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Blue shifts in helium-surface bound-state
resonances and quantum effects in
cosine-law scattering

Luke Staszewski† and Nadav Avidor *

The scattering of gas from surfaces underpins technologies in fields such as gas permeation,

heterogeneous catalysis and chemical vapour deposition. The effect of surface defects on the scattering

is key in such technologies, but is still poorly understood. It is known empirically that unordered surfaces

result-in random-angle scattering, with the effect thought to be classical. We here demonstrate the

transition from quantum mechanical diffraction to cosine-scattering, and show that quantum bound-

state resonances can greatly affect this transition. Further, we find that randomly distributed defects

induce a blue-shift in the bound-state energies. We explore this phenomena, which can lay the basis for

helium based quantum metrology of defects in 2D materials and material surfaces.

The scattering of atoms from a solid surface is a fundamental
process in gas–solid interactions, including in fields such as
gas-surface permeation, chemical vapour deposition and het-
erogeneous catalysis,1–3 to name a few. The scattering from
ordered surfaces is diffractive and is well understood from
quantum mechanics (QM). However, disordered surfaces pre-
sent diffuse scattering, which in its extreme has cosine, random
angle, scattering as described empirically by Knudsen.4–6

Despite applications in fields such as previously mentioned,
the transition between diffractive to random-angle scattering is
poorly understood.7 One consequence of this gap, is the short
in contrast mechanisms for Helium Atom microscopy and
associated fields.8 We here find that QM effects play an
important role in such cosine-scattering. We show that the
empirical phenomena can be obtained with purely elastic
interaction, with bound-state resonances (BSR) playing a sig-
nificant role. We also show that surface-induced shifts in
bound-state energies can be used for contrast mechanism.
Our results, as discussed below, hint on a mechanism for an
apparent thermalisation of the helium-surface eigenstates.9,10

Cosine scattering is a result of a complete ‘‘loss of memory’’
with respect to the incident particle directionality. One straight
forward mechanism which can explain this, is the adsorption of
particles on the surface, which results ‘‘loss of memory’’ prior
to desorption. However, for inert particles which do not
adsorb, like helium atoms, this explanation does not hold.

Previously, loss of directionality has been explained also by
macroscopic effects such as scattering from porous surfaces.2

The pores trap the gas particle, which scatters in the pore, looses
memory of its original direction, and eventually scatters out of
the pore and contribute to a cosine-scattering distribution.

More recently, a classical description of the surface at the
nano-scale has emerged to describe random-angle scattering.
For example, such scattering was demonstrated by considering
the particle–surface interaction from a more realistic point of
view, by using an extended ‘‘washboard model’’.11–13 In this
model, the particle–surface interaction potential is composed
of a repulsive surface (hard-wall), and an attractive region
which extends above that hard-wall. Scattering is then realised
using molecular dynamics (MD) simulations, and the results
serve as input to higher level models. In all such modeling,
including MD, the scattering was assumed classical.

Recent experiments in scanning helium microscopy have
demonstrated that, similar to more traditional diffraction
experiments, while well ordered surfaces result-in the expected
diffractive scattering,14 cosine scattering better explains imaging
of rough surfaces.15,16 These results, in addition to further
experimental evidence for both diffuse and diffractive
scattering,3,17 suggest that QM effects may be important for
random-angle scattering.

In this paper we find that QM effects indeed have an
important role in random-angle scattering. By using close
coupled equations to solve the time-independent Schrödinger
equation, we simulate the scattering of helium atoms from
various static surfaces. We demonstrate the transition from
diffraction towards scattering with cosine distribution, and
discuss the role of certain aspects of the gas-surface potential
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in resulting cosine scattering. Furthermore, we explore helium-
surface bound-state resonances (BSR), which is an important
aspect of the scattering, and find that disorder induces an
increase in the bound state energies (blue shift).

