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Strain correlation functions in isotropic
elastic bodies: large wavelength limit
for two-dimensional systems

J. P. Wittmer, ©2* A. N. Semenov 2 and J. Baschnagel

Strain correlation functions in two-dimensional isotropic elastic bodies are shown both theoretically
(using the general structure of isotropic tensor fields) and numerically (using a glass-forming model
system) to depend on the coordinates of the field variable (position vector r in real space or wavevector
q in reciprocal space) and thus on the direction of the field vector and the orientation of the coordinate
system. Since the fluctuations of the longitudinal and transverse components of the strain field in
reciprocal space are known long-wavelength limit from the equipartition theorem, all
components of the correlation function tensor field are imposed and no additional physical assumptions
are needed. An observed dependence on the field vector direction thus cannot be used as an indication
for anisotropy or for a plastic rearrangement. This dependence is different for the associated strain
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l. Introduction
A. General background

A tensor field assigns a tensor to each point of the mathe-
matical space, in our case for simplicity a two-dimensional
Euclidean vector space with Cartesian coordinates and an
orthonormal tensor basis."™ Tensor fields are used in differ-
ential geometry," general relativity,>® in the analysis of stress
and strain in materials’® and in numerous other applications in
science and engineering. Tensor fields are experimentally’®** or
numerically”'>> probed by means of correlation functions®*~°
of their components and, importantly, these correlation functions
are themselves components of tensor fields.* See Appendix A for
a brief review. Assuming translational invariance, correlation
functions are naturally best analyzed, both for theoretical'>™*"”
and numerical®'®** reasons, in a first step as functions of the
wavevector q in reciprocal space. The dependence on the spatial
field vector r in real space can then be deduced (¢f Appendix B) in
a second step by inverse Fourier transformation (FT). This was
done, e.g., in our recent analysis® of the spatial correlations of the
(time-averaged) stress tensor fields in amorphous glasses formed
by polydisperse Lennard-Jones (pLJ) particles deep in the glass
regime (¢f Section IIIA). It can thus be shown that all stress
correlation functions (both in reciprocal as in real space) can
be described by means of one “Invariant Correlation Function”
(ICF) in reciprocal space characterizing the typical ensemble
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response field containing also information on the localized stress perturbation.

fluctuations of the quenched normal stress components in reci-
procal space perpendicular to the wavevector q. Under additional
but rather general assumptions® this ICF is given in the large-
wavelength limit by a thermodynamic quantity, the equilibrium
Young modulus of the system.

B. Investigated case study

As another example of the general procedure we shall investi-
gate in the present work the correlation functions c,g,s(r) =
Feapro(q)] of the instantaneous strain tensor field &,4(r) in
real space. These may be readily obtained®* from the compo-
nents of the tensor field

Capyo(d) = (exp(D55(—)) 1)

in reciprocal space with &,3(q) = Fle,s(r)] being the Fourier
transformed strain tensor field components. (The average (. ..)
will be specified below) An example for the autocorrelation
function cy1,(r) of the shear strain ¢;,(r) is given in Fig. 1 for
the same two-dimensional model system already used in ref. 4
and 18. Interestingly, the correlation function is seen to
strongly depend both on the orientation of the field vector r
(panel (a)) and on the rotation angle « of the coordinate system
(panel (b)). Since the simulated system can be shown to be
perfectly isotropic down to a few particle diameters,**83673°
these findings beg for an explanation. Expanding on our recent
work on stress correlations,”'”*® this behavior can be traced
back to the fact that correlation functions of tensor fields of
isotropic systems must be components of a generic isotropic

This journal is © The Royal Society of Chemistry 2023
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Fig. 1 Autocorrelation function ci»1»(r) of the strain field component ¢;,(r)
obtained from our colloidal glasses in two dimensions: (a) unrotated frame

with coordinates (ry, rp), (b) frame r;,r; rotated by an angle « = 30°

(rotations marked by "“'"). Albeit the system is isotropic, the correlation
function is strongly angle dependent, revealing an octupolar symmetry.
While each pixel corresponds in (a) and (b) to the same spatial position r,
the correlation functions differ by the angle a. c1,1,(r) is positive (red) along
the axes and negative (blue) along the bisection lines of the respective
axes.

tensor field (c¢f Section IIB). This field is shown below (cf:
Section IIID) to be completely described in terms of two ICFs
c.(q) and ¢1(q) in reciprocal space (g = |q| being the magnitude
of the wavevector). These ICFs characterize the independent
fluctuations of the longitudinal and transverse strain compo-
nents ¢ (q) and er(q). Due to the equipartition theorem of
statistical physics ¢;(q) and c1(q) are given by”*®'*>!

Prals) = 75 and frerle) = gforg =0 ()
in the large-wavelength limit with f = 1/kgT being the inverse
temperature, V the d-dimensional volume of the system and A
and u two macroscopic Lamé coefficients.””® All strain correla-
tion functions are thus imposed on large scales. In turn this
explains without any additional physical input the octupolar
patternt observed in Fig. 1 (¢f Section IVC and Appendix D) and
shows that strain correlations in elastic bodies must necessarily
be long-ranged. This is different for the closely related but
distinct tensorial response field being the tensorial product of
correlation functions and the imposed tensorial perturbation.
As emphasized in Sections IIE and V, the response field thus
contains additional information due to the source term and its
symmetry.

C. Outline

We begin in Section II with some general theoretical considera-
tions on isotropic tensor fields. Technical points concerning
the model system and the data production of tensorial fields on
discrete grids are discussed in Section III. This is followed in
Section IV by the presentation of our main numerical results.
The strain response due to an imposed stress point source is
discussed in Section V. A summary and an outlook are given in

1 See, e.g., the wikipedia entries on quadrupoles and general multipolar expan-
sions as used, say, in electrostatics. For the planar harmonic basis functions
cos(pb) or sin(pf) a monopole corresponds to p = 0, a dipole to p = 1, a quadrupole
to p = 2 and an octupole to p = 4.
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Section VI. More details may be found in the Appendix both on
the theoretical background (cf Appendices A and D) and on
computational issues (¢f. Appendices B and C).

Il. General considerations
A. TIsotropic tensors and tensor fields

Isotropic systems, such as generic isotropic elastic bodies,”
simple and complex fluids,***°*> amorphous metals and
glasses,??72>2773243 polymer networks and gels,*®*! foams and
emulsions or, as a matter of fact, our entire universe’ are
described at least on some scales by isotropic tensors and
isotropic tensor fields (¢f Appendix A2)."*° 1t is well known>’
that the components of isotropic tensors remain unchanged
under an orthogonal coordinate transformation (including
rotations and reflections). For instance,

20,22

E g5 = Eupyo (3)

for the forth-order elastic modulus tensor of an isotropic body
(¢f Appendix C3)*° with “*” marking an arbitrary orthogonal
transformation (¢f. Appendix A1). This implies (¢f. Appendix A4)
that E,z, is given by two invariants, e.g., the two Lamé
coefficients A and p. Importantly, this does not hold for
isotropic tensor fields.>*'” For instance, for a forth-order
correlation function in reciprocal space the isotropy condition
becomes

s (@) = Capya(q”) (4)

with q* being the ‘‘actively” transformed wavevector (cf.
Appendix A2).

B. Structure of isotropic correlation functions

Assuming in addition the system to be achiral and two-
dimensional (c¢f. Appendix A3) it can be shown* that correlation
functions of second-order tensor field components must take
the following mathematical structure

Cappo(q) = 11(q)dup0ys

+ 12(q) [8sy0ps + 2504

Yy - (5)
+ 15 (C]) {qaqﬁéyé + qué(sm/;]

+ 4(9)4.4959,95

in terms of four ICFs i,(g), the coordinates g, of the normalized
wavevector ¢ and the Kronecker symbol J,4. Legitimate correla-
tion functions of isotropic systems may thus depend on §, and,
hence, on the orientation of the wavevector and of the coordi-
nate system. While the isotropy of the system may not be
manifested by one correlation function, it is crucial for the
structure of the complete set of all correlation functions given
by eqn (5). We note finally that it is useful to express the above
ICFs in terms of an alternative set of ICFs c(q), ¢r(g), ¢ (¢) and
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cn(g) given by
i(q)

i(q) = cr

Il
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z
—~
=
-
I
[\
o
~
—~
<
=

(6)

See Appendix A4 for more details.

