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Dynamic shapes of floppy vesicles enclosing
active Brownian particles with membrane
adhesion†

Priyanka Iyer, Gerhard Gompper and Dmitry A. Fedosov *

Recent advances in micro- and nano-technologies allow the construction of complex active systems

from biological and synthetic materials. An interesting example is active vesicles, which consist of a

membrane enclosing self-propelled particles, and exhibit several features resembling biological cells.

We investigate numerically the behavior of active vesicles, where the enclosed self-propelled particles

can adhere to the membrane. A vesicle is represented by a dynamically triangulated membrane, while

the adhesive active particles are modelled as active Brownian particles (ABPs) that interact with the

membrane via the Lennard-Jones potential. Phase diagrams of dynamic vesicle shapes as a function of

ABP activity and particle volume fraction inside the vesicle are constructed for different strengths of

adhesive interactions. At low ABP activity, adhesive interactions dominate over the propulsion forces,

such that the vesicle attains near static configurations, with protrusions of membrane-wrapped ABPs

having ring-like and sheet-like structures. At moderate particle densities and strong enough activities,

active vesicles show dynamic highly-branched tethers filled with string-like arrangements of ABPs, which

do not occur in the absence of particle adhesion to the membrane. At large volume fractions of ABPs,

vesicles fluctuate for moderate particle activities, and elongate and finally split into two vesicles for large

ABP propulsion strengths. We also analyze membrane tension, active fluctuations, and ABP

characteristics (e.g., mobility, clustering), and compare them to the case of active vesicles with non-

adhesive ABPs. The adhesion of ABPs to the membrane significantly alters the behavior of active

vesicles, and provides an additional parameter for controlling their behavior.

1. Introduction

In recent years, there has been a growing interest in a variety of
active matter systems which operate far from equilibrium
and show rich dynamical behaviors and functions.1–4 Examples
include biological systems ranging from cells to tissues,5,6

collections of micro-swimmers,7,8 and active engineered
systems.9,10 The growing research interest has been nurtured
by rapid developments in microscale and nanoscale techno-
logies which already allow for a well-controlled construction of
complex multicomponent active systems and materials.9,11,12

A prominent example is cell-mimicking systems, which are
generally constructed from cell-based biological constituents,
and include active nematics made of driven biofilaments,13,14

and growing and dividing droplet-based or vesicle-based

compartments.15,16 In many other examples, biological materi-
als are combined with active synthetic constituents with a hope
to mimic various biological systems or even go beyond their
functionality.17,18 Here, an interesting example is a closed
membrane enclosing biological micro-swimmers such as
bacteria19–21 or synthetic self-propelled particles.18,22–25 Active
components inside the soft confinement exert forces on the
surface, leading to highly dynamic non-equilibrium shape
changes which resemble certain processes in living cells such
as the formation of filopodia and lamellipodia,5,26,27 and active
shape fluctuations of the membrane.28–30

The main features that differentiate active vesicles from
various membrane structures in equilibrium31,32 are active
force generation due to the enclosed active components and
dynamic shape changes of the membrane. For instance, swim-
ming bacteria or motile synthetic particles within a vesicle induce
the formation of tethers and protrusions which dynamically
elongate and retract.18–20 In equilibrium, string-of-pearls-like
and tubular protrusions can be formed by amphipathic peptides
or BAR domain proteins,32,33 but these structures are static and
correspond to a minimum of total energy. Therefore, different
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physical mechanisms govern the formation of various membrane
structures in equilibrium and in non-equilibrium active vesicles.
In particular, the curvature-induced clustering of active
particles34–36 at the membrane leads to the concentration of active
forces at spots with a high curvature. Moreover, there exists a
positive feedback mechanism between the induction of strong
curvature by active particles and their clustering in places with
large curvature, so that the shape of active vesicles is altered
dynamically and collectively.18,23 Furthermore, active components
within a vesicle give rise to a significant increase in membrane
tension due to the swim pressure exerted by the particles.37

Apart from active forces, the deformation of a membrane
can also occur as a consequence of adhesive interactions
between the membrane and enclosed particles.38–42 In particu-
lar, adhesive interactions result in partial or full wrapping of
the particles by the membrane, which can significantly reduce
the force required for tether formation. Furthermore, the
adhesion of multiple particles to the membrane often induces
membrane-mediated interactions between the particles, lead-
ing to a cooperative wrapping of particles by the membrane41

and the formation of various particle structures at the
membrane surface.43–47 These interactions can enhance or
reduce the clustering of active particles, potentially altering
the behavior of active vesicles. In addition, it is plausible to
expect that the adhesive interactions between the particles and
the membrane can facilitate the existence of active forces away
from the membrane (i.e., pulling forces), which is not possible
for non-adhesive active particles which exert pushing forces
toward the membrane. Finally, adhesive interactions of parti-
cles and pathogens with a cell membrane are essential for a
variety of biological processes such as membrane translocation,
viral budding, and phagocytosis.48–51

In our study, we investigate numerically the combined effect
of particle activity and adhesive interactions on the behavior of
active vesicles. Fluid membrane vesicles are modeled as dyna-
mically triangulated surfaces52,53 enclosing a number of active
Brownian particles (ABPs). Adhesive interactions between the
ABPs and the membrane are incorporated through the Lenard-
Jones potential, whose strength is varied to induce various
degrees of ABP wrapping by the membrane. A phase diagram
of dynamic vesicle shapes is constructed as a function of the
ABP propulsion strength and the volume fraction of particles
within the vesicle. The presence of ABP adhesion to the
membrane leads to qualitative changes in the phase diagram
in comparison to that for non-adhesive ABPs.18 For a weak
particle activity, the adhesion interactions dominate, yielding
nearly static vesicle shapes, which are similar to those in
equilibrium with only adhesive interactions present. For mod-
erate particle activities and volume fractions, complex tether
structures filled with string-like arrangements of ABPs are
formed, and characterized by a number of branching points.
In contrast, for non-adhesive ABPs, the formed tethers show no
significant branching, and the ABPs generally cluster at the
end of membrane tethers.18,23 Finally, for a strong particle
propulsion, active forces from the ABPs dominate over the
adhesion interaction, and the resulting behavior of active

vesicles is similar to those with non-adhesive ABPs. Also,
membrane properties of the active vesicles and the charac-
teristics of ABP clustering and mobility are analysed and
compared to those of non-adhesive ABPs.

The article is organized as follows. Section 2 provides all
necessary details about the employed methods and models,
including the parameters used in simulations. Section 3.1
presents dynamic shape diagrams for two strengths of the
ABP adhesion to the membrane. Membrane tension and the
importance of ABP adhesion are discussed in Section 3.2.
Vesicle shape fluctuations are analysed in Section 3.3, and
ABP characteristics are presented in Section 3.4. Finally, we
conclude in Section 4.

