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Nonadiabatic wave packet dynamics and
predissociation resonances in sodium hydride

Hans O. Karlsson

Vibrational wave packet dynamics provides an opportunity to explore the energy landscape and the

population transfer between nonadiabatically coupled excited electronic states. Here the coupled

nonadiabatic dynamics of the C1S+ and D1S+ states of sodium hydride (NaH) in the gas phase in the

adiabatic picture is studied, using a sequence of ultra-fast laser pulses in the femtosecond region.

Emergence of different population dynamics and dissociation probabilities is shown by carefully

choosing the pulse wavelength, duration and time-shift between the pulses, exciting the molecule from

the ground X1S+ state via the immediate A1S+ state. Quantum dynamics simulations were performed in

the adiabatic picture, avoiding the adiabatic to diabatic transformation. Predissociation resonances, i.e.

vibrational states with finite lifetimes, arise due to nonadiabatic couplings between bound and

continuum states. Here accurate resonance energies and widths are computed providing further insight

into the dissociation dynamics.

1 Introduction

With the advent of femtochemistry in the late 1980s it became
possible to study chemical reactions in real time, following the
breaking and making of chemical bonds as well as clocking the
transition state.1,2 Laser pulses in the femtosecond region
provide a balance in resolution for the nuclear dynamics
between the time and energy domains. The field of femtochem-
istry opened up the possibility to study molecular dynamics far
from the equilibrium region, necessitating the inclusion of
nonadiabatic couplings between electronic states in the simu-
lations, due to the break-down of the Born–Oppenheimer
approximation.1 Furthermore, nonadiabatic couplings between
bound and continuum energies on different electronic states
give rise to predissociation resonances, i.e. vibrational states
with finite lifetimes.3 Faster pulses, e.g. in the attosecond
regime, provide a high temporal resolution but with a broad
energy distribution. In the other extreme very long laser pulses,
e.g. in the nanosecond regime, lead to a high resolution in
energy but with a low temporal resolution.

Femtosecond laser pulses give rise to a coherent superposi-
tion of vibrational states, i.e. vibrational wave packets.2 By
combining several ultrafast pulses, with different wavelengths
l, pulse durations t and time shifts T between the pulses,
different regions of the potential energy landscape, as well as
population transfer between electronic states, can be investi-
gated and analyzed.1 The potential energy surfaces (PESs) and

nonadiabatic couplings are computed in the adiabatic formal-
ism using quantum chemical methodology, whereas the wave
packet simulations of the nuclear dynamics normally are
performed in the diabatic representation, necessitating an
adiabatic to diabatic transformation.4 In a recent study Talbot
et al.5 computed the accurate PES and nonadiabatic couplings
for the sodium hydride (NaH) molecule. The potential energy
surfaces and first-order derivative couplings were computed
using equation-of-motion coupled cluster theory with single
and double excitations (EOM-EE-CCSD), with core-valence
polarized basis functions. In the region around 12 Å issues
with the convergence of the surfaces and couplings were noted,
as can be observed in the reported C and D states close to the
second avoided crossing. Using the sudden approximation,
vibrational wave packet dynamics on the excited electronic
|Ai, |Ci and |Di states were studied, using both quantum and
semi-classical methods. Their simulations illustrated that the
adiabatic picture can be used for the quantum and semi-
classical simulations, avoiding the need for an adiabatic to
diabatic transformation.

In this work the adiabatic picture is used to compute
accurate predissociation resonances and quantum wave packet
dynamics explicitly initiated by a sequence of femtosecond
laser pulses, using the potentials, Fig. (1), and nonadiabatic
couplings, Fig. (2), computed by Talbot et al.5 Similar potential
energy surfaces for NaH, although no derivative couplings, were
also computed by Aymar et al.6

The ground electronic state |Xi of NaH has an equilibrium
distance of RX

eq = 1.87 Å, whereas the minimum of the first
excited state |Ai is located at RA

eq = 3.19 Å. Following an
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excitation from the |Xi state to the |Ai state, a coherent wave
packet will be formed composed of highly excited vibrational
states, due to the shift in the equilibrium distance. The |Ci
electronic state has a local minimum at RC

