bending behavior. However, we found that
previous studies appear to have overlooked the impact of

Fig. 1 (a) The initial and bending configurations of the film placed on an acetone-soaked filter paper due to inhomogeneous swelling. Bending modes of
the film in which (b) H varies with L = 40 mm and W = 10 mm, (c) the overall size varies with L : W = 4 : 1 and H = 420 mm, and (d) W varies with L = 40 mm
and H = 900 mm. LS: long-side bending; SS: short-side bending.
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gravity on the bending mode, potentially due to the film’s small
size, yielding a negligible gravitational effect. In this study, we
discover through experimental, theoretical, and finite element
analysis that gravity plays a significant role in determining the
transition of a film’s bending direction as its size changes.
It reveals that as the film bends upward, both the gravitational
potential energy and bending energy increase, while the energy
generated by in-plane stretching diminishes. The competition
of the three kinds of energies leads to a size-dependent transi-
tion of the bending behavior along different directions.
To investigate these phenomena, we first derive an analytical
expression for the bending curvature of a bilayer with the
gravity effect and further construct phase diagrams to identify
the bending modes for given geometrical and material para-
meters. We then extend the model from the steady swelling of
the bilayer to transient swelling of the fluoroelastomer film so
that the corresponding size-dependent behavior observed in
experiments can be reasonably captured. Good agreement was
observed between the experimental and numerical modeling
results, indicating the critical role of gravity in determining the
bending behavior, particularly for large-sized films.

2. Size-dependent bending of a bilayer

As shown in Fig. 1a, the film bends due to different acetone
concentrations (or swelling ratios) across the thickness direc-
tion. Due to this, the film may be simplified to the bilayer
model, to a certain degree, where the bottom layer swells
uniformly and the top layer does not. Such a bilayer model
has also been widely used in the design of soft robotics.1,4,5,8,9

This simplification permits some useful analytical results to be
obtained and thus facilitates understanding the role of each
geometrical and material parameter in determining the size-
dependent bending behavior.

2.1 Analytical results

2.1.1 General equations. We use an approach of minimiza-
tion of the total potential energy to solve the bending curvature
of the bilayer (Fig. 2). Some assumptions are introduced to
render the analysis tractable. (1) The active strain is uniformly
distributed at the bottom layer and is isotropic, i.e., a(x,y) = a1,
where a is the active strain. (2) The density of the bilayer, r,
remains constant during deformation. (3) The bilayer bends
into a cylindrical shape and shows a small deflection. (4) The
material is linearly elastic.

The total potential energy of the bilayer comes from elastic
deformation, Ue, and gravity, Ug, i.e.,

U = Ue � Ug (1)

For the bilayer shown in Fig. 2, the total elastic strain energy is
given by14

Ue ¼
1

2

ðL=2
�L=2

ðW=2

�W=2

ð0
�Ha

ea:Ca:eadzþ
ðHp

0

ep:Cp:epdz

� �
dx dy

(2)

where the quantities with subscripts ‘a’ and ‘p’ denote those of
the active layer and the passive layer, respectively, e is the elastic
strain, H is the thickness of each layer, C is the elastic tensor of

the plate with components Cabuv ¼ 2Gdaudbv þ
2Gl

2Gþ l
dabduv; a,

b, u, v = 1, 2, G and l are Lamé constants and are related to the

elastic modulus E and the Poisson’s ratio n by G ¼ E

2 1þ nð Þ and

l ¼ En
1þ nð Þ 1� 2nð Þ; L and W are the length and width of the

bilayer, respectively. In the following, due to symmetry in the
geometry, we consider the case for L 4 W. The origin (0,0,0) is
located at the center point at the interface between the two
layers (Fig. 2).

According to differential geometry, the strains in the passive
and active layers are given by

ep ¼
1

2
a� 1ð Þ � zb; ea ¼

1

2
a� 1ð Þ � zb� a (3)

where a = a1 is the isotropic active strain, a and b are the first
and the second fundamental forms satisfying

a ¼
Rx � Rx Rx � Ry

Ry � Rx Ry � Ry

" #
; b ¼

Rxx � n Rxy � n

Ryx � n Ryy � n

" #
; n ¼ Rx � Ry

Rx � Ry

�� ��
(4)

the vector R = R(x,y) denotes deformed coordinates of the bilayer,

and other quantities in eqn (4) satisfy Rx ¼
@R

@x
; Rxx ¼

@2R

@x2
; Rxy ¼

@2R

@x@y
, etc. Based on eqn (2)–(4), Ue can be obtained

for a given R(x,y).
The x–y plane of the bilayer is in the horizontal plane

(perpendicular to the gravity direction), and thus the gravity
potential energy is given by