2. Methods and models

An active vesicle is represented by a closed fluid membrane of
spherical topology with radius R, enclosing Np active Brownian
particles (ABPs). The activity of the particles is described by the
dimensionless Peclet number Pe = svp/Dt, where s is the
particle diameter, vp is the propulsion velocity, and Dt is the
translational diffusion coefficient. Note that Pe is a measure of
the propulsion force fp of ABPs, with vp = fp/gp and Dt = kBT/gp,
where gp is the translational friction coefficient, so that
Pe = fps/kBT. Particle volume fraction within the vesicle is given
by f = Np(s/2R)3. Table 1 presents all simulation parameters.

2.1 Model of adhesive active Brownian particles

ABPs are modeled as active spherical particles without hydro-
dynamic interactions. Each ABP experiences a propulsion force
fp that acts along an orientation vector ei. The force results in a
propulsion velocity vp = fp/gp. The orientation vector ei is subject
to orientational diffusion ėi = fi � ei, where fi is a Gaussian
random process with hfi(t)i = 0 and hfi(t)�fj (t0)i = 6Drdijd(t � t0)
with a rotational diffusional coefficient Dr. Dr is related to
the ABP diameter s and translational diffusion coefficient Dt

as Dt = Drs
2/3.

Interactions between different ABPs and membrane particles
are implemented through the 12-6 Lennard-Jones (LJ) potential

UðrÞ ¼ 4e
sLJ
r

� �12
� sLJ

r

� �6� �
; (1)

where e is the potential strength, and sLJ is the characteristic
excluded-volume distance. For ABP-ABP interactions, sLJ = s, and
the potential cutoff is set to rp–p

c = 21/6s, imposing purely repulsive
interactions. For attractive ABP-membrane interactions, sLJ = s/2
(i.e. the ABP radius), and the potential cutoff is set to rp–m

c = 21/6s,
so that only a single layer of ABPs is attracted to the membrane.
Note that the membrane particles are considered to be point-like,
such that the modeled membrane is a surface with nearly zero
thickness. Therefore, the only relevant length scale for ABP-
membrane interactions is the particle diameter s (see Appendix
A for more details).
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2.2 Membrane model

The vesicle is modeled by a dynamically triangulated mem-
brane of spherical topology consisting of Nv linked vertices.52,53

The interaction between linked vertices is controlled via a
tethering potential52,54 that is a combination of attractive and
repulsive parts

UattðrÞ ¼
kb
exp½1= lc0 � r

� �
�

lmax � r
; if r4 lc0 ;

0; if r � lc0 ;

8><
>: (2)

UrepðrÞ ¼ kb
exp½1=ðr� lc1Þ�

r� lmin
; if ro lc1 ;

0; if r � lc1 :

8<
: (3)

Here, kb is the bond stiffness, lmin and lmax are the minimum
and maximum bond lengths, and lc0

and lc1
are the potential

cutoff lengths.
The membrane bending elasticity is modeled by the Helfrich

curvature energy,55

Ubend ¼ 2kc

þ
�c2dA; (4)

where kc is the bending rigidity and %c = (c1 + c2)/2 is the mean
local curvature at the membrane surface element dA. In the

discretized form, it becomes56,57

Ubend ¼ 2kc
XNv

i¼1
si�c2i ; (5)

where �ci ¼ ni �
P
jðiÞ

sijrij=ð2sirijÞ is the discretized mean curvature

at vertex i, ni is the unit normal at the membrane vertex i, si ¼P
jðiÞ

sijrij is the area corresponding to vertex i (the area of the dual

cell), j(i) corresponds to all vertices linked to vertex i, and sij =
rij(cot y1 + cot y2)/2 is the length of the bond in the dual lattice,
where y1 and y2 are the angles at the two vertices opposite to the
edge ij in the dihedral. In practice, since the dihedral terms
corresponding to sij are additive, the local curvature at each
vertex can be calculated by summing over contributions from
all triangles containing that vertex.

The area conservation is imposed locally to each triangle by
the potential

UA ¼
ka

2

XNt

i¼1

ðAi � AlÞ2
Al

; (6)

where Nt = 2(Nv � 2) is the number of triangles, Al = A0/Nt is the
targeted local area (A0 is the total membrane area), Ai is the
instantaneous local area, and ka is the local-area conservation

Table 1 Parameters used for simulations of vesicles enclosing adhesive ABPs both in model and physical units. The principal properties represent basic
scaling units, which can be selected. However, all other dependent parameters and results are presented in units of R, kBT, and t. The principle properties
in physical units correspond to the experimental setup in ref. 18. Nt = 2Nv � 4 is the number of triangular faces in the vesicle discretization

Parameters Model units Physical units

Principal properties
Vesicle radius in equilibrium R 32 8 mm
Thermal energy unit kBT 0.2 4.14 � 10�21 J
Time scale t = gpR2/kc 1.28 � 105 7.3 s

Investigated properties
Peclet number Pe = svp/Dt 0–400 0–400
Total number of ABPs Np 30–1458 30–1458
ABP volume fraction f = Np(s/2R)3 9 � 10�3–3.56 � 10�1 9 � 10�3–3.56 � 10�1

ABP diameter s R/8 1 mm

Vesicle properties
Number of vertices Nv 30 000 30 000
Bending rigidity kc 20kBT 8.28 � 10�20 J
Average bond length lb 4R

ffiffiffiffiffiffiffiffiffiffiffiffi
p

Nt

ffiffiffi
3
p

r
0.176 mm

Bond stiffness kb 80kBT 3.31 � 10�19 J
Minimum bond length lmin 0.6lb 0.11 mm
Potential cutoff length lc1 0.8lb 0.14 mm
Potential cutoff length lc0 1.2lb 0.21 mm
maximum bond length lmax 1.4lb 0.25 mm
Desired vesicle area A0 4pR2 8.04 � 102 mm2

local area stiffness ka 6.43 � 106kBT/A 3.3 � 10�5 J m�2

Friction coefficient gm 0.4kBTt/R2 1.9 � 10�10 J s m�2

Flipping frequency n 6.4 � 106t�1 8.8 � 105 s�1

Flipping probability pf 0.3 0.3

ABP properties
Translational friction gp 20kBTt/R2 9.4 � 10�9 J s m�2

Translational diffusion Dt kBT/gp 4.4 � 10�13 m2 s�1

Rotational diffusion Dr 3Dt/s
2 1.32 s�1

LJ potential depth (adhesion energy) e 2.5–3.5kBT 1.03 � 10�20–1.45 � 10�20 J

Soft Matter Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

5 
A

pr
il 

20
23

. D
ow

nl
oa

de
d 

on
 7

/3
1/

20
25

 2
:0

4:
44

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d3sm00004d


This journal is © The Royal Society of Chemistry 2023 Soft Matter, 2023, 19, 3436–3449 |  3439

coefficient. We do not impose any volume constraints, and
therefore, the vesicle volume is free to change within physical
bounds of a nearly inextensible membrane. Therefore, our
simulations represent a case of floppy vesicles.

