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We introduce the theory of high-order harmonic generation by aligned homonuclear diatomic cations
using a strong-field approximation. The target cation is represented as a system which consists of two
atomic (ionic) centres and one active electron, while the driving field is either a monochromatic or
bichromatic field. For a linearly polarised driving field, we investigate the differences between the
harmonic spectra obtained with a neutral molecule and the corresponding molecular cation. Due to the
larger ionisation potential, the molecular cations can withstand much higher laser-field intensity than
the corresponding neutral molecule before the saturation effects become significant. This allows one to
produce high-order harmonics with energy in the water-window interval or beyond. Also, the harmonic
spectrum provides information about the structure of the highest-occupied molecular orbital. In order
to obtain elliptically polarised harmonics, we suggest that an orthogonally polarised two-colour field is
employed as a driving field. In this case, we analyse the harmonic ellipticity as a function of the relative

Received 27th May 2023, orientation of the cation in the laser field. We show that the regions with large harmonic ellipticity in the

Accepted 6th October 2023 harmonic energy-orientation angle plane are the broadest for cations whose molecular orbital does not
DOI: 10.1039/d3cp02447d have a nodal plane. Finally, we show that the molecular cations exposed to an orthogonally polarised

two-colour field represent an excellent setup for the production of elliptically polarised attosecond
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1 Introduction

Powerful X-ray sources are needed for various experimental
investigations. Typical examples of these sources include large
synchrotrons and X-ray free-electron laser facilities."”* However,
tabletop schemes for the generation of X-rays with the desired
characteristics are particularly useful. One such scheme is
based on the laser-induced process called high-order harmonic
generation (HHG).” ® In this process, the atom or molecule is
first ionised by a strong laser field. Then the freed electron
propagates with its dynamics governed by the applied field, and
finally, due to the oscillatory character of this field, the electron
can return to the vicinity of the parent atom or molecule which
may lead to recombination accompanied by high-energy-
photon emission. The energy of this photon is equal to the
sum of the ionisation potential and the energy gained in the
laser field, while its frequency can be expressed as an integer
multiple of the frequency of the applied field. The emitted
harmonic photon can be linearly polarised or elliptically
polarised depending on the type of the applied field and the
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pulses with a duration shorter than 100 as.

employed target. The harmonic ellipticity and the harmonic
emission rate can be controlled using the laser-field parameters
as control knobs. Only a limited number of these parameters
are available for a monochromatic field, while for the so-called
tailored laser fields, the number of these parameters is much
larger. High-order harmonics can be produced using either
gaseous or solid targets. In the present paper we are interested
in the former case, while useful information about the emis-
sion of high-order harmonics from solid materials can be
found in the recently-written review papers.”®

Particularly important are the high-order harmonics with
energy higher than 100 eV and lower than 1000 eV. This region
includes a “water-window” interval (282-533 eV) for which
water does not interact with the electromagnetic radiation.
The photons with energy from the water-window interval were
produced by exposing helium and neon atoms to the near-
infrared linearly polarised field.*>'® The region 100-1000 eV
also includes the L-edges of many atoms, i.e., the absorption
peaks caused by the electron excitation from the occupied 2p to
the unfilled d orbital. For example, the L-edge of manganese
appears at 640 eV, while for copper, it appears at 930 eV. Apart
from the high energy, for many applications it is also beneficial
that the high-order harmonics are elliptically polarised with a
controllable ellipticity. Specifically, the elliptically polarised light
has found its application in the research of chiral molecules* >
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and magnetic materials.'®'® For the atomic targets, the emitted
harmonics can be linearly or elliptically polarised depending on
the type of driving field, while the harmonics generated by the
molecular targets are elliptically polarised regardless of the type
of the applied field.>>*' For example, when the HHG process
is induced by exposing atoms to a linearly polarised field, the
obtained harmonics are linearly polarised, while for the w-3w
orthogonally polarised two-colour (OTC) driving field the
emitted harmonics are elliptically polarised.>* An OTC laser field
consists of two linearly polarised components with orthogonal
polarisations and frequencies which are integer multiples of the
fundamental frequency. The ellipticity of the harmonics gener-
ated by exposing molecules to a linearly polarised field is usually
small. On the other hand, for a tailored driving field, the
ellipticity of the emitted harmonics can become large, particu-
larly for heteronuclear molecules.>**?>*

The selection rules determine which harmonics appear in
the harmonic spectrum and which are suppressed. These rules
depend on the symmetry properties of the system which con-
sists of the target atom or molecule and the applied field.>® The
selection rules can be derived using group theory and taking
into account the full symmetry of the laser-matter system>® or
by investigating the dynamical symmetry of the driving field
and the target system.>” For example, the atoms exposed to a
linearly polarised field emit only odd harmonics, while for the
-2 OTC field, both odd and even harmonics are present in
the spectrum.”®

In this paper, we investigate HHG using homonuclear diatomic
molecular cations exposed to the one- and two-component laser
fields. The molecular cations play a fundamental role in interstellar
chemistry because the reactions between the neutral molecules are
strongly suppressed due to the low temperature.>**° To date, many
of the confirmed interstellar species are cations,” the last one
discovered being HC;S™ and CH;CO".**** Moreover, due to the fact
that their ionisation potential is much higher, the molecular
cations can be exposed to a much higher laser-field intensity than
the neutral molecules, before the saturation effects become sig-
nificant. Consequently, harmonics with a high energy can be
generated. Another way to produce high-energy harmonics relies
on mid-IR lasers.”***> However, this method comes with signifi-
cant experimental challenges due to the fact that the conversion
efficiency decreases with increasing driving-field wavelength.>® The
main goal of the present paper is to establish the theory of HHG
using molecular cations and to investigate the similarities and
differences between the results obtained using this theory and the
analogous theory for HHG using neutral molecules.

