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Issues on DFT+U calculations of organic
diradicals†

Kohei Tada *a and Yasutaka Kitagawa b

The diradical state is an important electronic state for understanding molecular functions and should be

elucidated for the in silico design of functional molecules and their application to molecular devices.

The density functional theory calculation with plane-wave basis and correction of the on-site Coulomb

parameter U (DFT+U/plane-wave calculation) is a good candidate of high-throughput calculations of

diradical-band interactions. However, it has not been investigated in detail to what extent the DFT+U/

plane-wave calculation can be used to calculate organic diradicals with a high degree of accuracy.

In the present study, using typical organic diradical molecules (bisphenalenyl molecules) as model

systems, the discrepancy in the optimum U values between the two electronic states (open-shell singlet

and triplet) that compose the diradical state is detected. The calculated results show that the reason for

this U value discrepancy is the difference in electronic delocalisation due to p-conjugation between the

open-shell singlet and triplet states, and that the effect of U discrepancy becomes large as diradical

character decreases. This indicates that it is necessary to investigate the U value discrepancy with

reference to the calculated results by more accurate methods or to experimental values when

calculating organic diradicals with low diradical character. For this investigation, the local magnetic

moments, unpaired beta electron numbers, and effective magnetic exchange integral values can be used

as reference values. For the effective magnetic exchange integral values, the effects of U discrepancy are

partially cancelled out. However, because the effects may not be completely offset, care should be taken

when using the effective magnetic exchange integral value as a reference. Furthermore, a comparison of

DFT+U and hybrid-DFT calculations shows that the DFT+U underestimates the HOMO–LUMO gap of

bisphenalenyls, although a qualitative discussion of the gap is possible.

1. Introduction

The diradical state is important for elucidating and predicting
the function of open-shell molecules.1–10 In particular, the
investigation of open-shell singlet states is important for under-
standing chemical reactions and material functions.1,4,11–13

Open-shell structures are often stabilised in complexes with
transition metal ions, whereas even pure organic compounds
without transition metals can stabilise open-shell electrons
owing to p-conjugation and substituents, such as phenalenyl14

and trioxotriangulen.15 The linking of these stable organic
radicals spatially or through bonding provides unique open-
shell singlet states.14–26 These unique electronic states

lead to organic magnetic materials,16–19 environmental material
functions,20–22 unique optical properties,23–25 and electronic
conductivity.26,27 Hence, stable organic biradicals have been
actively studied.

To develop functional molecules as devices, the molecules
need to be aligned on a stable substrate.28–33 However, knowl-
edge regarding the effects of molecular/surface interactions on
the open-shell singlet state is lacking. This is because analytical
techniques based on theoretical calculations and experimental
observations of surface diradical states have not yet been
developed. Further, it is known that molecular stacking
affects material properties and molecular functions, although
quantum chemical calculations were performed using models
cut from the crystal structure. The cut models sometimes
provide insights into molecular functions,25,34–40 but the com-
putational costs are generally too high to mimic the electronic
structures of bulk systems, and high-throughput calculations
are difficult. Therefore, the correlation between molecular
stacking and function, as well as the influence of substrate
interactions on stacking, remains unclear; it is a barrier to
in silico design.
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In recent years, techniques have been developed to analyse
diradical states from the results of density functional theory
calculations with a plane-wave basis (DFT/plane-wave
calculation),10,41–43 which are high-throughput first-principle
methods for surfaces and solids.44,45 The diradical character is a
characteristic quantity of the open-shell singlet state, which is
correlated with magnetism, optical properties, electronic conduc-
tivity, and reactivity (catalytic activity).1–10,23 It was reported that
the diradical character can be estimated using the charge density
distributions obtained from DFT/plane-wave calculations.10,43

Effects of surface interaction on the diradical character were
investigated for model systems with s electrons in magnetic
orbitals.10,46 The previous studies confirmed that diradical char-
acters of s-electron model systems are varied by surface inter-
actions, even when there is no clear electron transfer between
the molecules and surfaces. The magnetic orbitals of the model
diradicals are polarised by the surface ion species, and the
polarisation causes the increase of diradical character. In
addition, studies were conducted on real molecules such as
p-benzyne and bisphenalenyls.47,48 Even in the real molecules,
as in the model molecules, the diradical characters were varied
due to the polarisation effect of the surface on the magnetic
orbitals. The contribution of resonance structures of the p-
benzyne is affected by the surface adsorption, and the variation
causes a decrease of diradical character, which mechanism was
not observed in the model molecular system.47

