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hts into the amplified optical gain
of hexagonal germanium by strain engineering†

Rishikanta Mayengbam, Chuan Seng Tan and Weijun Fan *

Strain engineering is a versatile technique used to tune the electronic and optical attributes of

a semiconductor. A proper degree of strain can induce the optimum amount of gain necessary for light-

emitting applications. Particularly, photonic integrated chips require an efficient light-emitting material

that can be easily assimilated into complementary metal-oxide semiconductor (CMOS) technology.

Germanium falls in the same group of the periodic table as silicon, and thus, it completely complies with

Si technology. Hence, we investigated extensively the electronic and optical properties of hexagonal

germanium for both compressive and tensile strains using density functional theory. The electronic

bandstructure, dielectric function, absorption, and reflectivity were calculated by employing a modified

Becke–Johnson (mBJ) potential including spin–orbit coupling for uniaxial strains ±0.5–5%. We

calculated the effective masses at various symmetry points and determined other band parameters,

including the crystal field splitting and spin–orbit splitting energies. The partial, projected, and total

density of states were discussed in great depth to unveil the characteristics of the energy states that take

part in optical transitions. Finally, the optical gain for the semiconductor was calculated as a function of

strain. After the band inversion phenomenon, hex-Ge generates a huge increase in the amplification and

bandwidth of optical gain. This results from the increased electron concentration in G−
7c state and

enhanced momentum matrix between the p-character valence states and sp-hybridized states of the

conduction band. Conduction band to light hole recombination is observed to improve the light

emission to a great extent.
1. Introduction

In recent years, the integration of an efficient optical device into
complementary metal-oxide semiconductor (CMOS) technology
has gained high technological interest.1 Perhaps, this could
possibly address the growing high-data transmissions and high-
speed interconnections for signal processing and high-
performance computing.2 However, photonic integration for
microelectronics and optical communication technologies
requires on-chip laser materials with efficient emitting power
and compatibility with CMOS technology.3 Under the ambient
conditions, cubic diamond structure (space group Fd�3m) of
silicon has an indirect band gap of 1.1 eV; therefore, it does not
emit light efficiently.4 Even the material remains indirect if the
structure is changed to hexagonal with space group P63/mmc.5

Germanium, belonging to the same group, possesses a similar
electronic conguration as that of silicon and so conforms to Si
technology.6 Similar to Si, Ge naturally occurrs in the cubic
phase and has an indirect band gap of 0.7 eV.7 However,
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hexagonal Ge (hex-Ge) has been reported to have a direct band
gap of around 0.3 eV, which lies in the mid-infrared region.8

Earliest preparation of the crystal was performed using strain-
induced and low-pressure ultraviolet laser ablation
methods.9,10 Surprisingly, high quality crystals of hex-Ge have
been successfully grown over III–V semiconductors via crystal
transfer methods and epitaxy methods.11,12 Undoubtedly, the
direct nature of the bandgap has great signicance for laser
materials to be used as an optical source.13 In addition, other
material aspects, such as wavelength tunability, allowed tran-
sitions, and radiative recombination rates, are also critical for
efficient light emission and implementation in different
infrared regimes.11,14 To engineer and optimize the material
characteristics of the semiconductor for better harness, strain-
ing, nanostructuring, alloying, and amorphization have proved
to be effective strategies.8,15 By alloying germanium with several
other atoms, it has been possible to chemically tune the band
structure and bring about favorable changes in the optoelec-
tronic performance of the device structure.11,16,17 Overall, strain
engineering has become a highly promising method for
achieving the optimal band gap and enhancing gain in emis-
sion. For instance, the electronic properties of strained cubic Ge
thin lms have been investigated both theoretically and exper-
imentally.18 Similarly, the transport and optical properties were
© 2023 The Author(s). Published by the Royal Society of Chemistry
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studied for lasing action and interband absorption.19 Tensile
strain has been extensively studied in germanium for its
potential to engineer the bandgap and improve the efficiency of
light emission.20–22 Tahini et al. showed that moderate uniaxial
strain along the [111] direction transforms Ge into a direct
bandgap material.23 Similarly, tensile strain induces a direct
bandgap in (100) and (110) strained GeSn, while compressive
strain has a positive effect on (111) orientation.24 Moreover, Ge
nanowires have been investigated to explore the effect of
uniaxial strain on the bandgap and effective masses.25 Lately,
the electronic, and optical properties of hex-Ge have been
accurately explored using both the hybrid Heyd–Scuseria–Ern-
zerhof (HSE) functional and modied Becke–Johnson exchange
potential (MBJ).8 Later, Suckert et al. also studied the effects of
hydrostatic pressure, biaxial strain, and uniaxial strain.14 Like-
wise, Belabbes et al. evaluated the interband transition energies
for uniaxially strained lonsdaleite germanium and Ge–Si alloy.26

However, a thorough understanding of the structure–property
relationship of uniaxially strained hexagonal germanium is
essential to effectively comprehend the potential characteristics
of light-emitting materials.