Membrane fluidity is modelled by a stochastic flipping of
bonds following a Monte–Carlo scheme. The bond shared by
each pair of adjacent triangles can be flipped to connect the two
previously unconnected vertices.52,57 The flipping is performed
with a frequency n and probability pf. An energetically favorable
bond flip is accepted with a probability of p = 1. For
an energetically unfavorable flip, the resulting change in energy
due to an attempted bond flip DU = DUatt + DUrep + DUA deter-
mines the probability of the flipping as p = exp[�DU/kBT]. The
resulting membrane fluidity can be characterized by a 2D
membrane viscosity for the selected frequency n and flipping
probability pf.

54,58 Note that the two bond-flipping parameters n
and pf can conceptually be combined into a single flipping
probability or frequency. However, the use of two parameters is
computationally advantageous, as the flipping procedure is
computationally expensive. With two parameters, the flipping
can be performed not every time step, which is controlled by n,
while an implementation with a single parameter would
require checks for bond flipping at every time step.

2.3 Equation of motion

The system evolves in time according to the Langevin equation

m€ri ¼ �riUtot � g_ri þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2gkBT

p
niðtÞ; (7)

where m is the mass of membrane particle or ABP, r̈i and :ri

represent the second and first time derivatives of particle
positions, ri is the spatial derivative at particle i, and Utot is
the sum of all interaction potentials described above. The effect
of a viscous fluid is mimicked by the friction co-efficient g,
whose value can be different for membrane particles and ABPs,
see Table 1. Thermal fluctuations are modelled as a Gaussian
random process ni with hni(t)i = 0 and hni(t)�nj (t0)i = 6dijd(t � t0).
Inertial effects are minimized by performing the simulations in
the over-damped limit with m and g such that tt = m/g o 1 {
tr = Dr

�1 E 0.1t. The positions and velocities of all particles are
integrated using the velocity-Verlet algorithm.59

2.4 ABP adhesion and membrane wrapping

Adhesion interactions between the ABPs and the membrane are
mediated by the LJ potential whose strength is characterized by
the potential depth e. Adhesion strength determines the degree
of particle wrapping by the membrane, with energetic costs due
to membrane bending and tension. The ratio of the membrane
bending modulus k and the lateral tension l defines a length
~l ¼

ffiffiffiffiffiffiffiffi
k=l

p
, below which membrane deformations are mainly

controlled by the bending energy, while deformations on length
scales larger than l̃ are dominated by tension.39 If tension is
neglected and the membrane covers area Awrap r ps2 of the
particle (e.g., partial wrapping), the adhesion (Ead) and bending
(Ebend) energies are given by

Ead = �oAwrap, Ebend = 8kAwrap/s2, (8)

where o is the adhesion strength per unit area. In this case, the
minimum of the total energy corresponds to complete wrap-
ping of the particle by the membrane (i.e., Awrap = ps2), which
occurs for o 4 omin = 8k/s2.38 Therefore, in the absence of
membrane tension, the particle is in an unwrapped state for
oo omin, while the particle is fully wrapped for o4 omin with
no energy barrier to overcome. However, in the presence of
tension, particle adhesion shows a continuous transition from
the unwrapped to partially wrapped state at omin, while the
transition to the fully wrapped state is discontinuous and has
an energy barrier.39

To relate the adhesion strength o per unit area and the
strength e of the LJ potential in simulations, we consider the
attraction of a single membrane vertex to an ABP, such that
e = 2oAl with 2Al being the area of the vertex. For the parameters
in Table 1, the transition from the unwrapped to a wrapped
state is expected at omin = 8k/s2 which implies ec C 4kBT.
In our simulations, adhesive interactions between ABPs and
the membrane are exerted up to a distance of s from the
membrane surface, and are therefore long ranged. Theoretical
predictions of particle wrapping for long-ranged adhesive inter-
actions indicate that the transition to the fully wrapped state is
gradual,41 which is consistent with the area Awrap of particle
wrapping as a function of e shown in Fig. 1(a). Awrap in
simulations is calculated as the number of membrane vertices
within a cutoff distance radh from the ABP center, multiplied by
the vertex area Av = A0/Nv. Thus, the fully wrapped state requires
adhesion interactions with e 4 ec. For further simulations,
we have selected two adhesion strengths of e = 2.5kBT and
e = 3.5kBT, which correspond to a moderate degree of wrapping
illustrated in Fig. 1(b and c).

3. Results
3.1 Dynamic phase diagram

Fig. 2 presents phase diagrams of dynamic shape changes of
active vesicles as a function of Pe and f for two different
adhesion strengths e (see also Movies S1–S4, ESI†). At small
Pe t 50, the formation of buds for low particle densities, ring-
like aggregates of ABPs for intermediate f values, and ABP
aggregates with a hexagonal closed-packed (HCP) structure for
large f are observed and illustrated in Fig. 3 for Pe = 15. Some
of these structures have previously been observed in studies of
passive particles adhering to a membrane.43–46 Furthermore,
for Pe t 50, ABPs adhered to the membrane show little
dynamics, suggesting that adhesive forces dominate over par-
ticle activity. As a result, active vesicles for Pe t 50 are close to
an equilibrium state, with ABP aggregate structures similar to
those of equilibrium systems at Pe = 0.

In the near-equilibrium ‘‘cauliflower’’ regime at low ABP
densities, both individually wrapped particles and short strings
of several ABPs within membrane tubes (see Fig. 3(a)) are
observed due to the competition between repulsive curvature-
mediated interactions47 and the in-plane motion from ABP
propulsion. As the ABP volume fraction is increased, strong
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cooperative wrapping of ABPs is observed, as shown in Fig. 3(b
and c). Here, it is likely that the gain in energy due to the
cooperative wrapping overcomes the curvature-mediated repulsion.

Cooperative wrapping of several particles is also enhanced by the
interaction range of an adhesion potential.41 Furthermore, the
vesicle is free to change its volume in our simulations, and

Fig. 2 Phase diagrams of vesicle-shape changes as a function of Pe and f for two different adhesion strengths (a) e = 2.5kBT and (b) e = 3.5kBT. Four
regions are observed, including the tethering (blue symbols), bola/prolate (green symbols), fluctuating (yellow symbols), and cauliflower (red symbols)
regimes. The points corresponding to the displayed snapshots have black outlines. The black lines provide an approximate demarcation of the different
regimes, serving as a guide to the eye. For a visual illustration of dynamic shape changes of active vesicles, see also Movies S1–S4 (ESI†).