Ug ¼ � Hara þHprp
� �

g

ðL=2
�L=2

ðW=2

�W=2

R3 x; yð Þdxdy (5)

where R3(x,y) is the third component (z-direction) of vector
R(x,y), r and g are the density and acceleration due to gravity,
respectively. In the following, we introduce an explicit
deformed configuration R(x,y) and specialize it into the case
of cylindrical bending mode to obtain the solution for the
bending curvature.

Fig. 2 Sketch of an active bilayer composed of a passive layer and an
active layer.
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2.1.2 Special solutions for a cylindrical shape. Following
Liu et al.,14 the deformed shape of the bilayer is assumed to be

R ¼ r1 sin
l1x
r1
; r2 sin

l2y
r2
; r1 þ r2 � r1 cos

l1x
r1
� r2 cos

l2y
r2

� �T

(6)

where l1 and l2 are stretches in the x and y directions,
respectively, and r1 and r2 are corresponding cylindrical radii
after the bending deformation. Substituting eqn (6) into
eqn (4), we obtain

a ¼
l12 l1l2 sin

l1x
r1

sin
l2y
r2

l1l2 sin
l1x
r1

sin
l2y
r2

l22

2
6664

3
7775;

b ¼

l12

r1fb
cos

l2y
r2

0

0
l22

r2fb
cos

l1x
r1

2
66664

3
77775

(7)

where fb ¼ � cos2
l1x
r1

cos2
l2y
r2
þ cos2

l1x
r1
þ cos2

l2y
r2

� �1=2

.

To obtain an explicit expression for Ue, we take the first
order Taylor expansion of a and b at the origin (0,0), and
consider the case for small deformation, i.e., l1 B 1 and
l2 B 1. Then, strain tensor in eqn (3) is given by

ep ¼
e1 0

0 e2

" #
� z

k1 0

0 k2

" #
;

ea ¼
e1 0

0 e2

" #
� z

k1 0

0 k2

" #
�

a 0

0 a

" # (8)

where the in-plane strains e1 ¼
1

2
l12 � 1
	 


; e2 ¼
1

2
l22 � 1
	 


and

the curvatures k1 ¼
1

r1
; k2 ¼

1

r2
. Using eqn (8) in eqn (2), we can

obtain the expression for the strain energy Ue (the tedious
expression is not shown here).

To obtain Ug, we compute the first-order Taylor approxi-
mation of R3(x,y) (eqn (6)) under the conditions l1 B 1 and

l2 B 1, and obtain R3 x; yð Þ � 1

2
k1x2 þ

1

2
k2y2. Using this rela-

tion, the gravitational energy Ug is given by

Ug ¼ �
1

24
Hara þHprp
� �

gLW k1L2 þ k2W2
	 


(9)

We can see that Ug is proportional to the thickness Ha and Hp,
and shows cubic dependence on L or W. Using the obtained Ue

and Ug, the four unknowns can be solved by minimization of
the total potential energy U = Ue � Ug,

@U

@e1
¼ 0;

@U

@e2
¼ 0;

@U

@k1
¼ 0;

@U

@k2
¼ 0 (10)

Considering a special case of interest that the bilayer bends
into a cylindrical shape in the x direction (i.e., the long side)
with vanishing curvature in the y direction (i.e., k2 = 0), and

assuming that na = np = n, we obtain an analytical solution for
the curvature

�kL1 ¼ kL1H ¼
1þ nð Þ nþ 1ð Þ

EaHa m2n4 þ 4mn3 þ 6mn2 þ 4mnþ 1ð Þ

� 6amnEaHa nþ 1ð Þ þ 1

2
gL2 ra þ nrp

� �
1þmnð Þ n � 1ð Þ

� �
(11)

where H = Ha + Hp is the total thickness and m = Ep/Ea and
n = Hp/Ha. The in-plane strains are given by

eL1 ¼
mn2 � 1

1þ nð Þ 1þmnð Þ�k
L
1 þ

a
1þmn

; eL2 ¼
a

1þmn
(12)

It can be observed that if the gravity effect is ignored, i.e.,
rag = rpg = 0, the solution reduces to the case considered in
previous studies,14,18