In this work, we present a systematic and thorough analysis
of the electronic and optical properties of the hex-Ge under
uniaxial compressive and tensile strains. The carefully opti-
mized strained and unstrained lattice structures were used to
predict the electronic and optical properties. The study of the
density of states helped to understand the electronic band
structure more intuitively. Under the application of strain, the
variation caused in the conduction band and the valence bands
are realized by means of the partial, projected, and total density
of states, crystal eld energies, spin–orbit splitting energies,
and effective masses. The optical properties were explored using
the dielectric function, absorption, and refractive index. To
assess the performance of the light-emitting device, we dis-
cussed the optical gain of hex-Ge under various degrees of
uniaxial strains.
2. Computational details

All the calculations were performed using the Vienna Ab initio
Simulation Package (VASP), based on the plane wave method
within density-functional theory (DFT).27 The projector
augmented wave method was used to describe the interactions
of core electrons and valence electrons with a plane-wave energy
cutoff of 500 eV. The outermost electrons Ge (3d104s24p2) were
treated for the expansion of wave functions. A well-converged k-
point mesh of 12 × 12 × 6 Monkhorst–Pack was employed for
Brillouin-zone integration. The self-consistent eld equations
were performed with the Gaussian smearing technique to ach-
ieve total energy convergence of 10−6 eV per atom. The pristine
structure was optimized by relaxing ions, volume, and shape
whereas optimized geometries for strained structures were ob-
tained by carrying out restricted ionic relaxations on a few
degrees of freedom. The conjugate-gradient algorithm was used
for structural optimization to ensure that the force on each
atom was less than 5 meV Å−1.
© 2023 The Author(s). Published by the Royal Society of Chemistry
The structural and elastic properties were determined using
the generalized gradient approximation (GGA) with Perdew–
Burke–Ernzerhof revised for solids (PBE-sol) exchange–correla-
tion functional, which is proved very accurate for the prediction
of lonsdaleite germanium.28 In principle, the spin–orbit
coupling has been reported to have no signicant impact on the
lattice constants, and thereby, has been neglected in structural
and elastic calculations.8 Contrarily, the electronic band struc-
tures have been calculated with the modied Becke–Johnson
(mBJ) potential with the incorporation of spin–orbit coupling.29

The semi-local meta-GGA functional is known to produce highly
accurate band gap values for a wide range of semiconducting
materials. This can be attributed to the inclusion of orbital-
dependent model corrections, which are not present in stan-
dard local density approximation (LDA) or GGA functionals.30

Furthermore, the MBJ functional also does not require solving
a large number of Poisson equations in contrast to hybrid
functionals and Gross–Weizsäcker (GW) approximations and
thus, is computationally efficient.

In this work, tensile and compressive strains were applied
along the lattice c-axis and atomic coordinates were relaxed.
Tensile is represented as positive (+) and compression as
negative (−) strains. The uniaxial strains were implemented
stepwise with magnitudes from −5% to 5%. Then, the relaxed
structures were used to calculate the electronic and optical
properties.
3. Results and discussion
3.1 Structural and elastic properties

In a unit cell of hex-Ge, each Ge atom is tetrahedrally bonded by
other Ge atoms as shown in the conventional cell in Fig. 1(a).
The crystal with the space group: 194 (P63/mmc) has an AB
stacking of Ge bilayers, which is in contrast to the ABC stacking
exhibited by cubic Ge.8 To check the accuracy, we calculated the
lattice parameters of hex-Ge using both the standard PBE and
PBE-sol functionals. Our predicted lattice parameters shown in
Table 1 and calculated using PBE-sol are in excellent agreement
with the experimental values.11 Moreover, the ve independent
elastic constants, C11, C12, C13, C44, and C66 for hex-Ge were
calculated using the rst principles approach and compared
with the existing theoretical results in Table 2.14,31 Elastic
constants and moduli decrease with compression and increase
with tensile strain, consistent with strain application.
3.2 Electronic properties

An efficient light emission is of paramount importance in any
light source in light-emitting diode (LED) or lasers. This
necessitates the material to have a direct band-gap nature.
Essentially, the electronic band structure of the optimized hex-
Ge crystal was calculated along high symmetry lines. Fig. 1(b)
shows the calculated band structure of the pristine hex-Ge,
indicating a direct band gap of 0.291 eV at the gamma-point.
Our computed band gap values in Table 1 agree with the
previous theoretical values calculated with HSE and MBJ func-
tionals.8,14 This calculated band gap using DFT at 0 K shows
RSC Adv., 2023, 13, 11324–11336 | 11325
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Fig. 1 (a) Unit cell of hexagonal germanium crystal as produced with VESTA package. Bandstructure and partial density of states for (b) pristine
hex-Ge, under tensile strains of (c) 1%, (d) 2% and compressive strains of (e) 1%, and (f) 2%.