1 = 2.38 Å, and a
global minimum at RC

2 = 6.5 Å. For the |Di state, there is a
minimum at RD

1 = 2.72 Å, supporting two vibrational states,
and another minima at RD

2 = 12 Å. There are two avoided
crossings between the |Ci and |Di states. The first avoided
crossing is located at Rc1 = 2.72 Å, whereas the second
avoided crossing is close to Rc2 = 12 Å. Due to the different
shapes and anharmonicities of the electronic states, the
resulting wave packets will move with different time scales,
as will be discussed below.

2 Methods

The vibronic Schrödinger equation was discretized on a grid,
with a grid spacing of dR = 0.015 Å, using pseudo-spectral/
sincDVR7–9 and high order finite difference10 methods. Differ-
ent grid sizes, ranging from 15 Å up to 40 Å, were used to
describe the wave packet dynamics and resonance states. The

Hamiltonian, including nonadiabatic and time-dependent cou-
plings, is given by5,11

Ĥ ¼ 1

2m
P̂� i�hd̂ðRÞ
� �2

þVðRÞ þ VtðtÞ (1)

where m is the reduced mass, P̂ =�ih�rR is the momentum operator
and d̂ is the skew-symmetric matrix of first order derivative
coupling vectors. The transition dipole moment is assumed to be
constant and the time-dependent term Vt(t) describes the inter-
action with an ultrafast laser pulse in the dipole approximation.

3 Predissociation resonances

The nonadiabatic coupling between the |Ci and |Di electronic
states leads to a bound-continuum coupling giving rise to
predissociation resonances i.e. vibrational states with a finite
lifetime. The nonadiabatic coupling between the |Ai and the
|Ci and |Di states, respectively, also contributes to the reso-
nance structure but with a minor effect on the resonance
lifetime due to the weaker coupling strength. Earlier studies
on the predissociation of the NaH molecule include radiative
and predissociative decay from the A state for high rotational
numbers.12 Here, the focus is on the vibrational predissociation
for the coupled C and D states.

The predissociation resonances are represented as complex
valued energies E = Er � iEi, where the real part Er gives the
position of the energy and the negative imaginary part is related
to the width of the resonance Ei = G/2, which in turn is related
to the lifetime of the resonance tres = h�/G.3,13,14 To determine
the resonance states, the time-independent vibronic Schrödin-
ger equation

Ĥ|Fi = E|Fi (2)

was solved using the vibronic Hamiltonian (1) without the time-
dependent coupling term. Numerical tools based on smooth
exterior scaling (SES)13,15 and the closely related perfectly
matching layer (PML)10 method were used to compute the
predissociation resonances. The main difference between the
SES and PML methods is that in the PML approach
the potentials are not scaled and the scaling is performed after
the grid discretization. From the theory of complex scaling,13 it
is known that bound states and resonances are independent of
the scaling parameters whereas the continuum states will
rotate down in the complex plane, exposing the resonances.
For a discretized Schrödinger equation, there will be a minor
parameter dependence of the bound states and resonances,
giving rise to a small trajectory in the complex plane. The
continuum states will have a major dependence on the scaling
parameters, with a large movement in the complex plane, and
thus, it is straightforward to distinguish the bound states and
resonances from the continuum states. Smooth exterior scaling
is implemented by scaling the coordinate R - F(R) such that
the region R o R0 remains unaffected by transformation and

with a small damping region R Z R0. Here, f ðRÞ ¼ dFðRÞ
dR

¼
1þ ðeiy � 1ÞgðRÞ where y is the scaling angle and g(R) is a

Fig. 1 Potential energy surfaces of sodium hydride relevant for this work.
From the study of Talbot et al.5

Fig. 2 Nonadiabatic couplings between the A, C and D electronic states.
From the study of Talbot et al.5
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smooth function that changes from 0 to 1 around R = R0.13,15

