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Joel D. Cox *a,d

The ability of plasmons to focus light on nanometer length scales opens a wide range of enticing appli-

cations in optics and photonics, among which the enhancement of nonlinear light–matter interactions

for all-optical modulation and spectral diversification emerges as a prominent theme. However, the sub-

wavelength plasmonic near-field enhancement in good plasmonic materials such as noble metals is hin-

dered by large ohmic losses, while conventional phase-matching of fields in bulk nonlinear crystals is not

suitable for realizing nonlinear optical phenomena on the nanoscale. In contrast, anharmonic electron

motion of free charge carriers in highly-doped graphene, which supports long-lived, highly-confined,

and actively-tunable plasmons, renders the carbon monolayer an excellent platform for both plasmonics

and nonlinear optics. Here we theoretically explore the enhancement in nonlinear response that can be

achieved by interfacing multiple graphene nanostructures in close proximity to trigger nonlocal effects

associated with large gradients in the electromagnetic near field. Focusing on second- and third-harmo-

nic generation, we introduce a semianalytical formalism to describe interacting graphene nanoribbons

with independent width, location, and electrical doping, so as to realize configurations in which plasmonic

resonances may simultaneously enhance both the fundamental optical excitation frequency and harmo-

nic intermediary and/or output frequencies. Our findings reveal the importance of both passive and active

tuning in the design of atomically-thin nanostructures for nonlinear optical applications, and in particular

emphasize the role played by nonlocal effects in generating an even-ordered nonlinear response that

may contribute to other nonlinear optical processes through a cascaded interaction. We anticipate that

our findings can aid in the design of actively-tunable nonlinear plasmonic resonators and metasurfaces.

1 Introduction

Current research in nonlinear plasmonics seeks to intensify
nonlinear optical phenomena on the nanoscale by exploiting
the extreme light-focusing ability of plasmons—the collective
oscillations of free charge carriers.1–4 The manipulation of light
on nanometer length scales enabled by plasmonics,5,6 in
tandem with spectral and temporal control of light by light
through nonlinear optics,7 paves way for full spatio-temporal
control over electromagnetic fields, with appealing prospects to

develop all-optical integrated devices.8–10 However, in practice,
the subwavelength optical excitations supported by noble
metals—the traditional material platform for plasmonics—are
impeded by high ohmic losses that limit the achievable near-
field enhancement sought in nonlinear optics applications.11,12

Furthermore, being defined by the intrinsic electronic pro-
perties of the host media and its geometry, plasmon resonances
at near-infrared and visible frequencies in noble metals offer
limited opportunities to achieve active tunability.13,14

Graphene—the atomically-thin carbon monolayer—is now
recognized as a platform for nano-optics at terahertz (THz)
and infrared (IR) frequencies that supports high-quality
plasmon resonances when doped with additional charge
carriers.15,16 The emergence of highly-doped graphene in plas-
monics has been further catalyzed by the electrical tunability of
its plasmons, which exhibit stronger optical confinement than
their noble metal counterparts, thus stimulating explorations
across all areas of nanophotonics that capitalize on long-lived,
strongly confined, and actively tunable optical resonances span-
ning the THz and near-IR spectral regimes.17–20 Within non-
linear plasmonics, graphene is rendered a particularly attractive
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material platform by its linear electronic dispersion relation at
low energies that results in electron motion deviating signifi-
cantly from the harmonic oscillation of an external electromag-
netic field.21,22 The electron dispersion of graphene is thus
deemed anharmonic, and gives rise to a strong intrinsic optical
nonlinearity associated with harmonic generation that can be
further amplified by graphene plasmons.23,24

The nonlinear optical properties of extended graphene have
been widely studied in experiment,25–29 where in some cases
plasmon-assisted nonlinear optical phenomena have been
observed.30–33 In parallel, theoretical proposals to develop non-
linear metasurfaces comprised of arrays of graphene nano-
structures predict dramatic enhancements in the nonlinear
yield due to localized plasmon resonances.34–36 Typically, such
nonlinear metasurfaces are comprised of identical units
arranged periodically on length scales comparable to the
impinging light wavelength, so that the morphology and
intrinsic optical properties of each isolated graphene nano-
structure determine the optical response. However, two-dimen-
sional (2D) materials such as graphene offer intriguing possi-
bilities to develop heterostructures that combine nanoscale
elements with complementary optical properties to interact on
truly nanometer (i.e., ≃1 nm) length scales,37 leading to func-
tionalities exceeding the sum of their individual
components.38,39 In the case of graphene, such hetero-
structures offer additional promise due to the possibility of
independently and electrically tuning the optical properties of
different components,40 which has yet to be explored in the
context of nonlinear plasmonics.