Table 1 Calculated lattice values and band gap compared with earlier reported values of hexagonal germanium

Lattice parameters (Å) Band gap (eV)

This work

Other theo. Expt. This work Other theo. Expt.PBE PBE sol

a 4.05 3.99 3.99a, 4.00b 3.96c 0.291 0.286a, 0.298b 0.35c, 0.28d

c 6.68 6.59 6.59a, 6.56b 6.57c

a Ref. 8. b Ref. 14. c At T = 4 K (ref. 11). d At T = 300 K (ref. 11).

11326 | RSC Adv., 2023, 13, 11324–11336 © 2023 The Author(s). Published by the Royal Society of Chemistry
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Table 2 Calculated elastic constants, Cij, bulk modulus (B), shear
modulus (G), Young's modulus (Y), and Poisson's ratio (s) of unstrained
and strained hex-Ge compared with earlier reported values of
hexagonal germanium. The elastic constants and moduli are in the
units of GPa and s is unitless

−2% −1% Hex-Ge +1% +2%

C11 144.3 144.1 143.2, 124a, 155.6b 141.4 140.0
C12 45.4 42.2 40.4, 53.7a, 37.5b 39.1 38.5
C13 33.2 29.4 25.1, 22.8a, 27.7b 22.0 19.8
C33 176.1 173.4 168.7, 159.4a, 169.3b 161.8 150.0
C44 42.0 41.7 41.1, 39.1a, 41.1b 40.4 40.2
C66 49.5 51.0 51.4, 35.2a, 59.1b 51.2 50.7
B 76.4 73.67 70.7, 67.3a, 74b 67.9 65.1
G 49.4 50.0 50.1, 42a, 52.9b 49.5 48.8
Y 122 122.4 121.5, 153.3a, 127.6b 119.5 117.2
s 0.23 0.22 0.21, 0.22a, 0.21b 0.20 0.19

a Ref. 14. b Ref. 31.
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a reasonable agreement with the experimental values of 0.35 eV
at 4 K (a difference of 0.06 eV) and 0.28 eV at 300 K (a difference
of 0.011 eV), which suggests variation rates of 17.14% and
Fig. 2 Total density of states for (a) hex-Ge, and under tensile strains of 1
and 3%. Projected band structures of (c) hex-Ge, and (d) under tensile s

© 2023 The Author(s). Published by the Royal Society of Chemistry
3.93%, respectively.11 As illustrated in Fig. 1(c and d), with the
increase of tensile strain, the band gap increases initially and
then decreases gradually. However, we observed a monotonous
decrease in the band gap with the application of compressive
strain (Fig. 1(e and f)). To analyse in detail the bonding char-
acter, we calculated the partial density of states (PDOS), which
shows the contribution of different orbitals of Ge. Evidently, in
Fig. 1(b), the plotted PDOS for the pristine hex-Ge clearly shows
that the upper portion of the valence band is dominated by Ge-
4p orbitals. But the states below −5 eV are mainly composed of
Ge-4s orbitals. The states in the conduction band are formed
due to both Ge-4s and Ge-4p orbitals, where the former
constitute the conduction band minimum, and the latter
contributes to the higher energy states. Under both uniaxial
tensile and compressive strains, the prole of PDOS looks
similar in all the investigated materials. However, we can notice
a clear alteration of the electronic characteristics in the total
density of states (TDOS), as shown in Fig. 2(a and b). The edges
of the conduction bands dri towards the lower energy side due
to the reduction of the band gaps via uniaxial strain. It is worth
mentioning that the tensile strain on hex-Ge induces a higher
%, 2%, and 3%, and (b) hex-Ge and under compressive strains of 1%, 2%
train of 1.5%.

RSC Adv., 2023, 13, 11324–11336 | 11327
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density of states in comparison with the compressive counter-
part. Considering the conduction states within the energy range
of 0–1.2 eV, the density grows nearly 1.2–1.3 times when the
material is stretched along the c-axis. The factors leading to
bandgap evolution and the modication of TDOS are elucidated
in detail with the help of hexagonal symmetry and projected
density of states. Due to the hexagonal symmetry of hex-Ge, the
structure possesses a valence band comprising three non-
degenerate states, G+

9v+, G
+
7v+ and G+

7v−.32 These are also known
as heavy holes, light holes, and split-off bands, respectively.
Whereas, in the conduction bands, there are two conduction
states, G−

7c and G−
8c. G

−
7c is referred to as the bright conduction

band and G−
8c as the dark conduction band. According to group

theory, for light polarization parallel to the c-axis, we have
forbidden optical transition between the highest conduction
state G+

9v and lowest conduction state, G−
8c and so, hex-Ge is

referred to as a pseudo-direct semiconductor.33 Insightfully, we
have illustrated in Fig. 2(c, d), S1(a and b) of the ESI,† the
calculated projected band structures of the unstrained and
strained structures along high symmetry points, A, G, M, and L.

