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Estimating the heating of complex nanoparticle
aggregates for magnetic hyperthermia

Javier Ortega-Julia, a,c Daniel Ortega *a,b,c and Jonathan Leliaert *d

Understanding and predicting the heat released by magnetic nanoparticles is central to magnetic

hyperthermia treatment planning. In most cases, nanoparticles form aggregates when injected in living

tissues, thereby altering their response to the applied alternating magnetic field and preventing the accu-

rate prediction of the released heat. We performed a computational analysis to investigate the heat

released by nanoparticle aggregates featuring different sizes and fractal geometry factors. By digitally mir-

roring aggregates seen in biological tissues, we found that the average heat released per particle stabilizes

starting from moderately small aggregates, thereby facilitating making estimates for their larger counter-

parts. Additionally, we studied the heating performance of particle aggregates over a wide range of fractal

parameters. We compared this result with the heat released by non-interacting nanoparticles to quantify

the reduction of heating power after being instilled into tissues. This set of results can be used to estimate

the expected heating in vivo based on the experimentally determined nanoparticle properties.

1 Introduction

The localized heat produced upon applying an alternating
magnetic field (AMF) to magnetic nanoparticles can be har-
nessed in oncology as either a monotherapy or an adjuvant to
other first line treatments, giving rise to a modality that is
broadly known as magnetic hyperthermia.1,2 Over the last few
years, the main components of this therapy – namely biocom-
patible magnetic nanoparticles and AMF applicators – have
experienced notable advancements,3,4 contributing to improv-
ing its nominal effectiveness and increasing the likelihood of a
wider clinical adoption. Thanks to these advancements, and
together with the specification of new ISO standards,5 the use
of magnetic hyperthermia is spreading worldwide, which in
turn contributes towards its clinical implementation.6 Given
the strict requirements to approve medical devices, drugs and
combination products,7,8 ensuring the safety of clinical mag-
netic hyperthermia by controlling the elements that make up
the procedure itself still constitutes one of the biggest chal-
lenges to overcome.9–11 In this sense, understanding the physi-
cal properties of nanoparticles and their response to the
applied AMF, mainly the dynamics involved in heat generation

and exchange at the nanoscale, is a critical step in determining
the best possible treatment for a particular tumor. In this
field, some seminal in silico analyses were performed to simu-
late in vivo nanoparticle heat exchange on the millimeter
length scale.12,13 However, these methods lack single particle
information, and therefore require additional input data to
correctly model the generated heat at each location. Providing
accurate estimates of this heat is hampered by the fact that
nanoparticles form complex aggregates after cell uptake in bio-
logical tissues, i.a., due to the interactions with proteins.14 The
local heating achieved at the tumor site is not only determined
by the local average iron concentration,15 but also by the intra-
tumoral three-dimensional distribution of nanoparticles
within the aggregates, which has been the subject of numer-
ous in vivo studies.16–18 The inherent difficulty in precisely
determining the structure and distribution of these aggregates
has led to the search for indirect methods of monitoring them
after the injection of nanoparticles – mainly intratumourally,
such as the use of infrared thermal imaging19 or magnetic par-
ticle imaging (MPI).20,21 There is only limited understanding
of single particle heating within such aggregates, which is
especially problematic because it is known that this aggrega-
tion greatly affects the released heat. As shown by Etheridge
et al.22 and Dähring et al.,17 there are significant differences in
heating for various clusters in in vivo experiments compared to
in vitro measurements. Therefore, using in silico analysis to
study the amount and location of the generated heat within
aggregates can lead to a better understanding of the heating
phenomena at the macroscale. The work done by Carrey
et al.,23 Gavilán et al.24 Raikher and Stepanov25 and Muñoz-
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Menendez et al.26 shows several micromagnetic and Monte
Carlo models to estimate and optimize single particle heating.
However, because of the field and thermally induced switch-
ing due to which the nanoparticle heating behavior in aggre-
gates is strongly affected by interparticle interactions, these
models are not directly applicable to estimate the heat gener-
ated by nanoparticle clusters. Based on the work by Muñoz-
Menendez et al.,27 Leliaert et al.28 have developed the necess-
ary methodology to address this challenge, allowing us to cal-
culate the heat dissipated by individual, interacting, particles
due to the field and thermally induced switching. Building
upon this new methodology, the present work aims to close
the gap between single- and multiple-particle simulations by
studying the average heating per nanoparticle in clusters. We
show that it is possible to infer the heat released by large
aggregates of nanoparticles from that released by their smaller
counterparts.

