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A volume-based description of transport
in incompressible liquid electrolytes and
its application to ionic liquids†

Franziska Kilchert, ab Martin Lorenz,c Max Schammer, ab Pinchas Nürnberg,c

Monika Schönhoff, c Arnulf Latz abd and Birger Horstmann *abd

Transference numbers play an important role in understanding the dynamics of electrolytes and

assessing their performance in batteries. Unfortunately, these transport parameters are difficult to

measure in highly concentrated liquid electrolytes such as ionic liquids. Also, the interpretation of their

sign and magnitude has provoked an ongoing debate in the literature further complicated by the use of

different languages. In this work, we highlight the role of the reference frame for the interpretation

of transport parameters using our novel thermodynamically consistent theory for highly correlated

electrolytes. We argue that local volume conservation is a key principle in incompressible liquid

electrolytes and use the volume-based drift velocity as a reference. We apply our general framework to

electrophoretic NMR experiments. For ionic liquid based electrolytes, we find that the results of the

eNMR measurements can be best described using this volume-based description. This highlights the

limitations of the widely used center-of-mass reference frame which for example forms the basis for

molecular dynamics simulations – a standard tool for the theoretical calculation of transport parameters.

It shows that the assumption of local momentum conservation is incorrect in those systems on the

macroscopic scale.

1. Introduction

The large majority of technical applications for energy storage
employ concentrated liquid electrolytes, including standard
electrolytes with around 1 mol L�1 of solute and those with
higher salt concentrations.1 With modeling we can provide
deeper insights into the internal transport processes. Here,
transport parameters like the transference number play a major
role as performance indicators. In principle, the transference
number ta = Ia/I of a species is defined as the fraction of current
Ia, carried by the respective species, with respect to the overall
current I. However, the determination of transference numbers
in highly concentrated electrolytes such as ionic liquids (ILs) is
challenging.

A multitude of measurement techniques have been developed
over time, in part assisted by modeling approaches. This variety
together with diverse nomenclature hampers the comparability

of experimental results. One prominent example is the recent
discovery of negative transference numbers for several highly
concentrated electrolytes and the resulting debate.2–9 Next,
we summarize the diversity of experimental and theoretical
methods in this domain.

On the experimental side, electrochemical methods are the
most widespread. Here, potentiostatic polarization (PP) devel-
oped by Bruce and Vincent and based on the classical Hittorf
method10–13 and galvanostatic polarization (GP) by Newman
and co-workers2 are prominent techniques besides some
more recent developments that aim at reducing the number
of experiments needed to obtain a full set of independent
transport parameters.14–17 Another approach uses very-low
frequency impedance spectroscopy (VLF-EIS).18–21 It is common
sense that ideal ion dissolution in concentrated electrolytes is
not a valid assumption and, thus, quantities obtained from
PFG-NMR via the Nernst–Einstein relation cannot be consi-
dered ‘‘true’’ transference numbers. However, they are still
calculated in many cases as comparative figures.4,18,20,22 The
relatively new technique of electrophoretic NMR (eNMR), how-
ever, is a valuable tool for analyzing highly concentrated
electrolytes.6,23,24 Here, the mobilities of each species in the
system can be measured directly and, thus, used to determine
transference numbers.
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Physiochemical models, on the other hand, can supplement
experimental techniques and are a valuable tool to rationalize
the different definitions for transference numbers proposed in
the literature. Different parameter definitions and experimental
set-ups can be exactly quantified with sufficient effort, e.g. the
relationship between VLF-EIS and eNMR.25

Transference numbers depend on the adopted frame of
reference determined by the underlying theory. The choice of
the reference frame specifies the ion flux densities which are
defined relative to the corresponding drift velocity of the
reference frame. This well-known fact has been described
extensively in the literature.26–28 Kirkwood et al. first stated
coherently the reference frame dependence of equations to test
Onsager’s reciprocal relationships for isothermal diffusion in
multi-component systems.29 Flux densities and constraints are
given in the local center-of-mass (CM), local volume and local
species-based reference frame. However, no electric currents
were considered. Miller showed in great detail the connection
between Onsager coefficients and transport parameters for
binary to N-component systems focusing on the species-based
reference frame.30–32 Transformations between reference
frames are also considered early on, e.g. by Schönert who
discusses Onsager coefficients in the solvent- and CM-based
frames.33 In the battery-modelling community, the most widely
used descriptions are based on the center-of-mass motion34–36

or the solvent-based species-frame.36–38 In contrast, the
volume-based description has been discussed only rarely in the
literature.39–44

For a certain application one reference frame is more con-
venient for describing observed phenomena than another. For
example, in the presence of an excess solvent species, e.g. in
aqueous electrolytes or polymer electrolytes, the species velocity
of the solvent is the natural reference. Also, the aforementioned
Hittorf method for determining transference numbers relates
to the solvent-fixed reference frame30 and models based on
the Stefan–Maxwell theory, like the widespread concentrated
solution theory, are formulated in this frame.45–47 Another
choice for the reference frame often used in the literature is
the mass-based frame where the ion flux densities are
expressed relative to the center-of-mass (CM) motion. Because
the corresponding drift velocity equals the bulk momentum per
unit mass, this description is inherently related to momentum
balance and applies to highly viscous liquids where momentum
dissipation due to frictional forces must be taken into
account.48 For describing bulk transport in IL electrolytes using
an Onsager approach, the mass-based description is the natural
choice of ref. 49. This frame also forms the reference descrip-
tion used in molecular dynamics (MD) simulations.50 Here,
structural and dynamical properties can be directly accessed
from the atomic or molecular structure of the system evolving
with time. Then, parameters like the transference number can
be calculated using analytical tools.8,51,52

With our work, we want to shed some light on recent discus-
sions about reference frames and corresponding transference
numbers in concentrated liquid electrolytes to help improving
the mutual understanding. Here, we use thermodynamically

consistent modeling based on an Onsager approach which
assumes that the thermodynamic flux densities are linear
functions of the electrochemical forces.26,49 Thermodynamic
flux densities are usually defined relative to the internal
dynamics of some excess bulk quantity. These internal flux
densities differ from the external flux densities by a convective
correction, where the choice of drift velocity defines the corres-
ponding frame of reference. In this flux-explicit description, the
Onsager coefficients determine the transport parameters. As a
consequence, all transport parameters are defined with respect
to a specific frame of reference, i.e. choice for the drift velocity.
At the beginning of our theory section, we recapitulate the basic
frame-dependent flux density definitions. As we show in detail,
using the volume-based drift velocity as a reference can be a
convenient ansatz for electrolytes where the volume does not
change under pressure variation, i.e. incompressible electro-
lytes. Since electrolytes are hardly compressible, this is usually
a good approximation.53 In contrast to the CM-based frame
of reference, this description models species transport via
volume-preserving flux densities and, thus, facilitates the trans-
port equation for drift velocity. Furthermore, we derive simple
transformation rules between the descriptions.