C. Planar harmonic basis functions

Instead of using the components §, one may, quite generally,
express all isotropic tensor fields in two dimensions in terms of
the orthogonal planar harmonic basis functions cos(pf) and
sin(p0) with ¢, = cos(0) and ¢, = sin(0) and p = 0, 2 and 4. (See
Appendix D for more details.) For instance, it follows from
eqn (5) that

ca12(q) = i2(q) +¥

- %cos(%). (7)
Hence, if the invariant iy(g) is sufficiently large, cq515(q) must
reveal an octupolar pattern. Due to eqn (B18) derived in
Appendix B3, this alternative representation is especially useful
for performing the inverse FT to real space. This also shows that
the corresponding correlation function c,g,s(r) = F~'[cyp,6(q)] in
real space must have the same mathematical properties.

D. Response to point source

Let us consider the second order tensor field R,(q) obtained by
the contraction

1
Ryp (q) = ?Cx[i*,'é (q)syé (8)

with a symmetric but not necessarily isotropic tensor s,z using
the standard summation convention over repeated indices."”
(For convenience we have introduced the system volume V.) We
shall call R,4(q) the “response field” (in reciprocal space) and
s, the “point source tensor”. In fact, using eqn (B4) and (B6) it
is seen that in real space the tensor s,s/V corresponds to a
“point source” s,30(r) (using Dirac’s delta function) and R,(q)
becomes

Royp(r) = F ' [Rop(Q)] = Copyo(1)s35 )

using c¢yp6(r) = Fcup,5(q)]. We shall say more about the
specific linear strain response in real space in Section V but
focus here on the generic response in reciprocal space. Being
symmetric the source tensor may be diagonalized by a rotation
of the coordinate system where s;, = s,; = 0 and s;; and s,
become the two (in general not identical) eigenvalues. Hence,
Ryp(q) = lV[Sllcu,/ill (@) + s22¢ap2(q)]. (10)
We emphasize that the sum must be taken over all eigenvalues
of the source tensor, i.e. two for the presented two-dimensional
case. (The failure to sum properly over all tensorial contributions
to R,s(q) leads to incorrect angular dependences.) Importantly,
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R,5(q) thus contains information over both the system, character-
ized by the correlation functions, and the imposed source term.

E. Different types of source terms

If we now assume that not only ¢,z,5(q) is an isotropic tensor
field but that, moreover, s,z is isotropic, ie. $;; = S5, the
product theorem eqn (A7) discussed in Appendix A2 implies
that R,5(q) must also be an isotropic tensor field. According to
eqn (A15) it is given by

R.p(q) = k1(q)00p + k2(q)dod s (11)

in terms of two invariants k;(q) and k,(q) which can in turn be
expressed in terms of the invariants of c,z,5(q) and s,s. R.5(q)
can thus at most be quadrupolar (p = 2). Specifically,

(12)

which is distinct from ¢;,1,(q), ¢f eqn (7). Importantly, in many
physical situations the source is in fact not isotropic and thus in
turn the response field not consistent with eqn (11). We remind
that according to a popular model of localized plastic failure by
means of “shear transformation zones”>*****” two orthogonal
twin force dipoles of opposite signs may be imposed at the
origin.} This suggests to consider the case s;; = —s,,. It follows
then from eqn (5) and (10) that

R15(q) = k2(9)§1g2 oc sin(20)

Riz(q) ¢ i4(9)4142(G:> — §2°) oc sin(40). (13)

The (non-isotropic) response field R;,(q) thus is in this case
octupolar as the correlation field ¢y,1,(q), however, shifted by
an angle n/8. It is readily seen by inverse FT that the same
general behavior applies in real space.

lll. Technical issues
A. Algorithm, configurations and frames

We investigate amorphous glasses in two dimensions formed
by pLJ particles*'®3¢7394% which are sampled by means of
Monte Carlo (MC) simulations.*® See Appendix C for details
(Hamiltonian, units, cooling and equilibration procedure, data
production, generation and analysis of tensor fields on discrete
grids). We focus on systems containing #» = 10000 and 40 000
particles at a working temperature 7 = 0.2. This is much lower
than the glass transition temperature T, ~ 0.26,> i.e. for any
computationally feasible production time the systems behave
as solid elastic bodies.*® N. = 200 completely independent
configurations ¢ are prepared using a mix of local and swap
MC hopping moves®®*° while the presented data are computed
using local MC moves only. For each ¢ we store time-series
containing N, = 10 000 “frames” ¢ computed using equidistant
time intervals. As described in Appendix C3, the elastic modulus
tensor is isotropic and determined by the two Lamé coefficients
).~ 38and u ~ 14.%%38

+ Let us impose in a rotated coordinate system at o = —m/4 a symmetric source
/
tensor with a finite “shear” s, =s and vanishing diagonal components

S;l = .véz = 0. Using eqn (A2) this implies S;; = —S,, = s and Sy, = 0 in the original
coordinate system at o« = 0.

This journal is © The Royal Society of Chemistry 2023
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B. Sampled discrete tensorial fields

As shown in Fig. 2, a discrete square grid is used to store and to
manipulate the various fields needed for the microscopic
description. The standard lattice constant for the grid in real
space is dgriq & 0.2. The displacement field u(r) in real space is
determined for each frame ¢ using a standard method'®'"*!
from the displacement vector of each particle using as refer-
ence position the time-averaged particle position (cf Appendix
C5). We obtain then from the Fourier transformed displace-
ment field u(q) = F|u(r)] the strain tensor field*"”

i

&:5(q) 2(qﬁux(Q)‘+ q215(q)) (14)

in reciprocal space. Using the correlation function theorem for
FTs (c¢f Appendix B) the strain correlations functions in reci-
procal space are given by eqn (1) where the average is taken over
all ¢ and c. Both strain and correlation function fields in
reciprocal space are defined to be dimensionless (¢f. Appendix
B1). We emphasize by a prime “"’ all tensor field components
obtained in a coordinate system rotated by an angle o (with
o = 0 being the original unrotated system). Specifically, the
correlation functions c;/;w(q) = (s;ﬁ(q)s;é(—q)) are obtained

using the components «,(r) and ¢, in the rotated frame.

C. Natural Rotated Coordinates

All the tensorial fields introduced above depend on the orienta-
tion of the coordinate system. Importantly, we consider these
properties in a first step in “Natural Rotated Coordinates”
(NRC) where for each wavevector q the coordinate system is
rotated until the 1-axis coincides with the g-direction. We mark
these new tensor field components by “°” to distinguish them
from standard rotated tensor field components (marked by
primes “’”). Note that ¢, = ¢, for all wavevectors q. Using the

A

O—O0——=© O—O0—0——© ’)a
A o grid
D
L ?
L /5/ e

o
<

Y o
-
L

S
Fig. 2 Two-dimensional (d = 2) square lattice with aq.iq being the lattice
constant and n_ = L/agiq the number of grid points in one spatial
dimension. The filled circles indicate microcells of the principal box, the
open circles some periodic images. The spatial position r of a microcell is
either given by the r;- and r,-coordinates (in the principal box) or by the
distance r = |r| from the origin (large circle) and the angle 0.
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components ¢; and u}(q) we obtain (as before) the strain tensor
&,3(q). Importantly,

4 =0= e5(q) =0 (15)

in agreement with eqn (14). We thus only have two independent
components of the strain tensor field in NRC. We alternatively
write for convenience uy(q) = u,(q), ur(q) =u5(q), eL(q) =
¢1,(q) and e1(q) = €},(q) = &y, (q) for the longitudinal and trans-
verse components of the displacement and strain tensor fields.
Note that

&y, (q) = eL(q) = iqui(q) (16)
and

(17)

i.e. displacement and strain fields in NRC contain essentially
the same information.

£1,(q) = &5, (q) = er(q) = iqur(q)/2,

D. Correlation functions in NRC

o

The correlation functions 5, ;5(q) = (¢5,(q);(—q)) may for
finite N, not only depend on g but also on §. Consistently with
eqn (A18) and ref. 4, 17 and 18 we thus operationally define the
ICFs cL(q) = <C(17111(q)>(]7 er(q) = <C(1)212(q)>q: en(g) = <C§222(q)>q
and ¢1(¢q) = (c71,(q))q by averaging over all wavevectors with
|gq| ~ g. However, &5,(q) = 0 implies immediately that

(18)

The two remaining non-trivial ICFs ¢(q) and cr(q) are called,
respectively, the “longitudinal ICF” and the “transverse ICF”.
As already noted in the Introduction, according to the equipar-
tition theorem c¢;(gq) and cy(q) are given for sufficiently large
wavelengths by the Lamé coefficients 2 and p. The stated
eqn (2) can be readily obtained from published work”'%'"?*
using eqn (16) and (17) to substitute the displacement fields
u1(q) and ur(q) in NRC by the corresponding strain fields &;(q)
and &r(q).