Fig. 1 (a) Fraction of wrapped area Awrap of the ABP as a function of e. Awrap represents the area of membrane vertices around the cutoff distance
radh = 1.16s/2 from the ABP (see Appendix A for the estimation of radh). The grey region corresponds to Awrap estimates based on the cutoffs radh +
m (lower bound) and radh + 3m (upper bound), where m is the variance of the ABP-membrane distance distribution in the fully wrapped state (see
Appendix A). The dashed red line marks theoretical predictions of the critical ec for the transition from unwrapped to fully wrapped state38 and Aeff =
4pradh

2 is the effective particle area. Due to the long range of interactions between the particle and the membrane, the transition is gradual and the
particle is only partially wrapped at ec.41 (b and c) Partially wrapped states of a particle (black) by the membrane (red) for (b) e = 2.5kBT and (c) e = 3.5kBT.
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therefore, the area fraction of adhered membrane can be large.
As a result, extreme deformations of the vesicle with protruding
ring-like and sheet-like structures are observed and illustrated in
Fig. 3(b and c). For the largest volume fraction of ABPs (f = 0.18),
membrane deformations are reduced (see Fig. 3(d)) in compar-
ison to the cases of f = 0.04 and f = 0.12, because the gain in
adhered membrane area is restricted at some point by the
volume of the ABP content. Therefore, if the vesicle volume were
constrained to near-spherical values, membrane deformations
are expected to be reduced, since the gain in adhered membrane
would be restricted by an increase in membrane tension due to
the constrained vesicle volume. Note that for the lower adhesion
strength of e = 2.5kBT, membrane deformations are less pro-
nounced than in the case of e = 3.5kBT (see Fig. 2 for Pe t 50)
due to the competition between adhesion and bending energies.

As Pe is increased, ABP propulsion starts to dominate over
the adhesive forces, and the non-equilibrium nature of active
vesicles becomes apparent. At low particle densities (f t 0.07),
ABP activity leads to the formation of dynamic tether-like
structures, which are filled by string-like arrangements of ABPs.
This behavior is qualitatively different from the tether for-
mation by ABPs in the absence of adhesive interactions, where
particle clustering takes place at the end of a tether.18,23 Note
that the string-like arrangement of particles in membrane
tubes is favored by long-ranged adhesive interactions.41,60

Another qualitative difference of the formed tethered structures
by adhesive ABPs in comparison to those by non-adhesive
active particles18,23 is that the tethered structures in Fig. 2 are
often highly branched. Since ABPs spend a considerable time in
string-like configurations within membrane tethers, ABPs can
change their orientation due to rotational diffusion and initiate
branch formation from the existing tether. In the absence of
adhesive interactions, ABPs quickly travel between the base of a
tether and its end (or vise versa), and thus cannot easily initiate
branched tethers.18,23 Therefore, adhesive interactions promote
the formation of branched tether structures and stabilize them.
At the lower adhesion strength of e = 2.5kBT, ABPs cluster more
at tether ends than for the case of e = 3.5kBT, and result in less
branched structures, as shown in Fig. 2. A similar effect is
observed with increasing particle activity (or Pe), suggesting
that branched tether structures and string-like arrangements of

ABPs are indeed a consequence of particle adhesion to the
membrane, which is lost when ABPs have a sufficient force to
detach from the membrane. Note that the tethering regime for
adhesive ABPs occurs at significantly lower Pe numbers when
compared to the non-adhesive ABP case18,23 because particle
adhesion facilitates wrapping, reducing the energy barrier
required for the formation of tethers.

At large particle densities (f \ 0.07) and for Pe values
beyond the cauliflower regime, a fluctuating phase first devel-
ops, where shape changes of the vesicle are moderate and
resemble membrane fluctuations. In Section 3.3, we will show
that vesicle shape fluctuations for adhesive ABPs are different
from those for the non-adhesive ABP case.18 As Pe is further
increased for f \ 0.07, the ABPs form large clusters which can
push in opposing directions and result in vesicle elongation
or even splitting into two vesicles, similar to the non-adhesive
ABP case.18 Thus, the effect of adhesive interactions is prevalent
only for low to intermediate Pe values, where the adhesive
forces are larger than or comparable to ABP propulsion forces.

The diagrams in Fig. 2 are primarily constructed through
visual inspection of vesicle shapes and their dynamic changes.
This is sufficient because the vesicle conformations in Fig. 2
display significant qualitative differences between the various
phases: long thin tethers emerging from the mother vesicle in
the tethering phase, nearly spherical shapes with strong fluc-
tuations in the fluctuating phase, large asphericity and whole
shape deformation in the bola/prolate phase, and nearly static
vesicle shapes with several particle-filled protrusions in the
cauliflower phase. Classification of vesicle shapes can also be
based on a quantitative analysis of their characteristics,23 such
as the squared distance from the center of mass which is large
in the tethering phase, and vesicle asphericity for the fluctuat-
ing and bola/prolate phases. However, for the performed simu-
lations, a more quantitative characterization seems to be of
little benefit. Possibly, the quantitative characterization might
become useful for a much higher sampling density of simu-
lated parameter space.

3.2 Membrane tension

The mean vesicle tension �l computed from local membrane
stresses (see Appendix B) for different adhesion energies is

Fig. 3 Vesicle shapes in the near-equilibrium ‘‘cauliflower’’ regime at Pe = 15 and e = 3.5kBT for (a) f = 0.009, (b) f = 0.04 (see Movie S4, ESI†),
(c) f = 0.12, and (d) f = 0.18. Different nearly-frozen structures of the ABPs are observed, including ring-like and sheet-like arrangements. The left half of
the membrane is made transparent so that the arrangement of ABPs is visible.
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shown in Fig. 4(a). Tension is calculated every Dt = 0.01tr

(tr E 0.1t) within the time range 0.4tr o t o 5tr and averaged
over all time frames. For small Pe t 50 in the case of adhesive
ABPs, the mean tension of the vesicle is slightly negative, which
indicates local compression of the membrane vertices. The
local contraction of the membrane is facilitated by adhesive
interactions, which are relatively long ranged, and favor the
adhesion of more membrane vertices to the ABPs, leading to
local compression of the membrane within the adhesion area.
Furthermore, at small Pe, active particles generate a relatively
low swim pressure at the membrane, so that the membrane
tension remains slightly negative.