In highly concentrated electrolytes, strong ion correlations
and conservation laws such as charge conservation lead to
constraints on the dynamics of the electrolyte species. In the
volume-based description, volume conservation replaces the
typical momentum conservation from CM-based frames as
the governing principle. The resulting constraints transfer to
the thermodynamic flux densities such that only a reduced
number of internal flux densities is independent (N � 1 in
the case of N species). Furthermore, this implies that not all
Onsager coefficients are independent. Thus, only a reduced
number of transport parameters are independent and can be
measured independently. For example, in the case of trans-
ference numbers, there are two constraints. First, an ion flux
density determines a designated species. Second, the trans-
ference numbers of the remaining species sum up to unity.49

As a consequence, there exist only N � 2 independent transfer-
ence numbers in the internal description of an N-component
electrolyte solution. This can lead to confusion regarding the
sign and magnitude of the transport parameters when different
descriptions from the literature are compared. Hence, it is
important to clearly state the reference frame for the transport
description. Interestingly, as pointed out by Harris,54 these
issues were clearly understood for molten salt systems already
in the 1950s.55–64

In this work, we rationalize the relevance of reference frames
on the sign and magnitude of transference numbers, identify
the set of independent parameters, and discuss alternative
definitions for the transference numbers. Our joint theoretical/
experimental work described here focuses on theoretical
aspects and is accompanied by a second publication of the
same authors which focuses on the experimental aspects.65

Here, we show that our volume-based description is for example
applicable to porous electrode theory as an electrolyte modeling
framework. For incompressible electrolytes, the volume-based
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representation facilitates the volume velocity equation. We,
finally, apply it to eNMR experiments where the volume-based
reference frame turns out to be especially beneficial due to the
vanishing volume flux boundary condition of the system.
Furthermore, we show that incompressible electrolytes are
better described with local volume conservation and how we
can explain experimental findings with our theory. We build the
theoretical framework based on irreversible thermodynamics and
focus on transference numbers. Our complementary publication,
see ref. 65, focuses on the experimental aspects of our collabora-
tion and provides eNMR and density data to experimentally
validate the theoretical concepts.

2. Theory

Recently, Schammer et al. proposed a novel transport theory for
highly correlated electrolytes.49 It captures the cell dynamics of
electrochemical devices on a macro-scale, e.g. in the electro-
neutral bulk,49 but also for strong electrostatic correlations in
crowded environments, e.g. in the electrochemical double layer
(EDL).66,67 The focal quantity in this modeling framework is the
Helmholtz free energy, which incorporates the material-specific
properties, and determines the description of the system in the
form of constitutive equations. Here, we apply the framework
outlined in great detail in ref. 49 and focus on the transport
parameters.

We structure this theory part as follows. First, in Section 2.1,
we briefly summarize how the flux densities are defined in
different internal reference frames. We put emphasis on the
dominant conservation laws and resulting constraints appear-
ing in strongly correlated electrolytes, which reduce the num-
ber of independent parameters, and on the frame-dependence
of the transport parameters. This is followed by two sections
in which we focus on two different reference frames. In
Section 2.2, we outline the canonical approach where the
center-of-mass motion is used as drift velocity. In Section 2.3,
we discuss an alternative description based on the volume
motion. In Section 2.4, we show how to transform between
reference frames. Finally, in Section 2.5, we focus on transference
numbers and their reference frame dependence.

To facilitate the readability of this theory section, we provide
a list of symbols at the end of the manuscript.

2.1 Internal frames of reference

Our transport theory describes the evolution of state variables.
It is based on the dynamics of species flux densities that relate
to some reference frame. Mutual couplings between these flux
densities, e.g. due to balancing laws, impose flux constraints
and reduce the number of independent fluxes.

Our framework applies to electrolyte mixtures composed of
N different constituent species. We express the corresponding
flux densities as Nc

a = ca(va � vc), where ca is the species amount
concentrations, via the relative motion between the species
velocities va and the bulk motion of some internal electrolyte
quantity, i.e. drift velocity, vc. Usually, the drift velocity vc is

defined as linear function of some internal electrolyte quantity

ca which exists in bulk-excess, vc ¼
PN
a¼1

ca � va. Thus, in our

description, vc constitutes an ‘‘internal’’ reference frame,
which highlights the special role of the drift velocity. Here,
we assume that the expansion coefficients are normalized,PN
a¼1

ca ¼ 1. By construction, this implies a universal flux

constraint,42

XN
a¼1

ca

ca
�Nc

a ¼ 0: (1)

As a consequence, in an electrolyte mixture composed of
N different species, there exist only N � 1 independent flux
densities Nc

a .
In the literature, many different expressions for the drift

velocity exist.26,27,29 The relevance of specific choices depends
upon the physical system, i.e. the experimental set-up and
boundary conditions. Common examples include the velocity of
the center-of-mass motion,34–36,49 the volume-based velocity,39–44

or internal species velocities like the solvent motion.36–38

However, accounting for the bulk motion of the electrolyte in
the dynamical description implies that vc becomes a dynamical
variable. This requires that the system of transport equations
must be supplemented by an additional drift velocity equation.

The widely used CM description is based on the CM drift

velocity vm ¼
PN
a¼1

ra � va=r, where

r ¼
XN
a¼1

ra ¼
XN
a¼1

Ma � ca (2)

is the total mass density with Ma the molar masses (here,
ca = ra/r). Note that the drift velocity vm is equivalent to the
momentum per unit mass. Hence, the CM frame naturally
relates to momentum balance and, thus, has some conceptual
advantages. The corresponding species flux densities Nm

a read

Nm
a ¼ ca va � vmð Þ: (3)

In the CM frame, the universal flux constraint from above, see
eqn (1) becomes

XN
a¼1

Ma �Nm
a ¼ 0: (4)

An alternative frame of reference is the volume-based description,
which naturally relates to volume conservation. This internal
frame is based on the volume fractions of the electrolyte species,
i.e. ca = cana. Here, the quantity na is the partial molar volume of
species a and cana are the volume fractions. Because the volume
is a homogeneous function of the particle number we can use
Euler’s theorem for homogeneous functions,68 from which
follows49

XN
a¼1

ca � na ¼ 1: (5)
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This ‘‘Euler equation for the volume’’ expresses the volume-
filling property of the multi-component electrolyte. The corres-

ponding volume drift velocity in this reference frame is vv ¼

PN
a¼1
naca � va and gives rise to flux densities

Nv
a ¼ ca va � vvð Þ: (6)

The universal flux constraint, see eqn (1), in this frame reads

XN
a¼1

na �Nv
a ¼ 0: (7)

The Euler equation for the volume, eqn (5), constitutes a
kinematic relationship between the volume phases of the
electrolyte, which plays a fundamental role for concentrated
electrolytes. This is true both for the bulk, where it leads to a
description for the spatial variation of the drift velocity,49 and
for the EDL, where it stabilizes the bulk structure against
unbalanced Coulomb-attraction of the ions.66

Finally, we discuss the description based on an internal
species velocity, i.e. where the drift velocity is given by the
velocity of one designated electrolyte species. By convention, we
set a = 1 for the designated species such that vs = v1 (thus, ca = d1

a).
This description is a common choice in the presence of a
dominant solvent species, where vs defines the ‘‘solvent-fixed
frame’’, or for polymer electrolytes, where the polymer would be
the designated species. The flux densities then take the form

Ns
a = ca(va � vs) = ca(va � v1), (8)

and the universal flux constraint reduces to Ns
1 = 0, see eqn (1).