The scattering calculations were performed using the program
‘‘Multiscat’’, which solves the time-independent Schrödinger
equation using close-coupling methods.18,19 Multiscat considers
the helium wave-function in terms of a basis comprised of Lobatto
shape functions, and solves the eigenvalue problem iteratively
using a variational principle.20,21

Close-coupling methods were briefly used in the past for
considering scattering from disordered surfaces,22 however not
in the context of cosine scattering. The close coupled formalism
allows solving the scattering from realistic He-surface inter-
action potentials. We took the basis for our potential to be a
corrugated Morse potential, of the form

V(x,y,z) = D(Q(x,y)�e�2a(z�z0) � 2e�a(z�z0)) (1)

where D [meV] is the potential depth, a [Å�1] is the stiffness
parameter and z0 is an arbitrary offset for the surface. The
corrugation function, Q(x,y) describes how the potential varies
laterally along the surface. For our current investigation, we
explored a potential based on previous numerical investiga-
tions of the He–LiF(100) interaction potential20 and take just
the first few Fourier components to describe the corrugation:

Qðx; yÞ ¼ 1þ b cos
2px
a

� �
þ cos

2py
a

� �� �
(2)

The lattice constant, a, is set to 2.84 Å; and the dimension-
less factor, b, describing the strength of the corrugation is set to
0.04.20 On top of the LiF corrugation we then added randomly
distributed adatoms. Adatoms were emulated using bivariate
Gaussian modulations, to create local shifts in z0 of eqn (1).
Such approximation of the adatoms neglects the local distor-
tion of the attractive part of the potential, hence enable a more
restrictive study of the effect of disorder on the scattering. An
example potential is shown in Fig. 1.

We have investigated randomly distributed adatoms with
and without preferential sites of adsorption. Following the
construction of He-surface potentials, we have calculated the
scattering. Representative scattering matrices for a defect-free
(ordered) surface and a surface with randomly distributed
defects are shown in Fig. 2. The incident scattering angle was
chosen as 301, and the beam energy was chosen as 20 meV, to

represent typical experimental conditions such as those used
by G Wolken20 and without limiting the generality of our
conclusions.

The cosine-law for scattering states that the normalised
intensity scattered into a solid angle, dO, is given by:

dIðg;fÞ ¼ 1

p
cosðgÞdO. The equivalence of this law for the out-

puts of a scattering matrix is that each open diffraction channel
should have equal intensities.14 This is equivalent to a max-
imum entropy principle for the scattered intensities. We there-
fore characterise the diffuse scattering by the Shannon entropy
of the scattering matrix. The Shannon entropy is expressed as:

S ¼ � 1

lnðN Þ
X
m;n

Im;n ln Im;n
� �

(3)

where N is the total number of open channels and Im,n is the
intensity in a given diffraction channel. This normalisation is
such that the entropy is maximally unity. The Shannon entropy
does not give indication to the ‘rate’ in which the scattering
tends to random-angle one, since even if the intensity is broa-
dened around the specular condition, S will increase to an
extent. Therefore, in addition to S we consider the magnitude
of the average momentum parallel to the surface after scattering,
|hKouti|, weighted by the intensity of the diffraction channels.
|hKouti| will tend towards zero for diffuse scattering, where there
is no preferential direction to scatter into. We note, however,
that |hKouti| will also decrease when the intensity is shifted from
the specular condition to some diffraction channels (for example
due to coupling with bound-state resonances), which is not the
same as ‘tendency’ towards cosine scattering. Note that |hKouti|
takes on a non-zero value for a ‘clean’ surface as the incoming
polar angle is 301. In summary, only a combination of an
increasing S, with a decreasing |hKouti|, can inform on tendency
towards random-angle scattering.

The effect of tendency towards random-angle scattering
upon introduction of partial disorder can be seen in Fig. 2;
the average momentum (parallel to the surface) tends towards

Fig. 1 Equipotential surface plot with 5 Gaussian shaped adatoms placed
on a 5 � 5 supercell with lattice parameter of 2.84 Å.