Here, we theoretically investigate the plasmon-driven non-
linear optical response associated with second- and third-har-
monic generation in actively-tunable graphene nanoribbon
heterostructures. Our explorations emphasize the effect of
spatial inhomogeneity on the plasmonic near fields produced
by closely-spaced graphene nanoribbons, which can trigger
even-ordered nonlinear optical processes in otherwise inver-
sion-symmetric nanostructures.29,41,42 We base our work on a
theoretical formalism that we introduce to facilitate a broad
parametric sweep of the geometrical and intrinsic electrical pro-
perties of graphene nanoribbon ensembles to reveal the
enhancement in harmonic generation that can be achieved by
independent active and/or passive tuning of individual struc-
tures. We furthermore elucidate the role of cascaded nonlinear
optical effects in graphene heterostructures, whereby third-har-
monic generation is influenced by the second-order mixing of
the fundamental field and its second harmonic. We anticipate
that our findings can aid in the design of polariton-driven non-
linear optical processes in two-dimensional heterostructures.

2 Theory

We investigate graphene nanoribbon ensembles driven by
monochromatic plane wave illumination, where parallel
ribbons of varying size and doping can be arranged to tailor
the plasmon-enhanced near fields that trigger a nonlinear

optical response, which we quantify by the net induced dipole
moment of the ensemble that radiates into the far field. In
what follows, we first outline the theoretical methods
employed to describe both the linear and nonlinear optical
response of arbitrary interacting 2D nanostructures in the qua-
sistatic approximation, which is applied here to one-dimen-
sional nanoribbons but can be straightforwardly adapted to
treat other 2D geometries. We then provide expressions govern-
ing the intrinsic nonlocal nonlinear optical response of free
electrons in graphene.

2.1 Optical response of two-dimensional nanostructure
ensembles

We theoretically explore the interaction of N distinct 2D nano-
structures with light characterized by a uniform electric field
Eexte−iωt + c.c., where the amplitude Eext is assumed to be real
and linearly polarized. When the nanostructures are all con-
tained within a region of size well-below the wavelength of
light that excites them, the optical response can be described
in the quasistatic approximation by the scalar potential

Φðr; tÞ ¼ Φextðr; tÞ þ
XN
j¼1

ð
d3r′

ρjðR′; tÞ
r� r′j j δðz′� zjÞ; ð1Þ

where Φext denotes the external potential associated with Eext

and ρj is the induced 2D charge density in structure j that lies
on the plane r = (R, zj) spanning coordinates R = (x, y). It is
convenient to decompose the total potential in a perturbation
series with the external field amplitude as a perturbation para-
meter according to

Φðr; tÞ ¼
X1
n¼1

Xn
s¼�n

Φðn;sÞðrÞe�isωt; ð2Þ

where n indicates the perturbation order in Eext and s the har-
monic index, such that |s| ≤ n with n ≥ 1. Now, at order n and
harmonic s, the induced charge in structure j satisfies the con-
tinuity equation ρðn;sÞj = −(i/sω)∇R· jðn;sÞj for the associated
(surface) current density

jðn;sÞj ðRÞ ¼ f jðRÞσð1;sÞj Eðn;sÞ
j ðRÞ þ jðn;sÞj;NL ðRÞ; ð3Þ

where the first term accounts for the linear response to the
field Eðn;sÞ

j (R) = −∇RΦ(n,s)(R, zj) within the 2D structure,
mediated by a filling function fj(R) that captures the spatial
dependence of the intrinsic linear conductivity σð1;sÞj (i.e., fj = 1
for points in the structure and 0 otherwise), and the second
term describes contributions from the intrinsic (i.e., bulk)
nonlinear response of graphene.

To linear order, we take n = s = 1 in eqn (3) and recover
Ohm’s law jð1;1Þj = fj σ

ð1;1Þ
j Eð1;1Þ

j , from which the charge density
can be expressed in terms of the potential as

ρð1;1Þj ðRÞ ¼ i
ω
σð1;1Þj ∇R � ½fjðRÞ∇RΦð1;1ÞðR; zjÞ�: ð4Þ

We then introduce a normalized coordinate ~θ that parame-
trizes a 2D structure, such that fj Rj þWj~θ

� �
¼ 1 within struc-
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ture j and vanishes elsewhere, effectively defining its geometry
in terms of a characteristic size Wj (here taken as the ribbon
width) and location rj = (Rj, zj) (e.g., the center of mass).
Combining eqn (1) and (4), the potential in structure j is found
to satisfy the self-consistent relation