Membrane tension �l for e 4 0 in Fig. 4(a) exhibits two
different regimes. For Pe o 100, the dependence of �l is non-
linear, while for Pe 4 100, �l increases linearly with increasing
Pe, similar to the case of e = 0. For active vesicles with non-
adhesive ABPs, the linear growth in �l is determined by the
swim pressure37 of ABPs on the membrane, such that �l/l0 =
wPef, where l0 = R2kBT/(ps4) is a normalization factor and w is
the active tension weight related to the alignment of propulsion
direction with the membrane normal.23 Therefore, the linear
regime of �l for active vesicles with adhesive ABPs is also due
to the swim pressure of ABPs on the membrane, because for
large Pe, the ABP propulsion force dominates over adhesion
interactions. However, the non-linear dependence of �l for Pe o
100 and e 4 0 is due to the interplay of swim pressure and
particle adhesion to the membrane. Interestingly, the propor-
tionality �l B Pefl0 suggests that the active tension should
increase as R2 with increasing vesicle size for a fixed ABP
volume fraction. This would favor prolate and bola states over
tethering for large vesicles.

The location of the transition from the non-linear to the

linear increase in �l with increasing Pe can be estimated using a
simple model, where an adhesive particle placed at a distance
z0 from a flat membrane attempts to escape the surface, see
Fig. 4(b). The attractive force exerted on the particle due to the

membrane patch at a distance r0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ z02

p
with an area 2prdr

is given by

dF ¼ 24e 2
s
2r0

� �12
� s

2r0

� �6� �
n
z0

r0
2pr
r0

dr; (9)

where n = Nv/4pR2 is the number density of vertices at the
membrane, and the factor z0/r0 is due to the projection of the
force onto the normal-to-the-surface direction. When the pro-
pulsion direction -

e of the particle points away from the
membrane along the normal, force balance implies

Pe ¼ s
kBT

ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrp�mc Þ2�z02
p

0

dF ¼ 8pensz0
kBT

2r0

s

	 
�12
� 2r0

s

	 
�6" #rp�mc

z0

:

(10)

This expression allows the calculation of a maximum Pe
required for ABP detachment from the membrane, yielding
Pemax E 385 for e = 3.0kBT and z0 C 1.14s/2 (i.e., z0 is the
distance from the flat membrane at which the maximum in Pe
is obtained). Here, the local curvature of the membrane is
neglected, which would result in an increase of the detachment
force. From simulations with a frozen membrane, the detach-
ment of an ABP with e = 3.0kBT takes place at Pemax E 390, in
good agreement with the analytical estimate. However, for a
deformable membrane, thermal undulations lead to a steric
repulsion of the ABP from the membrane,62 which causes a
decrease in the detachment force. The repulsive force exerted
on the ABP by the fluctuating membrane can be estimated in
terms of Pe as63,64

Penoise ¼
s

kBT
ð2pReffÞ

cðkBTÞ2
kh2

; (11)

where Reff = 21/6s/2 is the effective radius of the particle (here,
the equilibrium distance between the particle and membrane
vertices), h = z0� Reff C 0.02s/2 is the distance between the ABP
surface and the membrane, and c is a constant in the range
(0.01,0.23).62,64–66 Note that the magnitude of h in our case
is similar to the average fluctuation amplitude %hs of a flat

Fig. 4 (a) Mean local vesicle tension �l as a function of Pe for different adhesion strengths e at f = 0.18. (b) Sketch of an ABP (blue) interacting with a flat
membrane at a distance z0. Membrane vertices are depicted in red and the orientation vector e

-
of the ABP is pointing away from the membrane. (c) Mean

fraction r of the ABPs in a direct contact with the membrane as a function of Pe for different e values at f = 0.18. The error bars in (a and c) correspond to
the variance of the calculated values over different time frames.
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tensionless membrane on a length scale of the particle size s,

where �hs ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBT=k=ð2pÞ3

p
s=2 ’ 0:02s=2. The range of c A

(0.01,0.23) corresponds to a broad range of Penoise A (20,500).
Recent experiments of particle wrapping by a lipid membrane64

suggest a much narrower range of c A (0.03,0.06), corres-
ponding to Penoise A (65,130). Taking the median value of
Penoise C 100 for c= 0.045, Pe required for the ABP detachment
becomes Pedetach = Pemax � Penoise C 290. From simulations
of a single ABP adhered to a fluctuating membrane with e =
3.0kBT, the detachment force corresponds to Pe C 200. This Pe
value is in a reasonable agreement with the theoretical estimate
of Pedetach, taking into account that Penoise is very sensitive to
the choice of h and c. The transition from the non-linear to

linear increase in �l in Fig. 4(a) corresponds to Pe E 100. This
value is lower than the theoretical estimate, which is likely
due to the presence of frequent inter-ABP collisions at f = 0.18,
and enhanced membrane fluctuations facilitated by active

particles (see Section 3.3). Interestingly, a shift between the �l
curves for e = 0 and e 4 0 in Fig. 4(a) also corresponds to about
Pe C 100.

Since membrane tension is affected by the ABP adhesion, we
also compute the fraction r of particles which are in a direct
contact with the membrane, i.e. within a distance of 0.625s
from the membrane accounting for only one layer of ABPs. r is
measured every Dt = 0.1tr within the time range 0.4tr o t o 5tr,
and averaged over all time frames. Fig. 4(c) shows that r for
adhesive ABPs is nearly twice larger than for non-adhesive
particles at low Pe. As Pe is increased, r rapidly approaches
unity for the cases with e 4 0 and levels off for Pe 4 100, while
in the absence of adhesion, r reaches a value of 0.88 only at
Pe = 400. Therefore, adhesive interactions make a difference
even at large Pe. Although the fraction r of near-membrane
ABPs seem to follow the same trend for e = 0 and e 4 0, the
physical mechanisms are different. For e = 0, an increase in Pe
leads to an increase in the number of ABPs at the membrane
due to activity-induced accumulation of ABPs at surfaces.34,67

ABPs spend on average more time at the surface with increasing
Pe, since the escape times decrease with decreasing rotational
diffusion, leading to an increase in r. Furthermore, there exists
a feedback mechanism between particle accumulation and
membrane curvature,18,23 as the propulsion force exerted on
the membrane induces a larger local curvature and ABPs
accumulate in regions of the large curvature.35,36 For the cases
with e 4 0, this mechanism is also partially relevant, however,
already at low Pe, most of the particles are located at the
membrane due to adhesive interactions. The fraction r at low
Pe for adhesive ABPs in Fig. 4(c) does not reach unity because of
the strong wrapping of particles by the membrane, whose area
is insufficient for all ABPs at f = 0.18. As Pe is increased and
ABPs have a sufficient force to detach from the membrane,
near-equilibrium frozen ‘‘cauliflower’’ structures with strong
particle wrapping dissolve and the activity-induced accumula-
tion of ABPs results in r to approach unity. Note that even
though the fraction of ABPs at the membrane for e4 0 is larger
than that for e = 0, it does not contribute in the same way to