2 Methods

The magnetization dynamics, and consequently the heat
released by magnetic nanoparticles, will be studied within the
micromagnetic framework. This allows us to include all rele-
vant effects in a bottom-up way, such that particle switching
emerges organically, without imposing a predefined switching
rate. The nanoparticles used in magnetic hyperthermia typi-
cally have a size of a few tens of nanometers,29–31 which is
comparable to the exchange length for materials commonly
considered (such as ferrimagnetic iron oxides). The particles
therefore are uniformly magnetized,32 i.e., a single domain
state, and can be approximated using a single macrospin. In
micromagnetism, the magnetization dynamics are described
by the Landau–Lifshitz–Gilbert equation, eqn (1):

dm
dt

¼ � γ

1þ α2
½m� Beff þ αm� ðm� BeffÞ� ð1Þ

In this equation, γ denotes the gyromagnetic ratio and α is
the Gilbert damping constant. It describes the time evolution
of the magnetization m as a function of the effective field Beff,
comprising an externally applied field; the anisotropy field

Banis ¼ 2K
Ms

ðm � uÞu, where K and u denote the strength and

direction of the uniaxial anisotropy, respectively, and Ms is the
saturation magnetization; the dipolar field Bint, which
accounts for interparticle interactions; and the stochastic
thermal field Bth, which accounts for the effects of thermal
fluctuations at nonzero temperatures.33–35

All simulations were performed using the macrospin simu-
lation tool Vinamax,36 where the differential LLG equation was
solved using a Runge–Kutta solver. The heat E released by each
of the particles was determined by integrating the following
equation:28

dE
dt

¼ αγMs

1þ α2
ðm� Beff Þ2 �MsBth � dmdt ð2Þ

In biological tissues, nanoparticles tend to form aggregates
that can be accurately described as fractals,37–39 characterized
by the fractal equation,40,41 eqn (3):

np ¼ kf
Rg

rp

� �Df

ð3Þ

where np and rp represent the number of particles in the
cluster and their radius, Rg is the radius of gyration and Df and
kf are the fractal dimension and fractal prefactor, respectively.
The fractal dimension contains most of the information on
the cluster shape and ranges between 1 and 3, with 1 corres-
ponding to a straight line and 3 to a perfectly spherical cluster.
Most fractals found in biological tissues have a dimension
ranging from 1.6 to 2.5.22,42 The physical meaning of the
fractal prefactor kf and its numerical value are still under
discussion.43,44 For instance, Woźniak et al.45 reported values
from 1.23 to 3.5, while Jeon et al.42 and Etheridge et al.22

reported values from 1.2 to 2, and Pratsinis46 even suggested
values as low as 0.41. In this work, we will consider values
between 0.5 and 1.9. To generate a fractal geometry with the
desired number of particles, size and fractal dimension, we
used FracVal.47 It uses a cluster–cluster aggregation algorithm,
which preserves the fractal parameters in each step by calculat-
ing the radius of gyration directly from the fractal equation.
For two different subclusters, it calculates the radius of gyra-
tion, the distance between their centers of mass and sub-
sequently adds them together. The algorithm will repeat until
the desired cluster size is reached. This tool allowed us to
generate aggregates for Df between 1 and 3, which were sub-
sequently used as input for micromagnetic simulations.

