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Chiral liquid crystals (ChLCs) exhibit an inherent twist that originates at the molecular scale and can
extend over multiple length scales when unconstrained. Under confinement, the twist is thwarted,
leading to formation of defects in the molecular order that offer distinct optical responses and
opportunities for colloidal driven assembly. Past studies have explored spheroidal confinement down to
the nanoscopic regime, where curved boundaries produce surface defects to accommodate topological
constraints and restrict the propagation of cuboidal defect networks. Similarly, strict confinement in
channels and shells has been shown to give rise to escaped configurations and skyrmions. However,
little is known about the role of extrinsic curvature in the development of cholesteric textures and Blue
Phases (BP). In this paper, we examine the palette of morphologies that arises when ChLCs are confined
in toroidal and cylindrical cavities. The equilibrium morphologies are obtained following an annealing
strategy of a Landau-de Gennes free energy functional. Three dimensionless groups are identified to
build phase diagrams: the natural twist, the ratio of elastic energies, and the circumscription of a BP cell.
Curvature is shown to introduce helical features that are first observed as a Double Twist, and progress
to Chiral Ribbons and, ultimately, Helical BP and BP. Chiral ribbons are examined as useful candidates
for driven assembly given their tunability and robustness.
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Past studies have produced stable LC morphologies through
geometrical confinement, particularly for chiral liquid crystals

1 Introduction
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The role of curvature on the ordering and assembly of building
blocks is fundamental to the understanding of flexible bilayer
membranes,”® viral capsids,>” spherical crystallography,®
quasi-2D materials,”® and active matter.>'® From a 2D perspec-
tive, curvature provides subtle changes to the local order,
leading to bistability and a means to manipulate the preferred
alighment through the confining geometry.®'>'* In three
dimensions, confinement provides an additional parameter
with which to balance bulk elasticity and surface curvature
for design of responsive materials."*>™*® In the context of liquid
crystals, orientational order becomes frustrated and defects,
regions of low order, emerge as a result of topological
constraints,'>1972?
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(ChLCs) where elongated molecules collectively break rota-
tional symmetry and organize along a main helical path,
thereby favoring twist over splay or bending deformations.
In spherical cavities, ChLCs’ inherent twist conforms to the
surface curvature and generate frustrated concentric struc-
tures such as the Twisted Bipolar and the Radial Spherical
Structure.>* >’ Highly chiral ChLCs contain disclination lines
in the bulk, and curvature can mold them into hybrid
structures.”’ % For shells, the inner anchoring conditions
generate escaped configurations, and the shell homogeneity
and thickness become important parameters to control
morphology.*’*® More intricate geometries, such as droplets
with handles, have been found to guide disclination lines into
knots and other non-trivial textures.***>

Toroidal and cylindrical confinement offer ample grounds
for discovery of new phases, as demonstrated in experiments
where the ground state of a non-chiral LC is the double twisted
morphology,*>**™® in contrast to the uniform orientation
along the main axis of a cylindrical cavity.””*° Under home-
otropic confinement, LCs have been shown to exhibit sponta-
neous twist resulting in escaped radial configurations induced
by the curved boundaries.”®>" From a computational standpoint,
traditional numerical methods are generally limited by the need to

This journal is © The Royal Society of Chemistry 2023
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formulate an ansatz (or “initial guess”) corresponding to each
geometry,"*> and by the scale of the discretization needed to
capture a morphology’s nuances.>

ChLCs offer several characteristics of interest for photonic
and electro-optical devices. They exhibit fast response times
and rich optical behaviors. The characteristic length scale of
the helical trajectory, or molecular pitch, determine the equili-
brium morphology of the system. For long pitches, the material
exhibits a cholesteric phase, where molecules can twist uni-
formly without forming defects. For a sufficiently short pitch,
defect lines form spontaneously and self-organize into space
filling lattices with cubic symmetry, leading to the so-called
Blues Phases (BPs).>*

