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Strain hardening in biaxially stretched elastomers
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We reveal strain hardening due to strain-induced crystallization (SIC) in both cross-linked natural rubber
(NR) and its synthetic analogue (IR) under planar extension, a type of biaxial stretching where the rubber
is stretched in one direction while maintaining the dimension in the other direction unchanged. Utilizing
a bespoke biaxial tensile tester, planar extension tests were conducted on geometrically designed and
optimally shaped sheet specimens to achieve a uniform and highly strained field. Evident strain
hardening due to SIC was observed in both stretching (x) and constrained (y) directions when the stretch
(A4x) exceeded a critical value A, .. The A, value aligned with the onset stretch of SIC in planar extension,
as determined by wide-angle X-ray scattering measurements. Interestingly, the nominal stress ratio
between the constrained (g,) and stretching (o)) axes as a function of A, exhibited a distinct minimum
near A . This minimum signifies that the increment of g, induced by an increase in A, surpasses that of
g, before strain hardening (A, < A,.c), while the relationship is reversed in the strain hardening region (4, >
Axc). The 2, value in planar extension (4.7 for IR and 4.5 for NR) was slightly lower than that in uniaxial
extension (5.7 for IR and 5.2 for NR). This difference in A, values can be explained by considering
a single mechanical work required for strain hardening, owing to the relatively small dissimilarities
between the two stretching modes. This investigation contributes significantly to the understanding of
SIC phenomena in biaxial stretching, and provides valuable insights for predicting the mechanical
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Introduction

Cis(1,4-polyisoprene) rubber, a major constituent of natural
rubber (NR) derived from Hevea brasiliensis, exhibits a unique
property of partial crystallization when subjected to a suffi-
ciently high degree of uniaxial loading." The resulting crystals
melt upon release of the applied load. This phenomenon
termed strain-induced crystallization (SIC) has been investi-
gated by many researchers.>* A noteworthy advantage of SIC is
the consequent strain hardening, resulting in substantial
mechanical reinforcement. Specifically, the region proximate to
the crack-tip undergoing high strain experiences SIC, thereby
forming an effective barrier against further crack
propagation.’®?* This fascinating self-reinforcement mecha-
nism justifies the widespread use of NR and its synthetic
analogue (IR) in rubber products such as tires,> where elevated
reliability is crucial for safety. Despite the widespread utiliza-
tion, our understanding of SIC phenomena in the face of
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response of SIC rubber under various deformation conditions.

complex deformation, beyond simple uniaxial stretching,
remains limited.

Biaxial stretching with various combinations of two principal
strains offers a definitive framework for comprehending the
nonlinear elasticity of hyperelastic materials like elastomers.**
As general biaxial strain covers the entire regime of physically
feasible deformation for incompressible materials such as
rubbers, it offers invaluable insights. A recent study by Chen
et al.*® explored SIC in NR under various biaxial deformations,
employing wide-angle X-ray scattering (WAXS) technique. They
revealed a correlation between the onset strain for SIC and the
biaxiality of applied strains; SIC onset strain increases as the
applied strains reached equibiaxial. Curiously, no SIC was
observed during equibiaxial stretching, even at high strain
levels. These observations defy explanation by classical theory,
which primarily focuses on the mechanical work necessitated
for deformation due to a reduction in the configurational
entropy of flexible polymer strands in rubber networks.>® To
interpret their results, one must account for the directional
effects of applied strains alongside factors like mechanical work
or stored energy.”” The stress—strain behavior in biaxial defor-
mations was not investigated in ref. 25.