2.2 Mass-based description

In this section, we focus on the mass-based description, i.e. the
reference frame constituted by the center of mass motion (see
Section 2.1).

The framework of rational thermodynamics obeys the sec-
ond law of thermodynamics using the entropy production rate
R, where thermodynamic consistency demands that the quan-
tity R is strictly non-negative. Hence, the entropy production
rate measures the deviation from thermodynamic equilibrium
and expresses a balance of entropy production. As we show in
ref. 49, R comprises a contribution due to internal friction,
i.e. viscosity, and a flux term

Rflux ¼ �JmrF�
XN
a¼1

Nm
a � rma ¼ �

XN
a¼1

Nm
a � rmela : (9)

Here, ma are the specific chemical potentials, and mel
a = ma + FzaF

are the electrochemical potentials (F denotes the Faraday con-
stant and F denotes the electric potential). The chemical
potentials follow from our model for the free energy jH

presented in ref. 49 via ma = q(rjH)/qca. Above, we used charge
continuity and expressed the electric current density via

Jm ¼
PN
a¼1

FzaN
m
a . Next, we evaluate the flux constraint eqn (4)

and reduce the flux-explicit expansion of R appearing on the

right of eqn (9) to the set of independent fluxes,

Rflux ¼ �
XN
a¼2

Nm
a � r~mm;ela ; (10)

where we introduced

~mm;ela ¼ ma �Ma=M1 � m1 � F~zma F;

and ~zma ¼ za �Ma=M1 � z1:
(11)

The thermodynamic requirement that R is non-negative deter-
mines the constitutive modeling of the thermodynamic vari-
ables and flux densities. Here, we ensure non-negativity of
eqn (10) using an Onsager approach for the flux densities,

Nm
a ¼ �

XN
b¼2

Lm
ab � r~mmb ; (12)

where the corresponding symmetric Onsager matrix Lm
ab

is semi-positive definite (see eqn (S1) in the ESI† for a matrix
expression).

All macroscopic transport parameters follow directly from
the Onsager matrix. Note that the sum on the right side starts
at counter two, which restricts the number of independent
Onsager coefficients, i.e. transport parameters (the choice for
the electrolyte species which is set to a = 1 can be motivated
with respect to the physical set-up, see ref. 49). Altogether,
symmetry and thermodynamic consistency reduce the number
of independent transport coefficients appearing in an
N-component electrolyte mixture to N(N + 1)/2. This statement
is generally true in any internal reference frames.

The Euler equation for the volume, eqn (5), and charge

continuity q ¼
PN
a¼1

Fzaca reduce the set of variables which is

necessary for the complete dynamical description of highly
concentrated electrolytes.49 Hence, c1 and c2 are functions of
(na, q, c3, . . ., cN) (see eqn (S9) and (S10), ESI†). Similarly, from

the universal flux constraint follows that Jm ¼
PN
a¼2

F~zma N
m
a , such

that Nm
1 and Nm

2 are functions of the independent fluxes
( Jm, Nm

3 , . . ., Nm
N ), where

Jm ¼ �kmrjm � km

F

XN
b¼3

tm;redb

~zmb
r~~mmb (13)

and

Nm
a ¼

tm;reda

F~zma
Jm �

XN
b¼3

Dm
abr~~mmb ; a � 3: (14)

Here, jm = F + ~mm
2 /Fz̃2 is an chemo-electrical potential,36,69 and

km and Dm
ab are the conductivity and diffusion coefficient

(derived from Onsager coefficients, see ref. 49) in the mass-
based frame,69 respectively. The transference numbers appear-

ing in eqn (13) and (14) satisfy the normalization
PN
a¼2

tm;reda ¼ 1

and constitute the set of N � 2 independent parameters in the
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CM description. Furthermore, we introduced

~~mm;ela ¼ ~mm;ela � ~mm;el2 � ~zma
�

~zm2 (15)

The resulting set of closed isothermal transport equations
reads

qtq = �rJm � r(rvm), (16)

qtca = �rNm
a � r(cav

m), a Z 3, (17)

rvm ¼ �
XN
a¼1

na �Na ¼ �
~nm2
F~zm2
rJm �

XN
a¼3

~~nma � rNm
a ; (18)

q = �eRe0DF, (19)

where eR is the relative permittivity and e0 is the vacuum
permittivity. As it was shown in ref. 49, the convection equation
(see eqn (18)) can be derived from the Euler equation for the
volumes, see eqn (5), and can be reduced to an expansion via
the independent thermodynamic fluxes ( Jm, Nm

3 , . . ., Nm
N ) using

parameters

~nma ¼ na � n1 �Ma=M1 and ~~nma ¼ ~nma � ~nm2 � ~zma =~zm2 : (20)

We emphasize that corrections similar to the relative mass
ratios Ma/M1 (as appearing in the quantities ~ma, z̃a, . . .)
emerge naturally in all other descriptions based on different
internal frames of references as artefacts of redundant
fluxes.

2.3 Volume-based description

In this section, we discuss the volume-based frame defined in
Section 2.1 (see eqn (6) and (7)).

Our rationale here is similar to the CM-based description
discussed in Section 2.2. The corresponding transport equa-
tions are analogous to eqn (16)–(19), with the exception of
different flux densities and a different drift velocity. Similar

to the CM-based description, we apply charge continuity, q ¼

F
PN
a¼1

zaca and the volumetric flux constraint, eqn (7), to reduce

our description for these flux densities. For this purpose, we
introduce reduced quantities involving corrections due to
volume ratios,

z̃v
a = za � z1�na/n1, and ~mv

a = ma � m1�na/n1. (21)

Correspondingly, we expand the electric current density via the

flux densities, Jv ¼ F
PN
a¼2

~zvaN
v
a , such that

Jv ¼ �kvrjv � kv

F

XN
b¼3

tv;redb

~zvb
r~~mvb; (22)

with the electric conductivity kv and the chemo-electrical
potential jv,el = F + ~mv

2/Fz̃2 both in the volume description, and

Nv
a ¼

tv;reda

F~zva
Jv �

XN
b¼3

Dv
abr~~mvb; a � 3; (23)

where

~~mva ¼ ~mva � ~mv2 � ~zva=~zv2: (24)

Here, tv,red
a denotes N � 1 transference numbers, where only

N � 2 transference numbers are independent. Dv
ab is the

diffusion coefficients in the volume-based frame.
The drift velocity equation in the volume-based description

becomes (see Section S1.2, ESI†)

rvv ¼ �
XN
a¼1

na � rNv
a ¼

XN
a¼1

Nv
a � rna ¼

XN
a¼1

Nv
a �
@na
@p

 !
rp;

(25)

where we used the flux relation imposed by eqn (7) and p is the
pressure. In the ESI,† we derive a reduced description for the
drift velocity equation in the volume-based description (see
eqn (S7), ESI†).