Although theoretical investigation using the diradical mole-
cules in real is important, open-shell singlet states of some
organic diradicals are not converged when using the pure-DFT
methods.43,48,49 The self-interaction error (SIE) has a large
effect in the pure-DFT,50 and the closed-shell singlet state in
which electrons are delocalised is too stabilised in the calcula-
tions of organic diradicals by pure-DFT. The over-delocalisation
was also detected in the calculated results of organic molecules
by pure-DFT/plane-wave method.48 This indicates that the
number of organic diradicals that can be studied by the pure-
DFT method is severely limited, because the open-shell singlet is
the key electronic structure that constitutes the diradical state. In
molecular orbital calculations using atom-centred basis sets, the
hybrid-DFT, post-Hartree–Fock, or both methods are essential
approaches for the calculation of organic diradicals.1,49 On the
other hand, the computational costs of hybrid-DFT and post-HF
methods are high for band calculations of periodic systems,
such as using plane-wave basis. Especially in surface adsorption
state calculations, it is often difficult to perform hybrid-DFT
calculations because of the large number of atoms in the
calculation model, which results in a large computational cost.
Therefore, in the theoretical calculations for solid-state electro-
nic structures, on-site Coulomb parameters are used to correct
the SIE in the pure-DFT method and to obtain spin-polarised
states; this approach is known as DFT+U method.51–55 Since the
computational costs of the DFT+U and pure-DFT methods are
comparative, informatics research using high-throughput results
by the DFT+U/plane-wave is very active.44,45

Data-driven study for novel molecular devices using the
unique functions of diradical molecules requires computational

methods that can handle both diradical states and solid-state
bands with high accuracy and low cost. The DFT+U/plane-wave
method would be a good candidate for such a method. However,
it has not been investigated in detail to what extent the DFT+U/
plane-wave method can be used to calculate organic diradicals
with a high degree of accuracy. In this study, hybrid-DFT/plane-
wave and DFT+U/plane-wave calculations were performed for
two molecules for which experimental values of diradical char-
acter have been reported.23 The comparison detects the issues
on the DFT+U calculations of organic diradical, U value discre-
pancy between singlet and triple states. The cause of this
discrepancy is discussed to investigate how to apply DFT+U
method to systems including organic biradicals.

2. Method

Fig. 1 shows the calculated molecular structure. The molecules
belong to bisphenalenyl (Fig. 1(b)), in which the phenalenyl
framework (Fig. 1(a)) is connected via conjugation bonds.14

Mol 1 (Fig. 1(c)) is a molecule with N = 1, and Mol 2 (Fig. 1(d)) is a
molecule with N = 2, having benzene and naphthalene embedded,
respectively. The diradical characters of Mol 1 and Mol 2 were
experimentally determined from their absorption and fluores-
cence spectra,23 and the values are shown in Fig. 1. It has been
clarified from both experiments and computations that Mol 2 has
a larger distance between the biradicals, which results in greater
spin localisation and diradical character.14,23,43 Geometries
reported in previous studies23,43 were used for the calculations.

The Vienna Ab initio Simulation Package (VASP)56–59 was
used for the DFT calculations. The generalised gradient
approximation proposed by Perdew, Burke, and Ernzerhof
(GGA-PBE)60 was adopted for exchange–correlation functional
of DFT+U calculations. The PBE0 functional61 was used for the
hybrid-DFT calculations. The dependence of the diradical char-
acter of bisphenalenyl estimated by DFT on the exchange–
correlation functional was discussed in a previous study, and
the PBE0 functional showed good agreement with the experi-
mental values.43 The cut-off energy of the wavefunction was
500 eV unless otherwise specified. The wavefunction was expanded
using a plane-wave basis, and the core region was treated using the
projector-augmented wavefunction (PAW) method.62,63 In the PAW
method, the numbers of valence electrons of the C and H atoms
were set to four (2s22p2) and one (1s1), respectively. A supercell with
a vacuum region was used for the DFT/plane-wave calculations; the
specific cell size was 30.00 � 15.00 � 45.00 Å3. The molecules
calculated in this study have mirror-symmetries in the x, y and z
directions (except for z direction for tertial-Bu), the artificial dipoles
causing in periodic boundary conditions disappears when a suffi-
cient vacuum region is set up in the supercell models. The orbital
polarisation effects caused by the stacking of diradical molecules
are negligible when using sufficient large vacuum regions.47

Therefore, in this study, a sufficient vacuum region was adapted,
and no dipole correction was added. The sampled k-point was only
at the G-points because of the calculation of molecules using the
supercell. In the computational conditions and models, there
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was a difference of more than 104 times in the execution time
between the DFT+U/plane-wave and hybrid-DFT/plane-wave
calculations. The geometry and spin distributions were visua-
lised using Visualization for Electronic and STructural Analysis
(VESTA) programme.64

The diradical character is defined as the contribution of a
two-electron excited configuration in the ground electronic
state.1,2,6–10,43 When performing molecular orbital calculations,
the diradical character can be analytically calculated from the
results of natural orbital analysis.1,9 In addition, the character
can be approximated using the electron-density distribution.10,43

eqn (1) is based on electron density.

y ¼ 1� 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ

Ð
rLS� rð Þdr�

Ð
rHS

� rð Þdr
p
2þ

Ð
rLS� rð Þdr�

Ð
rHS

� rð Þdr : (1a)

rX X¼LSorHSð Þ
�ðrÞ ¼

0 when r að Þ
X rð Þ � r bð Þ

X rð Þ

r að Þ
X rð Þ � r bð Þ

X rð Þ when r að Þ
X rð Þor bð Þ

X rð Þ

8<
:

(1b)

r(a)
X (r) and r(b)

X (r) represent the density of alpha electrons
(electron with major spin) and of beta electrons (electrons with
minor spin), respectively, while subscript ‘‘X’’ represents the
electronic state. In this study, the low-spin state (LS) corre-
sponds to the open-shell singlet, and the high-spin state (HS)
corresponds to the triplet state. The diradical character is
represented by ‘‘y’’, and herein, referred to as the y value.
The approximate accuracy of eqn (1) has been discussed in
previous studies,10,43 and the values estimated using eqn (1) for
Mol 1 and Mol 2 are in quantitative agreement with the natural
orbital analysis results.43 In this study, the y values were calculated
from the electron density distributions obtained by DFT+U/plane-
wave and hybrid-DFT/plane-wave calculations using eqn (1).