�kT1 ¼
6amn 1þ nð Þ nþ 1ð Þ2

m2n4 þ 4mn3 þ 6mn2 þ 4mnþ 1
(13)

If the Poisson’s effect is neglected (n = 0) or the transverse active
strain is not included (i.e., a = diag(1,0)), eqn (13) reduces the
classical Timoshenko’s solution in 2D cases,15 i.e.,

�kT1 ¼
6amn nþ 1ð Þ2

m2n4 þ 4mn3 þ 6mn2 þ 4mnþ 1
(14)

Due to n � 1 o 0, it gives that �kT
1 4 �kL

1, indicating an intuitive
fact that the bending degree of the bilayer is reduced by gravity.

Another possible deformation mode is that the film bends
along the y direction (the short side) with k1 = 0. Following
the same procedure, we obtain the corresponding bending
curvature showing a similar structure to eqn (11),

�kS2 ¼ kS2H ¼
1þ nð Þ nþ 1ð Þ

EaHa m2n4 þ 4mn3 þ 6mn2 þ 4mnþ 1ð Þ

� 6amnEaHa nþ 1ð Þ þ 1

2
gW2 ra þ nrp

� �
1þmnð Þ n � 1ð Þ

� �
(15)

Comparing eqn (11) and (15), we see that �kL
1 o �kS

2 due to L 4 W
and n � 1 o 0. Considering the relation �kS

2 o �kT
1, we further

obtain that

�kL
1 o �kS

2 o �kT
1 (16)

We observe that the size parameters L and W do not come into
play in Timoshenko’s solution (14), while they have a signifi-
cant effect on the curvatures �kL

1 or �kS
2 when the gravity effect is

considered. In the following, we calculate and compare the
total potential energy for LS and SS bending modes, so that we
can determine the preferred bending mode which corresponds
to the lower energy state among the two.

2.1.3 Energy difference between the two bending modes.
To compare the energy difference between the two bending
directions, we define a quantity

DU = US � UL (17)
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where US and UL are the total potential energy corresponding to
the SS and LS bending modes, respectively. The bilayer tends
to bend along the SS direction (the y-direction) if DU o 0 or
US o UL, and vice versa. To obtain an analytical expression for
DU, we introduce an intermediate variable z that controls the
active strain a,

a ¼ 1þmnð Þ 1� nð Þ
12mn 1þ nð Þ

ra þ nrp
� �

gL2

EaHa
z (18)

where z Z 1 controls the magnitude of a. From eqn (11) and
(15), we see that when z = 1, the curvatures for the two bending
modes satisfy �kS

2 4 �kL
1 = 0.

To compute UL, we first use eqn (18) in kL
1 (eqn (11)), and

then substitute the obtained kL
1, the in-plane strains eL

1, eL
2

(eqn (12)) and kL
2 = 0 into eqn (2) and (9). The potential energy

for SS bending mode, US can be obtained in a similar manner.
Then, the energy difference (eqn (17)) between the two bending
modes is obtained by

DU ¼
g2 ra þ nrp
� �2
96EaHa

1þmnð Þ
m2n4 þ 4mn3 þ 6mn2 þ 4mnþ 1

� LW L2 �W2
	 


L2 � 2L2zþW2
	 


1� n2
	 
 (19)

In eqn (19), because zZ 1 and L 4 W, we have L2� 2L2z + W2 o 0,
and thus

DU o 0 or US o UL (20)

This indicates that under the considered assumptions, the SS
bending mode corresponds to the lower energy state than the
LS bending one and becomes the preferred deformation mode
when the influence of gravity is non-negligible. In contrast,
if the gravity effect is negligible (g = 0 in eqn (19)), we obtain
DU = 0 or US = UL, which means that the two stable states have
the same potential energy. In such a scenario, the edge effect
dominates the bending behavior and the LS bending is the
preferred deformation mode corresponding to a lower energy
state.17 These results indicate a trend that the bilayer tends
more and more to bend along the SS as |DU| increases, i.e.,

|DU| s) Short-side bending; |DU| r) Long-side bending
(21)

where ‘s’ and ‘r’ denote the increase and decrease of |DU|,
respectively. In the next section, we will discuss the relationship
between the bending mode and the energy difference in more
detail.