When the partial molar volumes do not depend on pressure,
i.e. for incompressible electrolytes, the volume-based drift
velocity is spatially constant,26

rvv = 0. (26)

This relation between incompressibility and constant drift
velocity vc is generally true in mono-component liquids.
In contrast, for multi-component mixtures, it is only true in
the volume-based description. Nevertheless, in the literature,
rvc = 0 is often used to define incompressible electrolytes,
regardless of the specific frame used. This can be a bad
approximation for highly concentrated electrolytes.49 However,
when eqn (26) holds, then the drift velocity is completely
determined by the boundary conditions. In the case of reac-

tions occurring at the electrodes, then rvv ¼
PN
a¼1
nara, where ra

is the reaction rate of the species a at the electrodes.

2.4 Flux transformations between different reference frames
in incompressible electrolytes

In this section, we state transformation rules for the drift
velocities, flux densities and current densities between
different reference frames. To improve readability, we state the
results in the main text and provide a complete derivation in the
ESI,† see Section S1.4. Here, we focus on the two cases of the CM-
based description and the volume-based description discussed
in Sections 2.2 and 2.3. In addition, we discuss transformation
rules with respect to the species-based reference frame in the
ESI,† see Section S1.5. From now on, we focus on incompressible
electrolytes where the partial molar volumes do not depend on
the pressure and assume that rna = 0.

It is a fundamental assumption of physics that the dynami-
cal evolution of a macroscopic system is independent of the
internal description, i.e. the choice of reference frame. This
implies that frame transformations are symmetries of the
macroscopic description. However, in contrast to the macro-
scopic description, internal quantities, e.g. flux densities,
depend on the reference frame, and simple frame transforma-
tions exist.
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The transformation of the drift velocities between the
CM-based description and the volume-based description reads
(see Section S1.4 in the ESI†)

vv � vm ¼ M1

rn1

XN
b¼2

~nmb �Nv
b ¼

XN
b¼2

~nmb �Nm
b : (27)

This transformation rule for the drift velocities determines the
transformation rule for the flux densities Nc

a and electric
current densities Jc,

Jm � Jv ¼ q
M1

rn1

XN
b¼2

~nmb �Nv
b ¼ q

XN
b¼2

~nmb �Nm
b ; (28)

Nm
a �Nv

a ¼ ca
M1

rn1

XN
b¼2

~nmb �Nv
b ¼ ca

XN
b¼2

~nmb �Nm
b : (29)

The relations eqn (29) hold for all flux densities Nv
1, . . ., Nv

N.
Apparently, the electric flux densities are invariant under frame
transformations in the electroneutral case (q = 0).30

2.5 Transference numbers

In this section, we focus on the concept of the transference
numbers. We discuss different definitions for these transport
coefficients and derive the corresponding number of indepen-
dent quantities. Here, we restrain our discussion mainly to the
volume-based description. However, this discussion gener-
alizes to any internal reference frame. Finally, we state the
transformation rules for the transference numbers between
different internal reference frames.

The N � 1 transference numbers tv,red
a for an N-component

electrolyte introduced above, see eqn (23), follow directly

from the Onsager coefficients via tv;reda ¼ F2~za=kv �
PN
b¼2

Lv
ab~zvb

(see eqn (12)).49 By construction, they sum up to unity,PN
a¼2

tv;reda ¼ 1, such that only N � 2 independent parameters

exist.
Commonly, transference numbers are understood as a mea-

sure for the ratio of current density that is carried by one
species, i.e. the contribution of Nv

a to the overall current density
J. However, there are two important aspects regarding this
interpretation. First, we emphasize that the flux densities Nv

a

relate to the internal reference frame given by the volume-
averaged drift velocity, i.e. comprise a drift-correction Nv

a =
cava � cav

v (in the electroneutral case, or if the drift velocity

vanishes, Jc ¼
PN
a¼1

Fzacava � qvc is the same in all frames, and

equals the electric current defined relative to external
coordinates,30 i.e. the lab-frame). Second, due to the relation
eqn (23), the above interpretation of the transference numbers
applies more directly to the quantity tv,red

a /z̃v
a than to the

quantities tv,red
a itself. Also, the quantities z̃v

a can take counter-
intuitive values, as even uncharged species can get z̃v

a a 0.49

Hence, we argue that the N � 1 flux ratios defined by

tva ¼
tv;reda

~zva
¼ tva

za
; a � 2; (30)

are a more intuitive definition, which relates better to the
physical interpretation from above. Beneath the N � 1 flux
ratios tv

a, we introduced N � 1 quantities tv
a for charged ion

species, which are weighted by their non-zero valence.
In contrast to the N � 1 transference numbers tv,red

a , we can
extend the set of N � 1 quantities (t2, . . ., tN) and N � 1
quantities (t2, . . ., tN) by a quantity t1 and tv

1, relating to the flux
contribution of Nv

1. For this purpose, we use eqn (7),

Nv
1 ¼ �

PN
a¼2
na=n1 �Nv

a , and express the flux densities Nv
2, . . .,

Nv
N via Jv assuming chemical equilibrium,

tv1 ¼
tv1
z1
¼ �

XN
a¼2

tva �
na
n1
: (31)

As a consequence, in total, there exist N quantities tv
a and N

quantities tv
a. However, by construction, not all of these are

independent since they are constrained by charge continuity
and by the volumetric flux constraint, viz.

XN
a¼1

tva ¼
XN
a¼1

zatva ¼ 1 (32)

and

XN
a¼1

na
tva
za
¼
XN
a¼1

natva ¼ 0: (33)

Hence, similar to the quantities tv,red
a , only N � 2 quantities

tv
a and only N � 2 quantities tv

a are independent. However, in
contrast to tv,red

a , there exist also quantities tv
1 and tv

1.
It has to be noted though, that, similar to the quantities

tv,red
a , the quantities tv

a measure the species contribution to the
overall current density Jv in the volume-based reference frame,
which differs from the electric current measured in the resting
laboratory frame.

This discussion for the volume-based description gener-
alizes to any other description based on an arbitrary internal
frame of reference. In particular, the normalization eqn (32)
holds in any frame, whereas eqn (33) takes a slightly different
form in different frames (as a consequence of differing flux
constraints eqn (1)). For example, in the CM-based description,
we find constraints

XN
a¼1

tma ¼
XN
a¼1

zatma ¼ 1; (34)

and

XN
a¼1

Ma
tma
za
¼
XN
a¼1

Matma ¼ 0: (35)

Another example is the internal reference frame with respect to
the first species (where vs = v1 defines the drift velocity). Here,
the universal flux constraint implies Ns

1 = 0 such that this flux
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does not contribute to the current J. In accordance with this
fact, ts

1 = ts
1 = 0 and, thus, the remaining N � 1 quantities sum

up to unity,
PN
a¼2

tsa ¼
PN
a¼2

zatsa ¼ 1.