The switching function g(R) can be of a general form as long as
it is smooth; here, the shape proposed by Moiseyev13 was used.
When solving for the time-independent Schrödinger equation
using SES or PML, the same discretization for the kinetic energy

operator T̂ ¼ P̂2

2m
for bound states can be used, modified by pre-

and post-multiplication with the inverse of f (R) and adding a
small potential term VSES(R),

T̂SES = f�1T̂f�1 + VSES (3)

VSES ¼
1

8m
2f 00f � 3½ f 0�2
� �

=f 4; (4)

which is straightforwardly implemented in the existing compu-
tational codes for vibrational eigenstates.14 Furthermore, if the
PES is constant for R Z R0, it is not affected by the scaling and
remains real and constant. Absorbing potentials,16 where the
PES is augmented with a complex damping term W(R) for
R Z R0, i.e. V(R) - V(R) � iW(R), provide an alternative
approach, having its main strength as an absorber for outgoing
wave packets in time-dependent computations.

Fig. (3) displays the predissociation resonance energies and
widths for the coupled |Ci and |Di electronic states in relation
to the respective potential energy surfaces. A close up of the |Ci
and |Di state resonances is given in Fig. (4). The oscillatory
pattern of the resonance widths is a signature of predissocia-
tion resonances.14 For a correct description of the coupled |Ci
and |Di states, the widths, i.e. lifetimes, of the vibrational
resonances must be considered.

The nine highest excited vibrational resonances on the |Ci
state and the first six resonances on the |Di state are given in
Table (1) for comparison with a previous work.5 The resonance
positions compare well with the vibrational energies previously
reported except for the D, 2 state which in this work is found to
not be degenerate with the D, 3 state, having a slightly lower
value of the energy and with a rather large width, i.e. a short

lifetime, compared to the neighboring resonances. Note that
the nonadiabatic coupling between the |Ai and |Ci electronic
states also give rise to finite lifetimes also for the |Ci vibrational
states close to the dissociation limit, although with less widths
than that for the |Di resonances due to the weaker coupling
strength.

4 Wave packet dynamics

Vibrational wave packet dynamics provides a way to explore the
energy landscape on the excited electronic states and the effects
of the nonadiabatic couplings.1,2 By using a sequence of ultra-
fast laser pulses to initiate the wave packet dynamics, different
regions of the potential surfaces can be explored and analyzed,
e.g. with respect to population transfer, quantum interference
and dissociation probabilities. Here, a two pulse, pump–probe
type, scheme is used where the first pulse promotes the

Fig. 3 Predissociation resonances for the |Ci and |Di electronic states in
relation to the potential energy surfaces. Note that the calculation of the
resonances utilized an extended grid up to 40 Å but that for clarity the PES
is truncated at 20 Å and 5.8 eV.

Fig. 4 Predissociation resonances for the |Ci and |Di electronic states.
Note the different scales for the widths. For clarity, the same energy range
is used as shown in Fig. (3).

Table 1 Positions Er and widths G/2 for the selected predissociation
resonances of the |Ci and |Di electronic states

State Previous work5 Er (eV) This work Er (eV) G/2 (meV)

C1S+

34 5.038 5.037 6.0 � 10�7

35 5.053 5.052 1.2 � 10�6

36 5.063 5.063 2.4 � 10�7

37 5.069 5.068 6.9 � 10�7

38 5.082 5.082 2.9 � 10�7

39 5.096 5.096 4.4 � 10�8

40 5.109 5.109 1.1 � 10�6

41 5.125 5.125 1.6 � 10�6

42 5.136 5.136 2.1 � 10�6

D1S+

0 5.116 5.115 9.9 � 10�8

1 5.149 5.149 1.0 � 10�4

2 5.155 5.151 1.5 � 10�3

3 5.155 5.155 7.1 � 10�5

4 5.162 5.162 6.5 � 10�4

5 5.169 5.168 6.2 � 10�4
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probability density from the ground |Xi state to the excited |Ai
electronic state and the second pulse promotes the wave packet
from the |Ai to the coupled |Ci and |Di states. The probability
of dissociation from the |Ci state depends on the laser pulse
but also on the nonadiabatic coupling. The laser pulse is
given by