Φð1;1Þ
j ¼ Φext

j þ
XN
j′¼1

ηð1Þj′ V jj′Dj′Φ
ð1;1Þ
j′ ; ð5Þ

where, adopting the formalism of ref. 43, we have introduced
the integrals

V jj′gð~θÞ ;
ð
d2~θ′

Wj′gð~θ′Þ
rj � rj′ þWj~θ �Wj′~θ′
��� ���

and the differential operator Djgð~θÞ ; ∇~θ � fjð~θÞ∇~θgð~θÞ
h i

, while
the dimensionless parameter ηðsÞj = iσð1;sÞj /sωWj contains all the
frequency and material dependence entering the intrinsic con-
ductivity. In effect, the Coulomb integral V jj′ yields the poten-
tial produced at r ¼ ðRj þWj~θ; zjÞ in ribbon j by the charge at
r′ ¼ ðRj′ þWj′~θ′; zj′Þ in ribbon j′. The system of eqn (5) can then
be solved by constructing a block matrix spanning discretized
real space elements: indeed, defining the potential in each
structure as ~Φ

ð1;1Þ ¼ Φð1;1Þ
1 ;Φð1;1Þ

2 ; . . . ;Φð1;1Þ
N

� �T
(similarly for

~Φ
ext
), the self-consistent solution for the combined system is

~Φ
ð1;1Þ ¼ ð1�MÞ�1~Φ

ext
; ð6Þ

where M is a square block matrix comprised of matrices
Mjj′ ¼ ηð1Þj′ V jj′Dj′, here defined by representing the operators
V jj′ and Dj on a real space grid, while 1 denotes the identity
matrix. In the ESI† we provide details on the spatial represen-
tation of the operators V jj′ and Dj leading to the block matrix
equation of eqn (6) for nanoribbons.

The nonlinear response is conveniently described in terms
of the induced charge density by using the continuity equation
to recast eqn (3) as

ρðn;sÞj ðRÞ ¼ ρðn;sÞj;NL ðRÞ þ
i
sω

∇R � fjðRÞσð1;sÞj ∇R

�
XN
j′¼1

ð
d2R′

ρðn;sÞj′ ðR′Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jR� R′j2 þ ðzj � zj′Þ2

q ;
ð7Þ

where ρðn;sÞj;NL = −(i/sω)∇R·j
ðn;sÞ
j;NL acts as a nonlinear source term

analogous to Φext in eqn (1). Then, adopting the formalism
leading to eqn (5) and (6), the integro-differential equation
above can be expressed as

ρðn;sÞj ¼ ρðn;sÞj;NL þ ηðsÞj Dj

XN
j′¼1

Wj′

Wj
V jj′ρ

ðn;sÞ
j′ : ð8Þ

Defining vectors ~ρðn;sÞ ¼ ρðn;sÞ1 ; ρðn;sÞ2 ; . . . ; ρðn;sÞN

� �T
, the solu-

tion of eqn (8) can also be expressed in block-matrix form as

~ρðn;sÞ ¼ ð1�N ðsÞÞ�1~ρðn;sÞNL ; ð9Þ
where the elements N ðsÞ

jj′ ¼ Wj′W�1
j ηðsÞj DjV jj′ may be constructed

by representing the operators V jj′ and Dj as matrices spanning

discrete real-space elements in the 2D structures j and j′. In
the ESI† we provide further details on the derivation of eqn (9)
for the specific case of ribbons with translational symmetry in
one dimension, which leads to a dependence of V jj′ and Dj on
the harmonic index s. In analogy to ~Φ

ext
in eqn (6), the vector

~ρðn;sÞNL in eqn (9) acts as the external source of nonlinear
response in the system, and depends on the specific definition
of the nonlinear current jðn;sÞNL .

2.2 Nonlinear response of graphene

In graphene doped to a Fermi energy EF, the dominant contri-
bution to the optical response at frequencies ħω ≲ EF stems
from intraband charge carrier motion, which can be described
in the Boltzmann transport equation formalism by adopting
the linearized electronic dispersion ħεk = ±ħvF|k| for electron
(upper sign) and hole (lower sign) doping, where vF ≈ c/300 is
the Fermi velocity in graphene. Following the prescription and
methods of ref. 44, we express the current associated with the
optical response at perturbation order n and harmonic index s
in extended graphene as

jðn;sÞ ¼ σ ð1;sÞEðn;sÞ þ jðn;sÞNL ; ð10Þ
where the first term accounts for the response of graphene to
the induced field E(n,s) mediated by the linear conductivity
σ(1,s) = (ie2EF/πħ2)Dsω, where Dsω ≡ (sω + iγ)−1 is a complex fre-
quency factor that includes inelastic scattering processes in
the phenomenological rate γ introduced in the relaxation-time
approximation, while the second term in eqn (10) accounts for
nonlinear optical processes. In obtaining specific expressions
for jðn;sÞNL , nonlocal effects in the optical response are incorpor-
ated by retaining terms up to linear order in the gradient of
the electric field. For second-harmonic generation (SHG), we
recover the result of ref. 44,