Our description rationalizes the role of the transference
numbers in an electrolyte with only two ion constituents. For
such electrolytes, the sign and magnitude of the transference
numbers become arbitrary, as they are completely determined
by the frame-specific form of the two constraints discussed
above.56,62,70 In the volume-based description, the transference
numbers are completely determined by the partial molar
volumes via eqn (32) and (33),56

tv
1 = (1 + n1/n2)�1, tv

2 = (1 + n2/n1)�1. (36)

An analogous relation, which is based on the molar masses,
holds in the CM-based description (see eqn (34) and (35)),

tm
1 = (1 + M1/M2)�1, tm

2 = (1 + M2/M1)�1. (37)

This result reproduces ‘‘Sundheims Golden rule’’.62,70

Finally, we state the transformation rules of the transference
numbers between the volume-based description and the
CM-based description for electroneutral systems where q = 0
(see Section S1.4.4 in the ESI† for details),

tma � tva ¼ caza
M1

rn1

XN

b¼2

~nmb
zb
� tvb ¼ caza

XN
b¼2

~nmb
zb
� tmb : (38)

Apparently, the sign of the transference numbers is not con-
served under frame transformations, because the quantities
za~n

m
b /zb can become negative.
The corresponding transformation into the species-based

reference frame depends upon the relative species concentra-
tions (see Section S1.5 in the ESI.†)

tsa ¼ tva �
zaca

z1c1
tv1 ¼ tma �

zaca

z1c1
tm1 (39)

Note that, by construction, ts
1= 0.

3. Application to eNMR measurements

In the following, we apply our description to eNMR experiments.
We structure this chapter as follows. First, in Section 3.1, we briefly
sketch the experimental set-up and introduce species mobilities.
The experimental details can be found in ref. 65. Next, in
Section 3.2, we present our theoretical description of eNMR
experiments and state the underlying assumptions. Furthermore,
we show how mobilities from eNMR are related to transference
numbers and highlight the reference frame dependence of those
transport parameters. In Section 3.3, we shortly discuss the
measurements on pure ILs and validate our assumption of a
vanishing volume flux focusing on the theoretical aspects. In
Section 3.4, we consider electrolytes with three ion constituents.
Instead of discussing the mobilities,65 we here put emphasis on
the transference numbers, which are important transport para-
meters for continuum models. Finally, in Section 3.5 we compare
transference numbers in different reference frames.

Note that another possible application of our theory is given
in the ESI,† namely the modeling of electrochemical systems,
e.g. batteries, with porous electrode theory. We state the
respective modeling equations in Section S2.

3.1 Experimental set-up and species mobilities

In this section, we briefly sketch the experimental set-up of
eNMR measurements and discuss the species mobilities. For
more details regarding the experimental aspects, we refer to
ref. 65, 23 and 71.

In electrophoretic NMR, a canonical PFG NMR experiment is
performed with additional electric field pulses. The external
field Eext induces a constant force upon the ions, such that after
a negligibly short acceleration period, a charged species will
exhibit a constant drift velocity, which is proportional to
the external field, vdrift

a = uaEext. The species mobilities ua can
be obtained from varying the electric field strength Eext and
evaluating the phase shift of the NMR signal, which is caused
by the uniform displacement of this species in space. As the
encoding of space is performed by magnetic field gradients, the
species velocities va are generally determined in the laboratory
frame. We identify the drift velocity of the ions with the species
velocities, such that uaEext = vdrift

a = va = Nv
a/ca + vv.

The electric conductivity k of all electrolyte mixtures was
measured experimentally using impedance spectroscopy
(see ref. 65 for details) and the values are listed in Tables S2
and S4 in the ESI.†

3.2 Model: assumptions and parameters

In this section, we state our model assumptions for this system
and discuss the mobilities and transport parameters.

We assume that, during the eNMR experiment, the bulk
electrolyte remains electroneutral (q = 0) and that all concen-
tration profiles are constant (rmv

a = 0).65 Because this implies
that the electric current density and the electric conductivity are
equal in all frames, we omit the labels for these two quantities.
Furthermore, we assume a boundary condition for the electric
field of the electrolyte, where E = Eext. This constitutes chemical
equilibrium, i.e. Nv

a = tv
a/Fza�J, where the electric current density

simplifies to J = �krF = kE. Altogether, we thus find a relation
between the species mobilities and the transport parameters,

uaE ¼
ktva
Fzaca

� E þ vv (40)

or, using vv=E ¼
PN
b¼1

cbnbub

tva ¼
Fcaza

k
ua �

vv

E

� �
¼ Fzacaua

k

X
baa

cbnb 1� ub

ua

� �
: (41)

Note that a similar equation can be found in any other frame of

reference specified by some drift velocity vc ¼
PN
b¼1

cbvb, viz.

tca ¼ Fzacaua �
P
baa

cbð1� ub=uaÞ=k. Below we discuss the trans-

ference numbers of Li in the two other frames of reference
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described above. In particular, we find for the mass-based
quantities

tmLi ¼
FcLiuLi

k
ran
r

1� uan

uLi

� �
þ rcat

r
1� ucat

uLi

� �� �
; (42)

and for the quantities based on the species frame of the
common anions,

tsLi ¼
FcLiuLi

k
1� uan

uLi

� �
: (43)

Because electrolytes are hardly compressible,53 we model the
electrolyte systems as incompressible. In this case, the drift
velocity vv is spatially homogeneous, eqn (26). As a consequence,
it is determined by the boundary conditions of the system.

The experimental set-up consists of long vertical glass
capillaries for thermal convection control with electrodes below
and above immersed in a reservoir of electrolyte.23 Because
the measurement area of the eNMR measurement is located
inside the capillaries, the electrodes themselves are outside
the expected range of influence. This suggests that we set the
boundary conditions right on top and below the glass capil-
laries, thus excluding electrode effects. Because the excess
liquid above the capillaries leads to strong hydrostatic pres-
sures at the end of the capillaries, we expect that there is no
volume flux out of the measurement area.

We define the transference numbers derived in the labora-
tory frame from eNMR and conductivity measurements as

teNMR
a = Fcaza�ua/k. (44)

In the fixed laboratory frame, the flux densities are simply

Nv
a = cava = na and the current density is Jv ¼ F

PN
a¼1

cazava ¼ j.

Therefore, the quantities teNMR
a = teNMR

a /za measure the species
contribution to the electric current density as observed in the
laboratory frame, and the quantities teNMR

a equal exactly the
intuitive interpretation discussed in Section 2.5. In particular,
no specific knowledge of the partial molar volumes is needed
for the calculation of the teNMR

a .
We want to validate that the volume flux vanishes. Thus, we

check the two constraints eqn (32) and (33) on the transference
numbers. With eqn (44), they transfer to,

XN
a¼1

nacaua ¼ 0 and F
XN
a¼1

zacaua ¼ k; (45)

in terms of species mobilities ua. Hence, only N � 2 mobilities
are independent (this would be also true if vv a 0).