membrane tension. For e = 0, the larger is the fraction r, the
larger is the mean membrane tension �l due to an increasing
swim pressure. For e 4 0, even though an increase in Pe leads
to an increase in �l for the same reason, ABP adhesion reduces
mean membrane tension because of long-ranged adhesive
interactions discussed above. Moreover, at low Pe, a number
of adhered ABPs may temporarily be oriented away from the
membrane without detaching from it, which results in a
reduction of the total swim pressure. Fig. 5 shows the distribu-
tion of the projection e�r̂ of the orientation vector e of ABPs
onto their normalized radial position vector r̂ measured
from the center of mass of the vesicle. Positive/negative values
of e�r̂ correspond to ABP orientations toward/away from the
membrane (i.e. extensile/contractile stresses). Note that at low
Pe, there is a considerable fraction of ABPs in the first layer with
e�r̂ o 0, i.e. pointing away from the membrane, whereas in
the second layer, the vast majority of APBs points toward the
membrane. When ABPs arrive at the membrane from the bulk,
they must point toward the membrane and exert extensile
active stresses. At low Pe, and sufficiently strong adhesion,
such that the residence time at the membrane exceeds the
rotational diffusion time tr, ABPs in the first layer can re-orient
and exert forces away from the membrane, even though they do
not seem to destabilize the static shapes. At larger Pe, before
the re-orientation due to rotational diffusion can take place,
ABPs slide along the membrane and continue to exert extensile
stresses on the membrane, which is similar to the case of
e = 0.36 Furthermore, only ABPs that are in direct contact with
the membrane can exert contractile stresses due to adhesion.
In contrast, extensile stresses can come from all ABPs, inde-
pendently of their contact with the membrane. As a result, the
generated active tension is generally positive and increasing
with Pe, as shown in Fig. 4(a).

Fig. 5 Probability distribution of the projection e�r̂ of the orientation
vector e of ABPs onto their normalized radial position vector r̂ measured
from the center of mass of the vesicle. Positve/negative values of e�r̂
correspond to ABP orientations toward/away from the membrane. Solid/
dashed lines mark the distributions of ABPs that are in the first/second
particle layer from the membrane. Data are collected every Dt = 0.01tr

within the time range tr o t o 5tr.
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3.3 Vesicle shape fluctuations

In the fluctuating regime, we analyse vesicle shape changes by
computing the fluctuation spectrum of a membrane cross-
section, as outlined in Appendix C. Fluctuation spectra of active
vesicles at f = 0.18 are presented in Fig. 6 for various e and Pe
values. The fluctuation spectra can be divided into the three
regimes with respect to the mode number l: (i) low l t 10 where
the ABP activity or adhesion dominate, (ii) intermediate 10 t
l t ls where the competition between the ABP propulsion and
adhesion is important, with ls = 2pR/sC 50 being a wavelength
of the ABP size, and (iii) large l \ ls where passive bending
rigidity of the membrane dominates. At low mode numbers l t
10 and small Pe t 50 values, a plateau-like region is observed,
which is more pronounced for large adhesion strengths. This
indicates that large-wavelength fluctuations are suppressed in
the presence of adhesion at low Pe due to nearly non-dynamic
ABP clusters adhered to the membrane. The suppression of
large wavelength fluctuations has also been observed in cells
due to the presence of an underlying cytoskeleton.68,69 Thus,
the adhesion of particles to the membrane leads to a
membrane confinement effect, significantly reducing fluctua-
tions at low l modes. As Pe is increased, the ABPs attain
sufficient propulsion force to detach from the membrane,
accompanied by the disappearance of the plateau region at
low l. Furthermore, the exponent b of fluctuation modes at low
l A [2,8] becomes b o � 1 (see the inset in Fig. 6(a)), which is
a clear signature of active membrane fluctuations.18,19 b
decreases as a function of Pe, demonstrating the enhancement
of low-mode fluctuations due to ABP activity.

A shift in the fluctuation-spectrum curves for different
adhesion strengths and intermediate l values at Pe = 50 in
Fig. 6(b) is likely due to the fact that a number of adhered ABPs
can enhance membrane fluctuations by exerting temporary

forces in the direction away from the membrane without
detaching from it. Note that a reduction in tension for e 4 0
cannot significantly contribute to this shift in fluctuation
spectrum, because the effect of membrane tension is expected
to be present for l t 10–15,18 while the observed shift extends
significantly beyond those l values. Furthermore, for Pe = 200
and e = 2.5kBT in Fig. 6(b), the shift in fluctuation spectrum
nearly disappears despite the fact that the mean membrane
tension is significantly larger than in the case of Pe = 50 and
e = 0 (see Fig. 4(a)). This suggests that the combination of ABP
activity (i.e., applied forces in the direction away from the
membrane) and adhesion is responsible for the shift in fluctua-
tion spectrum for Pe t 100.

Another interesting feature in the fluctuation spectra in
Fig. 6 for adhesive ABPs with e 4 0 is the enhancement of
amplitudes al

2 at l C 40–60 corresponding to the ABP size,
since ls = 2pR/s C 50. This local enhancement in al

2 represents
the wrapping of adhesive ABPs by the membrane, as it is
consistently reduced at Pe = 200 in comparison to Pe = 50.
Finally, at large l, the squared fluctuation amplitudes decay as
l�3 irrespective of ABP adhesion or Pe, corresponding to the
bending-dominated regime of membrane fluctuations.

3.4 ABP clustering and mobility

Adhesion of ABPs to the membrane must decrease their overall
mobility. Fig. 7(a) presents distributions of fixed-time displace-
ments d of single ABPs for various Pe and e values in the
tethering regime. The displacements are calculated for a fixed
time interval Dt = 0.1tr (i.e. in the active-ballistic regime) within
the time range 0.4tr o t o 5tr. As expected, ABP mobility is
significantly reduced for the cases of e 4 0 in comparison
to non-adhesive ABPs, and the reduction in particle mobility
is more pronounced at low Pe, since adhesion interactions

Fig. 6 Mode spectra of vesicle-shape fluctuations for f = 0.18 at (a) e = 3.5kBT for different Pe values and at (b) Pe = 50 for different e values. Large
wavelength (low mode) fluctuations are suppressed at low Pe for a strong ABP adhesion, resulting in a plateau-like region at l t 10. The inset in (a) shows
the exponent b of low-mode fluctuations with increasing Pe. The error bars are estimated from the covariance matrix of the fitted model.61 The dashed
lines indicate the mode number ls = 2pR/s C 50, representing a wavelength of the ABP size.
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dominate over the ABP activity. The mobility of active particles
can also be reduced due to the formation of ABP clusters inside
the vesicle. Fig. 7(b) shows distributions of cluster sizes Nc

(i.e., the number of ABPs per single cluster) at large f for
various Pe and e in the fluctuating regime. The clustering
analysis is performed every Dt = 0.01tr within the time range
0.4tr o t o 5tr, where particles within a distance of 1.1s
are considered a part of the same cluster. In the absence of
adhesion (e = 0), an increase in Pe leads to an increased
accumulation of ABPs at the membrane, such that large clus-
ters are formed through a reduction in the number of small
clusters, as can be seen through the emergence of a peak at
large Nc for Pe = 100 in Fig. 7(b). For e4 0, ABP adhesion to the
membrane further facilitates the membrane-mediated formation
of large particle clusters, as in this case, a peak at large Nc develops
already at Pe = 50 in Fig. 7(b). As a result, adhesive interactions
generally enhance cluster formation in comparison to the case of
non-adhesive ABPs. Despite the strong tendency for cluster for-
mation at the membrane surface, there are no long-range ABP
velocity correlations beyond the size of clusters.