jð2;2ÞNL ¼ σð2;2ÞA Eð1;1Þð∇R � Eð1;1ÞÞ
þ σð2;2ÞB ðEð1;1Þ � ∇RÞEð1;1Þ

þ σð2;2ÞC ∇RðEð1;1Þ � Eð1;1ÞÞ;
ð11Þ

where

σð2;2ÞA ¼ +S ð2ÞD2ωDωð3Dω þ 4D2ωÞ; ð12aÞ

σð2;2ÞB ¼ +Sð2ÞD2ωDω �Dω þ 4D2ω � 4
ω

� �
; ð12bÞ

σð2;2ÞC ¼ +Sð2ÞD2ωDω �Dω

2
� 2D2ω þ 2

ω

� �
; ð12cÞ

with the prefactor S(2) ≡ ie3vF
2/4πħ2. The current obtained in

eqn (11) reflects the centrosymmetry of the honeycomb lattice
in graphene, so that an even-ordered nonlinear response
emerges only from gradients in the local electric field.29,45,46

Retaining electric field gradients in the third-order optical
response, we obtain the third-harmonic generation (THG)
current

jð3;3ÞNL ¼ σ ð3;3ÞEð1;1ÞðEð1;1Þ � Eð1;1ÞÞ þ jð2;f1;2gÞNL ; ð13Þ
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where σ(3,3) = (3ie4vF
2/4πħ2EF)D3ωD2ωDω is the local third-order

THG conductivity and the term jð2;f1;2gÞNL describes the cascaded
contribution to the nonlinear optical response that arises from
the second-order mixing of the linear field with the nonlinear
field generated by the current of eqn (11) at the second harmo-
nic.47 As we show in the ESI,† the cascaded contribution to
THG is tantamount to sum/difference frequency generation
described by the nonlinear current

jð2;f1;2gÞNL ¼ σð2;1;2ÞA Eð1;1Þð∇R � Eð2;2ÞÞ þ σð2;2;1ÞA Eð2;2Þð∇R � Eð1;1ÞÞ
þ σð2;1;2ÞB ðEð1;1Þ � ∇RÞEð2;2Þ þ σð2;2;1ÞB ðEð2;2Þ � ∇RÞEð1;1Þ

þ σð2;1;2ÞC

X
j¼x;y

Eð1;1Þ
j ∇RE

ð2;2Þ
j þ σð2;2;1ÞC

X
j¼x;y

Eð2;2Þ
j ∇RE

ð1;1Þ
j

þ σð2;1;2ÞD ∇RðEð1;1Þ � Eð2;2ÞÞ;
ð14Þ

where

σð2;s1;s2ÞA ¼ + Sð2ÞDðs1þs2Þω
� ½3D2

s2ω þ 2Dðs1þs2ÞωðDs1ω þ Ds2ωÞ�;
ð15aÞ

σ 2;s1;s2ð Þ
B ¼ + Sð2ÞDðs1þs2Þω � 4Ds1ω

s2ω
� D2

s2ω

�
þ2Dðs1þs2ÞωðDs1ω þ Ds2ωÞ

	
;

ð15bÞ

σð2;s1;s2ÞC ¼ +Sð2ÞDðs1þs2Þω
4Ds1ω

s2ω
� D2

s2ω

� �
; ð15cÞ

σð2;s1;s2ÞD ¼ +2Sð2ÞD2
ðs1þs2ÞωðDs1ω þ Ds2ωÞ: ð15dÞ

The cascaded contribution to THG thus involves electric
field gradients of both the fundamental and SHG fields pro-
duced in graphene. The nonlinear conductivities of graphene
derived above incorporate nonlocal effects by including terms
up to linear order in the electric field gradient, for which even-
ordered nonlinear optical phenomena emerge in a centro-
symmetric material. While this approximation is valid for
optical wave vectors ≲1 nm−1, higher-order corrections
may become relevant for extremely-confined fields that
vary dramatically on sub-nanometer length scales.37,39

In general, the perturbative formalism described here is com-
patible with optical pulses of moderate intensity employed
in nonlinear optical experiments,27,28 while pulses of
fluence ≳1 J m−2 are expected to produce transient effects
associated with the induced out-of-equilibrium electronic
distribution.33,48,49