Apparently, the electric conductivity of the electrolyte is
completely determined by the species’ mobilities and the
species’ concentrations. Note that the experimental determina-
tion of the conductivity k is comparatively straightforward
using, e.g. impedance spectroscopy as in this work. Thus, the
second constraint in eqn (45) can be used conveniently for a
consistency check of the results obtained from eNMR measure-
ments, which is a standard procedure to ensure high quality
eNMR measurements.6,23,24 Furthermore, the second constraint in
eqn (45) implies that all transference numbers can be calculated

from eNMR mobilities alone via (see eqn (44))

teNMR
a ¼ zacauaPN

b¼1
zbcbub

; (46)

The eqn (44) and (46) reproduce the expression used in the
experimental literature for the calculation of transference
numbers from mobilities, see e.g., eqn (7) in ref. 6.

3.3 Validation: pure ionic liquids

In this section, we apply our description to eNMR measure-
ments of pure ionic liquids (ILs). First, we show that in our
description of the binary case, the two species mobilities are
completely determined by either the conductivity and the
partial molar volumes (according to the volume-based descrip-
tion) or the conductivity and the molar masses (CM-based
description). Second, we apply the volume- and the mass-
based description to experimental data for different pure ILs.
Finally, we discuss that the volume-based approach yields a
better description of incompressible electrolytes.

We assume that the pure IL dissociates into two ionic
species which are oppositely charged, XY - X+ + Y�. We label
the cation species by cX+ = c+ and the anion species by cY� = c�.
In the electroneutral state, the two ion concentrations of a pure
IL have the same bulk concentration cb and valencies z+ = �z�.
However, due to the Euler equation for the volume, eqn (5), the
bulk concentration is completely determined by the partial
molar volumes, such that c+ = c� = cb = 1/(n+ + n�).

In our transport theory, electric conductivity is the only
independent transport parameter in an electrolyte with two
ion constituents. In particular, the transference numbers
become arbitrary in the case of pure ILs and can be determined
by, e.g. the molar masses (according to the mass-based descrip-
tion), or by the partial molar volumes (according to the volume-
based description), see Section 2.5. In the volume description,
the two constraints k = Fcbz+(u+ � u�) and n+u+ + n�u� = 0
determine the species mobilities (see eqn (45)),

u+ = n��k/F and u� = �n+�k/F, (47)

such that the absolute ratio of the mobilities is inverse to the
ratio of the partial molar volumes

|u+/u�| = n�/n+. (48)

A similar relation can be found in the mass-based description
of a pure IL in an electroneutral state when we assume that vm =
0. Here, the two constraints yield

|u+/u�| = M�/M+. (49)

This makes the mobility ratio a simple and straightforward
parameter to identify the relevant boundary condition.65,72

We use these simple relations, eqn (48) and (49), to validate
our assumption for the right boundary condition in compar-
ison with experimental data for a wide range of different
pure ILs.
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Here, we use the experimental data first published in ref. 65,
supplemented by data first published in ref. 23 (we restate
relevant data in Tables S2, ESI†). The partial molar volumes na
were consistently calculated from density measurements, as
detailed in ref. 65. The species mobilities ua were determined
via eNMR measurements, see Section 3.1.

First, we probe the constraint eqn (48). Fig. 1 shows the
absolute values for the mobility ratios |u+/u�| as function of the
relative partial molar volumes n�/n+ for the different IL electro-
lytes. The error bars stem from the systematic evaluation of all
measurement uncertainties, see Section S3.1 (ESI†). The diag-
onal line corresponds to the case where |u+/u�| = n�/n+.
Apparently, for most systems, the results (including the error
bars) lie on the diagonal line. This validates our assumption
that vv = 0.

In contrast, as we show in Fig. S1 (ESI†) (see also ref. 65 and
72), the mobility ratios do not align close to the diagonal line
when plotted as functions of the ratio of molar masses. Hence,
the experimental results contradict the constraint in eqn (49).
Thus, the assumption of vanishing drift velocity vm, i.e. vanish-
ing momentum flux, is badly chosen.

We highlight the relevance of the volume-based description
for the eNMR experiment in Fig. 2, where we compare the
analytical results for the species mobilities, as calculated from
the partial molar volumes and the conductivity via eqn (47),
with the species mobilities obtained from eNMR measure-
ments. Fig. 2 shows the corresponding set of eNMR mobilities
for the ILs used in Fig. 1, where circles represent the positive
cation values and squares the negative anion mobilities.
Furthermore, experimental results are shown in orange and
the analytically predicted mobilities in blue. Apparently, there
is a high quantitative agreement between the experimental and
theoretical results for the majority of the systems. This con-
firms our conclusion from above.

In summary, we find that the volume-based description
subject to the assumption that vv = 0 is quantitatively in very

good agreement with the experimental data. In contrast, the
mass-based description subject to the assumption of vanishing
momentum flux does not reproduce the experimental results in
a satisfactory manner. This confirms that the assumption of
vanishing volume-based drift velocity is better justified than the
assumption of local momentum conservation. As a conse-
quence, the volume-based model provides a better description
for eNMR experiments in pure ILs than the mass-based descrip-
tion. Furthermore, we conclude that species diffusion in an
incompressible electrolyte preserves, by definition, a very good
approximation of local thermodynamic volume elements, but
not the local momentum density. Indeed, in an incompressible
mixture of components with different mass densities, volume
conservation implies a center-of-mass motion and, thus, trans-
port of momentum but no volume changes.

3.4 Validation: ionic liquid + Li-salt mixtures

Here, we focus on electrolyte mixtures composed of pure ILs
with Li-salt with a common anion. In contrast to the previous
section (where the transference numbers were arbitrary and we
focused on the species mobilities), we now put emphasis on the
transference numbers. We apply our volume-based description
and validate our modeling assumptions concerning the relevant
boundary condition for systems with three ionic constituents.

There exist three independent transport parameters in an
electrolyte mixture composed of three different constituents.
These are the electric conductivity, one transference number,
and one diffusion coefficient. However, here we assume
chemical equilibrium in the eNMR experiments, and thus
neglect diffusion. As a consequence, the set of independent
transport parameters reduces to the electric conductivity k
(which is frame-invariant in the electroneutral case, see section
3.2), and one transference number (i.e. tv

3 or tv
3 or tv,red

3 ) or one
mobility.

Fig. 1 Ratio of mobilities versus ratio of partial molar volumes plotted for
various ILs. Open circles: data from Gouverneur et al.23; Filled circles: data
from Lorenz et al.65. Diagonal line: analytical prediction (see eqn (48)).
The chemical acronyms are listed in Table S1 in the ESI.†.