2.2 Factors determining the bending behavior

In this section, we discuss the size-dependent bending in
bilayer films (Fig. 2) by combining finite element results and
the expression for energy difference in eqn (19). To address the
effects of material and geometrical parameters explicitly, we
consider a special case for r = ra = rp, and rewrite the absolute

value of DU (eqn (19)) as

DUj j ¼ g2

192

r2

E|{z}
DU1 r;Eð Þ

1þmnð Þ 1þ nð Þ3 1þmð Þ
m2n4 þ 4mn3 þ 6mn2 þ 4mnþ 1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

DU2 m;nð Þ

LW

H
L2 �W2
	 


2L2z� L2 �W2
	 


|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
DU3 L;W ;Hð Þ

1� n2
	 
 (22)

where E = (Ea + Ep)/2 and H = Ha + Hp, and DU1, DU2 and DU3

denote contributions to energy difference from the material
properties, the property distinction between the two layers and
the overall geometry, respectively. The finite element analysis is
conducted using commercial software Abaqus and thermal
strains are applied in the active layer to mimic the effect of
the active isotropic expansion of the material. Once actuated by
a certain value of active strain, the bilayer bends along the
direction with lower total potential energy. Other numerical
approaches such as the shell-based finite element method30

could also be efficient to complete the simulation. Note that the
finite element model can capture both the gravity effect and the
so-called edge effect addressed by Alben et al.26 The analytical
expression for the curvature in eqn (19) shows good agreement
with the finite element results (Fig. S5, ESI†).

The size effect is mainly determined by the term DU3(L,W,H)
in eqn (19), i.e.,

DU3 L;W ;Hð Þ ¼ LW

H
L2 �W2
	 


2L2z� L2 �W2
	 


(23)

In the finite element calculation, we vary the size parameters L,
W and H and keep other parameters constant E = 1 MPa, n = 0.3,
r = 1.8 � 103 kg m�3, a = 0.1 and m = n = 1. The first case is for
H = 0.2 mm for different in-plane sizes L and W. As shown in
Fig. 3a, the finite element simulation produces three deforma-
tion modes (denoted by triangles with different colors), includ-
ing LS, SS and partial LS bending. Based on the simulation
results, we identify three phase regions that distinguish the
three bending modes (Fig. 3a). Note that, in the simulation, we
consider the cases for L 4 W, and the other half phase diagram
for L o W is obtained by using symmetry of the bilayer
geometry. The deformed configurations for the three bending
modes are shown in Fig. 3b at phase points A, B and C. The SS
bending is observed when the size of the film is small enough,
while the LS bending dominates when the film size becomes
large enough (points A and B, Fig. 3b). For a narrow but long
bilayer (large L and small W), partial LS bending is observed
(point C, Fig. 3b). It is interesting to observe that even a small
difference between L and W can lead to the size-dependent
bending, as shown for the points near the symmetric axis L = W
in Fig. 3a. Note that if the gravity load is removed in the
simulation, we observe that the film bends along the LS
(see Fig. S7a, ESI†).

The quantity DU3(L,W,H) (or |DU|, eqn (22)) increases with
either L or W (see Fig. 3b), and thus the film tends to bend
along the SS as the size L or W increases (Fig. 3a and b). In the
phase diagram, the area for LS bending increases with the
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thickness of the film, H, indicating that as the film becomes
thicker, the film tends to bend along the LS, and vice versa
(Fig. 3c). Eqn (23) shows that DU3 increases with a decrease of H
and so does |DU|, indicating that the energy for SS bending, US,
becomes increasingly smaller than that for the LS bending, UL,
and thus, the bilayer tends to bend along the short side as H
decreases. These results show that DU3 or |DU| well charac-
terizes the size-dependent bending of the bilayer. For a special
case L c W, we observe partial LS bending (point C, Fig. 3b),
which is a result of competition between the SS and LS bending
modes. While eqn (20) gives a qualitative estimation of the
transition of the bending mode, the phase diagram obtained by
finite element simulation quantitatively distinguishes different
bending modes for given geometrical parameters. Based on
these data, we construct a 3D phase diagram in terms of the
three size parameters L, W and T (Fig. 3d), from which the
bending direction of a bilayer can be determined based on
the phase region where the coordinates (L, W, H) reside.