3 Results and discussion

We focus on the optical response of interacting highly-doped
graphene nanoribbons, all of which have finite widths in x̂
and are translationally invariant in ŷ, so that the potential can
be decomposed in plane waves indexed by a wave vector q
according to Φ(n,s)(R) = φ(n,s)(x)eisqy. The symmetry of such
nanoribbon ensembles in ŷ simplifies our calculations for nor-
mally-impinging plane-wave illumination with electric field

amplitude Eext polarized along x̂, such that Φext = −xEext, and
localized plasmon resonances can be optically excited in each
ribbon. The nonlinear optical response is quantified by com-
puting the induced charge density in eqn (9), from which the
induced dipole moment (per unit length along ŷ) of the com-

bined system pðn;sÞx ¼ P
j

Ð
dx xρðn;sÞj yields the effective polariz-

ability per unit length α(n,s) ≡ pðn;sÞx /(Eext)n and the susceptibility

χðn;sÞ ; αðn;sÞ=ðdgr
P
j
WjÞ, where dgr = 0.33 nm is the inter-layer

spacing of graphite, commonly used to estimate the thickness
of graphene.25

The archetypical system in which to explore the nonlinear
optical response associated with interacting localized 2D plas-
mons is a pair (N = 2) of co-planar (z1 = z2) graphene nano-
ribbons separated by a distance d, as illustrated schematically
in Fig. 1a, where the ribbons have independent widths (W1

and W2), Fermi energies (EF1 and EF2), and damping rates (γ1
and γ2) that lead to distinct plasmon resonances (ωp1 and ωp2).
For an isolated structure ( j = j′) of size Wj and Fermi energy
EFj, the self-consistent relation for the scalar potential in eqn
(5) reduces to the eigenvalue problem ηmV jjDjΦð1;1Þ ¼ Φð1;1Þ,
from which the eigenvalues ηm determine the plasmon
resonances

ℏωm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�e2EFj
πηmWj

s
ð16Þ

in the Drude conductivity model for graphene (neglecting
losses). Following the prescription in the ESI,† the first three
finite eigenvalues are computed as η1 = −0.0689, η2 = −0.0289,
and η3 = −0.0184. The plasmon resonance condition of eqn
(16) sets the properties of graphene nanoribbon dimers that
can simultaneously support plasmons at fundamental and
harmonic frequencies of the incoming field, a configuration
that we explore in Fig. 1b for ribbons with widths W1 = 160 nm
and W2 = 40 nm at a common doping level EF1 = EF2 = 0.4 eV,
where both the linear optical response (here quantified by the
absorption cross section) and SHG susceptibility (in logarith-
mic scale) are presented for several values of the co-planar
ribbon separation d. Importantly, besides the enhancement of
SHG provided by matching the lowest-order dipolar plasmon
modes at both input and output frequencies, the dimer con-
figuration provides the symmetry-breaking required to induce
a nonvanishing dipolar second-order response. The influence
of nonlocal effects is clearly enhanced by bringing the ribbons
closer together, such that the dipolar SHG response intensifies
with the stronger field gradients produced by near field
coupling.

In an alternative approach to triggering SHG, we explore in
Fig. 1c the response of a co-planar graphene nanoribbon
dimer formed by ribbons with a common width W1 = W2 =
100 nm but unequal doping levels EF1 = 0.2 eV and EF2 = 0.8
eV. Interestingly, although W1 + W2 is preserved in the spectra
of panels (b) and (c), roughly one order of magnitude improve-
ment in the SHG yield manifests in the latter case within the
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same excitation energy window, presumably due to the larger
overall Drude weight for the ribbon supporting a plasmon
resonance at the second harmonic frequency. We also note the
increased spectral splitting in the high-energy dipolar
plasmon resonance of the j = 2 ribbon in both scenarios,
which is attributed to hybridization with a higher-order mode
supported by the j = 1 ribbon.50 More specifically, analysis of
the resonance condition in eqn (16) reveals that the spectral
splitting in Fig. 1c is a consequence of hybridization between
the first- (η1) and third-order (η3) dipolar (bright) modes.

To identify optimal configurations for plasmon-enhanced
SHG in co-planar ribbon dimers, we present the SHG response
while (passively) sweeping over the ribbon widths Wj at fixed
doping EFj = 0.4 eV in Fig. 1d and when (actively) varying the
doping levels EFj of ribbons with fixed width Wj = 100 nm in
Fig. 1e, such that in both cases the ribbons are separated by d
= 25 nm and the impinging optical frequency is fixed to the
plasmon resonance in the j = 1 ribbon (i.e., ω = ωp1). The
broad parameter sweep encompasses situations in which the
symmetry of the ribbon dimer in the polarization direction
quenches the dipolar SHG response while also probing the
double-resonance condition (e.g., ωp2 = 2ωp1) explored in

Fig. 1b and c. We furthermore consider configurations in
which the light frequency is tuned to the plasmon resonance
specified by the attributes of the j = 1 ribbon, while both the
width and doping of the second ribbon are varied according to
Fig. 1f and g for separation distances d = 25 nm and d =
2.5 nm, respectively, that modify the inter-ribbon interaction.
Our findings reveal that the SHG response can be amplified
when multiple plasmon modes of the nanoribbon are resonant
at either the fundamental or second-harmonic frequency,
while the nonlinear response can be altered by orders of mag-
nitude with only small variations in the Fermi energy of only
one ribbon in a heterostructure.