We also compute cluster asphericity C (see Appendix D for
details) to quantify the effect of ABP adhesion on cluster
shapes. Fig. 7(c) presents C as a function of Pe, and demon-
strates that adhesive interactions cause an increase in the
asphericity of ABP clusters. Thus, ABP clusters for e 4 0 attain

shapes, which are further away from a spherical geometry, in
agreement with the branched string-like arrangements of ABPs
in the tethering regime discussed in Section 3.1. For e = 0, ABPs
primarily cluster at the end of tethers as nearly spherical
aggregates. Interestingly, C for the case of adhesive ABPs first
increases and then decreases with increasing Pe. Characteristic
vesicle shapes are illustrated in Fig. 8 for different Pe. At low Pe,
ring-like ABP clusters (Fig. 8(a)) in the near-equilibrium cauli-
flower regime are observed and have the asphericity of about C
= 0.4. With increasing Pe, branched string-like clusters of ABPs
within membrane tubes develop with C 4 0.4, see Fig. 8(c).
At large Pe \ 200, ABP propulsion forces dominate over
adhesive interactions, so that the string-like structures are
destabilized and the ABPs cluster at the tether ends (Fig. 8(d))
with a reduced cluster asphericity. In conclusion, the results in
Fig. 7 clearly show that adhesive interactions of ABPs with the
membrane strongly alter the behavior of individual ABPs and
their clusters.

4. Summary and conclusions

Vesicles enclosing active particles exhibit a variety of dynamic
shape deformations, ranging from tethers to prolate and
bola-like shapes. Adhesive interactions between particles and

Fig. 7 (a) Distributions of fixed-time displacements d of single ABPs for different e and Pe values in the tethering regime for Dt = 0.1tr (tr E 0.1t).
(b) Distributions of cluster sizes Nc in the fluctuating regime at f = 0.18 for different Pe and e. (c) Mean cluster asphericity C as a function of Pe for e = 0
and e = 3.5kBT. The error bars correspond to the variance of the data collected over different time frames.

Fig. 8 Vesicle shapes for f = 0.04 and e = 3.5kBT at (a) Pe = 15 (see Movie S4, ESI†), (b) Pe = 50, (c) Pe = 150 (see Movie S1, ESI†), and (d) Pe = 300. Particle
structures change from membrane-wrapped ring-like arrangements to membrane-wrapped (branched) tubular aggregates, as Pe is increased. A further
increase in Pe leads to the detachment of ABPs from the membrane and their accumulation at the tether end. The left half of the membrane is made
transparent so that the arrangement of ABPs is visible.
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a vesicle in equilibrium can lead to strong, although static,
deformations of the vesicle, such as the formation of buds and
long tubular structures. In this work, we have combined the
effects of particle activity and adhesion to study the deforma-
tion and properties of vesicles enclosing adhesive ABPs. At low
propulsion forces of ABPs, adhesion interactions with the
membrane dominate, leading to the formation of membrane
structures (e.g., buds, tubes) which are similar to those in
equilibrium. Furthermore, due to the absence of a volume
constraint in our simulations, strong membrane deformations
with ring-like and sheet-like ABP structures occur for moderate
volume fractions of ABPs, which are governed by the balance of
adhesive interactions and energetic costs for membrane bend-
ing. As the propulsion of ABPs (or the Peclet number Pe) is
increased, the particles are able to detach from the membrane,
and the effects of adhesion become less dominant. A simple
estimation for the detachment force of a single ABP adhered to
the membrane based on theoretical arguments and simulations
yields the adhesion-dominated regime for Pe t 200 (depending
on membrane bending rigidity, adhesion strength, and particle
size). However, ABP-ABP collisions at large enough f and
enhanced membrane fluctuations due to the particle activity
further lower the characteristic Pe t 100 determining the
adhesion-dominated regime. In the tethering regime, adhesion
interactions between the membrane and ABPs significantly reduce
the characteristic Pe for tether formation in comparison to non-
adhesive ABPs. Furthermore, ABP adhesion favours the formation
of long branched tether structures partially or fully filled with
active particles for low to moderate volume fractions.

At large f, an increase in Pe first causes ‘melting’ of nearly
frozen particle structures within the vesicle at low Pe, such
that the vesicle attains a spherical shape with pronounced
membrane fluctuations. A further increase in Pe results in
elongated vesicle shapes or bola-like shapes which eventually
split into two daughter vesicles. Different from active vesicles
with non-adhesive ABPs, for which the fluctuating regime is
observed at low Pe across all f values, membrane fluctuations
in the presence of ABP adhesion take place only at f \ 0.07
and require some activation energy through a non-zero Pe.
The fluctuation spectrum at low Pe has a plateau at low
mode numbers because of a ‘caging’ effect due to the adhered
particles. ABP adhesion to the membrane leads to local
membrane compression with a slightly negative tension due
to long-ranged adhesive interactions, so that the mean vesicle
tension is lower in the case of adhesive ABPs than for non-
adhesive particles. With increasing Pe, the mean membrane
tension of the vesicle first has a non-linear dependence on Pe in
the adhesion dominated regime, followed by a linear increase
of the mean tension at large enough Pe \ 100, in agreement
with theoretical predictions from the Young-Laplace equation
in the case of non-adhesive ABPs.18,23 Furthermore, the adhesion
of ABPs to the membrane leads to a reduced particle mobility,
but enhances ABP clustering through membrane-mediated
interactions. Also, ABP clusters in the presence of adhesive
interactions have larger cluster asphericities than those for
non-adhesive ABPs, mainly due to the formation of branched

string-like structures of ABPs within membrane tubes in the
tethering regime. In conclusion, the presence of adhesive interac-
tions between ABPs and the membrane affects not only the phase
diagram of active vesicles, but also membrane characteristics (e.g.,
shape, tension) and ABP properties (e.g., mobility, clustering).