The most accurate way to calculate the harmonic emission
rate is by using the full, three-dimensional ab initio methods.*”*!
These methods are based on the solution of the time-dependent
Schrodinger equation. The method based on the R-matrix
theory*>*° can be used for an arbitrary multielectron atoms, ions
and molecules exposed to the laser field with an arbitrary polar-
isation. However, this method, as well as the other ab initio
methods, is time-consuming particularly for molecular targets.
Consequently, the molecular calculations are usually carried out
in reduced dimensions,**™® while the full three-dimensional
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calculations are only applied to the simple molecular species such
as the H," ion and neutral H, molecule. For example, three-
dimensional calculations are conducted to calculate the HHG
spectrum®”*® and the above-threshold ionisation yield,**>" and to
investigate the lateral photoelectron momentum distribution®*
and photoelectron holography.”® Another ab initio approach is
based on time-dependent density-functional theory which relies on
the Kohn-Sham equations for atomic orbitals.>*” This approach
includes the interaction of electrons with the laser field and
residual ion as well as the electron-electron exchange—-correlation
interaction, and allows one to simulate, for example, the HHG in
argon®® and xenon.”” The high accuracy of the xenon calculations
was confirmed by comparing with experimental results.>”

In order to avoid long calculations, we introduce the semi-
analytical theory based on the strong-field approximation (SFA)
which neglects the interaction of the liberated electron with the
parent ion upon eventual recombination. This approximation
is suitable for near-infrared laser fields because in this case the
liberated electron is significantly displaced from the region
where its parent ion is located and the Coulomb interaction can
be neglected during the propagation. A similar theory was
introduced previously for neutral molecules.”®** For the hydro-
gen atom, good agreement between the HHG spectra obtained
using the SFA-based theory and the TDSE-based theory was
reported for a linearly polarised driving field.*® More recently,
the harmonic spectra of a neon atom obtained using the R-
matrix theory,*® which takes into account the contributions of
all electrons, were compared with the results obtained using
the single-active electron approach.®* Good qualitative agree-
ment was reported, indicating that the multielectron effects
only slightly affect the conversion efficiency. This leads us to
the conclusion that our SFA-based theory can be employed to
investigate the HHG process at least qualitatively, while a more
advanced theory is probably necessary for the more-detailed
quantitative investigation. The paper is organised as follows.
In Section 2 we introduce our SFA theory of the HHG by homo-
nuclear diatomic cations and compare the obtained expressions
with those of the homonuclear diatomic molecules. The results
computed by the numerical integration and the saddle-point
method are presented and discussed in Section 3 for various
homonuclear diatomic cations. Finally, Section 4 summarises
the main ideas and conclusions of the paper. The atomic units
are used throughout the paper.

2 Theoretical background

We consider the molecular cation as a system of two atomic (ionic)
centres A and B and an electron. Introducing the Jacobi
coordinates,® the total Hamiltonian of the system can be written
in the form which allows the centre-of-mass motion to be analysed
independently of the relative motion. The solution of the equation
which governs the centre-of-mass motion is the Volkov state, while
the relative motion is determined by the Hamiltonian®®

H(t) :5—;+%+ V(r,R)+ Ve(r). @)
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Here, r and R are the Jacobi coordinates, p and P are the
corresponding conjugate momenta, V(r,R) is the potential energy
of the system in the absence of the laser field, while Vi(¢) = —(e;x +
erR)-E(t) is the interaction with the applied field E(f). Also, the
reduced electron and nuclear masses are m = m.M,g/M and u =
mamp/Mag, respectively, with Mg = ma + mg, M = me + Mag, where
my,, mg and m, are the masses of the atomic centres A and B and of
the electron, respectively. The relative charges e, and ey are
e; = [Mape—me(ea + ep)]/M,
eg = (Maep—mge,)/Mug, (2)

where ey, eg and e = —1 are the charges of the atomic centres A
and B and of the electron, respectively.

2.1 Time-dependent dipole

The rate of emission of the harmonic photon with frequency

wk = nw, wave vector K and unit polarisation vector & is given
by61,66,67

_ 1 WK 3 2
wi(n) = 3 (%) 1Ta()]” ()
where the T-matrix element is
Tdr &
Tu(n) = J SN - d (1), @)
0
with the time-dependent dipole

(2n Y2 de oSkt t—7)
dii(r) = —i| — J 3/2 SR (Kt 1) S (Ksty £ — 1), (5)

1

R( sty t Z chama bl7 ’ (6)
Jj=AB a
k) = 3 3 e A k) EG). ()
j/=AB d

Here, R(kg,t) and I(kg,t) are the recombination and ionisation
matrix elements, respectively. The summations over j and j’ are
the summations over the atomic centres, while the remaining
sums refer to the atomic orbitals. The matrix element is
given by

m,(ke,t) = (W] — (er + exR)|kyt + ecA(f)), (8)
where ) is the Slater-type orbital

(2L,)"at1/?

Pale Y, (Q), 9
o e ©)

with the expansion coefficients and Ca tabulated in ref 68, A(?)
is the vector potential of the field E(t), kg = J"[ . t)dt' /T is
the stationary momentum where ¢ is the recombmatlon time
and 7 is the so-called travel time. Finally, the action can be
written as S(ky; t,t — 1) = —[}__dt'[ky — e, A(t")]?/2
I, is the ionisation potential.

The above expressions were obtained using the Born-
Oppenheimer approximation and the electronic energy and
wave function are evaluated at the equilibrium nuclear

— It where
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position.®® These expressions are valid regardless of the values
of the relative charges. For homonuclear diatomic cations, e, +
eg = 2 so that the relative charges areeg =1 —esand e, ~ e= —1.
If the electron is liberated from the atomic centre A, e, = 1 and
e, = 0, while for the ionisation from the atomic centre B we
have e = 1 and eg,, = 0. This is different in comparison with the
case of neutral homonuclear diatomic molecules (see Section
IIC in ref. 61). The recombination and ionisation matrix
elements, given by (6) and (7), become