While co-planar ribbons provide the required symmetry-
breaking to trigger strong SHG, the inter-ribbon coupling is
localized at the ribbon edges. Vertical stacking thus presents
an alternative configuration to interface nanoribbons over a
larger cross-sectional area, as illustrated schematically in
Fig. 2a. The optical response of a stacked nanoribbon pair is
presented in Fig. 2b for ribbons of width W1 = 160 nm and W2

= 40 nm with equal doping EF1 = EF2 = 0.4 eV, so that the
lowest-order dipolar plasmon resonances satisfy ωp2 = 2ωp1 as
in Fig. 1b. The linear absorption cross section reveals strong

Fig. 1 Second-harmonic generation in co-planar asymmetric nanoribbon pairs. (a) Schematic illustration of second-harmonic generation (SHG) in
two co-planar graphene nanoribbons separated by a distance d and characterized by widths Wj, Fermi energies EFj, and damping rates γj for j∈{1, 2}.
(b) The effect of inter-ribbon interaction is explored in both the linear absorption cross section (upper panel) and the SHG susceptibility (lower
panel) by varying the separation distance d for a dimer formed by arranging ribbons of width W1 = 160 nm and W2 = 40 nm at the same doping EFj =
0.4 eV, such that the frequency of the lowest-order dipolar plasmon resonance in ribbon j = 1 is half of that in ribbon j = 2 (i.e., frequency ∝Wj

1/2). (c)
Similar to (b), but for ribbons with equal width Wj = 100 nm and different dopings EF1 = 0.2 eV and EF2 = 0.8 eV. (d–f ) SHG from co-planar ribbons
spaced d = 25 nm apart when: (d) the ribbons have the same doping EF1 = EF2 = 0.4 eV and varying widths Wj; (e) the ribbons have equal widths W1

= W2 = 100 nm and varying doping levels EFj; (f ) both the width and doping of ribbon j = 2 are changed. (g) Similar to (f ), but for a small ribbon sep-
aration d = 2.5 nm. In panels (d–g), the impinging light frequency is maintained at the lowest-order dipolar plasmon resonance frequency ħω =
(−e2EF1/πη1W1)

1/2. Results are obtained for an inelastic broadening ħγ1 = ħγ2 = 10 meV and a homogeneous environment with permittivity ε = 1.
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hybridization of the dipolar plasmon resonance as the ribbon
separation parameter d decreases, while the SHG susceptibility
χ(2,2) presents peaks of similar magnitude as those obtained in
the co-planar configuration that emerge at the plasmon reso-
nances. We attribute this behaviour to the greater nanoribbon
interaction area available in the stacked geometry, which ulti-
mately leads to larger hybridization effects.

In Fig. 2c we maintain W1 = 160 nm and EF1 = 0.4 eV in the
first ribbon and fix the illumination frequency to the lowest-
order dipolar plasmon resonance (ℏωp1 = 0.13 eV) while
varying the width and doping of ribbon j = 2 in order to
explore the optimal second-harmonic response in the stacked
configuration. Note that the dip in SHG response at W2 = W1 =
160 nm corresponds to an inversion-symmetric hetero-
structure, independent of the chosen Fermi energies.
Prominent features in the SHG response correspond to overlap
of the leading bright modes with the second harmonic fre-
quency in ribbon j = 2. Consequently, although not radiating
into the far field, the second-order ribbon eigenmode may still
contribute significantly to the SHG response. Analogously, the
large SHG below EF2 = 0.2 eV in Fig. 2c originates in
coalescing higher-order modes. In particular, when the
illumination frequency matches the dipolar plasmon reso-
nance of ribbon j = 1, an enhancement in harmonic generation
at sω emerges when the condition EF2/EF1 = s2W2ηm/W1η1 is
met for eigenvalues ηm. We indicate the resonance conditions
for the first three finite ribbon eigenmodes in Fig. 2c by black
dashed, dot-dashed, and solid lines, which however do not
match perfectly with maxima in the SHG response due to
hybridization effects. Larger ribbon separations would limit
mode hybridization, thus matching the optimal SHG response
with the aforementioned condition, as illustrated in Fig. S2 in
the ESI.† Furthermore, the optimal horizontal alignment in
stacked ribbon dimers comprised of ribbons with constant
width and different doping levels has been analyzed in Fig. S3

in the ESI,† and underscores the resonant enhancement of
SHG that occurs when ωp2 = 2ωp1.