3. Results and discussion

The energy cut-off (Ecut) dependence of the y value of Mol 1 in
the DFT+U/plane-wave calculations was discussed in a previous
study and was constant from 400 or 500 eV.48 Fig. 2(a) and (b)
show the Ecut dependence of the y values of Mol 1 and Mol 2 in
the PBE0/plane-wave calculations. The difference between the y
values at 400 and 500 eV was 0.002 or less; hence, it was
assumed that the y values converged to a constant value. The
spin density distribution at Ecut = 500 eV shown in Fig. 2(c) and
(d) is similar to that reported in previous studies,14,16–18,20,21,26

and the electronic state in which antiparallel spins are localised
on two phenalenyls (open-shell singlet state) was obtained as
the ground electronic state. The calculated y values by PBE0/
plane-wave were 0.125 for Mol 1 and 0.342 for Mol 2. These
values are in qualitative agreement with the experimental
results. PBE0 functional shows better agreement with experi-
mental values when compared to the B3LYP functional which is
commonly used for DFT calculations of y values.43 Hence, in this
study, the results of the PBE0/plane-wave at Ecut = 500 eV were
used as reference values for the DFT+U/plane-wave calculations.
However, the calculated y values by the PBE0/plane-wave (Fig. 2(c)
and (d)) and those experimental ones (Fig. 1(c) and (d)) are not in
quantitative agreement. For a more accurate theoretical predic-
tion, a study on ‘‘what is the best approach to quantitatively
calculate the y values for in silico design’’ is needed (this has
already been attempted by many theoretical chemists but no
consensus for the method has been reached1,23).

Fig. 3 shows the U dependence of the y values of Mol 1 and
Mol 2. The y values on the vertical axis are plotted as differences
from the values calculated using PBE0. The specific y values are
shown in Fig. S1 and S2 (ESI†). The spin density distributions of
the calculated singlet state are also shown in Fig. S1 and S2
(ESI†). The spin polarisation was very small (negligible) for U o
4 eV in Mol 1 and also for U = 0 eV (pure-DFT, GGA-PBE) in Mol
2 (see Fig. S1–S4, ESI†); these singlet states are regarded not as
open-shell singlet but as closed-shell singlet. Thus, the bisphe-
nalenyl molecules shown in Fig. 1 are organic diradicals for
which open-shell singlet cannot be investigated by the pure-
DFT method, requiring the application of the DFT+U or hybrid-
DFT methods. In addition, as shown the results of Mol 1 with

Fig. 1 (a) Phenalenyl framework, and (b) bisphenalenyl framework. Bisphen-
alenyl is the molecule that has two phenalenyl framework with linked five- and
six-membered rings. (c) the Mol 1 that is a bisphenalenyl molecule with N = 1,
and (d) the Mol 2 that is a bisphenalenyl molecule with N = 2. The experimental
y values reported in the prior work23 are shown for the Mol 1 and Mol 2. The
brown and white sticks represent the C and H atoms, respectively.
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U = 4 eV, the spin distribution is quite different from those of U 4
5 eV: the spins on the neighbouring carbon atoms of the carbon
atom where the spins are predominantly localised are extremely
small (it is almost zero). Hence, Fig. 3 does not show the
U dependence at U o 5 eV for Mol 1 and U o 1 eV for Mol 2.
Similar to the U dependence reported in a previous study,48 the
optimum U values were in the range of 11–12 eV. The spin density
distributions (Fig. S5 and S6, ESI†) confirm that the electronic
states estimated by DFT+U/plane-wave (U = 11 and 12 eV) and
PBE0/plane-wave are similar, although the U values are large.
However, the results of the DFT+U/plane-wave calculations seem
to show a larger localisation of spin distributions for Mol 1 and
Mol 2 than those of the PBE0/plane-wave calculations.

To analyse the difference in spin localisation quantitatively,
the local magnetic moment for each atom was calculated using
eqn (2):65

mproj ið Þ ¼
1

Na;i

X
l¼s;p;d

Xocc:
n

fa;n
Xl
m¼�l

Ya;ilmj
�� ja;in

� ��� ��2

� 1

Nb;i

X
l¼s;p;d

Xocc:
n

fb;n
Xl
m¼�l

Yb;ilm
�� jb;in

D E��� ���2:
(2)

Na(b) and fa(b) represent the number of bands and occupancies of
a(b) electrons, respectively. Y is the spherical harmonic function,
and j is the one-electron wave function. The subscripts n, l, and m
represent the principal, azimuthal, and magnetic quantum num-
bers, respectively. The calculated local magnetic moments are
summarised in Tables S1–S4 (ESI†). The carbon atom numbers
listed in Tables S1–S4 are explained in Fig. S7 (ESI†). It was
confirmed that the local magnetic moments obtained from the
DFT+U/plane wave (U = 11 and 12 eV) were larger than those
obtained from the PBE0/plane-wave. This larger localisation was
confirmed not only for the singlet state (Tables S1 and S3, ESI†)
but also for the triplet state (Tables S2 and S4, ESI†). For biradical
molecules, the extent to which the spin is localised, as well as the
diradical character are important. Therefore, the optimal value of
U for the local magnetic moment was determined.