517 Z(rvam(l 517 7 (10)

S St7 § Cou ,e—“RUA )/2

with my(ke,t) = (W0|r|ks + A(¢)) and R, the equilibrium inter-
nuclear distance. The summations over the atomic centres
A and B are replaced by the summations over s = +1 and s’ =
+1 where the value +1 (—1) corresponds to the atomic centre A
(B). Let us now compare these expressions with those corres-
ponding to the neutral molecules [eqn (5) and (6) in ref. 21].
Clearly, both ionisation and recombination parts of the time-
dependent dipole are changed. More precisely, in the recombi-
nation part, the exponential term exp{—is[ks + A(t)]-Ro/2},
present for neutral molecules, is now absent, while in the
ionisation part, the exponential term exp(is'ksRy/2) is replaced
by exp[is’A(t — 1)-Ry/2]. The change in the recombination part of
the time-dependent dipole has two major consequences. For the
neutral molecules, the summation over s = 1 in the recombina-
tion matrix element R(ky,?) led to the analytical conditions for
the interference minima. This was possible because the coeffi-
cients c,, are related by the relationship c¢_;, = 64,¢14, Where o4, =
(—1)*"™*"™ for gerade symmetry and oo, = (—1)" """ for
ungerade symmetry and m; is the projection of the orbital
angular momentum on the internuclear axis.” The atomic
orbitals with ¢,; = +1 (6, = —1) are sometimes called even
(odd) atomic orbitals. The exponential term which led to the
interference-minima conditions is absent for the molecular
cations thus implying that the interference minima should not
be observed for this type of the target. Besides this, it is also clear
that the odd orbitals do not contribute to the recombination
matrix element R(Kk,?).

The train of the in-phase-mode-locked harmonics can produce
the attosecond pulse train. The quantitative measure of the phase
locking of the train of the N subsequent harmonics starting with
the harmonic n, is given by the ratio of the coherent over the

m,, (K, 7) - E(1), (11)

incoherent sum of the harmonic intensities”>”*
nop+N-1 2
E, (1)
="y 2 znwt
RZW’ E,l([) =n Tﬁ( )eKe (12)
[E,(1)]?
n=ny

where E,(¢) is the field of the nth harmonic and ¢ is the harmonic
emission time. The ideal phase-locking corresponds to the value
R = N, while R = 1 describes the randomly oscillating modes.
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2.2 Saddle-point method

The behaviour of the T-matrix element (4) is mainly determined
by the factors which appear in the exponent and the integrals
can be analysed by applying the saddle-point method. The
ionisation and recombination times, for which the contribution
to the T-matrix element is significant can be determined as the
solutions of the system of saddle-point equations 0S(Kkg;t,t,)/0t, =
0, 0S(ksgt,t)/0t = 0, which for the HHG lead to

Dk AP +

1
Sl + AP = I, 5

I, = nw, (13)

where ¢, and t are the ionisation and recombination times,
respectively. These equations are derived for the atomic targets
but the ionisation potential corresponds to the molecular
cations. Then, the T-matrix element can be written in the form

einoty ) )
Tﬁ eK X Z 3/2 (kSl7 ts)elS(kSt’erOl\)S(ksb tOS): (14)

loss f\

where the summation is over the solutions of the saddle-point
eqn (13). These solutions, which contribute to the medium- and
high-energy parts of the spectrum appear in pairs and can be
classified using the multiindex (e, ,m).”>”* In particular, for the
recombination time ¢ restricted to 0 < ¢ < T there are infinitely
many pairs of solutions for the ionisation time ¢, ordered by the
index m in such a way that —(m + 1/2)T < t, <
where m = 0,1,2,...
longer for a larger m value. For a given value m there are two
pairs of solutions: the one with a longer travel time is denoted
by f = —1, while the one with a shorter travel time is denoted by
f = +1. Finally, the solutions which correspond to one particular
pair and have slightly different travel times are distinguished by
the index o. After the cutoff, one solution of the pair diverges and
it should be discarded for an energy higher than the cutoff energy.

This means that the electron travel time is

2.3 Driving field
In our paper, the driving field is
E(t) = E;sin(rwt)é;, + E;sin(sot + ¢)éy , (15)

where Ej, j = 1,2, are the electric-field amplitudes, w is the
fundamental frequency, r and s are integers, ¢ is the relative
phase between the laser-field components and the polarisation
plane is defined by the unit vectors €, and &, . This field becomes
linearly polarised for E, = 0. We assume that the molecular cation
is restricted to the polarisation plane and define the orientation
angle 0;, as the angle between the internuclear axis and the axis

—(m — 1/2)T
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defined by the unit vector &, . The components of the T-matrix
element Tg(n) = Ty(n)éx along the unit vectors €, and €, can be
calculated numerically, which allows one to determine the degree
of circular polarisation of the emitted harmonics

Im {275 ()] 7" ()}

n= , 16

: TP e
and consequently, the harmonic ellipticity®®
1 - 5:1

= sgn(¢ 17

@ (HVTGZ) (17)

3 Numerical results

In the present paper we illustrate our findings using the N,*,
0,",C," and Li," cations as examples. We assume that an active
electron is liberated from the highest-occupied molecular orbital
(HOMO) and neglect the contribution of other molecular orbi-
tals. The molecular orbital is modelled by a linear combination
of the atomic orbitals which are represented by the Slater-type
orbitals. For the N," and O," cations, we compare the obtained
results with those of the neutral N, and O, molecules. The
parameters of the HOMO of these molecules and molecular
cations are given in Table 1,°®”> while the coordinate space wave
functions are shown in Fig. 1. The saturation intensity is
calculated using the barrier-suppression ionisation model,”®
and the axis along the molecular axis is denoted as the z axis.
The 30, (which corresponds to the N," and N,) and 20,
(which corresponds to the Li,") orbitals are qualitatively simi-
lar. They do not have nodal planes. The 1, molecular orbital
which is HOMO of O, and O, has two nodal planes (xy and zy; y
being the axis orthogonal to the polarisation plane), while the
1m, molecular orbital which is HOMO of C," has one nodal

plane (zy).

3.1 Linearly polarised field

In this subsection, we investigate the case in which HHG is
induced by a linearly polarised field. We start by comparing the
harmonic emission rate for the neutral molecule and the
corresponding molecular cation.