Now, turning our attention to the third-order response, we
investigate THG in a system formed by three interacting gra-
phene ribbons with independent widths Wj and doping levels
EFj for j∈{1, 2, 3}, separated by a common horizontal gap dis-
tance d, as depicted in Fig. 3a. In such a nanoribbon triad,
each of the three ribbons may have a distinct plasmon reso-
nance frequency ωpj that we can tune actively or passively to
realize a system sustaining plasmon resonances at the funda-
mental, second, and third harmonic frequencies of the
impinging light. In Fig. 3b, we present the absorption cross
section (upper panel) and THG susceptibility χ(3,3) (lower
panel) for ribbons of a fixed doping EFj = 0.45 eV and widths
W1 = 220 nm, W2 = 55 nm, and W3 = 25 nm at different hori-
zontal separations d, which simultaneously satisfy the con-
dition ωp2 = 2ωp1 and ωp3 = 3ωp1, where the solid curves show
the results for three parallel ribbons and the black-dotted
curves are calculated for a single ribbon with a width equal to
the sum of the three ribbons. The same triple-resonance con-
dition is obtained for ribbons of equal width Wj = 100 nm and
Fermi energies EF1 = 0.1 eV, EF2 = 0.4 eV, and EF3 = 0.9 eV, a
configuration that is shown in Fig. 3c to exhibit plasmon
mode interference and stronger THG at lower frequencies. In
particular, the splitting of the two high-energy modes in
Fig. 3c is observed in the linear response, which arises due to
mixing with the dark mode of both ribbon j = 1 and ribbon j =
2. Comparing Fig. 3b with Fig. 3c, we conclude that the con-
figuration with constant width is superior to the configuration
with constant doping by almost one order of magnitude, and
we emphasize that the sum of the widths have been preserved
on both cases. Furthermore, Fig. 3b indicates that a single
ribbon with the combined width of the triad displays similar
THG response at ħω ≈ 0.1 eV, but is several orders of magni-
tude smaller at larger excitation energies.

Fig. 2 Second-harmonic generation in stacked nanoribbon pairs. (a) Schematic of parallel graphene nanoribbons separated by a vertical distance d
and aligned on one edge. Ribbon j∈{1, 2} is characterized by a width Wj and Fermi energy EFj. (b) Linear absorption cross section (upper panel) and
SHG susceptibility (lower panel) of a stacked nanoribbon pair with W1 = 160 nm, W2 = 40 nm, and EF1 = EF2 = 0.4 eV for different separation dis-
tances. (c) SHG susceptibility of a stacked ribbon pair separated by d = 25 nm when the illumination frequency is fixed to the lowest-order dipolar
plasmon resonance of ribbon j = 1 with W1 = 160 nm and EF1 = 0.4 eV as the width and doping of ribbon j = 2 are varied. Results are obtained for
self-standing ribbons and a damping ħγj = 10 meV.
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An alternative approach to a system suited to fulfill the triple-
resonance condition is that of three graphene ribbons vertically
separated by a distance d, as illustrated schematically in Fig. 4a.
Neglecting hybridization effects, the triple-resonance condition is
assured by choosing the same material parameters as for the pre-
viously considered co-planar THG system, from which we obtain
the spectra shown in Fig. 4b (4c) for constant doping level
(width) and different widths (doping levels). In analogy to SHG
from two vertically separated ribbons, the increased overlap of
graphene material for the three stacked ribbons leads to more
significant plasmon hybridization, as revealed in Fig. 4c by the
blueshift of the lowest-order dipolar resonances with decreasing
vertical separation distance d. Interestingly, for the equally-doped
ribbon triad, only the THG signal associated with the dipolar

plasmon resonance of the middle ribbon changes substantially
as the separation is reduced (see the lower panel of Fig. 4b),
while all dipolar resonances in the THG response are modified
for ribbons of equal width (see the lower panel of Fig. 4c). The
latter situation is attributed to the decreasing oscillator strength
of the plasmon resonance at lower energies as the ribbons are
brought closer together, approaching the limit of a single ribbon
with a net Drude weight

P
j EFj.

51 The dotted blue line in the
lower panels of Fig. 4b and 4c show the optical response when
the cascaded contribution is neglected for closely spaced ribbons
with d = 2.5 nm, i.e., setting jð2;f1;2gÞNL = 0 in eqn (13). The cascaded
effect seems to have the largest impact at high excitation energies
in the system with constant doping, while the opposite trend is
reported in the system with constant ribbon width.