SIC under uniaxial tension is known to induce considerable
strain hardening, evident as a stress upturn in stress-strain
curves. While numerous studies have reported the effects of SIC
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on mechanical properties, the context is often restricted to
uniaxial tension."**** However, it is essential to recognize that
uniaxial deformation is just one of accessible deformations of
elastomers, and the experiments relying solely uniaxial defor-
mation provide only a partial understanding of the broader
nonlinear stress-strain behavior. Rubber products experience
complex deformations, including unequal biaxial stretching in
two orthogonal directions. This type of deformation can yield
valuable insights into the nonlinear elasticity of materials.
However, there has been a lack of research on the stress-strain
behavior under biaxial stretching undergoing SIC, despite its
significance. A limited number of studies have conducted the
biaxial tensile tests but exclusively for non-SIC elastomers,*%*
mainly due to the specialized nature of the required instru-
ments. Furthermore, the need to apply considerable stretch in
biaxial tensile tests to investigate SIC effects has hindered the
experimental assessments of the impact of SIC on nonlinear
elasticity. The present authors have previously studied the
nonlinear stress—strain behavior of a variety of elastomers using
a custom-built biaxial tensile tester.***® However, the effects of
SIC have remained unexplored due to its maximum stretch limit
of approximately 3, which falls short of the expected onset
stretch of SIC.

In this study, we have innovatively designed a sample
geometry characterized by a central thin region, surrounded by
a significantly thicker area. When globally stretched, this
geometry ensures the dominant and high stretching of the thin
central region which can exceed the onset stretch of SIC.
Moreover, the specimen shape has been optimized to guarantee
a uniform strain field in this central area. Our investigations
focus on analyzing the effects of SIC on stresses in two
orthogonal directions during planar extension, a specific form
of biaxial stretching where the specimen stretches in one
direction while maintaining unchanged dimensions in the
other. Typically, this deformation state can be achieved by
conventionally stretching of a wide sheet specimen uniaxially in
the length direction, a process known as “pure shear stretch-
ing”. However, in this “pure shear stretching”, it is important to
note that only tensile stress in the stretching direction is ob-
tained, providing no information about the SIC effect on biaxial
stresses. In our unique experimental setup, we demonstrate
that NR and IR specimens exhibit pronounced strain hardening
due to SIC in both the tensile and constrained directions under
planar extension. To our knowledge, this is the first experi-
mental observation of significant strain hardening behavior
induced by SIC under biaxial stretching. The results contribute
to a comprehensive understanding of the SIC phenomena and
lay the background for predicting the mechanical response of
SIC rubber under various deformation conditions.

Experimental section

The preparation of rubber sheet specimens, referred to as NR
and IR, involved the following components: ribbed smoked
sheet (RSS#3) NR gum or IR2200 gum from ENEOS Material Co.,
stearic acid (2 parts per hundred rubber, phr), zinc oxide (ZnO,
5.0 phr; Toho Zinc), polymerized 2,2,4-trimethyl-1,2-
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dihydroquinoline (TMDQ, 0.3 phr; Kawaguchi Chemical
Industry), N-1,3-dimethylbutyl-N-phenyl-p-phenylenediamine
(6PPD, 1 phr; Ouchi Shiko Chemical Industry), N-cyclohexyl-2-
benzothiazole sulfenamide (CBS, 1.5 phr; Ouchi Shiko Chem-
ical Industry), and sulfur (1.5 phr; Tsurumi Chemical Industry).
The procedure for mixing and curing these ingredients is
referenced in a previous publication.>*® Table 1 lists the initial
Young's modulus (E) for each specimen obtained from uniaxial
tensile stress-strain relationship for rectangular strip
specimen.

In order to create the required specimen for testing,
a customized metal mold was employed. This mold generated
a rectangular sample featuring a thin central region of 0.05 mm
thickness and dimensions of 15 mm squares, surrounded by
a comparatively thicker area of 2 mm thickness and dimensions
of 68 mm squares (Fig. 1a). This particular design enables the
specimens to predominantly stretch within the thin central
area, achieved by applying global stretch.