The spins on the phenalenyls are not localised to one atom
but are distributed over several carbon atoms. Therefore,
carbon atoms are grouped according to the amounts of loca-
lised spins: G1 atoms have relatively large spin localisation, G2
atoms have relatively small spin localisation, and G3 atoms
have negligible spin polarisation. Tables S1–S4 (ESI†) summar-
ise the groupings. Fig. S8–S11 (ESI†) show the dependence of
the local magnetic moments of G1 and G2 groups on U values
(Fig. S8: BS of Mol 1; Fig. S9: HS of Mol 1; Fig. S10: BS of Mol 2;
S11: HS of Mol 2, ESI†). The local magnetic moments on the
vertical axis differ from the PBE0 results. For both Mol 1 and
Mol 2, the differences in the optimal U values between the
singlet and triplet states were significant.

Fig. 2 Calculated results by PBE0/plane-wave. (a) and (b) Dependences
of y values of Mol 1 and Mol 2, respectively, on energy cut-off for plane-
wave (Ecut). (c) and (d) Spin density distributions of LS (left panels) and HS
(right panels), J and y values of Mol 1 and Mol 2, respectively. The yellow
and blue represent the spin density for major and minor spins, respectively.
The threshold for the spin density is 0.003 e� bohr�3.

Fig. 3 y dependence on the on-site Coulomb parameter (U). (a) Mol 1,
and (b) Mol 2. Dy is the y value difference between PBE0/plane-wave and
DFT+U/plane-wave (the negative value indicates that the DFT+U/plane-
wave underestimate the y value).
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The results shown in Fig. S4(a, b) and S6(a, b) (ESI†) confirm
that the local magnetic moment in the singlet state of the
carbon atoms belonging to G1 is symmetric between the up-
and down-spin; hence, it is sufficient to focus on the three
carbon atoms. Specifically, the atoms are C11, C14, and C19 in
Mol 1 and C28, C31, and C36 in Mol 2. Fig. 4 shows the
regression curves obtained by the least-squares method using
the calculated values for the carbon atoms. The values of a, b,
and c in the obtained regression curves (Dmproj(i) = aU2 + bU +c)
and the U value corresponding to Dmproj(i) = 0 are listed in
Table 1. Discrepancies of 1.7 eV for Mol 1 and 1.1 eV for Mol 2
were detected at the optimal U values between the singlet and
triplet states.

Table 2 summarises the estimated y values using the U
values listed in Table 1. When the same U value was used for
the singlet and triplet states, the y values obtained by DFT+U
deviated from the PBE0 result. By contrast, when the U dis-
crepancy in the optimal value for the local magnetic moment

was considered, the estimated y values approached the PBE0
value. In particular, when the singlet state was calculated at U =
8 eV, the y values agreed with a difference of less than 0.0024.
This value of U = 8 eV was obtained from the fitting curves for
C11 in Mol 1 and C31 in Mol 2. Furthermore, it was detected
that this optimum U = 8 eV for the LS is the U value where the
unpaired beta electron number of LS in eqn (1),

Ð
rLS

� rð Þdr,
estimated using the DFT+U result is equal to that of the PBE0
result (Fig. 5(a) and (b)). As shown in the U dependence of the
unpaired beta electron number of HS (Fig. 5(c) and (d)), the
optimum U values were different from those of LS. The specific
values of the optimum U values for unpaired electron beta
number were estimated by the same way as that for local
magnetic moment: LS of Mol 1 (U = 8.3 eV), HS of Mol 1

Fig. 4 Local magnetic moment dependence on the U value and regression curves of the typical carbons in the (a) LS state of Mol 1, (b) HS state of Mol 1,
(c) LS state of Mol 2, and (d) HS state of Mol 2.

Table 1 Values of a, b, c of the obtained regression curves (Dmproj(i) =
aU2 + bU + c) shown in Fig. 4 and the U value giving Dmproj(i) = 0

Molecule Atom State A b c U [eV]

Mol 1 C11 LS 0.0053 1.1659 �9.7385 8.0
HS 0.0375 0.0960 �2.0856 6.3

C14 LS �0.0061 1.4061 �11.761 8.7
HS 0.0318 0.1748 �2.7752 7.0

C19 LS �0.0114 1.3123 �11.337 9.4
HS 0.0299 0.0739 �2.3092 7.6

Mol 2 C28 LS �0.0143 1.3291 �9.1250 7.5
HS 0.0304 0.2996 �3.1023 6.3

C31 LS �0.0159 1.2611 �9.0795 8.0
HS 0.0272 0.2629 �3.1432 7.0

C36 LS �0.0219 1.2278 �9.1955 8.9
HS 0.0222 0.2215 �3.0773 7.8

Table 2 Diradical characters estimated using different U values

Molecule U (LS) [eV] U (HS) [eV] y (Dy)