5202(q) = ¢7122(q) = en(q) = c1(q) = 0 for Vq.

IV. Main numerical results
A. Measured longitudinal and transverse ICFs

We turn now to the numerical results of this work. Fig. 3
focuses on the two non-vanishing correlation functions
obtained in reciprocal space and NRC. All correlation functions
are rescaled by fV having thus the dimension of an inverse
modulus. As can be seen for the two indicated particle numbers
n, a data collapse for different system sizes is observed,
confirming the expected volume scaling. The inset presents
the (not yet spherically averaged) correlation functions
BVcS,15(q) and BVegyy;(q) as functions of the wavevector angle
0 for one small wavevector with ¢ ~ 0.1. As expected for
isotropic systems, these correlation functions are 0-inde-
pendent (apart from a small noise contribution due to the
finite number of independent configurations). The main panel
presents the g-averaged longitudinal and transverse ICFs [Vci(q)
and pVer(q) as functions of g. The expected large-wavelength limit

Soft Matter, 2023,19, 6140-6156 | 6143
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Fig. 3 Rescaled correlation functions in NRC and reciprocal space. The
bold dashed and solid lines indicate the expected low-q limit eqn (2). Inset:
pVed1,(q) and Vel (q) vs. 0 for g = 0.1. Main panel: Semi-logarithmic
representation of ICFs fVcr(q) and fVc (q) vs. q.

eqn (2) is indicated in both panels by bold horizontal lines. As can
be seen in the main panel, it is well confirmed for g « 1 over at
least one order of magnitude where we have used the known
values of 4 and p. We remind that eqn (2) has been used in various
experimental and numerical studies'®'*" to fit / and . ¢;(g) and
cr(g) characterize the typical length of the complex random vari-
ables ¢(q) and &r(q). Their distributions and correlations will be
discussed elsewhere.”® We note finally that the increase of the ICFs
from the low-g asymptotics visible for ¢ > 1 correlates with the
deviation of the total static structure factor S(g) from its low-q
plateau (¢f’ Fig. 6).

B. Correlation functions in reciprocal space

While remaining in reciprocal space we consider next coordi-
nate frames which are either unrotated (« = 0) or rotated as in
Fig. 1(b) using the same angle « for all q. According to eqn (5)
the correlation functions c,g,5(q) of isotropic achiral systems in
two dimensions depend quite generally on the four ICFs c¢i(g),
cr(q), en(g) and ¢ (g). Due to eqn (18) the last two of these ICFs
must vanish while ¢;(g) and c1(g) are given by eqn (2). Let us
introduce for later convenience the two ‘“‘creep compliances”

1 1 2

J=—— dJ,=——. 19
! u /l—Q—Z,uan 2 A+2u (19)
This yields in the original coordinates
J
BVein(q) — glcos(49) +... (20)
Ji
pVenn(q) — §COS(40) +... (21)
4 J
—57(6‘1111((1) + c2(q)) — §1cos(40) +... (22)
V J
%(Clm (q) — c222(q)) — fcos(ZO) ... (23)

6144 | Soft Matter, 2023, 19, 6140-6156

View Article Online

Paper

0.005

0.000

BVc{ 212(9:0) - average

n=40000

-0.005

PN MR R S T |

A s,
0 ‘ 15 ' 30 45 60 75 90

Fig. 4 Rescaled correlation function f(q) :[)’Vc;m(q) for n = 40000.
Main panel: Angle dependence of vertically shifted f(q) for g ~ 0.1. Data
collapse is observed using the reduced angle x = 0—a. The bold solid line
indicates the prediction, egn (20). Inset: Comparison of PIf,pl(q) for p = 4
with the predicted low-g limit J;/8 (bold solid line).

for ¢ — 0. The dots mark irrelevant constant contributions.§
See Appendix D for more details. For correlation functions
c;_m,(;(q) in rotated coordinate systems one merely needs to
substitute 6 by x = 6 — o. These relations are put to a test in
Fig. 4 where we focus for clarity on the reduced shear-strain
autocorrelation function f(q) = f¥c},;,(q) for n = 40000. The
angular dependences are presented in the main panel for one
wavevector in the low-g limit. Focusing on the first term in
eqn (20) we have taken off the mean constant average over all 6
(corresponding to the dots). Importantly, all data for different o
are seen to collapse when plotted as a function of the scaling
variable x. Obviously, this simple scaling (without characteristic
angle) would not hold for anisotropic systems. To obtain a
precise test of the g-dependence of c,z,5(q) we project out the
angular dependences using

2n
PPl =2 %[ d0r(a0jcospn)  (2a)

0

for p = 2 and p = 4. For convenience the prefactor of the integral
is chosen such that P[cos(20),2] = P[cos(40),4] = 1. The result for
the shear-stress autocorrelation function with p = 4 is shown in
the inset of Fig. 4. In agreement with eqn (20) the presented
data is given by J;/8 (solid line) for sufficiently small wave-
vectors. Equivalent results have been obtained for the other
correlation functions mentioned above.

C. Correlation functions in real space

. . . U
We turn finally to the correlation functions ¢, ;(r) =
—17,.! : . . .
F~c,p,5(a)] in real space. As shown in Appendix D, inverse
§ The omitted constant terms correspond to localized §(r) contributions to strain
correlation functions in real space. For example, such a contribution to ¢;,1,(r) is

Ji+Jh .
To(r).

This journal is © The Royal Society of Chemistry 2023
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Fig. 5 PIf.pl(r) for various correlation functions and modes p for n =
40000. The bold solid line marks the prediction J;/4nr? for the first three
cases, the dashed line the prediction J,/4nr? for the last one.

FT implies

ﬂc;m(r) ~ Lcos(4x) forr>>1

4mr? (25)

with x = 0 — o being the difference of the angles 0 and o
indicated in Fig. 1. The same large-r limit holds also for

ﬁc’lm(r) and for f[)’(cllm(r) + 6,2222(}’))/2. Moreover,

Bletn () — ()2~ —2cos(2x)  (26)
for r > 1, i.e. a dipolar symmetry is expected. A verification of
the r-dependence is obtained using again (now in real space)
the projection P[f,p](r), ¢f eqn (24). Focusing on n = 40000
several rescaled correlation functions f(r) are presented in
Fig. 5. In agreement with eqn (25) the indicated first three
cases collapse for p = 4 and r 2 20 on J;/4nr* (bold solid line).
This confirms the octupolar symmetry of these correlation
functions. Confirming eqn (26) the last case with f(r) =
—B(c1111(t) — €2222(r))/2 collapses onto J,/4nr® (dashed line).
p =2 is used here in agreement with the predicted quadrupolar
symmetry of this correlation function. Similar results are
obtained for other particle numbers n.

V. Linear response to point stress
A. Time-dependent strain correlations

Correlation functions describe quite generally the linear
response to a small imposed perturbation.”**3*>> Being ten-
sorial fields, just like the correlation function fields, the
response fields must in general depend on the direction of
the field vector and on the orientation of the coordinate system.
As already emphasized in Section II4 and Section II5, the
response fields contains information of both the system and
the imposed source and the source term may either be isotropic
or anisotropic. We elaborate here this general point focusing,
naturally, on correlation functions of the instantaneous strain
field &,4(r) = &,4(r, ). Extending very briefly our discussion to the
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time domain, let us introduce the time-dependent correlation
functions

Coc[iy(ﬁ(q’ t) = <81/;(q, t)g“/ri(fqi t= 0)) (27)

of the strain fields in reciprocal space with ¢ being the “time
lag”.*® Naturally, this reduces to eqn (1) for ¢ — 0. This
definition allows us to take advantage of the general “Fluctuation-
dissipation theorem” (FDT) of statistical mechanics as stated,
e.g., in ref. 34, 35 and 42. We thus anticipate immediate generali-
zations of the present study for time-dependent tensorial corre-

lation and response fields which will be discussed elsewhere.