Fig. 2 Comparison of the measured eNMR mobilities (orange) with the
predicted mobilities from eqn (47) (blue) for various ILs; Circles: cation
mobilities; Squares: anion mobilities; Open symbols: data from Gouver-
neur et al.;23 filled symbols: data from Lorenz et al.65 (cf. Fig. 1). The
chemical acronyms are listed in Table S1 in the ESI.†
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For all electrolyte mixtures, we assume dissociation of the
IL, XY - X+ + Y�, and of the Li-salt LiY - Li+ + Y�. Thus, each
electrolyte mixture gives rise to three independent ion species.
By convention, we label the common anion species as the first
species by cY� = can, the cation species of the IL as the second
species by cX+ = ccat and Li as the third species by cLi. Hence, in
our description, the only independent transference number
is tLi.

In order to validate our model assumptions concerning a
vanishing volume drift velocity for systems with three ion
constituents, we check the two constraints eqn (32) and (33)
on the transference numbers obtained from eNMR via eqn (44)
for each IL mixture stated in Table S3 (ESI†).6,65,73 The
teNMR
a values are listed in Table S4 (ESI†).

First, we focus on the constraint imposed by the assumption

of charge conservation,
P3
a¼1

teNMR
a ¼ 1 (see eqn (32)). Fig. 3

illustrates this sum for all IL + Li-salt electrolyte mixtures listed
in Table S3.† The horizontal line marks the theoretically pre-
dicted value of one. To improve the readability, we group
similar systems with varying salt concentrations by color. The
assigned error bars stem mainly from errors made in eNMR
measurements of the mobilities. Apparently, for nearly all
systems, the analytical prediction lies well within the error of
the experimental results. However, for the Pyr12O1 FTFSI
systems, a small deviation is clearly visible. We attribute this
anomalous behaviour to an underestimation of the corres-
ponding error made in the eNMR experiment. The partial molar
volumes for the FTFSI� anion and, thus, also the density values
had to be interpolated for those systems,65 resulting in slightly
higher uncertainties than for the other mixtures. Apart
from this singular deviation, there is in general a very good

agreement with the analytical prediction. Note that the con-
straint eqn (32) is already used as quality check for the eNMR
measurements (see Section 3.2 and ref. 6, 23 and 24).

As the second step, we probe the assumption of vanishing
volume drift velocity (vv = 0), which leads to the constraint in
eqn (33) applying to teNMR

a . For this purpose, we calculate the
residual quantity

D ¼
X3
a¼1

na
ntotal

� t
eNMR
a

za
¼ F

kE
� vv

ntotal
: (50)

This quantity measures the deviation from the analytical

prediction, i.e. D = 0. Here, ntotal ¼
P3
a¼1
na.

Fig. 4 illustrates the quantity D for all IL + Li-salt electrolyte
mixtures (see also Table S3, ESI†), where similar systems with
varying salt concentrations are grouped by color. Apparently, all
up to two investigated systems fulfill the volume constraint very
well. Only the first two EMIM BF4 systems show a significant
deviation from the analytical prediction (horizontal line at
zero), which indicates a non-trivial drift velocity vv for these
systems. However, it was already argued in ref. 65 that this
deviation may result from side reactions occurring at the
electrodes. If the partial molar volumes of the electrolyte
species are different, these can cause unbalanced faradaic
productions of volume fractions, resulting in a volume drift
velocity. Altogether, we conclude that the assumption of a
vanishing volume-based drift velocity is justified. teNMR

a is equal
to a very good approximation of the volume-based transference
numbers tv

a. Hence, eqn (44) is indeed correct, and teNMR
a can be

interpreted as volume-based transference numbers with the
boundary condition of vv = 0 in a standard eNMR set-up.

Fig. 3 Probing charge conservation for various IL + Li-salt mixtures with
common anion, see eqn (32). The horizontal line represents the analytical
prediction. Data is based on mobilities from ref. 6, 65 and 73. Error bars
result from measurement errors of the mobilities and conductivity.
Chemical compositions are listed in Table S3 in the ESI† and teNMR

a in
Table S4.

Fig. 4 Probing the assumption of vanishing volume drift velocity for
various IL + Li-salt mixtures with common anion, see eqn (33). The
horizontal line represents the analytical prediction. Data is based on
mobilities from ref. 5, 6, 65 and 73 with partial molar volumes from
ref. 65. Error bars result from measurement errors of the mobilities,
conductivity and partial molar volumes. Chemical compositions are listed
in Table S3 in the ESI† and teNMR

a in Table S4 (ESI†).
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3.5 Comparison of reference frames

In this section, we investigate the influence of the reference
frame on the sign and magnitude of the Li transference
numbers. For this purpose, in Fig. 5, we compare three differ-
ent cases based on the volume description, eqn (41), the mass-
based description, eqn (42), and the species-based description
with respect to the common anion, eqn (43).

First, we discuss the Li transference numbers in the volume-
based description. The orange circles in Fig. 5 show the
transference numbers calculated from eqn (41). These quanti-
ties are negative for all electrolyte systems and their absolute
magnitudes reside in the range between zero and roughly 0.15.

Next, we discuss the transference numbers tm
Li of Li in the

mass-based description, see the light blue squares in Fig. 5.
We calculated the values from the mobilities via eqn (42).
Apparently, tm

Li tends to be more positive than the transference
numbers in the volume-based description tv

Li. However, an
actual sign switch does only occur for two systems here (EMIM
FSI 2 and EMIM FSI 3) and is, thus, not a dominant effect.
Although for two more systems, a possible switch of sign lies
within the uncertainty when comparing the results of the
volume- and the mass-based reference frame, the majority of
transference numbers stays negative even within the error
margins. Eqn (42) shows that the relation of volume- and
mass-based transference number depends on the ratios of
anion and cation mobilities to Li mobilities as well as the ratio
of anion to cation density (see the expression in square
brackets).

Finally, we discuss the Li transference numbers ts
Li of the

common anion reference frame shown by the purple diamonds
in Fig. 5. ts

Li is determined by the mobilities of Li and the
common anions via eqn (43). Most strikingly, the sign of the Li
transference numbers for most of the investigated systems is
positive, and only a few systems exhibit negative Li transference

numbers in this reference frame. In addition, the absolute
magnitudes spread over a relatively large range, when compared
with the other two frames. We can rationalize the occurrence of
positive Li transference numbers ts

Li using eqn (43). Here, the
mobilities uan and uLi are all negative, see ref. 6, 65 and 73. Thus, Li
moves in the same direction as the anions, i.e. the drift velocity.
Furthermore, both of the two species, and hence the drift velocity,
move in the opposite direction than the electric current. This
seems to be in conflict with the transference numbers in Fig. 5
being mostly positive (implying that Li moves in the same direc-
tion as the current). However, this seemingly contradictory beha-
viour can be resolved by the observation that the absolute
magnitudes of the Li mobilities are in most cases smaller than
the anion mobilities, see ref. 6, 65 and 73, resulting in positive
transference numbers ts

Li = FcLi(|uan| � |uLi|)/k. Hence, for such
systems where the anions move ‘‘faster’’ than Li, Li moves in the
same direction as the electric current when viewed from the
co-moving anion-fixed frame, resulting in positive transference
numbers ts

Li. Indeed, for electrolyte mixtures where the ts
Li are

negative, the experimental results show that the Li mobilities
are larger in absolute magnitudes than the anion mobilities
(|uLi| 4 |uan|).