Results and discussion

Our custom-built biaxial tensile tester, which utilizes 20 chucks
to secure the rectangular sheet specimens, is depicted in
Fig. 1b. The comprehensive description of this biaxial tensile
tester can be found in a previous publication.***® For conven-
tional rubber sheets with uniform thickness, the maximum
attainable stretch only extends to approximately 3.5. This
stretch magnitude falls short in providing a comprehensive
investigation of stress-strain behavior during high elongation
where SIC occurs.

To rectify this, we optimized the sample shape, employing
precision cutting techniques on the rectangular sheet to attain
a uniform strain distribution in the thinner area during planar
extension (Fig. 1b). The deformation during stretching in the
thinner area is considerably elevated in comparison to the
thicker, cut area, thereby facilitating an amplified local strain in
the thinner area relative to both the thicker area and the global
strain inferred from chuck displacements. Consequently, the
thicker cut area effectively serves the function of pseudo-
chucks. Fig. 1b indicates that a series of pseudo-chucks is
generated from the thicker material, including x and x" along
the x-direction, y; and y'; (where i = 1, 2) along the y-direction,
and ¢; and ¢; (where i = 1, 2) along the diagonal direction. These
diagonal-chucks are crucial for achieving uniform strain near
the corner of the thinner area. The x- and y-chucks, on the other
hand, are responsible for capturing the response forces along
the x- and y-directions, respectively. As demonstrated in Fig. 1b,
the pseudo-chucks are associated with their corresponding
chucks on the biaxial tensile tester. The rubber sheets were

Table 1 Characteristics of IR and NR specimens

We(P) We(U)
Rubber E (MPa) Ax,c(P) Ax,c(U) (MPa) (MPa)
IR 1.42 4.7 5.7 5.1 5.9
NR 1.68 4.5 5.2 5.3 5.6
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(a) 683mm NR specimen
Side view: _ _I 2 mm
0.0Smm
(b) Undeformed
Thick area
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I
X Deformed
Ay =2.55; Jy=5.56
X,= Y, (5 mm) - By
Y=Y, e
oi'.—b 3
X=Xy x A (mm)

Fig. 1

(a) Illustration of the sample geometry generated from a customized metal mold, consisting of a central thin region (0.05 mm thickness,

15 mm square dimensions) embedded within a thicker area (2 mm thickness, 68 mm square dimensions), designed to achieve higher strain within
the thin region under biaxial extension. (b) The sample shape was optimized by cutting the sample in (a) to attain a uniform strain distribution in
the thin region when subjected to planar extension in a bespoke biaxial tensile tester. The planar stretching of a cutting-designed sample with the

pseudo-chucks in the x- (x and x)), y-

(y;andy’;, where i =1, 2) and diagonal- (c;and ¢;, where i = 1, 2) directions by using the biaxial tensile tester.
(c) The real stretch (2,) within the thinner region as a function of the global stretch (4,

) along x-direction. The /4, was measured from the

displacement of the x-chucks. The 2, (=X/X,) in the thinner area was measured based on the local square grids shown in (b).

firmly gripped by the metal chucks. The grip pressure was
adjusted using a torque-controllable driver to ensure equal and
optimized pressure at all the chucks. The measurements were
conducted at 25 °C. We employed a constant crosshead speed of
0.1 mm s~ ', equivalent to an initial strain rate of approximately
7 x 107 577, for stretching. This deliberately slow strain rate
ensured the attainment of a quasi-equilibrium stress-strain
relationship, effectively minimizing the stress relaxation effect
that typically occurs during stretching. We confirmed the
reproducibility of the stress-strain data by conducting the tests
on more than five samples for each type of rubber.