B. Fluctuation-dissipation theorem

Let us switch on at time ¢ = 0 a small perturbation

AH = fjdréaa,g(r)éaﬂ(r) fort>0 (28)
to the Hamiltonian AH = H, + AH of the system with do,(r)
being an imposed external stress field. This is equivalent to the
application of an appropriate external perturbative force field to
each particle. For a general “growth function”** in response to
a sudden application of a step field, such as eqn (28), the
relevant FDT relations are stated (for scalar fields) by eqn (3.65)
and (3.67) of ref. 42. The mean strain increment Je,4(r, )
induced by this perturbation is then given in real space by a
convolution integral for the time-dependent correlation func-
tions c,p,s(r, t) and the stress perturbation oo,(r). Using
eqn (B6) this relation may be written more compactly in
reciprocal space as

0ap(s 1) = BV [Cxpyo(dy £ = 0) = Capyo(ds 1)]00,5(q)

where the summation over repeated indices is essential and
cannot be omitted. Note that de,s(q, ) = 0 for ¢ < 0 and that,
since all c,p,5(q, ) are continuous functions of time, the creep
response d¢,(q, t) must also be continuous, especially at ¢ = 0.*°
The time-dependent creep is thus determined by the time-
dependent correlation functions and the imposed stress per-
turbation. We are interested here only in the static equilibrium
response a long time after the perturbation is switched on. The
time-dependent strain correlation functions (computed for the
unperturbed Hamiltonian H = H, at switched off external
perturbation AH) must, of course, vanish

(29)

Capyo(q, t) = O fort — co. (30)
Hence, eqn (29) reduces to
062p(q) = BVCupys(Q)030(q) for ¢ — oo (31)

with de,p(q) = lim,_. de,5(q, t) denoting the long-time creep and
Capys (@) = lim,_g ¢opy0(q, ) standing for the spatial correlation
function without time lag, eqn (1), as everywhere else in this paper.

C. Response to point source

Following the discussion at the end of Section II, we investigate
now the long-time creep for a point source

60945(1‘) = Saﬁé(l‘) (32)
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with s, being a symmetric 2 x 2 matrix (of dimension “‘stress x
volume = energy”’). According to the FDT relation eqn (31) this
implies

58%/3((1) = ﬁczx/fvﬁ(q]s'yr)' fort — oo (33)

and an equivalent relation in real space. As in Section IID it is
convenient to diagonalize s, by an appropriate rotation of the
coordinate system. The perturbation becomes therefore equiva-
lent to that of two small force dipoles* oriented along
the eigenvectors. The real-space analogue of eqn (10) is thus
given by

08,p5(r) = Peop11(1)S11 + PCrpaz(T)S22- (34)

Using in addition eqn (D13) we may replace for isotropic
systems the real space correlation functions by the corres-
ponding invariants 7,(r) in real space. Introducing the scalars
/2 and s, = 7,5,47/2 this may be written quite generally

S1 = Sy

Oeup(r) = 2[171 (r)s1 + ’73(")52](%/;

+2[53(r)s1 + ia(r)s2] Fufp (35)

+ 205 (r)sup-

Taking now advantage of the specific results for strain correla-
tions presented in Section IVC and in Appendix D the invariants
i,(r) are given by eqn (D14), i.e. we may quite generally express
Ot,p(r) in terms of the two creep compliances J; and J,, cf.
eqn (19).

We also note that the term s, in the last line of eqn (35)
must be isotropic, i.e. $; = $11 = S35 = 25,, to obtain an isotropic
second-order tensor field in agreement with eqn (A20).
As expected from the more general argument given in Section
2, the shear strain increment

oena(r)/si = f%sin(w) forr >0 (36)

becomes quadrupolar in this case.

As already emphasized in Section IIE, the source tensor need
not necessarily be isotropic albeit the system is isotropic. To be
specific, let us consider the ‘““shear transformation zone” model
for localized plastic failure involving two orthogonal force
dipoles of opposite signs.>®> Hence, s;; = —s,, and s; = 0 and

55 = s14(FH> — £,%)/2. Using eqn (13) or eqn (35) this yields
oena(r)/s1 = _2h sin(40) forr > 0 (37)
12(r)/sn =73 r

for the shear strain response.

As one expects on general grounds, all reference to statistical
physics, i.e. the inverse temperature 8, drops out in both cases.
Moreover, the shear strain response naturally strongly depends
on the type of source term applied at the origin: for force
dipoles of same sign it is quadrupolar and proportional to J,
while for dipoles of opposite sign it gets octupolar and propor-
tional to J;.
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VI. Conclusion
A. Summary

Strain correlation functions. The present work has focused
on correlation functions of components of strain tensor fields
in two-dimensional, isotropic and achiral elastic bodies. This
was done theoretically using

o the general mathematical structure of isotropic tensor
fields as summarized in Section IIB, ¢f eqn (5), and in more
detail in Appendix A and

¢ the well-known equipartition theorem of statistical physics
for macroscopic strain fluctuations in reciprocal space, cf.
eqn (2).

Numerically we have tested our predictions by means of
glass-forming particles deep in the glass regime. This shows
that these correlation functions may depend on the coordinates
of the field variable (g, in reciprocal space or r, in real space)
and implies in turn that they depend in general on the direc-
tion of the field vector and on the orientation of the coordinate
system. Scaling with x = 0 — o these angular dependencies are
distinct from those of ordinary anisotropic systems. Impor-
tantly, correlation functions of strain tensor fields are compo-
nents of an isotropic forth-order tensor field, eqn (5), being
characterized by the two ICFs ¢;(q) and cr(g). With the asymp-
totic plateau values being given by two Lamé coefficients,
eqn (2), all strain correlation functions are determined and
all (finite) real-space strain correlations must be long-ranged
decaying as 1/7* (cf. Fig. 5). We thus obtain similar results as in
our recent study on correlation functions of stress tensor
fields.* Note that time-averaged stress fields have been probed
in the latter study while correlations of instantaneous strain
fields have been considered here. Our numerical findings do
agree with other studies of strain correlations®**%** being,
however, now traced back to the isotropy of the system and
the tensor field nature of the probed correlations. Importantly,
we have given here a complete and asymptotically exact descrip-
tion for the correlation functions of strain tensor fields of
isotropic elastic bodies. No additional physical assumption is
thus needed (for sufficiently small wavevectors).

Response to tensorial point sources. We also discussed the
associated linear response fields as defined in general mathe-
matical terms by the tensorial contraction of the correlation
function tensor by means of a source tensor and, more physi-
cally, by the FDT relation for the strain increment due to an
imposed small stress perturbation, cf. eqn (28) and (29). Natu-
rally, the response must by definition contain information from
both the correlation functions, characterizing the system, and
from the imposed source tensor which may not be isotropic.
We have emphasized that the summation over repeated indices
must be properly performed, i.e. the response field is not given
by one correlation function times a scalar but by the sum over
all eigenvalues of the source tensor. For this reason response
and correlation fields, albeit closely related, have in general
different angular dependences, e.g., the shear strain correlation
function c¢1,15(r) in an isotropic system must be octupolar,
¢f eqn (25), while the shear strain response de;,(r) may be
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either quadrupolar for an isotropic source, c¢f. eqn (36), or
octupolar for an anisotropic source corresponding to two force
dipoles of opposite signs, c¢f eqn (37). Albeit all contributing
correlation functions are isotropic the response field is aniso-
tropic in the latter case due to the source. It is thus important to
not lump together correlation functions and response fields.
Mesoscopic elasto-plastic models*>*® thus must specify not
only the correlation functions but also the source tensors
characterizing the local plastic events.

B. Outlook

Our work suggests several natural extensions:

e The general mathematical framework for isotropic tensor
fields and the discussed relations and numerical procedure
for correlation and response fields naturally generalize to
higher spatial dimensions, especially for the three-dimensional
case.

e The present work has focused on Euclidean spaces and
Cartesian coordinates. A generalization for systems embedded
in non-Euclidean spaces, say for glasses on spheres,®">
and more general curvilinear coordinate systems™® may be
worked out.

e The present work has focused on the large-wavelength
limit (g — 0). More generally, one may express the longitudinal
and transverse ICFs c(q) and cy(q) for finite g as

BVer(g) = ——and fVer(q) =

@) (38)

4G(q)

in terms of the generalized longitudinal and transverse elastic
moduli L(q) and G(g) (with L(qg) - A+ 2u and G(q) — u for small
q).9"7*®% 1t can be shown®® that both the isotropicity and the
harmonicity of the strain modes assumed in the derivation of
eqn (38) are well justified for the present model up to g ~ 1
while deviations become relevant for larger wavevectors, espe-
cially around the main peak of the static structure factor S(q).

o A further generalization of the current work concerns time-
dependent correlation functions c,g,s(q, t) as defined in
eqn (27). These can be again expressed via eqn (5) in terms of
(now time-dependent) longitudinal and transverse ICFs c(q, ¢)
and cy(gq, t). These time-dependent ICFs are given in turn by
time-dependent creep compliance material functions which
can be related to the two time-dependent material functions
L(g, t) and G(g, ¢)."” Strain correlation functions may thus reveal
octupolar pattern whenever the invariant

lia(g, O] = lewlg, ©) — 4enlg, D) (39)