However versatile, BPs are only stable over a narrow range of
temperature. Furthermore, in the bulk they form polycrystalline
domains, posing challenges to applications.’>>® External sti-
muli can help enhance and stabilize morphologies of interest.
Lithographic patterns, for example, have been successful in
achieving monocrystalline domains of BPII and BPI, where the
substrate chemistry is tailored to guide the orientation of the
BP unit cells.>”*® Polymerization has also been used to enhance
the thermal stability of BPs, by setting the underlying defect
network into a permanent scaffold.>®*>

More recently, Negro et al. reported a detailed analysis of the
patterns that appear on the surface of chiral LC shells. These
authors relied on lattice Boltzmann simulations to identify the
equilibrium morphologies of highly chiral LCs as they transi-
tion into an ordered phase from an isotropic state.®® Building
on that work, in this study we examine how geometrical
frustration in toroidal and cylindrical cavities can be manipu-
lated to preserve key characteristics of chiral nematics while
introducing new geometrical features that do not arise when in
bulk. Specifically, curvature is used to engineer new meso-
phases of ChLCs - curvature couples to defects by screening
their topological charge. Recent theoretical reports indicate
that strict planar confinement of 2D ChLCs hinders the devel-
opment of double twist, leading to the formation of a novel
chiral structure.®*

In Section 2 we outline the details of the phenomenological
model adopted here, as well as the numerical methods used to
find equilibrium configurations. Section 3 introduces our
results and discussion by presenting the underlying free energy
surface as a function of chirality and cavity size. We continue by
presenting phase diagrams at different temperatures, and a
more detailed analysis of the surface patterns corresponding
to each system. In Section 4 we provide a short summary of
our findings and several remarks about future applications of
this work.

2 Models and methods

The free energy functional includes a short-range Landau poly-
nomial expansion in Q(x) to model the isotropic-nematic tran-
sition, a long-range functional that accounts for elastic distor-
tions, and a surface contribution that imposes a preferred
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The model parameters include the Landau coefficient A that
sets the energy density scale, the dimensionless parameter U
that determines the IN transition (inverse temperature); L; and
Ls are the elastic constants and W represents the strength of the
surface anchoring. Additionally, the preferred orientation at
the boundaries is tangential and is determined by the planar
projection of Q as Q; = p-Q-pwithQ=Q +5§/3 and p=45 — vv.
Details of the free energy densities in eqn (1) can be found in
our previous works.?”%>7¢7

Two characteristic length scales arise naturally from the free
energy functional: the nematic coherence length &y = /L /A4,
and the surface extrapolation length &g = L,;/W. The elastic
constants L; are related to the different elastic moduli and
chirality. For a uniaxial LC under a one-elastic constant
approximation, they can be estimated through L; = k;;/28>
and Ls = 2qoks,/S”. Ls quantifies the chirality of the LC with
inverse pitch, g, = 1/po.

For efficient exploration of configuration space, we adopt
a theoretically-informed Monte Carlo relaxation introduced
in our previous works.?””*>%” This approach is particularly
effective for discovery of unknown morphologies, particularly
in systems with a rough free energy surface. The minimization
is achieved by performing random changes to the Q tensor
according to a Metropolis algorithm to sample different
morphologies of the free energy functional outlined above.
The uniform sampling over the five independent components
of Q is ensured by mapping the tensor onto an orthonormal
basis introduced by Hess et al®® This replaces all tensor
operations by faster, scalar ones.