To clearly distinguish the characteristics of the states along
different directions, the weights of projections of the orbitals
have been well-preserved. In pristine hex-Ge, the conduction
states G−

7c and G−
8c are coloured with Ge-4s orbitals (red bubble)

from G to A (A is k to c-axis), whereas G to M (M is t to c-axis)
has substantial Ge-4p character (blue bubble). Interestingly,
this might be a reason for the preferential transitions for the
light polarization perpendicular to the c-axis.14 Additionally, it is
also reported that the p–p optical transition between the
conduction band and valence band is stronger than that of s–p
transition.34 On the other side, all the three valence states
G+
9V, G

+
7V+ and G+

9V− are due to Ge-4p orbitals. Under uniaxial
tensile strain, the initial rise in the band gap is caused by the
shi of G−

8c towards higher conduction energy levels. As tensile
strain is applied further, G−

7c gradually shi downwards and
eventually cross the G−

8c to become the lowest conduction state
at about +1.5% strain (Fig. 2(d)). This phenomenon marks the
transition of the material from pseudo-direct to direct hex-Ge.
Fig. 3 (a) Energy levels of conduction and valence states as a function of
DSO with change in strain.

11328 | RSC Adv., 2023, 13, 11324–11336
Additionally, the two energy states G−
7c and G−

8c, which are
lying very close to each other explains the increased density of
states under the tensile strain (Fig. 2(a)). The bandgap declines
further with the increase of tensile strain and around 4% tensile
strain, the 2H-Ge transforms into a metal, which is also, evident
from the overlap of the Ge-4p and Ge-4s orbitals (Fig. S1(a) of
ESI†). In essence, the band gap aer the inversion of the
conduction states and before the transition to metal can be
harnessed effectively for wavelength tuning in photonic devices.
On the other hand, compressive strain along the c-axis causes
bandgap narrowing due to the downshi of the dark conduc-
tion state G−

8c towards the valence band (Fig. S1(b) of ESI†).
G−
7c and G−

8c dri away from each other with rising compression,
reducing the density of states. Here, the band inversion does
not occur, hence, the semiconductor remains pseudo-direct as
before. Similar to the tensile strain, when 3.5% compressive
strain is applied, the semiconductor-to-metal transition occurs.
The conduction band valley between the symmetry points M
and L (sometimes referred to as the U−

5c state) has more s
character than p. U−

5c follows the trend of the G−
7c state under

tensile strain but slightly moves upward with compression
relative to the heavy hole state, G−

9v.
To study the movement of the energy states, we have plotted

the energy levels as a function of strain in Fig. 3(a), keeping
G+
9V at the reference zero level. Under tensile strain, the cross-

over point of the energy states, G−
7c and G−

8c corresponding to
the pseudo-direct-to-direct transition and semiconductor-to-
metal transitions can be clearly understood from this plot.
Notably, U−

5c meets G−
8c at +2.5% strain. As we move from the

compressive to tensile strain, the valence states G−
7v+ and

G−
7v− dri away from G+

9V. The modications in the energy levels
of the lower two valence states and the two conduction states
with respect to the normalized G+

9v are clearly illustrated. In
particular, we can observe that the order of the valence bands
remains unaltered and lie in the order: G+

9V > G+
7V+ >

G+
7V−. Therefore, a change in the order of the conduction band

energy states can be optimized by a proper degree of strain. In
the bandstructure analysis of the wurtzite structure, the
strain. (b) Crystal splitting DCF, and average spin–orbit splitting energy,

© 2023 The Author(s). Published by the Royal Society of Chemistry
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Table 3 Calculated effective masses of the unstrained hex-Ge along
different symmetry points, with respect to reported results

State G–A G–M G–K

G−
7c 0.039, 0.033a, 0.048b 0.041, 0.038a, 0.055b 0.044, 0.055b

G−
8c 1.117, 0.997a, 1.098b 0.083, 0.076a, 0.093b 0.088, 0.095b

G+
9v 0.420, 0.463a, 0.516b 0.041, 0.055a, 0.092b 0.065, 0.233b

G+
7v+ 0.119, 0.085a, 0.120b 0.181, 0.079a, 0.072b 0.090, 0.064b

G+
7v− 0.048, 0.044a, 0.048b 0.326, 0.252a, 0.242b 0.269, 0.226b

a Ref. 8. b Ref. 26.
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importance of crystal splitting (DCF) and spin-orbit splitting
(DSO) energies occurring in the valence band cannot be
ignored.35 The accurate determination of crystal splitting and
spin–orbit splitting energies in the valence band is crucial for
interpreting hole relaxation and polarization of the emitted
light, as well as for the design of heterostructures and nano-
structures.36,37 Basically, change in the symmetry conversion
from zinc blende to wurtzite results in the heavy hole state and
the split-off state giving rise to DCF, while spin–orbit interaction
splits the heavy hole state into two different states. DCF is
extracted from the difference of the upper two valence states
when SOC is not considered. With SOC, the splitting can be
observed in the valence states along the c-axis (Dk