In planar extension, the material is uniaxially extended in
the x-direction while the y-dimension remains constant. As
demonstrated in Fig. 1b, the thinner region undergoes satis-
factorily uniform planar extension under a global stretch (/,) of
2.55 between the x-chucks. By examining the alterations in the
dimensions of local grid sections with an initial cell-dimension
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of X, = Y, = 5 mm, we assessed the stretch within the thinner
region: A, = X/X,. As Fig. 1c reveals, A, values are substantially
higher—more than double the /, values—primarily due to the
stark thickness contrast between the thin central and thick
surrounding areas. Apart from the high A, regime, a linear
correlation was observed, and the fitted curve was used as
a calibration curve for local strain measurement. Utilizing this
specialized geometry, we were able to achieve an elevated
stretch, exceeding a value of 5 during planar extension. This
stretch magnitude is sufficiently high to induce SIC, which will
be demonstrated later. However, when A, surpasses approxi-
mately 6 at 4, > 2.8, the strain field within the thinner region
becomes noticeably non-uniform. Consequently, we concen-
trated our study on the planar stretching behavior where A, < 5.9
for IR and A, < 5.5 for NR, ensuring a satisfactorily uniform
strain field in the thinner region.

© 2023 The Author(s). Published by the Royal Society of Chemistry
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The pronounced thickness disparity, which presents
a significant ratio of 40, enables a sufficiently precise estimation
of tensile forces (f; and f}) exerted on the thinner region due to
a stretch of /,, as expressed in the following straightforward
subtraction:

Fild) =£7(A) — £ (A (i = x, ) (1)

In this equation, £ (i = x, y) represents the total force exerted
on the entire specimen, whereas f; denotes the force associated
with the hollowed-out specimen that lacks the central thin
region. Eqn (1) disregards any contribution stemming from the
transitional boundary between the thick and thinner areas. The
fi — 4, relationships were acquired through planar extension
testing conducted on a specimen from which the central thin
region had been excised. Fig. 2a and b illustrates f* and f" as
a function of /4, for IR and NR, respectively. The ]S,* values
appear exceedingly small since the hollow structure, under the
conditions of planar extension, does not contribute to any
significant force in the constrained y-direction.

The transformation of the f; — A, data, obtained from eqn (1),
into the nominal stress o; — A, (i = x, y) relationship necessitates
the effective cross-sectional area in the undeformed state (S, or
S,.) respective to the force in each direction: o, = f,/S,, and o, =
Jfy/Sxz- In this unique geometry, directly assessing the values of
S, and S, proves challenging. To address this, we utilized the o;
— A (i = x, y) data obtained from the rectangular flat sheet
specimens of NR and IR, as depicted by the green solid lines in
Fig. 3. Due to the limitation in applicable displacement, the
maximum A, within the data was restricted to 3.5. In Fig. 3, the
values of Sy, and S, were determined as an adjustable propor-
tional constant in such a way that the ¢; — A, (i = x, y) data
derived from the f; — A, data would align with the corresponding
data from the rectangular flat sheet samples: Sy, = 6.09 x 10™°
m?, S, = 2.86 x 10 ° m? for IR, and S, = 9.07 x 10~ * m?, S, =

(a) IR

20

* %
4
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3.20 x 10~® m? for NR. The resultant o; — 4, (i = x, ) curves
nearly coincide with those of the corresponding flat sheet
specimen at A, < 3.5. This congruence validates the employed
procedure.

The stress—stretch curves, derived from the above procedure,
display a notable stress upturn at high elongation in both x- and
y-directions in IR and NR (Fig. 3). The onset stretch value for
stress upturn for IR or NR [, (P)] is approximated to be 4.5 and
4.7, respectively, from the cross point of the straight lines fitted
to the data below and above A,.(P). Confirmation of strain-
induced crystallization (SIC) occurrence in planar extension
was provided by wide-angle X-ray scattering (WAXS) experi-
ments conducted on an IR specimen of identical composition.*
As depicted in the inset of Fig. 3a, the WAXS experiments
revealed that the onset of SIC in planar extension occurs at A, =
4.6, marked with the emergence of the (200) diffraction pattern
from the SIC crystal.*® This A, value closely align with the A, (P)
value of the IR sample [, (P) = 4.7]. This agreement confirms
that the observed stress upturn is indeed a consequence of SIC.
Significantly, the stress upturn is not solely confined to the
stretching (x) direction but is also present in the constraint (y)
direction in planar extension. This marks the first observation
of the stress upturn induced by SIC in biaxial stretching of
elastomers. While it is known that the finite extensibility of
network strands and the filler reinforcement can also lead to
appreciable stress upturn,”**** these factors have been
excluded in this study because the rubber specimens include no
filler, and the onset stretch values for SIC and the stress upturn
are in alignment with each other.