Trial moves are accepted with probability P,..(0 — n) =
min[1, exp(—pAF)], where =" = kgT, ks is the Boltzmann
constant, 7' is an artificial temperature and AF is the change
in the free energy due to changes in Q. The domains are
discretized into quadratic tetrahedral elements in Cubit (ver
14.1)*° and optimized with the libMesh library.”® The numer-
ical integration to calculate the free energy is implemented with
a Gauss-Legendre quadrature over the elements. The finite
element-based meshing allows us to capture fine details of the
geometry while providing a robust framework for non-linear
behavior,?®273%7* and is able to find equilibrium configura-
tions consistent with those obtained by more traditional mini-
mization techniques.®*™®’

The toroidal and cylindrical cavities shown in Fig. 1 (R = 500 nm
and r, € [100, 250] nm) impose planar degenerate alignment with
moderate (W =1 x 107" J m™?) to weak (W =1 x 107° ] m?)
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Fig. 1 Schematic representation of the toroidal and cylindrical cavities
used to confine the chiral liquid crystal. The major radius of the toroid is
R = 500 nm, while the radius of the cylinder rqo varies between 100-
250 nm. Surfaces impose degenerate planar anchoring alignment of the
chiral material.

anchoring strength onto a chiral liquid crystal with pitch p, €
[100, 1000] nm. The nematic parameter is close to the IN
transition, between U = 2.7 and U = 2.9, the regime in which
BPs are stable in the bulk. The parameters for 4’-pentyl-4-
cyanobiphenyl (5CB) are used as the model system with
A=1x10°] m > L, = 5.11 pN, and &y = 7.15 nm. The free
energy minimization requires approximately 4 x 10° Monte
Carlo cycles. The system was quenched over five stages through
T. The meshes for these simulations vary in size according to
the confinement size ry; on average, they are comprised of
3 x 10° nodes and 2 x 10° elements for r, = 100 nm, and up to
9.5 x 10° nodes and 7 x 10° elements for r, = 250 nm.

3 Results

We begin our discussion by exploring the free energy contri-
butions as a function of chirality and confinement, shown in
Fig. 2a. For convenience, we use the dimensionless group 2¢ory,
analog to the chirality, which characterizes the natural twist in
the confined system and allows us to collapse our results onto
master curves shown in gray.

At low chirality, in the cholesteric (Chol) regime, all compo-
nents of the free energy are close to zero, meaning that at
equilibrium the resulting configuration is uniform and without
defects, and the orientation of the LC at the boundary follows
its curvature. For higher chirality, the material adopts a double
twist configuration that results in a cuboidal defect network
(Blue Phases, BP). Their emergence increases the Landau-de
Gennes free energy, and the confluence of double twist domains
creates regions of high splay, as reflected by the corresponding
elastic contribution. At the boundary, the curvature interrupts
the cubic symmetry of the defect network and produces a
fingerprint pattern, a collection of half-skyrmions that will be
described later in our analysis.

The ratio between chiral and splay elastic contributions
serves as a proxy for the family of morphologies that arise in
these systems, illustrated in Fig. 2b as a function of natural
twist. Two lines serve to delineate the characteristics of the
morphologies at equilibrium. The first is |Fop|/Fspiay = 2, and
refers to the limiting energy for disclination lines to interweave
the bulk of the system. The second line is defined by the
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Fig. 2 (a) Free energy contributions as a function of chirality parameter go

scaled by torus inner radius ro. Markers indicate the radius for the toroidal
cavity. The inset shows the surface free energy contribution. Gray curves
are polynomial fits of each free energy contribution. (b) Ratio of chiral and
splay elastic energies as a function of chirality qo scaled by cavity radius ro.
The inset shows the ratio between cavity radius and unit cell size for Blue
Phase Il agpy as chirality go increases.