4. Discussion

In this section, we complement our manuscript by a brief
discussion of the relation between vehicular transport of Li
and the sign of their transference numbers in the different
frames of reference in IL + Li-salt electrolyte mixtures.

Our discussion relates to an ongoing debate in the literature,
regarding the interpretation of negative transference numbers
and the occurrence of highly correlated motion of Li-ions with
oppositely charged ion species. As argued by Schönhoff and
co-workers,5,6,73 vehicular transport of Li-ions with strongly
positive Li-anion correlations implies that the anion and Li
mobilities have the same sign (as the Li-ions are ‘‘travelling
together’’ with the anions).

In our description, the transference numbers of Li with
respect to any frame of reference are completely determined
by the species mobilities, see eqn (41)–(43). We make use of this
description and investigate the influence of negative mobilities
uan and uLi on the sign of the transference numbers in the three
different frames of reference discussed above (the volume-
based quantities tv

Li, the mass-based quantities tm
Li and the

anion-based quantities ts
Li).

For all electrolyte systems studied in this work, the anion
mobilities obtained from the eNMR measurements are nega-
tive. In addition, for all electrolyte systems, the mobilities of Li
are negative as well, which indeed suggests a correlated motion
of the Li-ions with the anions.

First, we discuss the influence of negative mobilities uan and
uLi on the sign of tv

Li. As we have shown in Section 3.4,
teNMR
Li calculated from eqn (44) to a very good approximation

tv
Li since the volume drift velocity vanishes, i.e. teNMR

Li E tv
Li. As a

direct consequence of eqn (44), vehicular transport implies that

Fig. 5 Comparison of sign and magnitude of Li transference numbers
calculated with respect to the volume-based reference frame, eqn (41), the
mass-based reference frame, eqn (42), and the anion-based reference
frame, eqn (43). Chemical compositions are listed in Table S3 in the ESI.†.
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the sign of tv
Li equals the sign of uan. Hence, vehicular transport

yields negative Li transference numbers in the volume frame.
This is in accordance with our results shown in Fig. 5.

Furthermore, in the common-anion frame, we have sign(ts
Li) =

sign(uLi)�(1�|uan/uLi|) (see eqn (43)). Hence, depending on the
relative magnitudes of |uLi| and |uan|, vehicular transport either
implies that ts

Li and tv
Li have opposite sign (if |uan| 4 |uLi|) or the

same sign (if |uan| o |uLi|). Here, in all systems, the mobilities
of Li are negative, and the absolute magnitude of the anion
mobility are mostly larger than that of Li. Hence, vehicular
transport leads to positive transference numbers ts

Li in the
common anion frame. This finding is in accordance with the
results for the majority of systems shown in Fig. 5.

Finally, in the mass-based frame of reference, it is harder
to conclude from vehicular transport onto the sign of the Li
transference numbers. As can be inferred from eqn (42), the
relation between the sign of the Li transference number tm

Li and
the anion mobility depends on the species densities and on the
mobilities of the anions and Li.

5. Conclusions

In this work, we supplement the discussion shown in ref. 65
and present a detailed discussion of transference numbers
based on our novel transport theory. We applied our descrip-
tion to experimental results obtained from eNMR measure-
ments and validated our model assumptions concerning the
relevant boundary condition.

Our discussion highlights the relevance of the reference
frame for the interpretation of transport parameters. Furthermore,
we present different definitions for the concept of transference
numbers and use universal constraints to identify the number of
independent parameters. In addition to the external frame of
reference given by the resting laboratory, we focus on three
different internal reference frames defined by the center-of-mass
motion, by the volume-based velocity, and by the species-based
reference frame. We derive the exact transformation rules for the
flux densities and transport parameters between these reference
frames.

We apply our description of eNMR measurement devices to
pure ILs and to electrolytes based on IL-Li-salt mixtures with
common anions, as discussed in ref. 65. Our analysis shows
that, to a good approximation, the volume-based drift velocity
can be neglected for such hardly compressible electrolytes. This
highlights that for eNMR measurements the laboratory frame is
best represented by the volume-based description. In contrast,
assuming a vanishing momentum flux is a bad approximation.

It has to be noted though that it can be advantageous to
state transference numbers in the mass-based description.
In particular, it is straightforward to obtain the Li transference
numbers from the species mobilities of the eNMR measure-
ments because the molar masses are the only additional para-
meters needed, see eqn (42). In contrast to the partial molar
volumes (which are usually not so easy to determine as they
may vary with composition, pressure and temperature) needed

for the volume-based description, see eqn (41), the molar
masses are unambiguously defined.

Furthermore, we show that transforming from volume- to
mass-based description does not commonly yield a switch of
sign of the transference numbers, although in rare cases this
can occur. This picture is different when transforming into the
common-anion reference frame. Here, most Li transference
numbers are positive due to the high mobility of the anion.

Our description rationalizes an ongoing debate in the lit-
erature regarding the sign and magnitude of transference
numbers in ILs and highly concentrated electrolytes. Some
apparent inconsistencies can be solved to a large extent when
the boundary conditions are clearly stated and the choice of
reference is clearly defined.

List of symbols
Indices

+, cat Subscripts referring to cation
�, an Subscripts referring to anion
Li Subscript referring to Li
a,b Greek subscripts refer to ion constituents
c Superscript referring to c-based reference frame
m Superscript referring to a mass-based reference frame
s Superscript referring to a species-based reference

frame
v Superscript referring to a volume-based reference

frame

Parameters

Dab Diffusion coefficient (with respect to thermodynamic
driving force) (m2 s�1)

F Faraday constant (A s mol�1)
Lab Onsager matrix (s mol2 kg�1 m�3)
Ma Molar mass (kg mol�1)
N Number of species
ta Transference number
ua Mobility (A s�2 kg�1)
za Valence/charge number
b Bruggemann coefficient
e Porosity/volume fraction of pore space
eR Relative permittivity
e0 Vacuum permittivity (A s V�1 m�1)
k Conductivity (A2 s3 kg�1 m�3)
na Partial molar volume (m3 mol)
ta Flux ratio/transference number weighted by charge

number

Variables

ca Species concentration/molarity (mol m�3)
E Electric field (kg m A�1 s�3)
I Electric current (A)
J Electric current density (A m�2)
j Electric current density in the laboratory frame

(A m�2)
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Na Species flux density (mol m�2 s�1)
na Species flux density in the laboratory frame

(mol m�2 s�1)
p Pressure (kg m�1 s�2)
q Electric charge density (A s m�3)
R Entropy production rate (kg m�1 s�3)
ra Species reaction rate (mol m�2 s�1)
v Drift velocity (m s�1)
ma Chemical potential (kg m2 s�2 mol�1)
r Mass density (kg m�3)
F Electric potential (kg m2 A�1 s�3)
ja Electrochemical potential (kg m2 A�1 s�3)
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