3.1.1 N, molecule and N, cation. In Fig. 2(a) we present
the logarithm of the harmonic emission rate as a function of
the harmonic energy (black solid line), together with the partial
contributions of different atomic orbitals (dashed-dotted,
dashed, dotted and dashed-double-dotted lines) for the N,

Table 1 Equilibrium internuclear distance, ionisation potential, saturation intensity, magnetic quantum number and the atomic orbitals used to model
the HOMO of the molecular cations and neutral molecules analysed in this paper

Molecular species HOMO Ry (a.u.) I, (eV) It (10" W em™?) mg, Atomic orbitals

N, 30, 2.113 28.56 26.6 0 1s,1s',25,28',35,2p,2p’,2p" ,3d,3d’,3d" 4f
0," in, 2.122 26.22 18.9 1 2p,2p’,2p",3d,4f

c,' 1n, 2.348 22.17 9.7 1 2p,2p’,2p",2p""",3d,3d’ 4f

Li," 20, 5.051 11.22 0.6 0 1s,1s’,2s,3s,3s',3s”,2p,2p’,2p",2p""’,3d
N, 30, 2.068 15.58 2.4 0 1s,15',25,28',35,2p,2p’,2p",3d,3d’,3d" ,4f
0, 1, 2.282 12.30 0.9 1 2p,2p’,2p",3d,4f
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Fig. 1 Wave functions of the HOMO (indicated above the panels) for the molecules and molecular cations analysed in the paper.

molecule exposed to the linearly polarised field with intensity
I=E;*> =10"” W cm 2 and the wavelength of 1300 nm. The
orientation angle is 0, = 0°. For these values of the driving-field
parameters, the dipole approximation is still accurate.”” %" The
harmonic emission rate is predominantly determined by the p
orbitals, while the s and d orbitals contribute significantly only
in the narrow energy regions. The contribution of the f orbitals
is negligible for all harmonics. Fig. 2(b) displays analogous
results obtained using the N," cation and the same driving field
as in Fig. 2(a). The corresponding harmonic emission rate
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Fig. 2 Logarithm of the harmonic emission rate as a function of the
harmonic energy (black solid line), together with the partial contributions
of different atomic orbitals (as indicated in the legend) for the N, molecule
[panel (a)] and N, molecular cation [panel (b)] exposed to the linearly
polarised field with intensity /| = E2 =10 Wcm2and a wavelength of
1300 nm. The orientation angle is 0, = 0°.
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is roughly two to three orders of magnitude lower than the
harmonic emission rate of the N, molecule. This is because the
ionisation potential of the N," cation is much higher. Moreover, the
saturation effects for the neutral molecules exposed to the laser field
with an intensity I = 10" W em ™ are significant. (According to the
barrier-suppression ionisation model [I55(10° W em™?) = 47 (eV)]
the saturation intensity for the N, molecule is 2.4 x 10" W cm™27%)
We presented the results for this unrealistically high intensity
only for a qualitative comparison with the results for the N,"
cation. The molecular cation has a much higher ionisation
potential so that it can withstand the applied field of this
intensity without immediate ionisation. Furthermore, there
are two additional differences between the N," yield and the
yield which corresponds to the neutral N, molecule. First, the p
and f orbitals do not contribute to the cation spectrum at all.
This happens because, for the 36, HOMO symmetry, the factor

> ¢sa = (1 4 641)c14, Where 6,;, = —1 for p and f atomic orbitals,
s

leads to the zero value of the recombination matrix element
R(ky,t). Secondly, the total harmonic emission rate of the N,"
cation exhibits a clear minimum for the harmonic energy
around 325 eV. In this region, the contributions of the s and d
orbitals are higher than the total spectrum, thus leading to the
conclusion that this minimum appears due to the destructive
interference of the contributions of different atomic orbitals. In
order to investigate how this minimum depends on the mole-
cular orientation, in Fig. 3 we present the logarithm of the
harmonic emission rate of the N," cation, exposed to a linearly
polarised field, as a function of the harmonic energy and the
orientation angle 0;, for the same field parameters as in Fig. 2.
The minimum, which appears due to the destructive interfer-
ence of the contributions of different atomic orbitals, is present
for all values of the orientation angle. For —30° < 6;, < 30° the
minimum appears at roughly the same energy (around 320 eV),
while for the orientation angle closer to 6y, = £90° this minimum
appears for lower energy (around 200 eV). This implies that, in
order for this minimum to be experimentally verified, the
molecular cations in the sample do not have to be ideally
oriented. Interestingly, as the driving-field intensity decreases,
the position of the minimum and the harmonic emission rate do
not change significantly. Only the position of the cutoff moves
towards the lower energy. For example, for the orientation angle
0., = 0° and the driving-field intensity I = 6 x 10"* W cm ™ ? the
cutoff appears at 335 eV, just after the discussed minimum

This journal is © the Owner Societies 2023
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Fig. 3 Logarithm of the harmonic emission rate of the N,* cation,
exposed to a linearly polarised field, as a function of the harmonic energy
and the orientation angle 0,, for the same field parameters as in Fig. 2.

which is still around 325 eV, thus making it less pronounced.
For larger values of the laser-field intensity, the position of the
minimum barely changes at all.

The minimum which appears due to the destructive inter-
ference of the contributions of different atomic orbitals can also
be discussed using the saddle-point method. The solutions of
the saddle-point eqn (13), which contribute to the medium- and
high-energy parts of the spectrum, can be classified using the
multiindex («,,m)"*’* as discussed in Section 2.2. In Fig. 4(a) we
present the real part of the ionisation (left part of the panel) and
recombination (right part of the panel) times which are obtained
as the solutions of the saddle-point eqn (13) as functions of the
harmonic energy, for the same configuration of the molecular
cation and the driving field as in Fig. 2(b). The presented
solutions have a travel time ¢t < 2.5T7 and the values of «, f8
and m are indicated in the panel. The solutions whose contribu-
tions should be discarded after the cutoff are plotted by the
dashed lines. Clearly, there is one pair of solutions with m = 0
[green lines in Fig. 4(a)]. These solutions have the shortest travel
time. Then, there are two pairs of solutions with m = 1, the one
with shorter travel time has f§ = 1 [blue lines in Fig. 4(a)], and the
one with longer travel time with f = —1 [red lines in Fig. 4(a)].
One pair of solutions with m = 2 is also presented in Fig. 4(a)
[black lines in Fig. 4(a)]. The two solutions of one pair approach
each other near the cutoff which helps one to determine which
solutions lead to the significant contribution to the harmonic
emission rate in a discussed part of the spectrum. For example,
the solutions (f,m) = (—1,0) approach each other for the energy
above 500 eV, while the solutions (f,m) = (1,1) approach each
other for the energy lower than 300 eV. The minimum which we
discussed earlier appears for the harmonic energy around 325
eV. In this region, the solutions (o,$,m) = (+1, —1,0) and (o, ,m) =
(£1, —1,1) lead to the nonnegligible contributions to the 7-
matrix element. In Fig. 4(b) we display the partial contributions
of the saddle-point solutions to the time-dependent dipole,
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Fig. 4 The real part of the ionisation [left part of the panel (a)l and
recombination [right part of the panel (a)] times as functions of the
harmonic energy for four pairs of solutions of the saddle-point equations,
together with the partial contributions of these solutions to the time-
dependent dipole dy [panel (b)l. The driving field and the target cation
configuration are the same as in Fig. 2(b).