Mol 1 8.0 8.0 0.0389 (�0.0862)
8.0 6.3 0.1227 (�0.0024)
6.3 6.3 0.0126 (�0.1125)
8.7 8.7 0.0531 (�0.0720)
8.7 7.0 0.1729 (0.0478)
7.0 7.0 0.0220 (�0.1031)
9.4 9.4 0.0693 (�0.0558)
9.4 7.6 0.2554 (0.1303)
7.6 7.6 0.0317 (�0.0934)

Mol 2 7.5 7.5 0.1525 (�0.1897)
7.5 6.3 0.3322 (�0.0100)
6.3 6.3 0.1143 (�0.2279)
8.0 8.0 0.1697 (�0.1725)
8.0 7.0 0.3410 (�0.0012)
7.0 7.0 0.1361 (�0.2061)
8.9 8.9 0.2029 (�0.1393)
8.9 7.8 0.4941 (0.1519)
7.8 7.8 0.1627 (�0.1795)
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(U = 7.0 eV), LS of Mol 2 (U = 8.0 eV), and HS of Mol 2 (U =
7.0 eV). For Mol 1, the y value was estimated by taking into
account the discrepancy of the optimum U value in the
unpaired beta electron number, and it was 0.112, whose
difference from the PBE0/plane-wave result was 0.013. Hence,
it can be concluded that the U value discrepancy can be
estimated using the unpaired beta electron number or the local
magnetic moment.

It was revealed that by considering the discrepancy in the
optimal U value for the local magnetic moment or unpaired
beta electron number, it is possible to perform DFT+U/plane-
wave calculations with reasonable values of U corrections for
both the local spin quantities and diradical character. Is this U
discrepancy universal to organic biradicals? Is this phenomenon
specific to bisphenalenyl systems? This should be clarified
for the theoretical investigations of biradical molecules using
DFT+U calculations.

On-site Coulomb corrections such as the DFT+U method are
generally used for oxides of 3d/4f transition metals.51–55 When
transition oxides are calculated at the local density approxi-
mation level (LDA), the interactions between metal ions are
artificially strong, and d/f electrons are delocalised among the
ions. Although this tendency still occurs at the GGA level, d/f
electrons can be localised on the metal by adding repulsion

among the d/f electrons as an on-site Coulomb parameter
(GGA+U method). In the case of metal oxides, electron deloca-
lisation in LDA and GGA is artificial because the electrons
should be localised on the metal ions, even in the AFM
state.51–55,66 By adding U parameter until the artificial deloca-
lisation is cancelled, calculated values close to those of the
hybrid-DFT and the experiment can be obtained. In the case of
organic biradicals, the p electrons are delocalised on carbons;
hence, the on-site Coulomb parameter U is added to their p
orbitals. Organic biradical systems differ from oxides in that
the neighbouring sites are composed of the same element
(carbon) rather than different elements (metal and oxygen).
This indicates that the spins are antiparallel coupled between
neighbouring carbons. In closed-shell organic compounds, the
antiparallel coupling spins are pseudo-spins, and the electrons
become either p-conjugated or covalent electron pairs. Therefore,
in organic biradical systems, electron delocalisation due to
orbital hybridisation between neighbouring spin sites is greater
than in oxide systems (there is significant non-artificial elec-
tron delocalisation). This electron delocalisation leads to
diradical states in the organic biradicals. The electron deloca-
lisation in the organic diradical differs between LS (singlet,
spins are anti-parallel coupled) and HS (triplet, spins are
parallel coupled) states. The electron exchange interaction in

Fig. 5 Dependence of
Ð
rLS

� rð Þdr and
Ð
rHS

� rð Þdr values on the U values. (a)
Ð
rLS

� rð Þdr of Mol 1, (b)
Ð
rLS

� rð Þdr of Mol 2, (c)
Ð
rHS

� rð Þdr of Mol 1, and

(d)
Ð
rHS

� rð Þdr of Mol 2.
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the triplet state is larger than that in the singlet state, resulting
in a more localised solution and closer inter-electron distances.
In DFT, on the other hand, artificial electron delocalisation
occurs as described above, which is explained as SIE.50 The SIE
is repulsions by the electrons themselves, which should cancel
out with the exchange interaction. The effect of SIE can be
significantly reduced by partially mixing the Hartree–Fock
exchange term, for which the exchange interaction can be
calculated correctly, into the DFT exchange functional
(hybrid-DFT method such as PBE0). The pure-DFT method,
such as GGA-PBE, cannot calculate the exchange interaction
correctly, resulting in a solution with over-delocalised electrons
in the LS state. The similar delocalisation would occur in the
HS state; however, the effect of SIE is smaller than in the LS
state because the HS state is an electronic state with a large
exchange interaction. Therefore, the difference in the LS states
between the hybrid-DFT, which has small SIE, and pure-DFT
methods, which has large SIE, is not the same as that of the HS
state; to fill the difference between hybrid-DFT and pure-DFT,
the on-site coulomb U is added, but the required U values are
not equal in the LS and HS states. This is the detected U
discrepancy in the present study. Additionally, the spin locali-
sation may differ due to the different asymmetries of orbitals
other than the magnetic orbitals in the LS and HS states. In the
estimation of y value using the charge density (eqn (1)), the HS
state is used as a reference for the effects of SIE and broken-
symmetric orbital overlaps (see the derivation in previous
studies10,43,67). However, these effects could not be cancelled
out due to the misalignment of the optimal U values for LS/HS.