Vt(t, t0) = E0e�(t�t0)2/a2

cos(ot) (5)

a ¼ t=2
ffiffiffiffiffiffiffiffi
ln 2
p

(6)

assuming the dipole approximation and a Gaussian pulse
shape. The strength is given by E0, the FWHM width of the
pulse by t and t0 gives the center of the pulse. The wavelength l
enters via l = 2pc/o, where c is the speed of light. The two laser
pulses will be shifted in time by a time shift T, such that
Vt(t) = Vpump(t, 0) + Vprobe(t, T). The explicit time-dependent
Schrödinger equation

i�h
@ CðtÞj i
@t

¼ ĤðtÞ CðtÞj i (7)

was solved using the short iterative Arnoldi method17,18 with
the adiabatic Hamiltonian (1) and a second-order Magnus
expansion for the time-dependent coupling.19 A time step of
dt = 0.05 fs was used.

4.1 Wave packet dynamics on the electronic |Ai state

The ultrafast pump pulse Vpump(t) gives rise to a coherent
vibrational wave packet |CA(t)i by excitation from the ground
vibrational state |fX

0 i. The resulting wave packet |CA(t)i and its
subsequent dynamics depend on the shape of the potential
energy surface and the characteristics of the laser pulse, i.e. the
wavelength l, pulse duration t and strength E0. Here, the
strength of the pulse was chosen to be weak, i.e. around 98%
of the population will remain in the electronic ground state
after excitation.

To determine the maximum population transfer from the
|Xi state to the |Ai state, the population on the |Ai state was
computed as a function of wavelength, using a pump pulse with
a duration of tpump = 10 fs. As seen in Fig. (5), a maximum

population transfer is observed at l = 383 nm, as noted
previously.20–22

Having established an optimal wavelength for excitation, the
effect of the pulse duration t on the formation of the |CA(t)i
wave packet is considered. Four different pulse lengths were
used, ranging from very short (t = 1 fs), via medium length
(t = 10 fs) to very long (t = 25 fs and t = 50 fs) in relation to the
vibrational period of the |Ai state. The resulting wave packet
dynamics up to 200 fs as a function of pulse duration t is shown
in Fig. (6).

To understand the time-evolution of the wave packet |CA(t)i,
a decomposition in terms of vibrational eigenstates can be used
for illustration

CAðtÞi
�� �

¼
X
n

cn fA
n

�� �
e�iE

A
n t=�h (8)

For the pump pulse used here only bound vibrational states
|fA

ni will contribute to the wave packet. The coefficients cn in the
superposition (8) contain the overlap between the nuclear
vibrational eigenfunctions |fA

ni and the ground vibrational
state |fX

0 i, as in the sudden approximation formalism, but also
the effect of the ultrafast laser pulse i.e. the wavelength and
pulse duration. Integrated over the duration of the pulse, the
coefficients cn can be expressed as23

cn = m0hfA
n|fX

0 if (o, l) (9)

f (o, l) = E0e�a
2(o�on0)2/4 (10)

a ¼ t=2
ffiffiffiffiffiffiffiffi
ln 2
p

(11)

on0 = (EA
n � EX

0)/h� (12)

assuming a constant dipole moment m0. In Fig. (7), the absolute
values of the coefficients |cn|2 are shown for the four cases

Fig. 5 Population on the |Ai state as a function of the pump wavelength,
using a pulse duration of t = 10 fs.

Fig. 6 Wave packet dynamics on the |Ai state as a function of pulse
duration t, using a wavelength of l = 383 nm. It is noticed that the shape of
the wave packet depends on the pulse duration whereas the revival time is
similar Tref = 95 fs. It is further noticed that the population on the |Ai state
differ for the four different situations, as shown in Fig. (7).
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studied here. The excitation leads to wave packets that are
centered on the 11:th excited vibrational state, E11 = 3.3 eV.