To study how the generated heat depends on the number of
particles in the aggregate, we simulated different fractals with
np ranging between 1 and 100. In particular, we considered
three different sets of fractal parameters close to the values
reported by Etheridge et al.22, which are based on the measure-
ments of real particle aggregates in cells: Df = 2.7, kf = 1.0; Df =
2.0, kf = 1.5; and Df = 1.8, kf = 1.3.

Each of these sets of parameters was used to generate a
hundred different clusters, thereby accounting for the different
orientations and configurations the particles can present and
which may affect the generated heat. Simulations were per-
formed using monodisperse spherical particles with a dia-
meter equal to 22 nm, which is approximately the size range
suggested as optimum for iron oxides as hyperthermia
mediators.48 The material parameters are as follows: α = 0.5,
Ms = 446 kA m−1, and Kanis = 5 kJ m−3, with the uniaxial an-
isotropy axis randomly oriented in each particle. These para-
meters are close to those reported for maghemite,49 whereas
the magnetocrystalline anisotropy constant for bulk magnetite
is about twice higher. However, for magnetite nanoparticles,
values between 3 and 6 kJ m−3 are reported,50–52 so our simu-
lations are representative for both maghemite and magnetite
nanoparticles. We performed simulations at both tempera-
tures of 0 K and 300 K, using a sinusoidally varying field with
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intensities of 5, 10, 15, 20, 25 and 30 mT, and a frequency of
300 kHz.

These simulations allowed us to define a cluster size – con-
taining about 20 particles – above which the average heat per
particle stagnates.

Subsequently, we investigated how the heating is affected
by the fractal parameters by expanding the number of con-
sidered parameters Df and kf. A total to 31 different geome-
tries, whose parameters can be seen in Fig. 4, were studied
using the same material parameters mentioned above under
the application of a 25 mT field. In this study, we used clusters
comprising 50 particles, for which we established that the heat
per particle is independent of the number of particles,
meaning that the results are also representative for larger clus-
ters, as found in biological samples.

3 Results and discussion
3.1 Average heat per particle as a function of cluster size

We investigated cluster heating as a function of cluster size at
both 0 K (the athermal case) and 300 K, thereby including
thermal switching, similar to what happens in any real world
application. The athermal case is also included in our analysis
because it gives additional insight into the energy barriers and
allows us to gain a deeper understanding of what happens at
nonzero temperatures. The results are presented in Fig. 1 (0 K)

and Fig. 3 (300 K). Panels (a–f ) show the results obtained for
different field intensities while the clusters (shown at the top
of the figure) were generated using the different (color-coded)
sets of fractal parameters.

3.1.1 Athermal case. We can see in Fig. 1 that for lower
field intensities of 5 mT and 10 mT [panels (a) and (b)], the
particles release very little heat as the field generally is not
sufficiently strong to help the magnetization overcome the an-
isotropy barriers and induce magnetic switching. As a conse-
quence, single particle “clusters” do not release any noticeable
heat. In contrast, for clusters containing more than one par-
ticle, interparticle interactions do result in some heating, with
a peak for 2-particle clusters, followed by a gradual decline for
larger clusters. It is deceptive to consider this peak as a proper
increase in heating (compared to single particles, which do
not display any heating at all) because out of all the possible
anisotropy configurations in 2-particle clusters, only a very few
result in an energy landscape with sufficient reduction of the
switching energy barrier to produce some heat. Note that for
2-particle clusters the three considered cluster geometries are
identical (a 2-particle chain) and the seemingly larger peak for
the cluster with Df = 2.0 (in red) compared to the others is an
artefact only visible due to the very low amount of produced
heat.