Fig. 2 Shift from diffraction pattern for a clean surface (left) to diffuse
scattering (right) with disorder parameters, y (the number density of
adsorbates) of 0, 0.2 and 3.2 respectively, an incident beam angle of 301
and a beam energy of 20 meV. Intensity indicated by colour is plotted
against the index of the scattered wave. (0,0) corresponds to the specular
peak. The disorder parameter corresponds to the concentration of
adatoms randomly distributed within a supercell. The dotted red circle
indicates an outgoing wave vector at 901 to surface normal. This region
should be filled with equal intensity for ideal cosine scattering. The white
cross indicates the average of the outgoing momentum parallel to the
surface and will be over the specular peak for highly reflective scattering
and over the centre circle for ideal diffuse scattering.
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zero as a function of disorder. We note that the convergence is
not complete, and that closer convergence would have required
a He-surface potential of much larger super-cell. However,
accounting for such a super-cell with the required degree of
corrugation was beyond the available computing resources.

To obtain further insight into the parameters which govern
the tendency of the calculated scattering matrices towards a
cosine scattering situation, various parameters in the He-surface
interaction potential were explored. Fig. 3 shows the change in
the Shannon entropy and in the momentum average, calculated
as a function of the disorder parameter, the stiffness of the
potential, and the potential well-depth. Right at the start, it is
clear from Fig. 3(a) that an increase in disorder results in an
increase in the tendency towards cosine scattering. The Gaus-
sians used to introduce disorder were with a height of 0.5 Å; and
width of 0.5 Å. Interestingly, for these specific Gaussian para-
meters, the change in the Shannon entropy is very slow already
after adatom concentration (disorder parameter) of about y = 1,
while the momentum average keeps changing in a roughly
constant pace. Fig. 3(b) shows that the scattering tends to
random-angle the more the stiffness parameter, a, is decreased.
The smaller a, the wider the attractive well (of the He-surface
potential) in the perpendicular dimension. This result can be
understood since a wider attractive well may retain the helium
particle at the proximity of the surface for a longer time, allowing
more time for multiple scattering in the well. Fig. 3(c) shows that
as the depth of the attractive well is increased, the Shannon
entropy increases, however, the momentum average is only
weakly affected. Importantly, the spring constant of the well is
also proportional to the depth D0; an increase in D0 results a
stiffer potential, which, as shown in Fig. 3(b) increases the
momentum average, hence reducing the tendency towards
cosine scattering. Therefore, two competing effects play a role
in Fig. 3(c); the increase in D0 and the increase in the spring
constant, with the result that the momentum average is only

weakly affected by D0. An increase in S while |hKouti| stays almost
constant could inform on broadening the scattering probability
mostly around the specular condition. It is important to note
that the rate of change (of S or |hKouti|) as a function of either a
or D0, is very small compared to the impact of additional
adatoms (Gaussians).

Cosine scattering is associated with loss of memory due to
multiple scattering, which requires the helium atom to spend
time at the surface. In helium scattering, temporary trapping
of the helium atoms is resulted due to helium-surface bound-
state resonances.21,23 We have therefore explored the effect of
bound-state resonances on our observation, as presented in
Fig. 4(a). We chose to follow a BSR between 17—18 meV which
is close to the scattering energy we have mentioned above,
however we note that many BSR exist, and all can contribute to
cosine scattering and resemble the effects we discuss below.
For each disorder parameter, the energy of the incoming beam
was varied across a bound state resonance, and the specular
intensity was plotted. The blue line shows a resonance in the
absence of disorder and it is seen that as the concentration of
modelled adsorbates is increased, the width of the resonance
increases and the peak shifts to the right. Therefore, both the
width and shift in energy can inform on the nature of the
disorder.

To explore the reasoning for the shift, we have explored this
phenomena as function of the dimensions of the Gaussians used
to introduce disorder at the surface. Fig. 4(b) and (c) shows the
change of the BSR energy as function of the adatom width and
height, and the blue-shift is clearly seen. For this particular BSR
energy, the rate of blue-shift as function of adatom dimensions
is similar both for the adatom width and height. Further, the

Fig. 3 (a) shows the observed increase in the Shannon entropy as the
disorder parameter, y was increased, as well as a decrease in |hKouti|. A well
depth of 5 meV was used and an incoming beam energy of 20 meV at a
301 angle to the normal scattered along the h110i azimuth. (b) and (c) show
the corresponding trends for changing the surface potential as the
disorder parameter was held constant at 1.2, whilst the stiffness parameter
and well depth of the corrugated Morse potential were varied respectively.