which enters the expression for the T-matrix element, and conse-
quently the harmonic emission rate. The solutions (o,f,m) = (£1,
—1,0) and (x,f,m) = (£1, —1,1) exhibit clear minima for the
harmonic energy around 325 eV. This shows us that the observed
minimum does not appear due to the destructive interference of
different saddle-point contributions, but it stems from the destruc-
tive interference of the contributions of different atomic orbitals,
ie., it is caused by the geometry of the cation’s HOMO. Further
analysis can be performed by calculating the partial contributions
of the saddle-point solutions to the time-dependent dipole by
modelling the HOMO using only the s atomic orbitals. In this
case the minimum appears for the energy around 225 eV [this is in
agreement with the results presented by the red dash-dotted line
in Fig. 2(b)] and it is caused by the destructive interference of
different s orbitals used to construct the HOMO. Similarly, the
partial contributions calculated with HOMO modelled using only
d orbitals does not exhibit any significant minima [which is in
agreement with the results presented by the blue dotted line in
Fig. 2(b)]. Taking into account the source of the discussed mini-
mum, we must say that our findings may depend on the way how
the molecular HOMO is modelled, i.e., if the Slater-type orbitals are
replaced by more advanced Dyson-type orbitals.

3.1.2 0O, molecule and O," cation. The situation is different
for the O," cation whose HOMO is 1m,. In Fig. 5 we present the
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Fig. 5 Logarithm of the harmonic emission rate of the O, molecule
[(panel (a)] and the O, cation [(panel (b)], exposed to a linearly polarised
field, as a function of the harmonic energy and the orientation angle 6,, for
the same field parameters as in Fig. 2.

logarithm of the harmonic emission rate of the O, molecule
[(panel (a)] and O," cation [(panel (b)], exposed to a linearly
polarised field, as a function of the harmonic energy and the
orientation angle 0y, for the same field parameters as in Fig. 2.
Similarly, as in the case of the N, and its corresponding cation,
the interference minima only appear when the neutral mole-
cule is used as a target. Furthermore, for the orientation angle
0, = 0° and 6, = £90° the harmonic emission rate is zero
because of the two nodal planes of the 11, HOMO (see Fig. 1).
The minimum caused by the destructive interference of the
contributions of different atomic orbitals does not appear for
the O," cation. To explain the absence of this minimum we
recall that the HOMO of the O," cation is modelled by the p, d
and f atomic orbitals (see Table 1). For the 1r, symmetry, it is
04, = 1 for d orbitals and ¢,, = —1 for p and f orbitals, which
means that only d orbitals contribute to the recombination
matrix element R(kg,t). The fact that only one type of the
atomic orbitals contribute to the recombination matrix element
explains the absence of the destructive interference minimum.
Finally, comparing the black solid lines in Fig. 2(a) and (b) and
comparing Fig. 5(a) and (b) we conclude that, for the O, and 0,"
pair, the difference between the harmonic emission rate is
much more pronounced than for the N, and N,* pair. More
precisely, for the N," cation, the harmonic emission rate is two
to three orders of magnitude lower than the harmonic emission
rate of the N, molecule. On the other hand, the harmonic
emission rate of the O," cation is more than five orders of
magnitude lower than the corresponding rate of the O, mole-
cule. This happens because for the O," cation only one d orbital
contributes to the recombination matrix element, while for
the N," cation five s and three d orbitals contribute to the
recombination matrix element. In addition, the difference
between the ionisation potentials of the O," cation and O,
molecule is larger than that for the N," cation and N, molecule
(see Table 1).

3.1.3 G, and Li," cations. In the above example, only one
type of the atomic orbitals (d orbital of the O," cation) con-
tributed to the recombination matrix element, which caused
the absence of the destructive interference minimum. A similar
situation occurs if the contribution of one atomic orbital is
dominant.

A typical example of this situation is the C," cation, with
HOMO constructed from the p, d and f atomic orbitals, and the
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C," cation are obtained using the laser field with the same parameters as
in Fig. 2, while the results for the Li," cation correspond to a linearly
polarised field with the intensity | = £,> = 6 x 10" W cm™2 and the
wavelength of 2800 nm.

Li," cation, with HOMO constructed from the s, p and d atomic
orbitals. In the former (later) case, the HOMO is 1m, (26,) so
that only p (s) and f (d) orbitals contribute to the recombination
matrix element. In Fig. 6, we present the logarithm of the harmonic
emission rate of the C," [panel (a)] and Li," [panel (b)] cations as a
function of the harmonic energy and the orientation angle ;. The
results for the C," cation are obtained using the laser field with the
same parameters as in Fig. 2, while the results for the Li," cation
correspond to a linearly polarised field with intensity I = E;*> = 6 x
10" W em™? and the wavelength of 2800 nm. For the Li," cation,
the lower laser-field intensity is necessary due to a low saturation
intensity (the ionisation potential of this cation is only 11.22 eV). As
for the O," cation, the minimum caused by the destructive inter-
ference of the contributions of different atomic orbitals is absent.
In the present case, this happens due to the contribution of one
type of the atomic orbitals being dominant, while the contribution
of the other type can be neglected. More specifically, the contribu-
tion of f orbitals in the C," HOMO, as well as the contribution of d
orbitals in the Li,” HOMO, are negligible and the destructive
interference does not occur. This remains valid for all values of
the orientation angle 0;.