The difference in electron delocalisation between the LS and
HS states causes a U discrepancy in the local magnetic moment.
When the triplet was calculated with the same U value as the
singlet, a triplet state with over-localised spins was obtained
due to the large exchange interactions. In addition, the values
of the overlap integral associated with the broken-symmetric
orbital will also differ between the LS and HS states due to the U
discrepancy. Although it is unclear which the SIE or orbital
asymmetries has the greater effect, they lead to an under-
estimation of the spin polarisation of the LS state.10,43 In fact,
the results presented in Table 2 show that the y values decrease
when the U value of the triplet state is calculated to be the same
U value as that of the singlet (i.e., when the spin polarisation of
the triplet state is overdetermined). Because of this under-
estimation, an unusually large U correction is required when
LS and HS are calculated with the same U value to obtain the
same y value as that of the hybrid-DFT.

When comparing the discrepancy in the optimal U values
between Mol 1 and Mol 2, the discrepancy for Mol 2 was
smaller. This can be explained by the discussion in the previous
paragraph. The discrepancies in the U values at LS and HS of
the bisphenalenyl were due to electron delocalisation via p
conjugation affecting the localised spins. Concisely, if spin
localisation is high, as in d-electron-containing oxides, the U
value discrepancy will be small. Bisphenalenyl molecules exhi-
bit larger spin localisation as the number of interconjugations
linking the two phenalenyl framework increases.14 Therefore,

comparing the Mol and Mol 2, Mol 2 exhibited higher spin
localisation, larger y values, and smaller LS/HS U value devia-
tions. This suggests that the influence of the LS/HS U value
discrepancy on the organic biradicals was more pronounced at
small y values.

Finally, U dependencies of other indicators are discussed.
The effective magnetic exchange integral (J value) is a useful
indicator for investigating the strength of the magnetic coupling.
However, it is known that the spin contamination error affects
the calculated J values by the DFT methods.3–5,9,10,37–42,68,69 The
Yamaguchi equation (eqn (3)) is a formula for calculating
J values with correction for spin contamination errors and is
widely used in the calculation of J values of molecules.5,9,42,68

J ¼ ELS � EHS

Ŝtot
2

� �
HS
� Ŝtot

2
� �

LS

: (3)

To apply the Yamaguchi equation to the results of the DFT/
plane-wave calculations, an equation with electron density was
used.41,42 For biradical systems (systems in which LS = singlet
and HS = triplet), the Yamaguchi equation with electron
density is

J ¼ ELS � EHS

2þ
Ð
rLS� rð Þdr�

Ð
rHS

� rð Þdr: (4)

Fig. 6 shows the U dependence of the J values estimated using
the calculated results of DFT+U, which are shown as differences
from the J values estimated from the PBE0/plane-wave

Fig. 6 Difference between the J values estimated by PBE0 and DFT+U
scheme, whose U values are shown in Table 2. The red dot represent the J
value was estimated by different U values of LS and HS states. (a) Mol 1, and
(b) Mol 2.
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calculations. The estimated J values by PBE0 are �0.160 eV =
�1851 K for Mol 1 and �0.094 eV = �1088 K for Mol 2 (Fig. 2).
The value of Mol 2 was closer to the magnetic limit (J = 0)
because of the larger spin polarisation compared with that of
Mol 1. Negative J values indicate that the LS state is stable, which
is consistent with the results of previous studies.14,23,43 DFT+U/
plane-wave calculations were performed using the U values listed
in Table 2. The results were qualitatively the same as those for
PBE0 (negative J values and a smaller absolute value of J for Mol
2 than for Mol 1). The difference between PBE0 and DFT+U in
the J value of Mol 1 ranged from 0.011 eV (127 K) to 0.018 eV
(207 K). All adopted U values evaluated the J value of Mol 1 more
positively than that of PBE0. The reason for the significant
difference in the J value was the discrepancy in the U value of
the LS/HS. In effect, at Mol 2, where the U value discrepancy was
small, the difference between the results of PBE0 and DFT+U
became small. Specifically, the difference between PBE0 and
DFT+U in the J value of Mol 2 range from �0.007 eV (�77 K) to
0.003 eV (38 K). The difference between the PBE0 and DFT+U
results for Mol 1 was 6.9% to 11%, whereas that for Mol 2 was
less than 7.1%. In particular, for Mol 2, the difference from the
PBE0 value was less than 1 K at U = 8 eV. The values of PBE0 and
DFT+U (U = 8 eV), thus, agreed quantitatively; however, it was
assumed that this quantitative agreement would be by fortuity.