For a short pulse duration, t = 1 fs, the coefficients cn are
close to the Frank–Condon factors, which correlate with the
sudden approximation where it is assumed that the wave
packet do not move during the excitation process and the
resulting weights in the wave packet are given by the overlap
of the vibrational states with the initial ground vibrational state
cn = hfA

n|fX
0 i. In the other extreme, t = 50 fs, corresponding to a

half vibrational period, the wave packet is dominated by a
single vibrational state, in a Golden Rule type of description
with an energy matching between the initial and the final
states. For the excitation considered here, a duration of t = 10
fs provides a balance between time and energy resolution.
Consequently, in what follows, a pump wavelength of lpump =
383 nm and a duration of tpump = 10 fs will be used. To support
the discussion in the following section, the resulting wave
packet on the |Ai state is depicted in Fig. (8).

4.2 Nonadiabatic wave packet dynamics on the |Ci and |Di
electronic states

The wave packet dynamics on the coupled |Ci and |Di electro-
nic states is initiated with a second pulse Vprobe(t + T), promot-
ing the probability density from the |Ai state. Due to the
nonadiabatic couplings, the wave packet can dissociate on
the |Ci state either directly or via the bound |Di state due to
the nonadiabatic coupling, as illustrated by the predissociation
resonances in the previous section. The resulting wave packet
dynamics depends not only on the probe wavelength lprobe and
pulse duration tprobe but also on the time shift T between the
two pulses, since the |CA(t)i wave packet will move on the
potential energy surface during the probe process. Fig. (9)
depicts the population on the |Ci and |Di states as a function
of wavelength lprobe and time shift T directly after the probe
pulse is over. From Fig. (9), it is seen that there are combina-
tions of wavelengths l and time shifts T where the population
on the two states differs significantly. By carefully choosing the
probe pulse parameters, the formation of the wave packet on
the coupled states can be controlled. As the wave packet evolves
in time, different regions of the coupled PES are explored with a
probability of population transfer between the coupled states
and for dissociation. When the wave packet is close to the
crossing regions at Rc1 = 2.72 Å and Rc2 = 12 Å, part of the wave
packet might be transferred between the bound |Di state and
the unbound part of the |Ci state, and dissociate to the Na(4s) +
H(1s) limit.

Four different situations were studied to showcase the effect
on the dynamics and dissociation probabilities due to different
wavelengths lprobe and time shifts T, as well as the importance
of the nonadiabatic couplings. The four cases were as follows:

(a) lprobe = 550 nm and T = 14 fs, corresponding to the wave
packet |CA(t)i being close to the first crossing region between
the |Ci and |Di states at the probe time T, i.e. hR̂i =
hCA(T)|R̂|CA(T)i = 2.8 Å, and moving outwards, Fig.(10).

(b) lprobe = 650 nm and T = 47 fs, when |CA(t)i is at the outer
turning point, hR̂i = 5 Å, Fig. (11).

Fig. 7 Probability |cn|2, eqn (9), for the molecule to be in the vibrational
state |fA

ni as a function of vibrational energy for four different pulse
durations, t = 1 fs,t = 10 fs, t = 25 fs and t = 50 fs.

Fig. 8 Probability density of the time-evolution on the A-state after a
pump pulse with lpump = 383 nm and tpump = 10 fs.

Fig. 9 Population on the |Ci and |Di states after excitation from the |Ai
state as a function of wavelength l and time shift T with a pulse duration of
t = 10 fs, from low (blue) to high (red) probability.
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(c) lprobe = 550 nm and T = 82 fs, when |CA(t)i is close to
hR̂i = 2.8 Å moving inwards, Fig. (12), and

(d) lprobe = 550 nm and T = 95 fs when |CA(t)i is at the inner
turning point, hR̂i = 1.8 Å, Fig. (13).