SO) and
perpendicular (Dt

SO) to it. The values of Dk
SO and Dt

SO can be
obtained using the following equations derived from k.p
theory:32

3
�
Gþ

9v

�� 3
�
Gþ

7vþ=�
�

¼
�
DCF þ D

k
SO

�
2

H
1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
DCF � 1

3
D

k
SO

�2

þ 8

9

�
Dt

SO

�2s
(1)

Here, 3(G+
9V) and 3(G+

7v+/−) are the energy levels of G+
9v and

G+
7v+/−, respectively. The average spin–orbit splitting can be ob-

tained using the relation: DSO = (Dk
SO + 2Dt

SO)/3. Our calculated
values of DCF and DSO for hex-Ge are 0.279 eV and 0.331 eV,
respectively, which matches excellently with the reported values
of 0.288 eV and 0.326 eV, respectively.8 In Fig. 3(b), the relation-
ship of strain with splitting energies can be noticed. Strain brings
about signicant deformation in the bonding tetrahedra owing to
change in c/a ratio and the internal parameter ‘u’ given by u= 1/4
+ (1/3)(c/a)−2. Accordingly, DCF rises with escalating tensile strain,
but the opposite is also true in compressive strain. A similar
observation has also been observed in strained wurtzite MgO.36

However, spin–orbit coupling is observed to be less sensitive to
strain than that ofDCF. Noteworthily, for unstrained 2H-Ge,Dk

SO is
greater than Dt

SO, which can be associated with the deviation of

the c/a ratio from its ideal value of
ffiffiffiffiffiffiffiffi
8=3

p
: The introduction of

uniaxial strain along the c-axis inducesuctuations in the value of
Dk
SO. Nevertheless, the direction-average spin–orbit splitting

energy DSO lies in the narrow energy range of 0.32–0.35 eV. Last,
but not least, the combined effect of DSO and DCF are clearly
responsible for engineering the energy levels of the three valence
states. Signicantly, the energy difference between them can
cause intervalence band (IVB) transitions, which is detrimental to
optical gain.38 Effective charge transport is a critical material
property that plays a key role in the operation of laser devices. For
all the relaxed structures, both strained and unstrained, effective
masses are calculated by the parabolic t of the energy-dispersion
relation given by the equation.

m* ¼ ħ2
	
d2EðkÞ
dk2


�1
(2)

Table 3 lists the computed effective masses of the unstrained
hex-Ge along the three different symmetry points. Our results
are in excellent agreement with the earlier reports.8,23 Further,
© 2023 The Author(s). Published by the Royal Society of Chemistry
the effective masses of holes and electrons along G–X, G–A, and
G–M from −3% to 3.5% strains are depicted in Fig. 4.

Uniaxial tensile strain signicantly alters the energy levels of
the lower two conduction states causing band inversion. The
downward shi of the G−

7c is accompanied by an extreme
increase in its curvature (Fig. 2(c and d)). Consequently, this
effect reduces the effective mass of the electron m�

eðG7c
�Þ along

all symmetry points as shown in Fig. 4(a–c). However, the effect
of strain is not signicant in the case ofm*

eðG8c
�Þ: The reduction

in the effective mass of electrons in the G−
7c state under tensile

strain could improve carrier mobility. In valence states, the
effect of strain is more pronounced in split-off hole state,
G+
7v−. It increases monotonously along the M and X directions,

going from compressive to tensile strain, while the reverse trend
can also be observed along the A point. Surprisingly, an exact
opposite trend to G+

7v− is noticed in them*
eðG9v

þÞ: In the valence
band, we can observe that the trend of effective masses along A
is directly opposite to that of the M and X directions. This
peculiar behavior has occurred because of the application of
strain along the c-axis which is parallel to A.
3.3 Optical properties

Under the quantum-mechanical approach, the interaction of
light with matter waves leads to polarization in the material due
to the coupling of the external eld associated with the light and
the internal electric eld of the material. The dielectric behavior
gets altered, which can be measured using the complex dielec-
tric function. The real 31(u) and imaginary 32(u) parts of the
dielectric function are calculated using the following
equations:39

32ðuÞ ¼ 4p2e2

m2u2V

X
v;c:k

���jv
k

��~pi��jc
k


��2d�Ejc
k
� Ejv

k
� ħu

�
(3)