The Yamaguchi equation used to calculate J value (eqn (3)
and (4)) includes the subtraction of LS and HS in both the
denominator and numerator. Therefore, even if the optimal
value of U deviates between LS and HS, it will be ‘‘partially
offset’’, and the effect will be small. The difference between
PBE0 and DFT+U in the denominator of eqn (4) is defined as
Err(r), and the difference in the numerator is as Err(E),

Err rð Þ ¼
ð
rLS;DFTþU

� rð Þdr�
ð
rHS;DFTþU

� rð Þdr
� �

�
ð
rLS;PBE0

� rð Þdr�
ð
rHS;PBE0

� rð Þdr
� �

; (5)

Err(E) = (ELS;DFT+U � EHS;DFT+U) � (ELS;PBE0 � EHS;PBE0).
(6)

DJ, the difference between J estimated by the results of PBE0
and DFT+U, is expressed using Err(r) and Err(E).

DJ ¼ JDFTþU � JPBE0 ¼
DE þ Err Eð Þ
Drþ Err rð Þ �

DE
Dr

(7)

Dr ¼
ð
rLS;PBE0

� rð Þdr�
ð
rHS;PBE0

� rð Þdr (8)

DE = ELS;PBE0 � EHS;PBE0 (9)

By organising eqn (7) in a commutative manner, eqn (10) is
obtained.

DJab ¼
Dr � Err Eð Þ � DE � ErrðrÞ

DrðDrþ ErrðrÞÞ (10)

If there was no U discrepancy between LS and HS states, the
values of Err(r) and Err(E) would be zero at U = 8 eV and DJab

would also be zero. Although the values of Err(r) and Err(E) are
not zero due to the U discrepancy, the numerator of eqn (10) is
in the form of an exchange subtraction for the E and r. Hence,
the value of the numerator would be zero if the terms cancelled
out. Fig. 7 shows the U dependence of the terms in the
numerator of eqn (10). At U = 8 eV for Mol 2, the effect of the
discrepancy of the U value was ‘‘incidentally’’ completely can-
celled out, and the value agreed with PBE0. Such cancellation
will be more pronounced when the J value is close to zero (i.e.,
when the discrepancy in the U value is small); however, whether
complete cancellation exists will depend on the system.

Next, we discuss whether the J values can be calculated more
accurately by considering the U discrepancy. Calculating the J
value requires not only the charge density but also the total
energy. In the DFT+U method, energy comparison between
different U is not possible because of the U parameter. Hence,
in this study, the charge densities were obtained for the optimal
U of the HS state (Mol 1: 6.3 eV, Mol 2: 7.0 eV), and the total
energy was calculated using the optimal U of the LS state with
fixing the charge density. The results are shown as red circles in
Fig. 6. Considering the discrepancy in the U value, the J values
were calculated to be positively large, and results consistent
with PBE0 were not obtained. The difference from the J value of
PBE0 increased because the charge density in the HS state was
not in a self-consistent field at the U values for the total energy
calculation (optimum U value in the LS state). As total energies
are required and the effect of U discrepancy cancels out during

Fig. 7 Dependences of DE�Err(r) and Dr�Err(E) values on on-site
Coulomb parameter U. (a) Mol 1, and (b) Mol 2.
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the calculation of J value, therefore, it can be concluded that
qualitative (and in some cases quantitative) discussions are
possible by using the same U values of the LS and HS states
(the U values can be optimised using the local magnetic
moment or unpaired b electron numbers). Moreover, because
the J value is a physical quantity that can be quantified
experimentally, when the J value is close to zero, it can be used
to optimise the U parameter.

Fig. 8 shows the HOMO (SOMO)–LUMO gap (H–L gap) of a
electrons in the LS state determined by the DFT+U method as
the difference from PBE0. Here, HOMO is the highest occupied
molecular orbital, SOMO is the singly occupied molecular
orbital, and LUMO is the lowest occupied molecular orbital.
The PBE0 method is a functional with high quantification for the
calculation of the bandgap70 and was used as a reference value.
The H–L gaps in the PBE0 method used in this study were
1.9684 eV for Mol 1 and 1.914 eV for Mol 2. In the range of the
investigated U values (0–15 eV), the DFT+U method consistently
underestimates the H–L gap. The underestimations on the H–L
gaps at U = 0 eV (calculated results by pure-DFT) are the largest:
specifically, 1.34 eV (Mol 1) and 1.45 eV (Mol 2). Additionally,
H–L gap of Mol 1 is constant in U = 0–3 eV. This is because the
stable singlet state is estimated to be the states with closed-shell
structure (Fig. S1, ESI†). Thus, the pure-DFT method incorrectly
estimates ground electronic states of some organic diradicals,
and the H–L gaps are also greatly underestimated.

Regression was performed using a quadratic function
(values of U = 0–3 eV in Mol 1 and U = 0 eV in Mol 2 were

not used in this regression analysis). The U value for which the
H–L gap matches PBE0 was calculated from the regression
equation: U = 17.0 eV for Mol 1 and U = 17.6 eV for Mol 2 are
obtained. Additionally, the H–L gaps at the optimum U value
(U = 8 eV) in y value calculation were Mol 1: 0.9787 eV and Mol 2:
0.9456 eV, respectively. These results indicate that an H–L gap
close to that of the hybrid-DFT functional can be obtained by
increasing U, but the DFT+U method underestimates the H–L
gap. The correction to the exchange term to eliminate the effect
of SIE is insufficient for the calculation of organic diradicals by
the DFT+U method. Nevertheless, the DFT+U method does not
give qualitatively wrong results as the pure-DFT method does
(see Fig. 8(a), the calculated result for Mol 1). Therefore, quanti-
tative calculation of the H–L gap and bandgap derived from
organic biradicals requires hybrid DFT calculations or more
accurate methods, whereas the DFT+U method can be used for
qualitative investigation while accepting underestimation.