9§ The elastic modulus tensor E,g, 5(q) for isotropic bodies at finite wavevector q is
not only characterized by the longitudinal modulus L(q) and the shear modulus
G(g) but also by a third modulus M(q) called the “mixed modulus”.'” Note that
E}1(9) = Ena(q) = L(g), Efyp(q) = G(g) and Efjp(q) = M(q) for isotropic
bodies in NRC. It is not possible to determine M(q) solely using strain fluctua-
tions. This requires the additional measurement of stress fields in NRC. M(q) may
then be obtained using either the appropriate stress-strain or stress-stress
correlation functions in reciprocal space.'”®
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is sufficiently large. Since i,(g, t) must become g-independent
for small g, a long-range decay with

Copro(ty )= 17 (40)

is generally expected for the time-dependent correlation func-
tions in isotropic d-dimensional systems. Using eqn (29) simi-
lar long-range relations are predicted for the associated
dynamical response fields.

e It may be also of interest to characterize correlations of
tensor fields of different order. For instance, the forth-order
elastic modulus field E,g;,4(r)*>*> may be characterized by a
correlation function tensor of order eight.** Strong angular
dependencies are expected based on our formalism. For iso-
tropic systems these correlation functions must again adopt a
general mathematical structure in terms of a small finite
number of ICFs. Once these ICFs are characterized (theoreti-
cally or numerically using NRC) in the low-g limit all correlation
functions are again determined.
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Appendix A Summary of isotropic
tensor fields
1 Background

Isotropic systems are described by “isotropic tensors” and
“isotropic tensor fields”. We give here a brief recap of various
useful aspects already presented elsewhere.®>* Quite generally, a
tensor field assigns a tensor to each point of the mathematical
space, in our case a d-dimensional Euclidean vector space.’ We
denote an element of this vector space by the “spatial position”
r (real space) or by the “wavevector’” g for the corresponding
reciprocal space. The relations for tensor fields are formulated
in reciprocal space since this is more convenient both on
theoretical and numerical grounds due to the assumed spatial
homogeneity (“translational invariance”). The corresponding
real space tensor field is finally obtained by inverse FT.

For simplicity we assume Cartesian coordinates with an
orthonormal basis {ey,..., eq}."*’ Greek letters a, f, ... are
used for the indices of the tensor (field) components. A twice
repeated index o is summed over the values 1, ..., d, e.g,
q = g,€, with g, standing for the vector coordinates. This work
is chiefly concerned with tensors T = Ty, . .2€--- €y Of
“order” o = 2 and o = 4 and their corresponding tensor fields
with components depending either on r or q. The order of a
component is given by the number of indices. Note that

T2, (@) = [Ty, (1) (A1)
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for the d° coordinates in real and reciprocal space (with F|.. ]
denoting the FT as discussed in Appendix B).

We consider linear orthogonal coordinate transformations
(marked by “*”) e} = c,ges with matrix coefficients c,; given by
the direction cosine ¢, = cos(e’, ez).> We remind that’

T, @) = o - €, Ty, (@) (A2)

under a general orthogonal transform. For a reflection of the
1-axis we thus have, e.g.,

T155(q) = =T122(q), T2, (q) = T1221(q),

i.e. we have sign inversion for an odd number of indices equal
to the index of the inverted axis. The field vector q = g,e, = g}e;
remains unchanged by these “passive” transforms albeit its
coordinates change.

(A3)

2 Definitions, properties and construction of general
isotropic tensors and tensor fields

Isotropic tensors. Components of an isotropic tensor remain
unchanged by any orthogonal coordinate transformation,>° i.e.

T, = ch Lt

0.0

(A4)

As noted at the end of Section A1 the sign of tensor components
change for a reflection at one axis if the number of indices
equal to the inverted axis is odd. Consistency with eqn (A4)
implies that all tensor components with an odd number of
equal indices must vanish, e.g.,

T12 = Ty112 = T1222 = 0. (A5)

Isotropic tensor fields. The corresponding isotropy condi-
tion for tensor fields is given by’

T;...zn (([17 EERR) qd) = Tllmdu(qrﬁ ) 6]:[) (A6)

with ¢, = c,pqp which reduces to eqn (A4) for q = 0. Please note
that the fields on the left handside of eqn (A6) are evaluated
with the original coordinates of the vector field variable q while
the fields on the right handside are evaluated with the trans-
formed coordinates. Another way to state this is to say that
the left hand fields are computed at the original vector q =
(41,- - -,g2) while the right hand fields are computed at the
“actively transformed” vector ¢* = (¢j,...,q}). It is for this
reason that finite components with an odd number of equal
indices, e.g., T1222(q) # 0, are possible in principle for finite q.

Natural rotated coordinates. Fortunately, there is a conve-
nient coordinate system where the nice symmetry eqn (A5) for
isotropic tensors can be also used for isotropic tensor fields.
In these “Natural Rotated Coordinates” (NRC) the coordinate
system for each wavevector q is rotated until the 1-axis coin-
cides with the g-direction, ie. ¢ = ¢di, with g = |g|. These
tensor field components in NRC are marked by “°’ to distin-
guish them from standard rotated tensor fields (marked by
primes /) where the same rotation is used for all q. If in
addition 7; , (q) is an even function of its field variable q (as
in the case of achiral systems for even order o) it can be shown*

6148 | Soft Matter, 2023,19, 6140-6156

View Article Online

Paper

that all tensor field components with an odd number of equal
indices must vanish.

Product theorem for isotropic tensor fields. Let us consider a
tensor field C(q) = A(q) ® B(q) with A(q) and B(q) being two
isotropic tensor fields and ® standing either for an outer
product, e.g. ¢up,5(q) = Au5(9)B,s (g), or an inner product, e.g.
Capo@) = Aug(@)B,s(@). Hence,

C'(q) = (A(q) ®B(q))'= 4"(q) ® B*(q)

= Alq) ©@B(q") = C(q")

(A7)

using in the second step a general property of tensor (field)
products, due to eqn (A2), and in the third step eqn (A6) for the
fields A(q) and B(q) where q* stands for the “actively” trans-
formed field variable. C(q) is thus also an isotropic tensor field.
One may use this theorem to construct isotropic tensor fields
from known isotropic tensor fields A(q) and B(q).

3. Summary of assumed symmetries

All second-order tensors in this work are symmetric, T, = Tgs,
and the same applies for the corresponding tensor fields in
either r- or g-space. This is, e.g., the case for the strain field
6,(q) = Fleqp(r)], ¢f. eqn (14), or the source tensor s, needed
for a response field, ¢f. eqn (8). We assume for all forth-order
tensor fields that

Toc[fvrs(q) = T/)’oc}'r5(q) = Tocﬂﬁ"/(q) (AS)
Tapys(Q) = Tyoap(q) (A9)

and
Tﬂfﬁ“/(s(q) = Tocﬁ?’(s(_q)' (Alo)

Note that eqn (A10) is necessarily valid both for achiral and
chiral two-dimensional isotropic systems. Forth-order tensor
fields are often constructed by taking outer products’ of
second-order tensor fields. We consider, e.g., correlation func-
tions (T,5(q)T,5(—q)) with T,4(q) being an instantaneous
second-order tensor field. eqn (A8) then follows from the
symmetry of the second-order tensor fields. The evenness of
forth-order tensor fields, eqn (A10), is a necessary condition for
achiral systems. It implies that T,4,5(q) is real if T,g,s(r) is real
and, moreover, eqn (A9) for correlation functions since

(Tup(@T5(~a)) = (To(D) Top(—a)-

As already emphasized, all our systems are assumed to be
isotropic, i.e., eqn (A6) must hold for ensemble-averaged tensor
fields.

(A11)

4. General mathematical structure

General structure of tensors. Isotropic tensors of different
order are discussed, e.g., in Section 2.5.6 of ref. 9. Due to
eqn (A5) all such tensors of odd order must vanish. The finite

isotropic tensors of lowest order are thus
Tm/? = kléa/;, (A12)
Topys = 110580y5 + 12(0uy0ps + 0u50p;) (A13)
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with &, {; and 7, being invariant scalars. Please note that all
symmetries stated above hold, especially also eqn (A5). Note
that the symmetry eqn (A8) was used for the second relation,
eqn (A13). Importantly, this implies that only two coefficients
are needed for a forth-order isotropic tensor. As a consequence,
the elastic modulus tensor is completely described by two
elastic moduli (¢f. Section 9.3).