We then discuss the mechanism of the size-dependent
bending by comparing the results obtained in this study and
those obtained by Alben et al.26 It can be observed that DU3

varies with L and W at the sixth power, which means that for a

small-sized bilayer (i.e., small L and W), the gravity effect is
negligible, while it becomes significant for a large-sized one.
Since DU o 0 or US o UL (eqn (20)), the SS bending is in the
lower energy state compared to the LS bending, and the energy
gap between the two bending modes becomes more and more
significant as L or W increases. This is the underlying mecha-
nism for the observed SS bending for a large-sized film. During
the deformation process, the energy associated with bending
and stretching decreases, while that due to gravity increases
because the material is lifted due to upward bending. Further-
more, from eqn (9), we find that �Ug B UL

g = k1L3W for LS
bending (k2 = 0) and �Ug B US

g = k2LW3 for SS bending (k1 = 0).
It is clear to see that k1L3W 4 k2LW3 for L 4 W, which means
that the SS sided bending indeed has lower gravitational
potential energy and thus becomes the preferred deformation
mode. For a small-sized bilayer, the edge effect dominates,
and the LS bending corresponds to lower energy than the SS
bending because according to the calculation in Alben et al.,26

the length of the edge layer for LS bending with nearly
zero energy is greater than that of SS bending, leading to lower
total strain energy for the former than the later. Thus, we
may conclude that when the gravity effect is negligible for a

Fig. 3 (a) Phase diagram for size-dependent bending of the bilayer with the total thickness H = 0.2 mm. The finite element simulation results are marked
by red (LS), blue (SS) and green (partial LS) triangles. (b) Variation of DU3 with respect to L and W, and three representative bending configurations at A(20,
5), B(10, 2), and C(40, 2) in three phase regions. (c) Comparison of the phase boundaries for different thicknesses H = 0.1, 0.2 and 0.4 mm. (d) The 3D
phase diagram for size-dependent bending.
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small-sized bilayer, it bends along the LS direction due to the
edge effect; for a large-sized bilayer with a significant gravity
effect, the SS bending is preferred as a result of competition
between the strain energy and the gravitational energy.

The other two terms that influence |DU| (eqn (22)) are

DU1 ¼
r2

E
¼ a2

b

r0
2

E0
(24)

and

DU2 ¼
1þmnð Þ 1þ nð Þ3 1þmð Þ

m2n4 þ 4mn3 þ 6mn2 þ 4mnþ 1
(25)

where a and b are two non-dimensional parameters satisfying
r = ar0 and E = bE0, respectively. The distributions of DU2 and

D �U1 ¼
a2

b
¼ DU1E0

r02
for a bilayer with L � W � H = 20 � 5 �

0.4 mm3 are shown in Fig. 4a and b, respectively, in which, the
bending modes at some representative points are also given.
A common feature in Fig. 4a and b is that the SS bending mode

roughly appears when DU2 and D �U1 ¼
a2

b
are large values

(e.g., DU2 Z 2.5 and D �U1 ¼
a2

b
� 2:0), and it transforms into

the LS bending mode as DU2 or D �U1 ¼
a2

b
decreases. Those

observations based on Fig. 3a and b and Fig. 4 quantitatively
justify the principle for bending mode transition due to
the gravity effect summarized in eqn (21). Note that DU2 in
Fig. 4a shows mirror symmetry since it can be shown that

DU2 m; nð Þ ¼ DU2
1

m
;
1

n

� �
.

3. Bending of the fluoroelastomer film

In section 2, we show the profound influence of gravity on the
selective bending of large-sized active rectangular bilayers.

In this section, we further discuss the size-dependent bending
of the fluoroelastomer film. Compared to the bilayer model, the
deformation of the fluoroelastomer film placed on an acetone-
soaked filter paper is involved with transient, inhomogeneous
swelling and there are no clear layer-like geometric character-
istics across the thickness direction. Thus, it is significant to
introduce a finite element model for coupled large deformation
and fluid permeation in the film and reveal the mechanism for
the size-dependent bending behavior of the film.

3.1 Finite element model

As shown in Fig. 1, the deformation of the fluoroelastomer film
is a process coupled with finite deformation and acetone
diffusion. Thus, we may introduce the governing equations as
follows

Balance of momentum: r�P + b = 0 (26)

and

Balance of fluid diffusion:
@C

@t
¼ D

@2C

@x2
þ @

2C

@y2
þ @

2C

@z2

� �
(27)

where P is the nominal stress, b = rgz is the body force per unit
volume with r the density of the material, g is the acceleration
of gravity and z is the direction of gravity, C is the acetone
concentration per unit volume, and D is the diffusion coeffi-
cient. Here, a Darcy-type law is used to describe the diffusion
process, i.e., j = DrC, where D is the diffusion coefficient and C
is the acetone concentration per unit volume. It is noted
that force b should be considered here similar to the bilayer
cases to capture the size-dependent bending behavior of the
rectangular films.