The |CD(t)i wave packet has a revival period of Trev B 500 fs,
compared to Trev B 95 fs for the |CA(t)i wave packet. Further-
more, the dynamics of |CA(t)i is limited to a region in space
that is less than R = 5.5 Å, whereas the motion of |CD(t)i extends
beyond 25 Å. For case (a), Fig. (10), the excitation energy is
above the dissociation limit for the |Ci state and the wave
packet |CC(t)i starts to dissociate. As the outgoing wave packet
|CD(t)i passes the outer crossing point RC

2 = 12 Å, the popula-
tion is transferred to the |Ci state, increasing the dissociation
probability. A second crossing due to the inwards motion
further transfer population, leading to a |CC(t)i wave packet
being reflected at the inner turning point before dissociating.
The second combination, (b), Fig. (11), creates wave packets

close to the inner crossing region Rc1 = 2.72 Å with a mix of
bound and dissociative dynamics. The initial excitation is close
to 5 Å after which the wave packet quickly spreads towards both
the inner and outer turning points. A partially bound state wave
packet |CC(t)i is formed on the |Ci state and each time |CD(t)i
passes the outer crossing point there is a probability transfer
supporting both inward and outward motions on the |Ci state.

The parameters used in case (c), Fig. (12), where |CA(t)i moves
inwards, leads to a similar population probability for the two states,
one dissociative |CC(t)i and one bound |CD(t)i wave packet. The
effect on the nonadiabatic coupling is clearly seen around t = 200 fs
and again from t 4 500 fs. The similarity to case (a) is noticed, and
the excitation is taking place on a similar part of the PES but for
outward (a) and inward (c) motions, respectively.

For the fourth example (d), Fig. (13), the pulse parameters
are chosen such that the population on the |Ci state initially
dominates, leading to a dissociative wave packet. As |CC(t)i
reaches the outer crossing point a population transfer occurs

Fig. 10 Probability densities for the dynamics of the |CC(t)i and |CD(t)i
wave packets for a probe pulse with t = 10 fs and lprobe = 550 nm at
T = 14 fs. At the center of the pulse, hR̂i = hCA(T)|R̂|CA(T)i = 2.8 Å. The
population transfer at the outer crossing point Rc2 = 12 Å is noticed.

Fig. 11 Probability densities for the dynamics of the |CC(t)i and |CD(t)i
wave packets for a probe pulse with t = 10 fs and lprobe = 650 nm at
T = 47 fs. At the center of the pulse hR̂i = hCA(T)|R̂|CA(T)i = 5 Å.

Fig. 12 Probability densities for the dynamics of the |CC(t)i and |CD(t)i
wave packets for a probe pulse with t = 10 fs and lprobe = 550 nm at
T = 82 fs. At the center of the pulse hR̂i = hCA(T)|R̂|CA(T)i = 2.8 Å.

Fig. 13 Probability densities for the dynamics of the |CC(t)i and |CD(t)i
wave packets for a probe pulse with t = 10 fs and lprobe = 550 nm at
T = 95 fs. At the center of the pulse, hR̂i = hCA(T)|R̂|CA(T)i = 1.8 Å.
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and a wave packet |CD(t)i is formed which, in turn, transfer the
probability back to the |Ci state from t 4 450 fs.

From these four examples, it is seen that a very rich, both
bound and dissociative, nonadiabatic wave packet dynamics
can be observed depending on the nonadiabatic couplings and
the choice of the pulse parameters.

5 Conclusions

In this work accurate wave packet dynamics, in the adiabatic
picture, were computed for the coupled C1S+ and D1S+ states
initiated by a sequence of femtosecond laser pulses. It was
illustrated that the wave packet dynamics and population
transfer crucially depend on the different combinations of
wavelengths, durations and time-shifts between the pulses.
Predissociation resonances, emerging due to the coupling
between bound and continuum states, provide a complemen-
tary illustration of the nonadiabatically coupled system and
showing the importance of computing resonance widths.

Further studies will consider the use of optimal control for
defining optimal pulse parameters to control different disso-
ciation pathways.
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