General structure of tensor fields. We restate now the most
general isotropic tensor fields for 1 < o < 4 and focusing on
two-dimensional systems (d = 2) compatible with the symme-
tries stated in Section 7.3. With ,(q), k.(¢), j.(q) and i,(g) being
invariant scalar functions of g = |q| we have®*

T,(q) = L(9)d. (A14)

T,p(q) = k1(q)00p + ka(9)Godp (A15)

Trxﬂv(q) :Jl(q)quc(sﬁ, +j2(q)9ﬁ5w +.]3(q)é,(socﬁ +j4(q)quch/3qA7
(A16)

T(X/f"/é(q) =1 (q)éa/;&/,(;

+i (C]) (517'5/)‘(5 + 5@(3!;}.)
(A17)
+i3(q) (fzafzﬁéw + q),q(saxﬁ)

for finite wavevectors . See ref. 4 for a derivation, general-
izations for d > 2 and a discussion of the limit ¢ — 0. Terms
due to the invariants k,(q), i1(¢) and i,(q) are independent of the
coordinate system. All other terms depend on the components
g, of the normalized wavevector § and thus on the orientations
of the field vector and of the coordinate system.

Alternative representation for forth-order tensor fields.

It is convenient to define the four functions

for g, = gd, (A18)

using NRC. For an isotropic system these four functions can
only depend on the wavenumber g but not on the direction ¢ of
the wavevector q. Importantly, all other components 77, ;(q)
are either by eqn (A8) and (A9) identical to these invariants or
must vanish for an odd number of equal indices as reminded
in Section A2. The d* = 16 components T,;,5(q) are thus
completely determined by the four invariants and this for
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any gq. T,p,5(q) is then obtained by the inverse rotation to the
original unrotated frame using eqn (A2). It is readily seen that

(A19)

being consistent with eqn (6).

Isotropic tensor fields in real space. We have formulated
above all tensor fields in terms of the wavevector q and its
components since it is most convenient to start the analysis in
reciprocal space. The above results also hold, however, in real
space. This implies, e.g., for isotropic (and achiral) fields in two
dimensions that

Typ(X) = ka(1)3ogs + Ko1)o (A20)
Topyo(r) = 01(r)Supdys
+ 172(1’) [(Sav(s/?é + (5155&,]
. (A21)
+ iS(V) fo/géyﬁ + f}f,séaﬁ]

+ F4(r)faf/ffj,'f5

for r > 0 with &,(r) and 7,(r) denoting the invariants in real
space and 7, = r,,/r components of the normalized vector t = r/r.
As already stated, eqn (A1), the tensor field components in real
and reciprocal space are related by FT. Note that k,(r) and 7,(r)
are in general not the FTs of, respectively, k,(g) and i,(q). For
the important case that the invariants in reciprocal space are g-
independent constants it follows quite generally that

41tr21€1 (i’) = 2k2
4nlky(r) = — 4k,
47‘[1’2171(}’) = 4iz + 5i4
} (A22)
iy (r) = — iy
4rrtiz(r) = — 4izy — 6y

47'[!‘2 174 (V) = 8i4

for r > 0. (Additional J(r)-terms arise at the origin. The
constant invariants ky, i; and 7, only contribute to these terms.)
That this holds can be readily shown using relations put
forward in Appendix B and Appendix D.

Appendix B: Useful Fourier
transformations
1. Continuous Fourier transform

We consider real-valued functions f(r) in d dimensions. As in
ref. 4, 18 and 54 the Fourier transform (FT) f(q) = F[f(r)] from
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“real space” (variable r) to “reciprocal space” (variable q) is
defined by
1 .
£l =5 [drs@exp(-ia ) (81)
with V being the volume of the system. The inverse FT is then
given by
1 v .
S(0) =FIf(@)] = 57|49/ (q) exp(ig - r).
(2m)
Note that f(r) and f(q) have the same dimension. For notational
simplicity the function names remain unchanged. We remind
the FTs

(B2)

0

Flont ] = 0@ (®3)
Fo(r—v)] = Il/exp(—iq -v) (B4)

with J(r) being Dirac’s delta function. Let us consider the
spatial convolution function

f(r) = lVJdr’g(r —r)h(r) (B5)

in real space. With g(q) = Flg(r)] and h(q) = F[h(r)] this
implies according to the “convolution theorem’>®

f(@) = FIf(0)] = g(@)h(@)-

We also remind for completeness that the spatial correlation
function

(B6)

1
c(r) = ;Jdl'/g(r + ')A (B7)
of real-valued fields g(r) and h(r) becomes according to the
“correlation theorem”>®

o(q) = gl@h*(q) = gl@h(—q)

with marking the conjugate complex. For auto-correlation
functions, ie. for g(r) = h(r), this simplifies to (“Wiener-
Khinchin theorem’)

c(q) = glq)glq) = |g(q)|?,

i.e. the Fourier transformed auto-correlation functions are real
and >0 for all q. Moreover, we shall consider correlation
functions ¢(r), eqn (B7), being even in real space, c(r) = ¢(—r),
and thus also in reciprocal space, ¢(q) = ¢(—q) = ¢*(q), i.e. c(q)
is real.

(B8)

(B9)

2. Discrete Fourier transform on microcell grid

All fields f(r) are stored on a regular equidistant d-dimensional
grid as shown in Fig. 2 for d = 2. Periodic boundary conditions
are assumed.®® The discrete FT and its inverse become

£@) =SS exp(—ia -1 (B10)
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f(r) =" _f(@exp(ig-r) (B11)

q

with > and }_ being discrete sums over ny = nd = V/agrid grid
' q

points in, respectively, real or reciprocal space. As shown

in Fig. 2 we label the grid points in real and reciprocal

space using

Iy 21
dard = Ny and Goulerid = Ena
ari
(BlZ)
. n n
withn, = —7]“—5—1,...7 0,1,...77]“.

To take advantage of the Fast-Fourier transform (FFT)
routines® the number of grid points in each spatial direction
ny, = Llagiq is an integer-power of 2.

3. Fourier transform of planar harmonic functions

As discussed in the main part, all correlation functions in
reciprocal space become in the large-wavelength limit indepen-
dent of the magnitude g of the wavevector q but depend on its
angle 0, (and, more generally, on the angle difference 0, —o
for rotated coordinate frames). As noted in Section IIC,
these angular dependencies can be uniquely expressed in terms
of the planar harmonic basis functions cos(pf,) and sin(pf,)
with p being an integer. We denote these orthogonal basis
functions by b,(0,). We thus need to compute the inverse FTs of
f(@) = b,(0,)/vV. More specifically, we are interested in modes
with p = 2 and p = 4. Additional constant terms (p = 0), such as
the ones indicated by dots in eqn (20)-(22), are irrelevant
leading merely to J(r)-contributions at the origin. For d = 2
eqn (B2) becomes

1 o0}
fr)= HJO dggx
, (B13)
J d0,b,(0,) expligr cos(0, — 0,)]
0
with 0, being the angle of t = (cos(0,), sin(0,)). We make now the
substitution 0 = 0, — 0, and use that>

cos(pl + p0,) + cos(—p0 + pb,) = 2cos(pd)cos(pb;,)

sin(p0 + p0,) + sin(—p6 + pl,) = 2cos(pl)sin(p0,).

We remind that following eqn (9.1.21) of ref. 56 the integer
Bessel function J,(z) may be written

pom
Jy(z) = Z?J d0 cos(p) expliz cos(0)] (B14)
0
which leads to
. P o0
116 = 550000 "daai ). (B15)
T 0
For finite r we may rewrite this as
p .
S(t) = 5=5b,(0,) x lim I,(¢) forr > 0 (B16)

ZTC}" 1—00
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where we have set ,(¢) = fédt’l’],;(t/)/p. As may be seen from
eqn (11.4.16) of ref. 56 the latter integral becomes||

L(t) > 1fort -» o0 andp > —2 (B17)
from which we obtain the final result
. i’p
f(r) = =—=b,(0,) forr > 0. (B18)

2mr?

Note that f(r) = f(—r) and that f(r) is real for even p. General-
izing the above argument it is seen that f(r) oc 1/r for higher
dimensions d.