Finally, we conclude this section by emphasising the most
important findings. Contrary to the case of the neutral diatomic
molecules, the interference minima caused by a destructive
interference of the contributions which correspond to the
different atomic centres of the same molecule do not appear
if the molecular cation is employed as a target. On the other
hand, the structural minima, caused by the geometry charac-
teristics of the HOMO, may appear as a complete suppression
of the HHG for some molecular orientations [examples being
shown in Fig. 5(b) and 6(a)]. Furthermore, due to the fact that
the molecular orbital is modelled as a linear combination of the
atomic orbitals, these minima may also appear due to the
destructive interference of the contributions of different atomic
orbitals (the example is shown in Fig. 3). The structural minima
may be present for both neutral molecules and molecular
cations. However, for the molecular species examined in this
paper, we have found that the minima caused by a destructive
interference of the contributions of different atomic orbital are
present only for the N," cation.
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3.2 Orthogonally polarised two-colour field

After analysing the linearly polarised diving field, we now turn
our attention to the case of an OTC field. This section has two
goals. The first one is to investigate the possibility of using this
field to induce elliptically polarised light, particularly in the
high-energy region. The second goal is to investigate whether
the scheme based on the HHG by molecular cations can be
used to produce isolated attosecond pulses.

3.2.1 Generation of elliptically polarised light. As we have
mentioned previously, the harmonics generated using the
molecular targets are elliptically polarised regardless of the
type of the applied field. However, for a linearly polarised
driving field, the ellipticity of the emitted harmonics is usually
small for all values of the orientation angle 0;, and all values of
the harmonic-photon energy. This is usually not the case if the
tailored laser field is employed as a driving field. In the present
contribution we use the ro-sw OTC field as an example of a
tailored laser field. For homonuclear molecular cations exposed
to the w-2w OTC field, both odd and even harmonics are
emitted, while for the w-3w OTC field, only odd harmonics
can be expected in the spectrum. In both cases, the emitted
harmonics are elliptically polarised with ellipticity which
depends on the relative phase ¢ and the orientation angle 0;.

The N," cation exposed to the w-2w OTC field represents a
particularly useful combination for production of the ellipti-
cally polarised harmonics in the water-window region with a
significant harmonic emission rate. In Fig. 7 we present the
logarithm of the harmonic emission rate and the harmonic
ellipticity of the N," cation for odd [panel (a) and (b)] and even
[panel (c) and (d)] harmonics, obtained using the w-2w OTC
field with the relative phase ¢ = 0°, as a function of the
harmonic energy and the orientation angle 0;. The intensity
of both field components is I = E;*> = E,> = 10*> W cm ™2, while
the fundamental wavelength is 1300 nm. For the N," cation,
this intensity still does not require the saturation effects to be
taken into consideration. The harmonic emission rate does not
depend much on the orientation angle 0 [see panels (a) and (c)]
and it is suppressed only for narrow regions around 6y, = 0°,
particularly for even harmonics. This is a consequence of the
fact that the N, HOMO does not possess any nodal planes. The
harmonic ellipticity is large for various values of the orientation
angle and the harmonic energy. For the orientations +0;, the
harmonic ellipticity is opposite. The regions with a significant
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ellipticity are much more sharply defined than for the neutral
molecules [c¢f. the Fig. 7(b) and (d) with Fig. 7 in ref. 21]. In
addition, the harmonic ellipticity does not change erratically as
a function of the harmonic energy (including the low-energy
region), which was the case when neutral molecules were
employed as targets.”’ Furthermore, a particularly interesting
situation happens for the harmonic energy slightly below
300 eV where the harmonic ellipticity remains large for a broad
range of values of the orientation angle, thus implying that the
harmonics with large ellipticity can be produced even if the
molecules in the sample are not ideally oriented. This region is
moved towards the lower energy (slightly below 200 eV) for the
intensity of the field components I = 5 x 10" W em™?, and
towards the higher energy for I > 10> W cm 2.

Contrary to the case of the N," cation, the harmonic emission
rate for cations whose HOMOs possess a nodal plane (e.g. C,")
depends to a significant extent on the orientation angle 6. This
becomes much more pronounced for the cations whose HOMOs
possess two nodal planes (e.g. O,"). In these cases, the minima,
analogous to those shown in Fig. 5(b) and 6(a), i.e., caused by the
geometry of the molecular orbital, are present in the spectra.
However, for an w-2w OTC driving field these minima do not
appear for the fixed values of the orientation angle 0;. They
appear as the curves in the harmonic energy-orientation angle
plane. In order to illustrate this behaviour, in Fig. 8 we present
the logarithm of the harmonic emission rate of the C," [panel
(a)] and O," [panel (b)] cations as a function of the harmonic
energy and the orientation angle 0;. Even harmonics are taken as
an example. In both cases, there are regions in the harmonic
energy-orientation angle plane where the harmonic emission
rate is suppressed. This is particularly pronounced for the O,"
cation because its HOMO has two nodal planes. In this case, the
regions with the suppressed harmonic emission rate appear for
0y, around +35° and +70°. Due to the more pronounced depen-
dence of the harmonic emission rate on the orientation angle,
the harmonic ellipticity changes more rapidly as a function of
this parameter for a given harmonic-photon energy. Conse-
quently, if a relatively good alignment of the sample in use is
not possible, the molecular cations whose HOMO does not
possess the nodal planes remain the favourable option for
production of the elliptically polarised harmonics.

The elliptically polarised light with high frequency can also
be generated using the w-3w OTC field and molecular cations.
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Fig. 7 Logarithm of the harmonic emission rate and the harmonic ellipticity of the N,* cation for odd [panel (a) and (b)] and even [panel (c) and (d)]
harmonics, obtained using the w—2w OTC field with the relative phase ¢ = 0°, as a function of the harmonic energy and the orientation angle 0,. The

intensity of both field components is the same | = E;% = E»% = 10®® W cm™2
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Fig. 8 Logarithm of the harmonic emission rate of the C,* [panel (a)] and
O, [panel (b)] cations, for even harmonics obtained using the w—2w OTC
field, as a function of the harmonic energy and the orientation angle 6,.
The field parameters are the same as in Fig. 7.