4. Conclusion and outlooks

The DFT+U/plane-wave method is a good candidate for a
computational method that can handle both diradical states
and solid-state bands with high accuracy and low cost, making
high-throughput calculations of diradical-band interactions a
powerful tool for molecular device development. However, the
degree to which organic diradicals can be calculated with
accuracy using the DFT+U/plane-wave method has not been
investigated in detail. A comparison of the DFT+U and hybrid-
DFT methods revealed the issues on the DFT+U method of
organic diradicals, and what is the better U value to calculate
the characteristic quantities of diradicals, such as diradical
character, local magnetic moment, effective magnetic exchange
integral value and HOMO–LUMO gap, was discussed.

In DFT+U calculations of organic diradicals, the discrepancy
in the optimum U values for the LS and HS states was detected
by analysing the diradical character and local magnetic
moment. This U value discrepancy is caused by the difference
in electron delocalisation to p-conjugation in the LS/HS states.
Therefore, molecules with a large spin localisation will have
small U discrepancies, whereas molecules with small y values
(small spin localisation) will have significant effect. When
calculating organic biradicals with small y values using the
DFT+U method, the U discrepancy should be investigated by
referring to the calculated results of the hybrid-DFT method
(or a more accurate method) and experimental values. For
the optimisation of the U values using the results of hybrid
DFT, the local magnetic moment, the number of unpaired b
electrons

Ð
rX
� rð Þdr

� 	
; or J values can be used as reference

values. When using the experimental values, the J value can
be used as a reference. This is because the U discrepancy was
partially cancelled out in the J value calculation. However, this
does not always cancel out completely; therefore, care should be
taken when using the J value as a reference. In addition, the
DFT+U method underestimated the HOMO–LUMO gap com-
pared to the hybrid-DFT method. Although this underestimation

Fig. 8 Difference between the HOMO–LUMO gap estimated by PBE0
and DFT+U scheme (U = 0 indicates pure-DFT, GGA-PBE, calculation).
(a) Mol 1, and (b) Mol 2.
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decreased by increasing the U value, excessive U values may
change the electronic state significantly. A qualitative investiga-
tion of the HOMO–LUMO gap is possible even when using the
DFT+U method; hence, the gap should be investigated while
accepting the underestimation.

From the results and discussion, we suggested a better U
values for bisphenarenyl: approximately 8 eV. However, we
assume this is not the best U value. One of the causes of the
issues identified in this study is that the effect of SIE is
significantly differed between open-singlet and triplet states
of organic diradicals. Open-singlet and triplet are the key
electronic configurations that construct the diradical state of
biradical systems, and discrepancy of the optimum U values in
them are fatal when quantitatively investigating the organic
diradicals. Unfortunately, the current DFT+U strategy cannot
overcome this problem. The development of a new DFT+U
scheme for calculating organic diradicals quantitatively (or a
completely new approach to replace the DFT+U method) is an
open question. To answer this question, (A) identifying the
computational method that gives the best reference value, and
(B) drawing a calibration curve (perhaps, machine learning
approach will be needed) so that the DFT+U method can
reproduce the reference values should be conducted. In this
study, the PBE0/plane-wave calculation is used as the reference
value for the PBE+U/plane-wave calculation. The reason for this
adoption was that PBE0 functional gives y values relatively close
to the experimental values. However, the calculated y values by
PBE0 are not in quantitative agreement with the experimental
values. Thus, it is important to identify a method for quantify-
ing y values (the project A). A discussion on whether Hybrid-
DFT should be used as a reference is also needed. The second-
order Møller–Plesset (MP2) method71,72 is close in computa-
tional cost to the DFT method and is an alternative candidate to
the hybrid-DFT method. The MP2 calculations of diradical
molecules with high accuracy require the correction of spin
contamination, special approaches such as APUMP2.73,74 More
accurate approaches such as multi-referenced methods may
also be required. Then, to put the project B into practice, it will
be necessary to calculate reference values for other organic
diradicals in addition to the bisphenarenyl system considered
in this study. We have already performed it using several
organic diradicals.75 To complete the project B, it is also
important to speed up the DFT+U/plane-wave calculation. In
the present study, a large vacuum region was used to reduce the
influence of artificial dipoles produced by supercell models,
but such a large vacuum region increases the computational
cost meaninglessly. It is therefore necessary to discuss dipole
correction methods when calculating organic diradicals under
periodic conditions. Development of the combined scheme
of the effective screening medium (ESM) method76–79 and the
spin approximation projection method12,13,41,42,73 will be a
promising approach. The ESM method corrects for the artificial
dipole by inserting virtual electrodes and allows discussion of
the effects of applying electric fields and the charged systems.
The development of DFT/plane-wave with ESM and spin projec-
tion is interesting from the perspective of functional design of

molecular devices, because it has been found that the diradical
characters of model diradicals adsorbed on surfaces are tuned
by combining the surface fields and electric fields.80 The issues
on the DFT+U method identified in this study thus present an
important research theme of developing the best method to
study diradical–solid interactions.
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