Appendix C Computational details
1 Simulation model

We consider systems of polydisperse Lennard-Jones (pLJ) par-
ticles in d = 2 dimensions where two particles i and j of
diameter D; and D; interact by means of a central pair
potential4,18,36—39,48

1 1 r
—dg[— — — ) withs = ———
u(s) 6(512 s") with s D+ D)2

being the reduced distance according to the Lorentz rule.**
This potential is truncated and shifted*** with a cutoff s.,; =
28min given by the minimum sy, of u(s). Lennard-Jones units*?
are used throughout this study, ie. ¢ = 1 and the average
particle diameter is set to unity. The diameters are uniformly
distributed between 0.8 and 1.2. We also set Boltzmann’s
constant kg = 1 and assume that all particles have the same
mass m = 1. The last point is irrelevant for the presented Monte
Carlo (MC) simulations.?® Time is measured in units of MC
steps (MCS) throughout this work.

(€1)

2. Parameters and configuration ensembles

We focus on systems with # = 10000 and n = 40 000 particles. We
first equilibrate = 200 independent configurations ¢ at a high
temperature 7 = 0.55 in the liquid limit. These configurations
are adiabatically cooled down using a combination of local MC
moves? and swap MC moves exchanging the sizes of pairs of
particles.*®*° In addition, an MC barostat®® imposes an average
normal stress P = 2.°*% At the working temperature T = 0.2 we
first thoroughly temper over At = 107 all configurations with
switched-on local, swap and barostat MC moves and then again
over At = 10’ with switched-on local and swap moves and
switched-off barostat moves. The final production runs are

| The infinite integral eqn (11.4.16) of ref. 56 is expressed in terms of two
coefficients x4 and v which in our case take the (real) values 4 =1 and v = p. It is
stated that eqn (11.4.16) holds for R(u + v) > — 1, being consistent with the
condition p > —2 noted in eqn (B17), but also that ®u < 1/2, being at first sight
in conflict with u = 1. However, the integral divergence for t —» oo for u > 1/2 is
fictitious as, e.g., discussed in the Wikipedia entry on “Oscillatory integrals”
where it is noted that “Oscillatory integrals make rigorous many arguments that, on
a naive level, appear to use divergent integrals”. Note that eqn. (B18) also holds for
p =0 and finite r > 0 which follows from the fact that the FT of a constant is zero
everywhere except at the origin. See ref. 4 for an alternative more straight-forward
but also more lengthy derivation of eqn. (B18) using the asymptotic behavior of
the confluent hypergeometric Kummer function M(a, b, 2).
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carried out at constant volume V only keeping local MC moves.
Under these conditions, T = 0.2 is well below the glass transi-
tion temperature T, ~ 0.26 determined in previous work.**?*
Due to the barostat used for the cooling the box volume V = L?
differs slightly between different configurations ¢ while V is
identical for all frames ¢ of the time-series of the same configu-
ration c. In all cases the number density is of order unity.
For each particle number n and each of the independent
configurations ¢ we store ensembles of time series containing
= 10000 instantaneous “frames” t. These are obtained using
the equidistant time intervals 6t = 1000 for n = 10000 and
&7 = 100 for the other system sizes.

3. Macroscopic linear elastic properties

The amorphous glasses formed by pLJ particle systems at a
pressure P = 2 and a temperature 7 = 0.2 « Ty ~ 0.26 are for
sampling (production) times At < 10’ MCS reversible linear
elastic bodies whose plastic rearrangements can be neglected
for all practical purposes.'®>"3%3%57:58 Moreover, these systems
can be shown to be isotropic above distances corresponding to
a couple of particle diameters.'®*® Following eqn (A13) the
forth-order elastic modulus tensor for isotropic systems may be
written®?

Eypys = 2058055 + t(00y0ps + 0450p,) (C2)

in terms of the two isothermic Lamé moduli A and pu. As
described in detail elsewhere®"***7%° we have determined .
and u either by means of strain fluctuations, e.g., by letting the
box volume V fluctuate at imposed pressure P,>” or using the
stress-fluctuation formalism at fixed volume and shape of the
simulation box.’**° This shows that 1 ~ 38 and u ~ 14.
We have verified especially that similar values are obtained
for n > 5000 and using different components, say E;;;; and

Ez, for /. + 2p, and that the fluctuations of E,p,s|. for
independent configurations ¢ become negligible for n > 5000.

4. Discrete fields on square grid

We turn now to the relevant microscopic tensor fields as
functions of either the spatial position r (real space) or the
wavevector q (reciprocal space). The different fields are stored
on equidistant discrete grids as sketched in Fig. 2. The same n;,
is used for both spatial directions and for all configurations
and frames of a given particle number 7. As already mentioned,
the box volume V = L* fluctuates slightly between different
configurations ¢ (at same n) due to the barostat used for the
cooling, tempering and equilibration of the systems. Accord-
ingly, agriq also differs between different configurations c. These
fluctuations become small, however, with increasing system
size. If nothing else is mentioned we report data obtained using
a lattice constant dgriq ~ 0.2. As shown in Fig. 6 for the rescaled
transverse ICF fVer(g) plotted using a double-logarithmic
representation, there is no need to further decrease agyiq. Even
the very large grid constant a9 =~ 3.2 gives, apparently, the
correct large-wavelength asymptote fcr(q) &~ 1/4u indicated by
the dashed horizontal line.
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Fig. 6 Rescaled transverse ICF fVcr(q) for different grid constants agriq as
indicated. The open symbols have been obtained using egn (C4), the thin
solid line using egn (C5) and n. = 2048. Importantly, we obtain the same
results in all cases where qu;ms « 1 and gagiq « 1. Even a rather coarse
grid, say for n_ = 64, is sufficient to confirm the expected large-wavelength
limit (horizontal dashed line). The total static structure factor S(q) is shown
for comparison (solid line). The “dip” of S(g) around g ~ 4 is caused by the
polydispersity of the particles as emphasized elsewhere.*® 5(q) and gVcr(q)
at least for sufficiently small ag/iq, have both a strong peak located similarly
at g ~ 6.5 (arrow).

5. Displacement fields

As in previous experimental and numerical studies'®'"?' the
displacement field u(r) is constructed from the instantaneous
spatial positions r, of the particles a with respect to their
reference positions r,. As reference position r, we have used
either the average particle position determined using a long
trajectory or the particle position after a rapid quench to 7'= 0.
Having not observed any significant quantitative difference
between both methods we only report here data computed
using the first one. We thus get first the displacement vector
u, = r, — 1, for each a. By construction the average displace-
ment vector (u,) must vanish. We find

Ums = (U2) > Y x~ 0.13 (C3)

for the root-mean-squared average u,,s (sampled over all
particles, frames and configurations). The instantaneous dis-
placement field may then be defined by'*'"*!

u(r) qua

assuming for the moment an infinitessimal fine grid, ie.
Ggria — 0. (Different prefactors have been used in ref. 10, 11
and 21). We remind that the (r)-function has the dimension
“1/volume”. By definition u(r) has thus the same dimension
“length” as the displacement vector u,. Following the common
definition of the particle flux density,** the reference position ¥,
in the J-function may be replaced by the time-dependent
position r,, ie. the displacement field may alternatively be
defined by

(C4)

(C5)

u(r n/VZua —Fa).
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Both operational definitions are compared for the transverse
ICF fVer(q) in Fig. 6 where data obtained using eqn (C4) are
indicated by open symbols. In reciprocal space we obtain

1

=- —iq - Ty). C6

nza:ua exp(—iq - f,) (Ce)
for eqn (C4) and similarly for eqn (C5) with r, replacing f,.
Since r, = f,+ u, we have to leading order

exp(—iqr,) ~ exp(—iqr,)(1 — iq-u,...) (C7)

for glu(q)| « 1. Both operational definitions eqn (C4) and (C5)
thus become equivalent for qu,,s < 1. Due to the small typical
(root-mean-squared) displacement u,,s, eqn (C3), this holds for
all sampled g as may be seen from the data presented in Fig. 6.
Due to the center-of-mass convention for all particle displace-
ments the volume integral over u(r) must vanish and, equiva-
lently, we have u(q = 0) = 0 in reciprocal space for each
instantaneous field. We also remind that the two coordinates
of the displacement field in NRC are the longitudinal compo-
nent u(q) = u;°(q) and the transverse component ur(q) =
u°(q).

In numerical practice, the continuous field vector r of
eqn (C4) and (C5) corresponds to the discrete point on the
grid, eqn (B12), closest (using the minimal image convention)
to, respectively, the reference position r, or the particle position
r,. Strictly speaking, we thus obtain by means of eqn (B10) the
FT with respect to their respective closest grid points. (In
principle one could directly without approximation compute
the displacement field u(q) using eqn (C6) in reciprocal space.
Unfortunately, this leads to an additional loop over all n
particles for each wavevector q.) The differences between these
definitions become neglible for gagiq « 1. That this holds can
be clearly seen from Fig. 6 where we have varied agiq over more
than one order of magnitude.