It is also important to mention several limitations of our
study. We have focused on membranes with low bending
rigidity, where the wrapping of particles is most pronounced.
An increased membrane bending rigidity would reduce the
degree of particle wrapping, and increase the adhesion strength
required for strong wrapping.39,40 Furthermore, the onset of
tether formation for stiffer membranes should be shifted
toward larger Pe numbers.18 However, we expect that the
qualitative behavior of active vesicles should remain similar.
Considering membrane fluidity, a change in membrane visc-
osity would modify the dynamics of active vesicle structures.
More importantly, hydrodynamic interactions (not taken into
account in this study) are expected to affect the dynamics of
active particles and the vesicle. If the membrane would possess
a non-zero shear elasticity, the tethering regime will be partially
or fully suppressed. These aspects of the behavior of active
vesicles require further investigation.

Active vesicles can be considered as a biomimetic model of
an ‘‘artificial cell’’ capable of non-equilibrium shape deforma-
tions, and can potentially act as biomimetic micro-robots.
Here, there exists a variety of applications ranging from bio-
engineered cell mimics to targeted drug-delivery systems.9,11,12

Clearly, particle adhesion serves as an additional parameter
for the control and tuning of the behavior of active vesicles.
An important consideration for future work is the role of
hydrodynamic interactions on shape-changes, particle mobi-
lity, and the possible motility of these active systems. For
example, cell motility is closely associated with dynamic mor-
phological changes of the cell.70,71 Moreover, rupture and
splitting of active vesicles need to be studied in the future to
properly capture the behavior of active vesicles at large particle
loading. Such studies will open the door for the design of
specific functionalities and possible applications.
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Appendices
Appendix A: distance between membrane particles and an
adhered ABP

The wrapped area Awrap of an adhered ABP is computed as the
number of membrane vertices within a cutoff distance radh
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from the ABP, multiplied by the vertex area Av = A0/Nv.
To estimate radh, Fig. 9 shows the distribution P(2r/s) of the
scaled distance 2r/s between an adhered ABP and membrane
vertices for a fully wrapped state at Pe = 0 and e = 8kBT. The
cutoff distance radh = 1.16s/2 for the calculation of Awrap is
defined as the mean of P(2r/s). radh is slightly larger than the
minimum of the LJ potential at r = 21/6s/2 due to contributions
from the other potentials representing membrane bending
resistance and local area conservation. The variance of the
distribution in Fig. 9 is m C 0.035s/2.

Appendix B: calculation of membrane tension

Membrane tension is calculated using the virial theorem.72 The
sum over virial contributions from the local area constraint is
given by

Vav ¼
X
a

f a;ai rai þ f a;aj raj þ f a;ak rak

D E
; (12)

where f a
i,j,k are forces at the vertices i, j and k of a triangle within

the membrane triangulation, and a = x, y, or z represents the
three coordinates. For elastic bond forces f b, the virial con-
tribution Vb is

Vb ¼
X
a

f b;ai rai þ f b;aj raj

D E
: (13)

The total virial contribution from the forces at each vertex is
then V = Vav/3 + Vb/2. The tension of the membrane is calculated
as a spatial and temporal average of the local stresses as

l ¼ 1

2ai
ðViðtÞ þ 2kBTÞ

� �
i;t

; (14)

where the factor two is due to the dimensionality of the
membrane, Vi(t) is the virial contribution at vertex i at time t,
and ai is the area of the dual cell, which is approximated by
considering that each neighbouring triangle to the vertex con-
tributes roughly one third to the area. The contribution from
momentum transfer (2kBT) is approximated by using the

equipartition theorem. The contributions from the bending
energy, volume conservation, and global area conservation are
not considered for membrane tension, because the bending
forces mainly act perpendicular to the tension plane, while the
global area and volume constraints have not been used in the
simulations.

Appendix C: membrane shape fluctuations

The membrane shape fluctuations are measured by consider-
ing 2D sections of the vesicle contour in the x, y, and z
directions. The sections are made every Dt = 0.01tr within the
time range of 0.4tr o t o 5tr. The local membrane position in
these contours is given by r(ym), where ym = 2pm/n and 2p/n is
the angle for contour discretisation. The fluctuation mode
amplitudes al are given by the decomposition73–75

al ¼
1

n

Xn�1
m¼0

rðymÞ exp
�2pilm

n

� �
: (15)

The complex modes al are calculated using the open-source
FFTW76 library, and are averaged over different time frames.

Appendix D: asphericity of ABP clusters

Shapes of ABP clusters are quantified by their asphericity. The
asphericity is calculated from the gyration tensor G, which is
based on the second moments of N particle positions as

Gxy �
1

N

XN
i¼1

rixr
i
y; (16)

where r is measured from the center of mass of the N-particle

system, i.e.
PN
i¼1

ri ¼ 0. Let l1, l2, and l3 be the eigenvalues of G.

Then, the asphericty C is defined as77

C ¼ ðl1 � l2Þ2 þ ðl2 � l3Þ2 þ ðl1 � l3Þ2
2ðl1 þ l2 þ l3Þ2

: (17)

Values of C range between 0 and 1, with C = 0 for a perfectly
spherical shape, C = 1 for a long thin rod, and C = 0.25 for a
thin plate.

Appendix E: description of movies

All movies are for an adhesion strength of e = 3.5kBT.
Movie S1 (ESI†): Formation of dynamic and highly branched

tether structures at Pe = 150 and f = 0.04. As ABP motion along
the tether is limited due to their string-like arrangement,
rotational diffusion of the ABPs facilitates tether branching in
contrast to ABP escape from the tether for e = 0.

Movie S2 (ESI†): Tether formation at Pe = 300 and f = 0.009.
ABPs can escape from a tether and join new tethers due to their
rotational diffusion.

Movie S3 (ESI†): Vesicle elongation followed by splitting in
the bola regime at Pe = 200 and f = 0.12.

Movie S4 (ESI†): Formation of nearly static ring-like structures
of ABPs at Pe = 15 and f = 0.04.

Fig. 9 Distribution function P(2r/s) of the scaled distance 2r/s between
an adhered ABP and membrane vertices for a fully wrapped state at Pe = 0
and e = 8kBT.

Paper Soft Matter

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

5 
A

pr
il 

20
23

. D
ow

nl
oa

de
d 

on
 7

/3
1/

20
25

 2
:0

4:
44

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d3sm00004d


3448 |  Soft Matter, 2023, 19, 3436–3449 This journal is © The Royal Society of Chemistry 2023

Acknowledgements

We thank Thorsten Auth and Roland G. Winkler for many
helpful discussions. The authors gratefully acknowledge the
computing time granted through JARA on the supercomputer
JURECA78 at Forschungszentrum Jülich.

Notes and references

1 S. Ramaswamy, Annu. Rev. Condens. Matter Phys., 2010, 1,
323–345.
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