Though such a module for direct modeling of the coupled
process is not available in Abaqus, we make an analogy between
acetone diffusion and heat transfer and do the analysis using
the thermo-displacement module in finite element software
Abaqus. The details for the analogy are addressed in section S1

Fig. 4 Variation of (a) DU2 and (b) DŪ1 = a2/b, and some representative phase points obtained by the finite element simulation. The red circles and
blue circles denote the LS and SS bending modes, respectively. Other parameters are (a) r = 1.8 � 103 kg m�3, E = 1 MPa and (b) m = n = 1, r0 =
1.8 � 103 kg m�3, and E0 = 1 MPa. The size parameters are H = 0.4 mm, L = 20 mm and W = 5 mm.
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and S2 in the ESI.† The film material is described by an
incompressible Mooney–Rivlin hyperelastic model and all the
constitutive parameters are calibrated using experimental data
(see details in the ESI†). We use fine enough mesh to perform
the finite element simulation and the convergence of the
results is verified. A quantitative comparison between the
displacements obtained by simulation and experiment for a
typical sample indicates the accuracy of the finite element
model (see Fig. S6 in the ESI†).

3.2 Size-dependent bending

We conduct multiple finite element simulations for different
sizes of the film (i.e., different L and W) with a fixed thickness
H = 420 mm. Similar to the bilayers, the film reaches a stable
bending state with lower energy, and we again identify three
kinds of bending modes, including LS, SS, and partial LS
bending based on multiple simulations (Fig. 5a). We divide
the domain L � W into three distinct phase regions (Fig. 5a)
that distinguish the different bending behavior for given values
of L and W. The results show similar overall features to those of
bilayers in section 2.2. For example, when the film sizes L and
W are relatively small (red region in Fig. 5a), it bends along the
long side, and it transits to short-side bending as the size
increases (blue region). If L and W differ largely from each
other (i.e., a narrow strip), the film shows partial LS bending
with its middle region attached to the substrate. If the gravity
effect is removed in the simulation, we observe that the film
constantly bends along the LS (see e.g., Fig. S7b, ESI†).

The bending modes observed in the experiments for H =
420 mm are all located in the desired phase region (Fig. 5a),
indicating the accuracy of the simulation results and phase
diagrams. Fig. 5b shows good agreement of the bending

deformation for different overall sizes with
L

W
¼ 4:1 and

H = 420 mm. For the case of H = 900 mm, we also observe good
agreement of the deformation modes between the experiment

and simulation (Fig. S8 in the ESI†). Note that, similar to the
bilayers, the phase regions have a symmetric axis L = W due to
the symmetry of geometry of a rectangular film and in this
special case (L = W), the film can bend along either side. Even if
there is a little difference between L and W, the size-dependent
preferred bending is observed (see finite element results (n)
near the symmetry axis L = W in Fig. 5a and Fig. S8a, ESI†).

Compared to the applied uniform active strain in the bilayer,
the fluoroelastomer film shows a larger swelling degree
(denoted by the acetone concentration C, see the ESI†) in the
middle bottom side than the other region (Fig. 5b) since the
middle region is in continuous contact with the acetone-soaked
filter paper in the bending process. This leads to a large
bending curvature in the middle region (e.g., the case of 10 �
2.5 mm in Fig. 5b), while the bilayer deforms into a cylindrical
shape showing a nearly uniform curvature (Fig. S7a, ESI†). In
addition, due to the non-homogeneous swelling and the gravity
effect, the bending shape of the fluoroelastomer film is not a
perfect cylinder (Fig. 5b and Fig. S7b, ESI†), while for the bilayer
model with homogeneous swelling in the active layer, the
deformed shape closely resembles a cylinder (Fig. S7a, ESI†),
which verifies the assumptions addressed earlier.

The phase boundaries for three thicknesses H = 0.1, 0.42 and
0.9 mm are shown in Fig. 6a. Again, similar to the results for
the bilayers, as thickness H increases, the phase region for the
LS bending mode increases in area, while those of the other two
regions shrink within the range of interest of the film sizes
(Fig. 6a). This means that for the same in-plane dimensions
L and W, a thick film tends to bend along the long side while a
thin one inclines to bend along the short side. Using the 2D
phase diagrams for multiple H, we construct a 3D phase
diagram (Fig. 6b), from which, the bending mode of a film
can be identified based on the specific phase region where its
size coordinate (L, W, H) resides. The 3D phase diagram
provides a global map for determining the bending direction
of the film based on its size.