balance between the cavity size (2ry) and the Blue Phase unit
cell agp, and plays a crucial role in systems with high chirality.
For 2ry/agp < 2, confinement frustrates a fully developed BP
cell, and the disclination lines adopt helical features conform-
ing to the geometry. In this case, since U = 2.7, the unit cell is
that of the Blue Phase II calculated as agpy; = po/1.72. The inset
in Fig. 2b shows the ratio 2ry/agpy; as a function of inverse pitch
qo, where a horizontal line delimits the systems in which helical
morphologies are favored over fully developed Blue Phases.
The free energy analysis is consistent with the phase dia-
grams generated in terms of g, = 1/po and 2r,, shown in Fig. 3
for (a) U = 2.7 and (b) U = 2.9 in a toroidal cavity. Highlighted
markers in the phase diagram correspond to the morphologies
illustrated in Fig. 3c. The first three morphologies occur at low
chirality: Double Twist (DT), Twisted Ribbon (TR), and Helical
Ribbon (HR). They are best described by the alighment of the
director with respect to the major (toroidal) axis. First, the DT is
a cholesteric morphology and exhibits a continuous twist in the
radial direction. At the core of the cavity, the director is aligned
with the toroidal axis such that the midline is straight. At the
boundary, the director is tangential to the surface and is tilted

This journal is © The Royal Society of Chemistry 2023
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Fig. 3 Phase diagram and mesophases of a chiral liquid crystal with pitch pg = 1/go confined in a toroidal cavity of diameter 2ro under moderate
planar anchoring (W =1 x 107*J3m™2) at (a) U = 2.7 and (b) U = 2.9. (c) Morphologies corresponding to the highlighted markers in the phase diagrams:
Double Twist (DT), Twisted Ribbon (TR), Helical Ribbon (HR), Helical Blue Phase (HBP), Blue Phase (BP).

with respect to the toroidal axis. The illustration in Fig. 3c
shows three concentric tubes, each corresponding to regions in
which the director tilt with respect to the midline is 0° (blue),
20° (green) and 45° (red).

As chirality increases, a smooth double twist within the
torus can no longer be sustained, and each concentric layer
of the DT buckles to form a twisted ribbon (TR). Each ribbon
retains a straight midline while isosurfaces of the order para-
meter exhibit saddle-like curvature, as illustrated by the
magenta ribbon with § = 0.48 in Fig. 3c. Additional twisting
of the order field requires widening of the ribbon, which is not
attainable due to the confining surface. Instead, the ribbon
twists on itself forming two Helical Ribbons (HR), in which the
midline draws a helix in space and the saddle-like curvature of
the ribbon transitions to isosurfaces with zero mean curvature.
The HR can also be described as two interlocking torus knot
with invariant 7(1,q) where g is related to the ratio of the
molecular pitch and the major radius of the tori. Previous
works on chiral nematic colloids have characterized these type
of knots as linkers for colloidal lattices.”

Lastly, we examine the region of systems with 2gor, >1 and
|Fen|/Fspiay > 2, populated with Blue Phase-like defects. In this
regime, one can appreciate the pronounced effects of geo-
metrical frustration on the Helical Blue Phase (HBP). For
conditions where confinement is smaller than the unit cell of
a BP, disclination lines are interwoven with lingering features
of the HR morphology. The defects are evenly spaced but do not
always grow radially; instead they follow the helical midline,
resulting in sections where the defects form a double helix
(drawn in blue), and are encased by two helical ribbons (drawn
in green).

This journal is © The Royal Society of Chemistry 2023

Under less severe confinement (2ry/agpy; > 2), a BP unit cell
is fully circumscribed by the torus, and replicated throughout
the toroidal axis. In such a way, the resulting BP morphologies
adopt varying crystallographic orientations, thereby affecting
the intensity of the Bragg reflections. In this sense, curvature
hinders monocrystallinity but leads to new surface features.
For both HBP and BP, the defects are truncated by the curved
surface, resulting in a collection of —1/2 defects, spaced by
double twist cylinders with +1 topological charge. These struc-
tures are most commonly known as half-skyrmions, or merons,
and have been observed as dark spots in microscope images.
Half-skyrmions are stable and tend to pack in hexagonal
lattices; the —1/2 defects form vertices while the +1 defects
become the faces of the polygon.