31ðuÞ ¼ 1þ 1

p

ðN
0

vu
0
32

�
u

0
�� 1

u
0 � u

þ 1

u
0 þ u

�
(4)

where e, m, V, jv
k, and jc

k are electron charge, electron mass,
crystal volume, and the wave functions of valence and conduc-
tion band states at k, respectively. Also, p⃗ represents
momentum operator for energies Ejc

k
and Ejv

k
and ħu signies

the incident photon energy.
For light emission properties, we computed refractive index

n(u), absorption coefficient a(u) and reectivity function R(u)
using the relationships.40 The real part of the dielectric function
RSC Adv., 2023, 13, 11324–11336 | 11329
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Fig. 4 Effective masses of electrons (a–c) and holes (d–f) as a function of strain along high symmetry directions G–A, G–M, and G–X.
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31(u) shown in Fig. 5(a) demonstrates the dispersion of photons
as a function of their energies. The static dielectric constant,
31(0) of the unstrained hexagonal germanium is found to be
13.69, which agrees well with the theoretical values 14.28 and
14.77.41,42 Strain causes structural distortion in the crystal,
which changes the relative displacement of the positive and
negative centers in an atom. A larger separation between the
opposite charges increases electric polarization, and vice versa.
11330 | RSC Adv., 2023, 13, 11324–11336
Consequently, 31(0) enhances due to increased tensile whereas
compressive strain reduces it (inset diagram of Fig. 5(a)).

The imaginary part of the part 32(u) of the dielectric function
as depicted in Fig. 5(b) deals with the absorption of incident
photons by the strained and the unstrained germanium. Red
shiing of the absorption edges can be observed both for the
tensile and compressive strains (inset picture of Fig. 5(b)),
however, the former is more favorable for absorption.
© 2023 The Author(s). Published by the Royal Society of Chemistry
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Fig. 5 (a) Real part of the dielectric function 31(u) for hex-Ge under strains. (b) Imaginary part of the dielectric function 32(u) for hex-Ge under
strains. (c) Refractive index n(u) for hex-Ge under strains. (d) Strain-dependent absorption coefficient a(u) for hex-Ge.
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Interestingly under tensile strain, the emergence of several
shoulder peaks is noticeable which indicates increasing
probabilities of absorption. Moreover, this peculiar feature
exists not only in the infrared region but also extends till the
end of the visible region around 3.1 eV. This might correspond
to the increasing number of states in the vicinity of the
conduction band minimum under tensile strain. Ultimately,
the inversion of the two conduction states, G−

7c and G−
8c states

have triggered such an observation providing more probabil-
ities for interband transitions.

The refractive index n(u) is a critical quantity for optical
emission, which is used to determine the velocities of photons
at different energies. As shown in Fig. 5(c), the obtained static
refractive index for the hex-Ge is 3.70, and its value varies
proportionally as 31(u). In the infrared regime, all strained and
unstrained germanium have refractive values in the range of
3.5–4 eV. The application of tensile strain results in the addi-
tion of various peaks into the curve in the low energy region,
while compression is observed to introduce a single peak in
the UV region. This is a consequence of the displacement of
© 2023 The Author(s). Published by the Royal Society of Chemistry
the charge centres induced by the strain mechanism as dis-
cussed earlier.

The population of electrons in the conduction band is mostly
determined by the amount of absorption. The absorption
coefficient thus estimates the amount of absorption of photon
energies. Fig. 5(d) provides the strain-dependent absorption
coefficient a(u) from the rst principles calculations. Infrared
photons with energies 0.2–0.8 eV are increasingly absorbed with
the tensile strain, in addition to the red shiing caused by band
inversion. Strikingly, hex-Ge under tensile strain boosts the
absorption by a factor of more than one-h with every one
percent increase in tensile strain. Peaks at higher energies are
attened by tensile strain.

Of all the photons incident on the material, some photons
undergo elastic scattering and are reected. Reectivity func-
tion R(u) displays the fraction of the photons that are
bounced. The calculated R(u) depicted in Fig. S2 of ESI†
signies an increasing reectivity for the hex-Ge with photon
energies. It is evident that the tensile strain causes a signi-
cant increase in the reected photons in the infrared regime
RSC Adv., 2023, 13, 11324–11336 | 11331
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except in the near-infrared region. The increase in the refrac-
tive index forbids the photons from entering the material. On
the contrary, reectivity remained low for the compressed hex-
Ge structures.
Þ

3.4 Optical gain

The optical gain, the most important parameter for a laser is
obtained from the stimulated emission of electrons between the
conduction and valence bands. For lasing to take place, Bernard
and Duraffourg's criteria of Efc–Efv > Ec–Ev has to be satised,
where Efc and Efv, are the quasi-Fermi levels for the conduction
band and valence bands, respectively, Ec is the conduction band
minimum and Ev is the valence band maximum. The optical
gain (G) for any bulk semiconductor can be computed using the
following equation:43