Fig. 5 (a) Phase diagram for the size-dependent bending behavior with fixed thicknesses H = 420 mm. Three bending modes can be identified, including
SS, LS and partial LS. The numerical results are denoted by triangles (n) and the experimental results by solid circles (K). (b) Comparison of the bending
deformation between experimental and finite element results for a fixed thickness H = 420 mm and an aspect ratio L : W = 4 : 1. The contour denotes the
acetone concentration or swelling strain.
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We then employ the expression for DU3(L,W,H) in eqn (23) to
explain more about the experimental observations and numer-
ical simulation in various parameter settings. We highlight
again that the increase of DU3 means that the gravity effect
becomes the dominant factor and the film shall bend along the
SS; In contrast, a decrease of DU3 indicates the increasing
importance of the edge effect which will lead to LS bending.26

For the cases discussed here, it is straightforward to see that
decreasing H with fixed L and W or increasing either L or W with
fixed H leads to the increase of DU3, and a transition from LS
bending to the SS bending is expected as observed in both the
experiments and simulations. In addition, we also conduct
simulation and experimental study for right triangle films
with a fixed edge ratio l1 : l2 : l3 = 3 : 4 : 5 and varying overall
sizes. The results show similar conclusions to those of rectan-
gular films, that is, large-sized films tend to be affected by
gravity and bend along the short side (with a long bending
axis) (Fig. S9, ESI†).

4. Conclusions

In this paper, we investigate the size-dependent bending beha-
vior of a rectangular fluoroelastomer film placed on an acetone-
soaked filter paper due to inhomogeneous swelling upon the
absorption of acetone. Specifically, we observed short-side
bending for large-size films while it transits to long-side bend-
ing when its size becomes smaller. We found that gravity is the
factor that determines the size-dependent bending behavior.
To explore the gravity effect, we first constructed a bilayer
model which renders the analytical analysis tractable and
results in a quantity (eqn (22)) that measures the importance
of gravity in determining the bending direction. We construct
finite element models for modeling the bending of bilayers and
the fluoroelastomer under the influence of gravity. The simula-
tion results agree quantitatively with the experimental results,
and are consistent with the analytical results for the bilayer
model. Based on the finite element results, we obtain phase

diagrams for the size-dependent bending, from which the LS
and SS bending modes can be determined. The analytical
results and the finite element simulation indicate that gravity
is the key factor that leads to the size-dependent bending
phenomenon. These findings may provide broader insights
into the design of swelling-based soft machines, such as
soft deformable sensors and functional circuits on curved
surfaces,31,32 locomotive robots5,33 and origami structures.6,9

Based on this work, we may further explore the gravity effect
in other scenarios as well. For example, if the film is placed in
outer space where gravity is absent, the size-dependent bending
behavior cannot be observed. When the rectangular bilayer film
is immersed in a solution to swell, we expect that the gravity
effect is weakened by the buoyancy force4 and its bending
behavior may be different from that of the one placed on a
substrate (like the acetone-soaked filter paper here). As the film
becomes small enough (e.g., on the scale of micro- or nano-
meter), the adhesive force between the film and the substrate
may be another important factor determining the bending
direction.29,34 It remains unknown whether gravity has an
influence on the bending behavior of polygonal shaped films or
not.23

The obtained results provide the opportunity to manipulate
the bending direction of an active film by varying material
and geometrical parameters and thus may facilitate the design
of actuators capable of bending in the desired direction. In
addition, when the film size is large enough (e.g., L = 100 mm,
W = 90 mm and H = 0.42 mm), we observe in the experiment
that the film first rolls up at the four edges, and then snaps into
the SS bending mode due to dynamic instability. In such cases,
the Riks path-following method35,36 can be helpful to study the
shape transition between different stable states of the film
under the influence of gravity.

Conflicts of interest

There are no conflicts of interest to declare.

Fig. 6 (a) Phase boundaries for the size-dependent bending behavior for different thicknesses H = 0.1, 0.42 and 0.9 mm. (b) The 3D phase diagram. Red
region: LS bending; blue region: SS bending; and green region: partial LS bending.
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