Fig. 4 presents the nominal-stress ratio g,/0, as a function of
A, in planar extension for IR and NR at finite stretching of 1, > 2.
To compute a,/0,, we utilized the smoothed curves of o, and g,
by a polynomial function in Fig. 3 (depicted by black solid lines)
in order to circumvent the substantial scatter in the ratio values,

(b) NR

famn)
& z
= =
> =
= =
I a0 L
— N
* *
. 5 3
0
1 15 2 2.5 3 1 1.5 2 2.5 3
Ay Ay
Fig. 2 Tensile forces exerted on the entire specimen (fi**; i = x, y) and on the specimen from which the thin area is excised (f;,‘ i=x,Yy) as

a function of global stretch (4,) in planar extension for (a) IR and (b) NR. The insets show the magnification forj;** andg.

© 2023 The Author(s). Published by the Royal Society of Chemistry

RSC Adv, 2023, 13, 34630-34636 | 34633


http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d3ra07173a

Open Access Article. Published on 27 November 2023. Downloaded on 1/22/2026 8:25:25 PM.

Thisarticleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

(cc)

RSC Advances

(a) IR
I
L5 Planar extension
6 rs ®f v
:-‘E 6
[ &
5 (£«
s SIC onset
w IR 2 _
T [8 Ax—4.51
sS4 r e
;; r 2 3 4
23 |
° C
2t
L |
0
1 2 3 4 5 6 7
A

View Article Online

Paper

(b) NR

1 2 3 4 5 6 7
A

X

Fig. 3 Nominal stress—stretch curves in planar (P) extension for (a) NR and (b) IR in the thin area obtained from the data in Fig. 2 using egn (1). The
green lines represent the corresponding curves obtained for a rectangular flat sheet specimen in which the maximum stretch remains 3.5 due to
the restriction of applicable stretch. The black lines depict the smoothed curves obtained by fitting a polynomial function. The orange line
represents the nominal stress—stretch curve in uniaxial (U) extension obtained for a rectangular specimen (x x y x z =65 x 6.0 x 1.0 mm?). The
arrows indicate the onset stretch values (1, o) of stress upturn. The inset in (a) shows the stretch-dependence of the peak area of the crystal (200)
diffraction in the wide-angle X-ray scattering measurements during planar extension of the IR with the same composition. The onset stretch of
SIC is determined to be 4.5, as indicated by the evolution of the (200) diffraction peak. The corresponding WAXS data were reproduced from ref.
20. The proximity of the A, .(P) value to the onset stretch of SIC provides compelling evidence that the observed stress upturn results from SIC.

0.6

0.2 +

01 IS T T Y Y N SO T AN TN T T T |
. I I 1

Fig. 4 Stress ratio (g,/0,) as a function of stretch in planar extension
for NR and IR. The data of the smoothed curves in Fig. 3 were
employed to compute the stress ratio. The arrows indicate the posi-
tions of the minimum.
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given that both the denominator and numerator involve
considerable scattering. Notably, each curve displays
a minimum near the onset stretch of strain hardening [A, .(P)].
In the moderate stretching phase, preceding the onset of strain
hardening, the stress ratio decreases as A, increases. This
indicates that the increment in nominal stress (that is, tensile
force) generated by an increase in stretch in the x direction (do,/
dA,) surpasses that in the constrained y-direction (do,/d4,). In
contrast, at high stretching phase where strain hardening
occurs, the relationship is reversed with doy/dA, exceeding do,/
dA,. The manifestation of a minimum of /0, around A, .(P),
evident in both NR and IR, implies a universal characteristic for
SIC rubber.