GðhnÞ ¼ e2ħ
2p30m0

2hnn0c
jMc/vj2

�
2

ħ2
mcmv

mc þmv

�1:5

ðhn� Ec�vÞ0:5½feðEc

þ fhðEvÞ � 1�
(5)

where, e is the electronic charge, ħ is the reduced Planck's
constant, 30 is the permittivity of free space, m0 is the rest mass
of electron, hn is the photon energy, n0 is the refractive index,mc

and mv are the effective masses of electron and hole for the
density of states, respectively, and Ec–v is the energy gap between
the conduction band and the valence band. jMc/vj2 is the
momentum matrix element between the valence band and the
conduction band, which can be computed using the Kane
model as follows:44

jMc/vj2 ¼
�
m0

mc

� 1

�
m0Eg

�
Eg þ DSO

�
6

�
Eg þ 2

3
DSO

� (6)

where, Eg is the band gap between the conduction energy band
and the valence band. fh(Ev) and fe(Ec) are the occupation
probabilities for the holes and the electrons, which can be
calculated by the relations:

fhðEvÞ ¼ 1

1þ e
Efv�Ev

kT

and feðEcÞ ¼ 1

1þ e
Ec�Efc

kT

(7)

Optical gain is primarily obtained from the direct recombi-
nation of electrons from the bottom of the conduction band to
the top of the valence band. So, we consider the contributions
for optical transitions occurring at G-point. Considering injec-
ted charge carrier density Ninj, charge of neutrality should be
followed according to the equations:

n8c + n7c + n5c = ninj, p9v+ + p7v+ + p7v− = pinj and pinj = ninj (8)

n8c, n7c, and n5c are the electron concentrations at conduction
band states G−

8c, G
−
8c, and U−

5c, respectively, while p9v+, p7v+ and
p7v− are respectively, the hole concentrations at valence band
states G+

9v, G
+
7v+, and G+

7v−. The electron and hole concentrations
are obtained using the relationships:
11332 | RSC Adv., 2023, 13, 11324–11336
ni ¼
�
mikT

2pħ2

�1:5

F 1:5

�
Efc � Ei

kT

�

pi ¼
�
mjkT

2pħ2

�1:5

F 1:5

�
Ej � Efv

kT

� (9)

In the above equations, mi and mj are the effective masses of
the electron and holes. Following the E–k dispersion relation,
the electron energy in the G-valley, Ei and hole energy, Ej can be
calculated using the following equations:

Ei ¼ EcG þ mri

mcG

ðhn� Ec�vÞ (10)

Ej ¼ Evj þ mrj

mvj

ðhn� Ec�vÞ (11)

where, EcG is the conduction band minimum at G-point, Evj is
the valence band,mri andmrj are the reduced effective masses of
electron and hole respectively, calculated from the
relationships:

mri;j ¼ mcGmvj

mcG þmvj

(12)

In the steady state condition, the Fermi–Dirac integral
F 1:5ðfÞ can be expressed as follows:

F 1:5ðfÞ ¼ 2ffiffiffiffi
p

p
ðN
0

e1:5

1þ e3�f
v3 (13)

where, 3 = (E − EcG)/kT and f = (Efc − EcG)/kT. Efc and Efv are
solved using eqn (7) and (8). The total optical gain of the
semiconductor is the sum of the gains resulting from two
recombination processes: transition from the conduction band
minimum to the light hole and the other from the conduction
band minimum to the heavy hole. For all the optical gain
calculations, we have considered Ninj = 5 × 1018 cm−3 and
a temperature T = 300 K. The calculated total gain for hex-Ge
with and without strains can be observed from Fig. 6(a). The
total gain for the unstrained Ge starts with the optical band gap
of 0.29 eV and forms a peak of 1110 cm−1 at a photon energy of
0.39 eV. This positive gain is possible due to the direct nature of
the hex-Ge. Here, we dene bandwidth as the energy spectrum
for which the positive gain is achieved. With compression, the
gain spectrum is red-shied owing to a decrease in the band gap
accompanied by no signicant change in amplication and
bandwidth. On applying tensile strain, +1% Ge strained struc-
ture exhibits a reduction in the peak value. Strikingly, under 2%
tensile strain, a two-fold increase in the peak value is attained
with respect to pristine hex-Ge along with two times expansion
in the gain bandwidth. If we keep increasing tensile strain, then
at +3% strain, a gigantic optical gain with a peak of 2845 cm−1

can be observed spanning a bandwidth of 0.63 eV covering most
of the mid-wavelength and short-wavelength infrared regions.
These results suggest that strained Ge may be a promising
material for mid-wavelength and short-wavelength infrared
applications. We plotted the gains contributed by the heavy
holes and light holes separately in Fig. 6(b and c). In Fig. 6(b), it
© 2023 The Author(s). Published by the Royal Society of Chemistry
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Fig. 6 (a) Total optical gain for hex-Ge as a function of strain. Strain-dependent (b) heavy hole gain and (c) light hole gain for hex-Ge.
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can be seen that heavy hole gain reduces with compression
while tensile strain amplies gain, although the maximum peak
is noticed in the case of +2% strained Ge. The reduction of gain
under compression is due to the decrease in the hole carrier
concentration of p9v+ while maintaining a constant level of
electron concentration for n8c (Fig. 7(a)). Supplementarily, the
calculated average squared momentum matrix element,
jMCB/hhj2 in Fig. 7(b) also shows a monotonously degrading
nature with greater compression for heavy holes. Under tensile
strain, Fig. 7(a) clearly depicts that the electron concentration,
Fig. 7 (a) Hole and electron concentrations for hex-Ge as a function of s
for various strains. Average values of squaredmomentummatrix element
the conduction band to heavy hole is denoted by jMCB/hhj2 and condu