The sequence of transitions, critical values of |Fcp|/Fsplay
and 2qero, and the characteristics of each mesophase are
identical to those for cylindrical confinement. This indicates
that the role of extrinsic curvature is more nuanced and
its effect is not localized. On the other hand, the role of
temperature, mediated by the thermal parameter U, reduces
the stability region of the DT structure. This becomes appar-
ent when comparing the phase diagrams in Fig. 3a and b,
where the slope of |Fcp|/Fsplay = 2 changes. At lower tempera-
tures, it is more favorable for defects to nucleate, requiring a
lower chirality for the double twist to transform into a chiral
ribbon structure.

When packed on the surface of a droplet, ‘“scars” are formed
in the lattice and pairs of 5-7 polygons arise. However, the
effect of extrinsic curvature on the packing of half-skyrmions is
unclear. We seek to quantify the regularity of the half-skyrmion
network with the phenomenological surface parameter ¥,

Soft Matter, 2023,19, 6066-6073 | 6069
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Fig. 4 (a) Schematic representation of the phenomenological surface
parameter ¥, for a pair of polygon edges i (highlighted in red) with the
surface projection from a BP on a curved surface. The coloring of the
curved surface corresponds to the orientation of the director field with
respect to the surface normal: blue denotes parallel and red corresponds
to perpendicular alignment. (b) Probability distribution of ¥, for Blue Phase
(left, green) and Helical Blue Phase (right, blue) confined in a cylindrical
cavity. (c) Probability distribution of ¥, for Blue Phases confined in a
cylinder (left, purple) and a torus (right, orange).

illustrated in Fig. 4a. For each pair of neighboring edges j that
belong to an n-gon, ¥, = /(A% + %), where A% are the
number of sides of each neighboring polygon. It follows that,
for a regular hexagonal network, only ¥ exists, and its prob-
ability distribution function is a Dirac delta centered at 4w. The
procedure to calculate ¥, is as follows. First, the locations
where n-v x 1 are extracted and grouped by clusters using the
k-means algorithm. The clusters are then compared to the
original surface to confirm that the correct polygon centroids
have been identified. Using Voronoi and Delaunay triangula-
tion, we successfully identify the edges of each polygon.
Additionally, we compute the total topological charge to ensure
morphologies are in equilibrium according to the Poincaré-
Hopf theorem. We then proceed to calculate ¥, for each n-gon
found, and we estimate the normalized probability function.
This systematic procedure allows us to characterize the differ-
ences between BP and HBP morphologies, as well as the role of
confinement.

From the violin plot in Fig. 4b, cylindrical confinement
broadens the family of polygons expressed on the surface of
both BP and HBP. Spherical confinement of a BPII disrupts the
regular hexagonal lattice and 5-7 polygon pairs are formed

6070 | Soft Matter, 2023,19, 6066-6073
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Fig. 5 Pitch of the Helical Ribbon pyr as a function of the molecular pitch
in a cylindrical cavity under moderate anchoring conditions (W = 1 x
107* J m~2). Error bars are shown by the shaded region. Different markers
correspond to the two confinement radii at which this structure is stable.
Two morphologies illustrate this structure: in the lower right ro = 100 nm
and po = 325 nm, and in the upper left ro = 150 nm and pg = 525 nm. The
gray dashed line is the limit for pyr = po, and the dotted line corresponds
to pyr = po+ 100.

to relieve the stress created by the closed surface. The strict
confinement of a cylindrical cavity makes it such that 4-8 pairs
of polygons also arise. The probability for ¥, in both morpho-
logies is centered around 4, indicating that all merons are
concave polygons. Additionally, the distributions for HBP have
a higher variance compared to those of the BP, meaning that
the polygons are more irregular in shape. This is a consequence
of the helical ribbons interrupting the growth of the defects,
and results in the detection of triangular polygons where
sections of a ribbon separate merons.