Fig. 4 (a) Energy shift in helium-surface bound-state resonances induced
by surface disorder. As the disorder parameter, y (the average number of
adsorbates per the unit-cell of LiF) is increased, the bound state is shifted
to higher energies. (b) The effect of changing the height, h [Å] of the
Guassian-shaped adsorbates added to the surface potential, on the
bound-state resonance, while the disorder parameter is fixed at 0.083.
(c) The effect on the BSR of changing the radius, r [Å] of the Guassians. For
each an increase in the effective surface coverage of the disorder is seen
to increase the width of the resonance, decrease the visibility as well as
shift the resonance to a higher energy.
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rate is small compared to the change as function of the concen-
tration of adatoms. The blue-shift phenomena can be under-
stood since the disorder effectively narrows the spatial
dimensions of the attractive well which in turn is, similar to
the well known model of ‘‘particle in a box’’, results in an
increase in the BSR energy of trapped helium atoms.

Scan curves such as the ones shown in Fig. 4 can be
measured experimentally.24 Therefore, our results demonstrate
the potential of using the blue-shifts and energetic width of
He-surface bound-state resonances for determining the concen-
tration of defects. Given the generality of our calculations, we
expect shifts in bound-state energies to vary depending on the
nature of adsorbates. In other words, we suggest that BSR
energy-shifts could be used for quantum metrology applica-
tions for material surfaces and 2D materials.

We have also explored the effect of BSR on the tendency to
cosine scattering. BSRs couple and shift scattering intensities
between different diffraction channels. For example, the BSR
which is explored in Fig. 4 enhances the specular channel
(as seen in the figure) on the expense of some other diffraction
channels. Potentially, some other channels are also enhanced.
For this particular BSR, Fig. 5 shows the change in S and
|hKouti| as the beam energy is swept across the BSR energy.
As we expect, S decreases around the BSR, since the intensity is
spread less evenly across the open diffraction channels. This
effect means that the scattering diverge from cosine distribu-
tion, and intuitively, it is expected that |hKouti| will increase in
such a case. However, |hKouti| decreases around the bound-
state energy, with the decrease being strongest for a surface
which is nearly defects-free. The decrease in |hKouti| near the
BSR can be resulted by shift of the intensity to a diffraction
channel which is closer to the surface normal, in addition to
the enhancement of the specular channel. Overall, the QM
effect of BSR is shown to significantly affect the apparent
tendency towards randome-angle scattering.

Our results are relevant to the eigenstate thermalisation
hypotentis (ETH). The ETH refers to the case when a quantum
mechanical system can be described using equilibrium

statistical mechanics.25 In the current problem, we prepare a
helium atom wavepacket with energy of 20 meV, far out of
equilibrium. Further, we show a tendency for scattering from a
disordered surface to result in distribution of the intensity,
equally, to all the kinematically allowed diffraction channels
(with the limit being ideal cosine scattering). Since all these
channels correspond to the same energy, the effect can be seen
as an apparent thermalisation. Our results are obtained due to
randomisation of the phase, since the helium atom scatters
multiple times from the He-surface potential. Therefore, we
have shown a case were the ETH can be realised without
inelastic interactions, a phenomena which could be coined as
an ‘‘elastic’’ thermalisation.

In conclusion, we have demonstrated that the tendency to
random-angle scattering can be strongly affected by quantum
mechanical effects. Even more, we have shown that elastic
scattering is sufficient for the phenomena to be seen, which
may contribute to the ongoing discussion on the eigenstate
thermalisation hypothesis (ETH). The effects are associated to
the attractive part in the He-surface interaction potential, of
which bound-state resonances are an important characteristic.
We have demonstrated blue shifts in atom-surface bound-state
energies, and pointed out to potential applications in quantum
metrology of 2D materials and material surfaces.
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