This combination supports only odd harmonics. Using our
theory we have investigated the N,', O,", C," and Li," cations,
and we have concluded that the main drawback of the HHG by
molecular cations exposed to the w-3w OTC field is that the
harmonic ellipticity almost erratically oscillates as a function of
the harmonic energy regardless of the type of the HOMO. The
only exceptions appear in the low-energy region of the spectrum
well below the lower boundary of the water-window interval. As
examples, in Fig. 9 we present the harmonic ellipticity for the
C," [panel (a)] and O," [panel (b)] cations, exposed to the w-3w
OTC field, as a function of the harmonic energy and the
orientation angle 6;. In both cases the harmonic ellipticity is
a rapidly oscillating function of the harmonic energy for all
values of the orientation angle. The corresponding harmonic
emission rate is significant and it does not depend much on the
orientation angle 0;. These conclusions remain similar for the
N," and Li," cations.

The discussed characteristics of the generated harmonics
also significantly depend on the relative phase ¢ between the
laser-field components. For a bicircular field, this parameter
was not useful because its change only leads to the rotation of
the applied field around the axis perpendicular to the polarisa-
tion plane.®’ However, this parameter is of particular impor-
tance for an OTC field.*

3.2.2 Generation of the isolated attosecond pulses. By
changing the relative phase the harmonic emission rate and
the harmonic ellipticity can be successfully controlled. Typically,
for the w-2w OTC field, the harmonic emission rate is a smooth
function of the harmonic energy for some values of the relative
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Fig. 9 Harmonic ellipticity for the C,* [panel (a)] and O," [panel (b)]
cations, exposed to the w—-3w OTC field, as a function of the harmonic
energy and the orientation angle 0. Other field parameters are the same as
in Fig. 7.
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phase, while for the other values it exhibits rapid oscillations.
Finally, some intervals of the values of the relative phase lead to
strong suppression of the harmonic emission for all except low-
energy harmonics.?*>® This was explained in ref. 22 using a
simple man’s model which is based on the solution of the
Newton equation for the electron in the laser field. In short, in
order for the harmonic photon to be emitted, the liberated
electron has to be driven back in the vicinity of the parent atom
or molecule. Classically, this happens only for certain values of
the relative phase between the laser-field components, while for
other values, the electron does not return to the parent ion.
However, the electron is a quantum-mechanical object and the
spread of its wavepacket will lead to some overlap with the
bound state even for those values of the relative phase for which,
classically, the electron does not return to the parent ion. As a
consequence, for these values of the relative phase, the harmonic
emission will be strongly, but not completely suppressed.

As a rule, for the w-2w OTC field with the relative phase ¢ €
[0°,45°] the harmonic spectrum is very different from the one
obtained using a linearly polarised field (for such OTC field, the
oscillations of the harmonic emission rate of the subsequent
odd or even harmonics are absent). However, the harmonic
emission rate is usually quite different for the odd and even
harmonics. This means that the odd harmonics alone or the
even harmonics alone form a phase-locked train which can be
used to generate an attosecond pulse. In Fig. 10(a) we present
the logarithm of the harmonic emission rate for odd (black and
blue solid lines) and even (red and green dashed lines) harmo-
nics as a function of the harmonic energy for the neutral N, and
0O, molecules exposed to the w-2w OTC field with the same
parameters as in Fig. 7. The orientation angle is indicated in
the panel. The peaks which appear for the harmonic energy
equal to the integer multiple of the energy of the driving-field
photon are connected by a continuous curve. The harmonic
emission rate of the subsequent odd or even harmonics is a
smooth function of the harmonic energy but the rates of the
odd and next or previous even harmonic are generally different.
This is particularly pronounced for the O, molecule due to the
presence of the nodal planes in its HOMO. As a result, these
configurations are not quite favourable for attosecond pulse
generation.

We have found previously that attosecond pulses with a full
width at half maximum less than 100 as can be generated using
the atomic targets and the w-3w OTC field,** while slightly
longer pulses can be produced with the CO, molecule exposed
to the w-2mw OTC field.>* Now we investigate if the molecular
cations can be used to produce the isolated attosecond pulse.
In Fig. 10(b) we present the same results as in Fig. 10(a) but for
the N, and O," molecular cations. As for the neutral O,
molecule, the subsequent harmonics obtained using the O,"
cation as a target are emitted with a significantly different
harmonic emission rate. However, this is not the case for the
N," cation which generates odd and even harmonics with
almost exactly the same harmonic emission rate. This remains
true for most harmonics with an energy lower than the cutoff
energy. In addition, the change of the relative phase in the
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Fig. 10 Logarithm of the harmonic emission rate for odd (black and blue
solid lines) and even (red and green dashed lines) harmonics as a function
of the harmonic energy for the neutral N, and O, molecules [panel (a)] and
the N,* and O,* molecular cations [panel (b)], exposed to the w—2w OTC
field with the same parameters as in Fig. 7. The orientation angle is
indicated in the panels.

interval ¢ € [0°,45°] modulo n does not much affect this
conclusion. This promotes the configuration that assumes
the use of the molecular cations with the HOMO without nodal
planes and the w-2w OTC driving field as particularly promis-
ing for the production of the attosecond pulses.

In order to illustrate the possibility of production of the
attosecond pulse train using the earlier mentioned configu-
ration, in Fig. 11 we present the ratio R, eqn (12), as a function
of time for N = 22 [panel (a)] and N = 46 [panel (b)] harmonics,
starting from 7, = 304. The harmonics are obtained by exposing
the N," cation to the w-2m OTC field with the same parameters
as in Fig. 7. The value of the ratio R is relatively close to its
optimal value R = N and the duration of the attosecond pulse
can be lower than 100 as. The number of attosecond pulses per
optical cycle depends on the dynamical symmetry of the
applied field. For example, the ro-so bicircular field follows
C.s rotational symmetry, while the rw-sw OTC field has C, (C,)
rotational symmetry for r + s even (odd). In general, the C,
rotational symmetry means that the applied field is invariant
with respect to the rotation by the angle 2rn/n around the axis
perpendicular to the polarisation plane. Our w-2w OTC field
only possesses the trivial C; symmetry, which means that only
one attosecond pulse is emitted per optical cycle. This is the
advantage with respect to the w-3w OTC field. The obtained
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Fig. 11 Ratio R as a function of time for N = 22 [panel (a)] and N = 46
[panel (b)] harmonics, starting from ng = 304, generated by exposing the
N," cation to the w—2w OTC field with the same parameters as in Fig. 7.

attosecond pulse has elliptical polarisation due to the fact that
the subsequent harmonics are elliptically polarised.