Fig. 3 incorporates the uniaxial stress-stretch curves ob-
tained from the corresponding rectangular flat specimens. The
stress upturn in uniaxial extension occurs at a slightly higher
stretch compared to planar extension for each type of rubber:
Axc(U) for IR and NR are estimated to be 5.2 and 5.7, respec-
tively, using the same method as for A, (P). The A, .(U) values for
both rubbers are slightly higher the corresponding A, .(P)
values. The mechanical work required for the stretching up to
Arc (denoted as W) in each stretching mode can be calculated
by the corresponding area under the ¢,-A, curve: In planar
extension, g, does not contribute to W, due to the absence of
dimensional change in the y-direction. The W, values are listed
in Table 1. In each rubber, W.(U) is somewhat larger but
comparable to W,(P), suggesting no substantial difference in W,
between these two modes. Therefore, the difference in A,

© 2023 The Author(s). Published by the Royal Society of Chemistry
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between these two modes can be reasonably explained by
a single value of mechanical work required for strain hardening:
When evaluated at the same W, the necessary A, in planar
stretching is less than that in uniaxial stretching because the
corresponding f, in planar stretching is larger due to the y-
direction constraint. However, according to a study by Chen
et al.,”® unfilled NR did not exhibit SIC under equal biaxial
stretching at 25 °C, as shown by their WAXS results. Their
results imply that NR under equibiaxial stretching does not
undergo strain hardening through SIC, even when subjected to
the mechanical work of W,.. Therefore, the disparity in 4,.
cannot be solely attributed to a single value of mechanical work
required for SIC. While planar extension can be classified as
a form of unequally biaxial extension, it remains similar to
uniaxial extension due to the limited stretch in the y-direction.
Hence, the rationale for the difference in A, . based on a single
mechanical work applies only to the stretching modes which
exhibit relatively minor dissimilarities.

Summary

We investigated the nonlinear stress-strain behavior of natural
rubber (NR) and its synthetic analogue (IR) specimens sub-
jected to planar extension, a type of biaxial stretching where the
rubber is stretched in one direction while the dimension in the
other direction remains unchanged. We observed significant
strain hardening in both directions, which was attributed to
SIC. Interestingly, we found that the ratio of nominal stress in
the constrained axis (o)) to that in the stretching axis (o)
exhibits a distinct minimum near the onset stretch of stain
hardening (A). This indicates that the increment of ¢, caused
by an increase in A, is larger than that of o), at A, < A, ., while the
relation is reversed at A, > A, . with do,/dA, surpassing do,/dA,.
Comparing the A, . values in planar and uniaxial stretching, we
observe that A, . in planar extension was slightly smaller. The
difference in these A, . values could be explained by considering
a single mechanical work required for strain hardening, as
these two modes exhibit relatively small dissimilarities. The
results contribute to our understanding of how SIC impacts
nonlinear stress-strain behavior, offering a basis for predicting
the mechanical response of SIC rubber under various defor-
mation conditions.

To gain further insights into the role of SIC in the nonlinear
elasticity of rubber materials, it is essential to conduct biaxial
stretching tests with various combinations of principal strains
in addition to planar extension. Our bespoke biaxial tensile
tester has limitations, however, the sample geometry optimized
for planar extension cannot be directly applied to other types of
biaxial extension. Each mode of biaxial extension requires its
own optimized sample geometry, which presents a challenge in
the investigations under biaxial stretching with various
combinations of the two principal strains. Nevertheless, for
a comprehensive understanding of SIC phenomena, it is crucial
to investigate the nonlinear stress-strain behavior under
various types of deformation, accompanied by corresponding
structural analysis such as WAXS.

© 2023 The Author(s). Published by the Royal Society of Chemistry
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