Once the field is sufficiently large, at 15, 20, 25, and 30 mT
[Panels (c), (d), (e), and (f)], the particles start releasing heat.
The heat released by single particle clusters equals about

Fig. 1 Average generated heat per particle, and the uncertainty on this value (shaded regions), released by different color-coded clusters (colored
lines) as a function of the number of particles at 0 K in the presence of a sinusoidally varying applied field with a frequency of 300 kHz and ampli-
tudes of 5 mT (a), 10 mT (b), 15 mT (c), 20 mT (d), 25 mT (e) and 30 mT (f). Three different sets of fractal parameters are shown: Df = 2.7 kf = 1 (blue);
Df = 2 kf = 1.5 (red); and Df = 1.8 kf = 1.3 (yellow).
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3000 kJ m−3 ms−1,† which is consistent with the value
expected from the Stoner–Wohlfarth model (see the appendix)
as about 1/4th of the value given by 4Ms Bc = 40 kJ m−3 with

Bc ¼ 2K
Ms

. Using f = 300 kHz, this means that a heat of about

3000 kJ m−3 ms−1 is produced.
The three differently colored lines correspond to clusters

with different fractal parameters, displaying differences in
heating. However, before looking into these differences, we
remark that these figures display a few common trends: at
15 mT and 20 mT, the heating of 2-particle clusters is less than
that of single particles, whereas at 25 mT and 30 mT, the
heating is more or less equal to that of the one-particle case.
In all cases, the heat generation then decreases as a function
of the number of particles and reaches a more or less constant
value for clusters containing about 20 particles. This trend can
be explained as follows: for most 2-particle configurations, the
magnetostatic interaction causes the switching energy barrier
to be larger than that for the single-particle case, therefore
resulting in less heating at low fields. However, when these
barriers can be overcome at larger fields, a larger amount of
heat can be generated than that from single particles. For
larger clusters, containing as few as 3 particles, the inter-
actions result in a more isotropic contribution to the magnetic
energy landscape, therefore progressively flattening out these
large energy barriers and resulting in a decrease in the
heating.

This interpretation of the data is confirmed by the hyster-
esis loop shown in Fig. 2(a). For single particles, the hysteresis
loop already closes slightly below 20 mT, and larger fields will
not result in any additional heating. The other loops do not
display this behavior, because irreversible switches still occur
at these larger fields, indicating the presence of higher energy
barriers.

A cluster size of 20 particles is already sufficient for each of
the particles to feel the same local environment due to the
interactions with their neighbours, such that the average heat
released per particle reaches a constant value. This is one of
the main conclusions of this work, as it allows the estimation
of the heating of very large clusters based on a modestly sized
simulation, provided that the fractal dimensions of the cluster
under study are known.

Indeed, the heat released presents important variations
depending on the fractal dimensions. Specifically, the compact
cluster represented by the blue line releases less heat than the
most elongated one, represented by the yellow line. This is
readily understood because the particles in the compact,

spherical, clusters are influenced by neighbours in all direc-
tions, which leads to an isotropic energy landscape and conse-
quently a decrease of the switching energy barriers, and less
heating. The elongated, chain-like, clusters, on the other hand,
mostly have neighbours in one direction, such that their inter-
actions give rise to a shape anisotropy, which increases the
energy barriers and thus results in more heating than that for
their compact counterparts. These conclusions are also sup-
ported by the hysteresis loops shown in Fig. 2(a), in which the
narrowest loop corresponds to the most compact cluster geo-
metry and the widest loop (except for the single particle case)
corresponds to the most elongated clusters. The influence of
fractal parameters on the heating of the clusters is further
investigated in section 3.2.

3.1.2 Nonzero temperatures. By investigating the athermal
case, we were able to determine a clear picture of the energy
landscapes, which will allow us to understand the heat gene-
ration in the presence of thermal switching, which is the topic
of this section. The results of the simulations obtained at
300 K are shown in Fig. 2(b) and 3.

For the particles under study, the Néel relaxation time is
estimated at about 1 μs, which means that we expect substan-
tial thermal switching on the timescale of our 300 kHz exci-
tation field, and therefore a much lower heating than the one
obtained at 0 K. Indeed, although the single particle heating
saturates at about 3000 kJ m−3 ms−1 at 0 K, it already saturates
at 500 kJ m−3 ms−1 at 300 K, as also clearly visible in the single
particles’ hysteresis loop. Note that this effect is very pro-
nounced for the particles under study here but strongly

Fig. 2 Hysteresis loops obtained from 1, 2 and 3 particles (the latter
with fractal parameters Df = 2.7, kf = 1 and Df = 1.8, kf = 1.3) at 30 mT
field intensity and at 0 K (a) and 300 K (b).