Apart from the w-2w OTC field, the w-3w combination has
also attracted a lot of attention.?>*! In this case, and for molecular
cations as targets, the dependence of both the harmonic emission
rate and the harmonic ellipticity on the relative phase ¢ is much
less pronounced than for the w-2w OTC field. Additionally, the
energy regions with in-phase-mode-locked harmonics are rare so
this field configuration is not suitable for attosecond pulse
generation. Also, the C, rotational symmetry of this field would
lead to the generation of two attosecond pulses per optical cycle.

In conclusion, the molecular cations exposed to an OTC laser
field can successfully be used for the generation of attosecond
pulses. A particularly promising configuration includes the w-
20 OTC field and the molecular cations with HOMO which
does not have the nodal planes. The relative phase between the
laser-field components can be employed as a control knob which
allows fine-tuning of the harmonic emission rate and the
harmonic ellipticity.

4 Conclusions

By representing a diatomic molecular cation as a system which
consists of two atomic (ionic) centres and one electron, we have
formulated a theory of high-order harmonic generation based
on the strong-field approximation. The ionisation potential of
the molecular cation is much higher than the ionisation
potential of the corresponding neutral molecule so that, in
the former case, a much stronger laser field can be employed to
induce the HHG process, without being worried about the
saturation effects. The harmonic emission rate has been calcu-
lated by the numerical integration or by using the saddle-point
method which allows one to better understand the underlying
physics of the process.

First, we have investigated the HHG induced by a linearly
polarised field with intensity in the order of 10> W cm 2 and
wavelength of 1300 nm. For these values of the laser-field
parameters, the strong-field approximation is justified due to
the large electron excursion in the driving field. Also, these
parameters allow the generation of high-order harmonics with
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energy in the water-window interval and beyond. The depen-
dence of the harmonic emission rate on the orientation angle is
different for different symmetries of the HOMO. More specifi-
cally, the presence of the nodal planes in HOMO leads to the
suppression of the harmonic emission for particular values of
the molecular orientation angle. Moreover, since the molecular
orbital is constructed from different atomic orbitals, it is
possible that the contributions of the two types of atomic
orbitals are comparable. In this case, these contributions may
interfere and their destructive interference leads to a minimum
in the harmonic spectrum. This minimum has been investi-
gated using the saddle-point method which confirmed that it is
caused by a destructive interference of the contributions of
different atomic orbitals, and not by a destructive interference
of the contributions of different saddle-point solutions.
Furthermore, we have found that the position of this minimum
slowly changes as a function of the orientation angle so that it
should be possible to confirm its existence even with the
sample in which molecular cations are not perfectly aligned.
The suppression of the harmonic emission rate induced by the
presence of the nodal planes should not depend on the
particular set of atomic orbitals used to model HOMO. How-
ever, this might not be the case for the minimum caused by the
interference of the partial contributions of different atomic
orbitals.

Even though the emitted harmonics are elliptically polarised
for a linearly polarised driving field, their ellipticity is usually
small, except for some isolated values of harmonic energy and
the orientation angle. Using tailored laser fields provides a
much better basis for the production of the high-order harmonics
with a significant ellipticity. A particularly interesting example of
these fields provides an OTC field, for which the harmonic
emission rate and the harmonic ellipticity can easily be tuned
using the relative phase between the laser-field components as a
control parameter. For the w-2w OTC field, both odd and even
harmonics are emitted. We have found that the best candidate for
production of the high-energy elliptically polarised light is the N,*
cation. In this case, the harmonic emission rate only slightly
depends on the orientation angle and the emitted harmonics can
have a large ellipticity for broad and well-defined regions in the
harmonic energy-orientation angle plane. This is not the case for
the 0," and C," cations for which the harmonic emission rate
depends significantly on the orientation angle. This happens due
to the presence of the nodal planes in the HOMO of these cations.
For the w-3w OTC field, only odd harmonics are present in the
spectrum. In this case, the harmonic ellipticity may become
significant, but it almost erratically changes as a function of the
harmonic energy.

In the final part of the paper, we have analysed the possibility
of using the molecular cations for production of the attosecond
pulse train. In order to obtain an attosecond pulse with short
duration, it is necessary to have a comb of subsequent harmo-
nics with almost exactly the same harmonic emission rate. For
neutral molecules exposed to the w-2w OTC driving field, the
harmonic emission rate of subsequent odd or even harmonics is
almost the same, but there is a significant difference between

28858 | Phys. Chem. Chem. Phys., 2023, 25, 28848-28860
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the harmonic emission rate for an odd and next or previous even
harmonic. This is particularly pronounced for the molecules
whose HOMO has nodal planes. When the N, molecular cation
is used as a target, the harmonic emission rate of the subsequent
odd and even harmonics is almost exactly the same, which
represents an ideal condition for the generation of attosecond
pulses. Moreover, due to the dynamical symmetry of the w-2w
OTC field, only one attosecond pulse is emitted per optical cycle.

We believe that high-order harmonic generation by mole-
cular cations represents an additional tool for exploration of
the structure of the molecular orbital. Also, high-order ellipti-
cally polarised harmonics, with the energy of several hundreds
of electronvolts, can successfully be produced if an OTC field is
employed to induce the process. Finally, the configuration with
a molecular cation employed as a target and an OTC field
employed as a driving field allows one to produce the ellipti-
cally polarised attosecond pulse with a duration of less than
hundred attoseconds. We hope that our paper will stimulate
further analysis of the molecular cations particularly using
more advanced ab initio theories.
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