© 2023 The Author(s). Published by the Royal Society of Chemistry
n8c drops signicantly caused by the band inversion, simulta-
neously resulting in the increase of n7c. Furthermore, tensile
strain causes a lowering of the U−

5c state, which allows the
accumulation of more electrons under injection. These elec-
trons move towards the G-valley and cause an increase in radi-
ative recombination, generating an amplied heavy hole gain. It
can be also noticed that jMCB/hhj2 increases by applying tensile
strain (Fig. 7(b)). These are the reasons why heavy hole gain
increases with applied tensile strain. The nature of the light
hole gain can be similarly explained in the light of jMCB/lhj2
train. (b) Average values of the momentummatrix element for hex-Ge
jMc/vj2 are calculated according to Kanemodel. Momentummatrix for
ction band to light hole as jMCB/lhj2.

RSC Adv., 2023, 13, 11324–11336 | 11333
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and change in the electron and hole concentrations. The hole
concentration, p7v+ grows with escalating compression or
tensility, which gives rise to increased light hole gain.
Astoundingly, the optical gain for light hole intensies more
under tensile strain than compression. This is mainly associ-
ated with a high value of jMCB/lhj2 signifying a greater strength
of optical transition. It can also be noted that jMCB/lhj2 is
always larger than jMCB/hhj2. The amplication for light holes
at 2% tensile strain is 5 times that of heavy holes when we
compared them to their respective gain under no strain condi-
tions (Fig. 6(b and c)). This exceptional change in the
momentum matrix follows the band inversion of the conduc-
tion states that occurs at +1.5% strain. The calculated squared
momentum matrix element at +2% strain is 11.2 eV, which
approaches that of wurtzite III–V nitrides whose values lie in the
range of 14.0–14.6 eV.35 Thus, the enhanced electron concen-
tration from U−

5c to G−
7c state and increased optical interaction

between the p-character valence states and the sp-character
conduction band states collectively contribute to the ampli-
cation of the optical gain under tensile strain.

4. Conclusions

In summary, the rst-principles method DFT was employed to
calculate the electronic and optical properties of hex-Ge under
uniaxial strain. GGA-PBE-sol functional was used to determine
the structural parameters, while mBJ potential with spin–orbit
coupling was adopted to successfully predict the band struc-
tures in agreement with the experiment values. We observed
that tensile strain causes an initial increase in the band gap,
while monotonously decreasing aer the band inversion of
G−
7c and G−

8c states around +1.5% strain. Compression reduces
the energy level of G−

8c and increasing G−
7c energy state, leading

to a gradual decrease in the band gap. Concurrently, partial
density states and projected density of states show the main
character of Ge-4p orbitals in the valence bands, while partly Ge-
4p character in addition to the majority s-character is found in
the conduction bands. The conduction states show substantial
Ge-4p character along the direction G to M, whichmight explain
the favoured optical transitions occurring perpendicular to the
c-axis. The order of the valence bands under strain remains
unaffected and lies in the order: G+

9v > G+
7v+ > G+

7v−. In particular,
the crystal eld splitting and spin–orbit splitting energies for
hex-Ge were noticed to have an opposite trend under strain. The
transport nature was revealed by estimating the effective masses
along several high symmetry points. The effective mass of
electrons for the G−

7c the state exhibits a tensile-strain-
dependent decrease, while the effective mass of holes in the
G+
7v− changes in the opposite direction to that of the (G+

9v) state.
Further, the optical properties for the unstrained and strained
were calculated to mainly predict the dielectric nature,
absorption, and reectivity of the semiconductor with respect to
strain. The value of 31(0) is positively affected by tensile strain
and conversely, it is decreased by compressive strain. Absorp-
tion is enhanced through tensile strain for a broader range of
the spectrum. The parameters accurately derived from DFT
were employed to calculate the optical gain of hex-Ge under
11334 | RSC Adv., 2023, 13, 11324–11336
uniaxial compressive and tensile strains. We noticed huge
amplication of gain aer the band inversion, which arises due
to an increase in electron concentration due to U−

5c and rela-
tively, a higher contribution from the momentum matrix
element. The simplied estimation of the optical gain revealed
that the recombination from the conduction band to the light
hole band plays a crucial role in this phenomenon. Overall, the
insights provided by this study can inform the development of
strain-engineered hex-Ge-based electronic and optoelectronic
devices with improved performance and efficiency.
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