†A note on the units used: we report the particle heating in units of kJ m−3

ms−1, meaning that this is the amount of energy (in kilojoules) that gets dissi-
pated as heat per cubic meter of the magnetic material per millisecond. This
heating metric in itself gives no indication of the temperature reached as it is
determined by the heat exchange with the surrounding cells or tissues.53

However, it does give a good estimate of the amount of thermal energy that gets
added at a certain location to the body, from which the temperature increase
can be estimated in the next step.
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diminishes for larger particles, with longer Néel relaxation
times. Nonetheless, in the presence of thermally assisted
switching, the generated heat is almost always lower than that
in the athermal case, except when the excitation field strength
was insufficient to overcome the switching barriers, i.e., it was
lower than the coercivity of the clusters. In the hysteresis
loops, this is clearly visible as all loops display a lower coerciv-
ity at 300 K than at 0 K, and all loops close already around
20 mT, indicating that higher fields will not necessarily result
in additional heating. This effect is confirmed in panels (e)
and (f) where the heat release is similar for both cases.

Using the same picture of the energy barriers that we
deduced in the athermal case, the larger energy barriers for
the 2-particle clusters hamper the (premature) thermal switch-
ing, allowing the field to reach higher values before a switch-
ing event takes place, resulting in hysteresis loops with a coer-
cive field that is almost twice as large as that of the single-
particle case, and consequently results in increased heat gene-
ration. The fact that particle dimers release the maximum heat
has been already described by Gavilán et al.,54 where increases
in the SLP for assemblies containing a low number of particles
in a chain-like structure have been reported, specifically, for
dimers and trimers. Qualitatively, the shape of these images,
and their underlying physics, is therefore more similar to the
ones obtained at the highest field intensities in the athermal
case.

The differences between the compact and more elongated
clusters are qualitatively similar, again with elongated clusters
generating more heat than the compact ones. However,
because of the exponential dependence of the thermally
assisted switching on the height of the energy barriers, the
fractal dimension plays a larger role here. This is reflected in a
larger difference in the shape of the hysteresis loops corres-
ponding to the compact and elongated clusters, already visible
for clusters containing as few as 3 particles. This effect is most
notable when the applied field has an intensity similar to that

of the coercive field, Bc ¼ 2K
Ms

¼ 22:4mT, as seen by comparing

panels (c) and (d) in Fig. 1 and 3.
Additionally, it is important to notice that, again, the

average released heat is approximately constant for aggregates
containing more than 20 particles, reasserting the conclusions
found in the previous section.

3.2 Average heat per particle as a function of fractal parameters

As we have just discussed, the average heat per particle stabil-
izes with respect to the cluster size, and from about 20 par-
ticles onward reaches a value that becomes independent of
cluster size. Instead, it only depends on the specific configur-
ation and orientation of each cluster, which allows us to
extrapolate these results to bigger clusters. To investigate the
dependence on the fractal parameters in detail, we simulated a

Fig. 3 Average generated heat per particle, and the uncertainty on this value (shaded regions), released by different color-coded clusters (colored
lines) as a function of the number of particles at 300 K in the presence of a sinusoidally varying applied field with a frequency of 300 kHz and ampli-
tudes of 5 mT (a), 10 mT (b), 15 mT (c), 20 mT (d), 25 mT (e) and 30 mT (f). Three different sets of fractal parameters are shown: Df = 2.7 kf = 1 (blue);
Df = 2 kf = 1.5 (red); and Df = 1.8 kf = 1.3 (yellow).
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larger set of parameters at 300 K using 100 realizations of
aggregate geometries containing 50 particles to ensure a stable
heating. Using the Matlab Curve Fitting Toolbox™55 we fitted
an equation to find the average heat per particle as a function
of the fractal parameters Df and kf. We found that the heating
Q is described well by a plane, defined by linear dependencies
on both Df and kf:

QðDf ; kfÞ ¼ ADf þ Bkf þ C ð4Þ

with prefactors A = −118.5 ± 18.6 kJ m−3 ms−1, B = −54.52 ±
16.93 kJ m−3 ms−1, and an offset C of 4601 ± 579 kJ m−3 ms−1.