Fig. 3 Third-harmonic generation in a co-planar nanoribbon triad. (a) Schematic of co-planar graphene ribbons of width Wj and doping EFj for j∈{1,
2, 3}, separated by a common gap distance d. (b) Linear absorption cross section (upper panel) and THG response when ribbons of width W1 =
220 nm, W2 = 55 nm, and W3 = 25 nm are equally-doped to EFj = 0.45 eV for different gap distances d. (c) Same as in (b), but for ribbons of equal
width Wj = 100 nm and different doping levels EF1 = 0.1 eV, EF2 = 0.4 eV and EF3 = 0.9 eV. Results are obtained for self-standing ribbons and
damping ħγj = 10 meV.

Fig. 4 Third-harmonic generation in stacked nanoribbon triads. (a) Schematic illustration of three stacked ribbons vertically separated by the same
distance d and with independent widths Wj and dopings EFj for j∈{1, 2, 3}. (b) Linear and THG response of a stair-like configuration formed by com-
bining ribbons of widths W1 = 220 nm, W2 = 55 nm, and W3 = 25 nm at the same doping EFj = 0.45 eV. The left-most edges of the ribbons are verti-
cally aligned. (c) Similar to (b) but for equal widths Wj = 100 nm and different doping levels EF1 = 0.1 eV, EF2 = 0.4 eV, and EF3 = 0.9 eV. Note that the
nanoribbon parameters in both (b) and (c) are chosen to keep a constant total width

P
j Wj ¼ 300nm and satisfy the triple-resonance condition ωp1

= ωp2/2 = ωp3/3. The dotted curves indicate the same system as the solid curves (distinguishable only for d = 2.5 nm), but omitting nonlocal terms in
the calculation. The phenomenological damping of graphene is set to ħγj = 10 meV and the dielectric environment is ε = 1.
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To further enhance the electric field gradients that give rise
to even-ordered nonlinear optical effects, we may introduce
additional asymmetry in graphene heterostructures by interfa-
cing electron- and hole-doped nanoribbons. In particular, the
nonlocal intraband SHG conductivity of graphene in eqn (11)
and (14) exhibits a dependence on the sign of the Fermi
energy, suggesting that the induced charge associated with
SHG should exhibit additional dipolar character when ribbons
of opposite doping interact. In Fig. 5 we consider a dimer com-
prised of staggered ribbons and compare the harmonic gene-
ration produced when the doping charge level is equal or
opposite for various inter-ribbon separations. While the same
linear response appears in Fig. 5a for electron and hole
doping, a strong SHG signal emerges from the dimer of oppo-
sitely-doped ribbons in Fig. 5b, which vanishes in the dimer of
equally-doped ribbons (not shown). The resulting THG yield
for the equally-doped ribbons in Fig. 5c differs from that of
the oppositely-doped dimer in Fig. 5d for the smallest separ-
ation distance considered due to a significant cascaded non-
linear response, particularly for photon energies near the
lowest-order dipolar plasmon resonance of the individual
ribbons that in this case are strongly hybridized.

4 Conclusions

The strong intrinsic nonlinear optical response of graphene
can be further enhanced by its highly-confined and electri-
cally-tunable plasmon resonances, which are conveniently
excited by far-field illumination in subwavelength structures.
The semianalytical method we introduce here enables explora-
tions over a wide parameter space to reveal optimal configur-
ations for harmonic generation from interacting graphene nano-
structures. We find the nonlinear efficiency to depend crucially
on nonlocal effects in the optical response. While pristine gra-
phene does not produce an even-ordered response due its centro-
symmetric crystal structure, the breaking of symmetry in pat-
terned morphologies is predicted here to produce intense SHG
when the impinging light frequency ω matches one or more
plasmon resonances ωps (i.e., when ω = ωps/s for s = 1 and/or s =
2). Similar conclusions apply to THG, which is dominated by a
local nonlinear response but can be sensitive to nonlocal effects
through the cascaded second-order wave mixing of fundamental
and second-harmonic frequency components in the near field.
In practice, the heterostructures under consideration could be
fabricated by inserting passive dielectric spacers such as hexag-
onal boron nitride with a prescribed number of atomic layers to
define the vertical spacing. In addition, each graphene plane
could be lithographically patterned to achieve the desired lateral
spacing. Our findings underscore the importance of nonlinear
near-field interactions and their relatively untapped potential to
develop efficient nano-optical devices, along with the appeal of
graphene as an actively-tunable plasmonic material in subwave-
length heterostructures to independently tune different optical
resonators and control nonlinear optical phenomena.
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