6. Linear strain fields

Using the displacement field u(r) the linear (‘“small”’) strain
tensor field is defined by®°

Eap(r) = (ag:i ) + 8%3)) (c8)
Due to eqn (B3) this becomes
eup(q) = é(qﬁua(q) + qatp(q)) (©9)

in reciprocal space as already stated in Section IIIB. (Obviously,
&.p = €3, for any r in real space and any q in reciprocal space.)
Note that both ¢,4(r) and its FT ¢,4(q), ¢f eqn (B1), are dimen-
sionless fields. Due to our definitions and conventions the
macroscopic strain ¢,s(q = 0) is assumed to vanish. Using
eqn (B12) we numerically determine the relevant components
of the (symmetric) strain tensor field e,5(q) from the two
components of the displacement field u,(q) stored on the
reciprocal space grid (cf: Fig. 2) and the wavevector g, according
to eqn (B12). As noted in Section IIIB, in NRC there are only
two non-vanishing strain fields, namely the longitudinal and
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transverse strain fields ¢;(q) and er(q) linearly related to the
corresponding displacement fields u;(q) and u(q), c¢f. eqn (16)
and (17).

7 Correlation function fields

Using the strain tensor fields ¢,4(q) in reciprocal space com-
puted according to eqn (C9) for each ¢ and ¢ we obtain the
correlation functions c,g,5(q) = (e.s(q)e,5(—q)) averaged over
all ¢ and t. For the reported correlation functions c;m,é(q) =

(s;ﬁ(q)s;é(—q» in a coordinate system turned by an angle « we

first compute the new components u;(r) and q; of displacement
field and wavevector. (Alternatively, one may also rotate &,5(q).)
For the ICFs ¢;(q) and c¢r(q) obtained using NRC we first get the
longitudinal and transverse displacement fields u;(q) and u(q)
in NRC and from those using eqn (16) and (17) the longitudinal
and transverse strains ¢;(q) and &r(q). c(q) = {(er(q)er(—q)) and
cr(q) = (er(q)er(—q)) are computed by averaging over all ¢ and ¢
and all wavevectors q with magnitude |q| within a chosen bin
around q. The correlation functions ¢,g,s(r) in real space (either
for unrotated or o-rotated coordinate systems) are finally
obtained by inverse FFT.

Appendix D: From c,(q) and c+(q) to
Capyslr)

As shown in Appendix A4, a forth-order tensor field describing
an isotropic achiral system in two dimensions is given by
eqn (A17) in terms of four invariants 7,(g). In turn these
invariants are expressed in terms of the alternative set of
invariants ¢.(g), cx(q), cn(q) and c(g). Due to eqn (18) we have
¢n(g) = ¢ (g) = 0 for strain correlations. The correlation function
Cxp,5(q) in reciprocal space are thus given by the invariants

i i .
D) D ) = ente) (b1)
and
ia(q) =cu(q) — 4er(q)- (D2)
More specifically, this implies
cini(a) = cte(g) +4s°er(q)
cm(q) = s*eL(g) +45°Fer(q)
cnn(q) = AseL(q) — 4s°Per(q)
(D3)

cin(q) = czsch(q) + (c2 _ 32)2671_((])

cne(q) = c3scL(q) — 256(c2 — sz)cT(q)

cim(q) = es’er(q) + 2s¢(? - s)er(q)

with ¢ = cos(0) = ¢; and s = sin(0) = §, being coefficients
depending only on the wavevector angle 0. Alternatively, the
six relations eqn (D3) may also be obtained using that the
components &,5(q) in the original coordinate frame can be
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expressed as

en(q) = e71(q) + 5765, (q) — 2s¢3,(q)
(D4)
= czsL(q) —2scer(q)
en(q) = 5%¢71(a) + 63, (q) + 25c5,(q)
(D5)
= szsL(q) + 2scer(q)
en(q) = sc &, (q) — sces,(q) + (& — 57)ef, (q)
(D6)

= cseL(q) + (¢ — sH)er(q)

in terms of the longitudinal and transverse strains ¢;(q) and
¢1(q) and the fact that ¢ (q) and er(q) fluctuate independently.
For the correlation functions c;ﬁ.’,(,-(q) in rotated coordinate
systems one simply replaces 6 by x = § — o. Note also that
¢1112(q) and ¢}y,(¢q) do in general not vanish for all x in
standard (unrotated or rotated) coordinates. The values for
NRC are obtained by setting x = 0, i.e. s = 0 and ¢ = 1. We
expand the angle-dependent coefficients before ¢;(g) and c¢1(q)
in terms of the planar harmonic functions cos(pf) and sin(p6)
with p being integers using standard trigonometric relations.>®
This implies for example

1
C1212 = §K4CT — CL) COS(49) + (4(‘”[ + CL)]

i = l[(4cT —cL) cos(40) — (et — cr)]

8
’ ’ 1
% = g[—(4cT — c1) cos(40) + 3cr + 4er)

cuit ; Com _ %(261) cos(20)
where we have omitted the arguments q on the Lh.s. and q on
the r.h.s. The prefactor of cos(40) and sin(40) is always propor-
tional to i4(q). Having in mind the equipartition relation eqn (2)
and using the creep compliances J; and J, introduced in
eqn (19) one sees that

pVldcr(e) — eu(@)] = ) =5 - ©7)
prie(a) - 1= (08)

in the low- ¢ limit. We thus get in reciprocal space

J

BVcii2(q) H§lcos(40) +...
Ji

BVein(q) —>§cos(40) +...

cnn (@) + enn(q)

BV 7 —>—%cos(49)+...

BVM chos(zm

where the dots mark constant terms. These terms are irrelevant
for the inverse FT, only leading to contributions at r = 0.

Soft Matter, 2023,19, 6140-6156 | 6153


http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d3sm00424d

Open Access Article. Published on 24 July 2023. Downloaded on 12/9/2025 10:29:25 AM.

Thisarticleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

(cc)

Soft Matter

We may thus take advantage of the analytical result for the
inverse FT eqn (B18). This leads to

J
Beina(r) — Flrzcos(w) (D9)
Ji
Penn(r) — WGOS(“-()) (D10)
pE (r) er can(r) 42‘2 cos(40) (D11)
perln) - can(r) 4i 2 cos(20) (D12)

with 6 denoting the polar angle of the field vector r. The
correlation functions c;ﬁyé(r) in rotated coordinate systems

generalize the above equations by substituting 6 with the angle
difference x = 0 — «. These results can be rewritten compactly
using the general form expected from eqn (A21) for a manifest
two-dimensional, isotropic and achiral forth-order tensor field
in real space yielding

Brpys(¥) = 01(r)updys

+i3(r) (00 + 0200y

~ U I (Dls)
i) [fxfﬁa.,a + f),féaaﬁ]
+ ia(r)F g 7
where the invariants 7,(r) in real space are given by
anrtiy(r) = J, = 3Jy,
4 iy (r) = J,
(D14)

4nr2f3(r) =4J, — J,and
411}‘21?4(1') = — 8./1,

Since i; = —(2/y + /)4, i, = (21 + J5)/8, i3 = (21 + J»)/4 and i, =
—J1, this is consistent with the more general relation eqn (A22).

= J,COS(4X)

[0 10<r<13, a=0°
O 20<r<23, a=0°
A
<4

30<r<33, a=0°
20<r<23, a=30° é
20<r<23, 0=45°

A

4

-0.051
n=40000 DX

PR S SN NN SR SR S N .(D. PRI NN T SR SR NN S S S |

0 15 30 45 60 75 90
X=6-00

Fig. 7 Rescaled shear-strain autocorrelation function ﬂc”lzlz(n 0)4nr? in
real space as a function of x = 0 — o comparing data for different r-intervals
and rotation angles « with the prediction (bold solid line).
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The angle dependence for the shear-strain autocorrelation
function in real space is investigated in Fig. 7 where we plot
using linear coordinates fic),,,(r, 0)4nr? as a function of x for
different  and o. (To obtain sufficiently high statistics we need
to average over the indicated finite r-bins. This is done by
weighting each data entry for a bin with the proper factor 4rr2.)
The data compare well with the prediction, eqn (D9), confirm-
ing thus especially the scaling with angle difference x = 0 — a.
Naturally, the statistics deteriorates with increasing r due to the
faster decay of the correlations as compared to the noise.
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