The results of the simulations and the fit are presented in
Fig. 4. The data points highlighted in blue, red and yellow
correspond to the clusters depicted in both Fig. 1 and 3, with
parameters extracted from clusters found in biological
samples.22 This figure further confirms that the cluster shape
strongly affects the heating, being driven by both the fractal
dimension and the fractal prefactor, which together define the
fractal shape. Both values are inversely related to the heating,
in agreement with the literature.45 More specifically, the most
elongated geometries present a higher shape anisotropy that
leads to an increase in released heat, in accordance to Gavilán
et al.24 Additionally, different sets of parameters can give rise
to similarly looking clusters, which also release similar
amounts of heat. As an example, the three data points high-
lighted in black are displayed in more detail in Table 1, and all
display the same heating.

From this observation we conclude that when extracting the
fractal parameters from experimental data, Df and kf are not
independent parameters. From a practical point of view, an
entire range of good fits can be made, thus allowing us to fix
the value of kf and only fitting the fractal dimension. A
common value for kf is 1.593, corresponding to an infinitely
large hexagonal close-packed aggregate of monodisperse hard
spheres in contact.45

3.3 Final remarks

Factors such as intra-cluster particle size (or simply “core
size”) and particle composition may represent an interesting
avenue for future research that complements the work pre-
sented here. Blanco-Andujar et al.56 experimentally found for
randomly-shaped multi-core clusters of iron oxide nano-
particles that an increase in core size led to a cluster contain-
ing fewer cores and hence lower hydrodynamic sizes. This
resulted in a decrease in the demagnetizing interactions
between cores and finally an increase in the SLP. Although the
influence of the core size for a given cluster size was not
studied, similar to our findings, for few-core clusters a
decrease in SLP with cluster size was already observed. We
therefore anticipate that while the exact values will differ for
particles of different sizes, the overall trends reported in our
work will remain unchanged for different core sizes.

In terms of particle composition, iron oxide samples can
consist of either a single phase—maghemite or magnetite—or
a mixture of both. In general, the expected trends of the collec-
tive magnetic behavior will not change much when comparing
both oxides (or any mixture of the two in the corresponding
proportions) because, as described above, their material para-
meters are very similar for nanoscale samples. For other
materials, the magnetic agglomeration threshold (where the
Néel relaxation time exceeds the diffusion time, making par-
ticle agglomeration more likely) may shift downward or
upward due to the changes in the magnetocrystalline an-
isotropy constant, as previously established in other
studies.57,58 Another example is that changes in the magneto-
crystalline anisotropy constant will result in changes in the
coercive field of the aggregates, as well as in the threshold
values for the external field separating the viscous and mag-
netic magnetization oscillation modes proposed by Usov and
Liubimov59 to explain the expected heat dissipation. In
summary, for aggregates composed of different materials or
particle sizes, we will enter regimes where the thermal switch-
ing of the particles becomes either too fast or too slow, result-
ing in a clear deterioration of heat generation under biomedi-
cally relevant field conditions, but the relative trends reported
here will not considerably change.

4 Conclusions

In this manuscript, we investigated the average heat released
per particle in clusters of nanoparticles described by a fractal

Fig. 4 Average heat per particle as a function of the fractal dimensions
Df and kf at 300 K. The three points highlighted in blue, red and yellow
match the exemplary aggregates studied in the previous section, as
shown on top of Fig. 1 and 3. Highlighted black points represent aggre-
gates that dissipate similar amounts of heat while having different para-
meters, which can be visualized in Table 1.