In Fig. 4c, we investigate the effect of extrinsic curvature by
comparing BP morphologies in cylindrical and toroidal cavities.
As a result of the secondary curvature, the polygon lattice
experiences additional strain and the average value of ¥, shifts
to 3n. This implies that besides the polygons being irregular,
each polygon has neighbors with different numbers of sides,
leading to an amorphous lattice. Recent experimental and
computational work has revealed that these are also charac-
teristics of the Blue Phase III, where the authors suggest it is a
fluid composed of skyrmions.”

We finish our discussion by exploring the stability of the
Helical Ribbon morphology. As explained above, the HR is
stable for systems with low natural twist (2¢,r, < 1) and higher
thermal parameter (U = 2.9). Furthermore, the chiral elastic
energy surpasses the limit of purely cholesteric morphologies
(|Fcn|/Fspay > 2), with a non-negligible Landau contribution.
This indicates that at the center of each ribbon lies a defect core
that follows the same helical path. This can be harnessed to
drive the assembly of particles into arrays with supramolecular
order, since the core of each ribbon will attract particles in
order to relieve elastic distortions. Additionally, the helical
pattern is imprinted on the surface with tangential orientation
of the director, providing an alternative platform for driven
assembly of nano or micro particles. Furthermore, the optical

This journal is © The Royal Society of Chemistry 2023
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properties of LCs and the precise control over the ribbon
pitch can be harnessed to engineer optical guides with spiral
paths74'79

To further consider potential applications of HR, we also
explored how the pitch of the HR (pyg) is connected related to
the molecular pitch (p,)? We performed additional simulations
within the stable HR region for cylindrical cavities (2r, =
200 nm and 2r, = 300 nm) under moderate anchoring condi-
tions (W=1 x 10 *J m ?) and U = 2.9. Fig. 5 shows the HR
pitch as a function of molecular pitch, including two illustrative
HR structures. The pitch was measured from sections through-
out the length of each cylinder, and the error bars are repre-
sented in the shaded region. There is a linear correlation
between both pitches, and the HR pitch is offset by an average
of 50 nm from the molecular pitch. The two illustrations
represent the helical defect core with pyr = 377 nm, as well
as the surface helical pattern with pyr = 614 nm.

4 Conclusions

A theoretical study of chiral liquid crystals confined in cylind-
rical and toroidal cavities has revealed the existence of new,
previously unknown morphologies that arise from the interplay
between confining curvature and the inherent twist of the
material. These morphologies were generated by relying on a
stochastic sampling technique expressed in terms of the five
independent components of the order tensor Q, which was
mapped onto an orthonormal basis set. These morphologies
can be classified in terms of three ratios: (i) the natural twist,
24,70, which captures the two characteristic dimensions of the
system and collapses the free energy onto master curves; (ii) the
elastic ratio |Fcp|/Fspray = 2, which demarcates the limit above
which defects emerge in order to minimize the free energy; (iii)
the competition between confinement and the BP cell size 2r,/
agp = 2, which determines whether a BP cell can develop or
instead adopt helical features. Following a progression of
chirality, five morphologies are observed in the underlying
phase diagrams when expressed in terms of such ratios: Double
Twist, Twisted Ribbon, Helical Ribbon, Helical Blue Phase, and
Blue Phase.

An in-depth analysis of the patterns that arise on the
surface of the cavities for HBP and BP reveals polygonal
lattices, in which —1/2 defects form the vertices and +1 regions
form the faces. Our analysis indicates that the HBP is amor-
phous, mostly due to sections of chiral ribbons that intersect
the lattice. In the case of BP, the defects resemble those of
BPII, but the geometry interrupts the cubic symmetry that
leads to optical activity in narrow ranges. Finally, we discussed
how chiral ribbons, and Helical Ribbons, specifically, can
serve as a platform for directed assembly. The nature of the
helical defect cores makes them a strong candidate for attract-
ing particles, which alleviate elastic stresses, both in the bulk
and adsorbed on the surface. The pitch of the ribbon is
tunable and it follows a linear relationship with the cavity
size and molecular pitch.

This journal is © The Royal Society of Chemistry 2023
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