Table 1 Example of 3 different clusters with different fractal para-
meters kf and Df, which result in visually similar clusters and almost
identical heat generation

kf 1.7 1.1 0.5
Df 1.7 2.1 2.5
Cluster
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structure, as they appear in biological samples. These clusters
were subjected to a temperature of 300 K and were excited by a
sinusoidally varying field. We investigated the dependence of
the released heat on the size and the fractal parameters of the
clusters.

Our main conclusions are that already starting from rela-
tively small clusters of about 20 particles, the heat released per
particle stagnates. This result suggests that the heat emitted by
large clusters can be predicted from simulations of moderately
sized clusters with the same geometrical and magnetic para-
meters. The most important application of these findings is in
magnetic hyperthermia treatment planning, since one of the
major problems currently faced is the estimation of the heat pro-
duced by an indefinite aggregate of nanoparticles after injection.

Furthermore, we showed that the heat release is strongly
affected by the shape of the clusters. Using the value of the
heat released by single Stoner–Wohlfarth particles at 0 K as a
reference, we found that for the parameters used in this study,
the most elongated chain-like clusters display about half as
much heating for large excitation, whereas the most compact
clusters display about one fifth of this value. Even though the
exact numbers will depend on the details of the excitation
amplitude and frequency, particle size (distribution), and
material composition, these values can be used as a rule of
thumb in heating estimates. It is important to note that the
heating values obtained from the methodology presented here
should be considered an upper limit, as adverse chemical and
biochemical processes may occur over time upon nanoparticle
injection, such as partial degradation of the nanoparticles or
their surface coating.
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Appendix

Because our model considers single-domain particles, we can
use the Stoner–Wohlfarth model60 to estimate the expected
heating for “clusters” containing only a single particle.

The coercive field that needs to be overcome for a particle
to switch depends on the angle θ between the anisotropy axis
and the externally applied field, and reaches a maximum of

Hc ¼ 2K
Ms

for θ = 0° (i.e. with the field parallel to the anisotropy

axis), and a minimum of Hc/2 for θ = 45°, as shown in Fig. 5(a).
The heat dissipated in a single hysteresis cycle strongly

depends on this angle as well, and quickly reduces to half of
its maximum value of 4 HcMs for θ as small as 25°, as shown
in Fig. 5(b). As we consider ensembles with an anisotropy
direction that is randomly, but uniformly, distributed on the
unit sphere, large θ values are more prevalent than small ones
(with a proportionality ∝ sin(θ)). This results in an average
heat per hysteresis cycle that is only about 1/4th of the

maximum value, i.e., ∼HcMs (and a variation that is about
equally large).

When considering heating as a function of field amplitude,
we again turn our attention to Fig. 5(a), which shows the coer-
cive field as a function of the angle between the anisotropy
and the externally applied field, as given by

Hc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� t2 þ t4

p

1þ t2
ð5Þ

with t ¼ tan1=3ðθÞ, as analytically determined by Stoner and
Wohlfarth.60

From this figure, we learn that as soon as the external field
is a bit larger than Hc/2, already a broad range of particles
(with angles distributed symmetrically around 45°) can switch,
while the external field needs to reach the full value of Hc for
all particles to switch. However, as there are very few particles
with θ = 0°, and the ones with θ = 0° do not contribute to the
heating at all, the average heat as a function of field amplitude
reaches its maximum value quite soon for field strengths
above Hc/2 and only slightly increases further for fields equal
to or larger than Hc. This is confirmed in section 1, in which

Fig. 5 (a) The coercive field of a Stoner–Wohlfarth particle as a func-
tion of the angle θ between the applied field and the anisotropy axis. (b)
The heat dissipated in a single hysteresis cycle as a function of θ of a
single Stoner–Wohlfarth particle.
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Hc/2 ≈ 12 mT, and the total heating observed for one-particle
clusters is zero for fields of 0 and 5 mT, and remains about
constant for fields larger than 15 mT.
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