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THz mobility and polarizability: impact of
transformation and dephasing on the spectral
response of excitons in a 2D semiconductor†

Michael T. Quick,a Sabrine Ayari,b Nina Owschimikow,a Sihem Jaziricd and
Alexander W. Achtstein *a

We introduce a response theory based transformation for excitonic polarizability into mobility, which

allows an in-depth analysis of optical pump–THz probe conductivity experiments, and compare

the results with those of a conventional oscillator model. THz spectroscopy is of high interest e.g. for

investigations in high bandwidth and low noise nanoelectronics or solar energy harvesting nanomaterials.

In contrast to simple o scaling of estimated static polarizability, suggested in the literature, an appropriate

transformation of the spectral response into mobility can be achieved in principle forward and backward

due to the presence of dephasing, as we show for the exemplary system of CdSe nanoplatelets. Common

analysis approaches capture the excitonic properties only under specific conditions, and do not apply in

many cases. We demonstrate that a thermal distribution of excitons and transitions between higher states in

general have to be considered and that dephasing has to be taken into account for a proper transformation

at all temperatures. The presented in-depth understanding of the exciton mobility in nanoparticles can help

improve e.g. solar hydrogen generation, charge extraction efficiencies of solar cells, or light emission

performance of LEDs.

1 Introduction

Excitons, correlated quasiparticles consisting of an electron
and a hole, occur in many low dimensional nanomaterials
as predominant species after photoexcitation. The quantized
exciton states mimic a hydrogen atom, but on a lower energy
scale.1 Excitonic polarizability,2–4 mobility and population
decay in nanosystems are crucial parameters for the interpreta-
tion of conductivity measurements by time-resolved optical
pump–THz probe spectroscopy.5–14 These are of high interest
for applied investigations e.g. in solar energy harvesting or
high bandwidth and low noise nanoelectronics.15–18 While
polarizability and mobility are related to each other, the

transformation between them for excitons and the relation to
experimental conductivity spectra as well as the material para-
meters, which influence them, remain controversial, for
instance the necessity of taking dephasing into account.7,19,20

In this letter, we show how to treat the THz response of excitons
using 2D CdSe nanoplatelets (NPLs)21–24 as a model system.
The focus of this work is to understand the general features of
THz mobility and polarizability spectra for 2D excitons to clarify
data interpretation, but not a comprehensive analysis of all
features of the CdSe NPL THz spectra including charges and
trions, which can be found elsewhere.27

2 Results and discussion

Excitons are polarized in the presence of a THz field, which
involves intraexcitonic transitions between states of relative
motion (rel. coordinate r, not to be confused with the density

matrix r used in the ESI†),23 whereas the center of mass (COM)
wavefunction (coordinate R) is unaffected by the THz field.
A separation of COM and relative coordinates is justified by the
much larger lateral extent of the nanoplatelet as compared to
the B1.6 nm Bohr radius of the correlated excitons.23 The THz

radiation transition dipole moment ~Mj0j ¼ hj0j ~̂Mjji ¼ �qehj0j~̂rjji
is described by transitions between discrete exciton states of
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France
c Laboratoire de Physique des Matériaux Structure et Propriétés, Faculté des
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relative motion jj i ¼ n;mj i and j0j i ¼ n0;m0j i, each of them is
associated with a relative coordinate r. n and m are the main

and angular momentum quantum numbers for the considered
correlated exciton series in our 2D semiconductor platelets,

respectively.25 Hats imply operators, like for ~̂M and ~̂r. Each

transition from jj i ! j0j i is characterized by the frequency-

dependent polarizability tensor aj0j(o), with
-

M = a
-

E and electric

field
-

E. THz photon absorption results in an intra excitonic
relative coordinate transition, changing r. Considering only

one (e.g. the lowest intra-excitonic transition) at first, the scalar
polarizability of the resulting two-level transition (of occupation
probability b) for weak polarization fields and without rotating
wave approximation is26,27

aj0jðoÞ ¼
ðbj0 � bjÞ

�h

��h j0j ~̂M �~ej ji��2 � 1

o� oj0j þ igj0 j
; (1)

with
�
j0j ~̂M �~ej j

�
¼
�
~̂M �~e

�
j0j ¼ �qe

�
j0j~̂r �~ej j

�
the expectation

value of excitonic transition dipole moment for the THz field

polarization ~e � ~̂r is the relative spatial operator and in reduced

notation oj0j = on0m0,nm = oj0 � oj is the transition frequency and
gj0j is the broadening. The final two-level polarizability aj02j =
aj0j + ajj0 calculated from eqn (1) shows both resonant and
antiresonant contributions, which allow a finite and real zero
frequency polarizability. Fig. 1(a) displays the normalized
polarizability from eqn (1) for a simulated transition resonant
at 5 THz and a dephasing of gj0j = 35 ps�1,28 a typical value for
CdSe NPLs. The typical pole function for the real part and the
peak lineshape for the imaginary part result from the complex
valued Lorentzians in eqn (1). Due to the latter, the imaginary
static polarizability is zero, while the real part is finite. In the

following, however, we consider typical CdSe NPLs of 4.5
monolayer (ML) thickness and 30 � 20 nm2 size.

THz experiments give insight into the (exciton) mobility m.
So to analyze experimental THz spectra, which allow to retrieve
the optical (intra-particle) conductivity (sX = qenXmX, with nX the
density of excitons) or dielectric function change, the question
arises how the mobility m relates to the excitonic polarizability.
We propose the transformation

mXðoÞ ¼
X
j0 j

mj0 jðoÞ ¼ �
1

qe

X
j0j

ðioj0j þ gj0jÞaj0jðoÞ; (2)

for the polarizability aj0j of a transition pair jj i ! j0j i, again with
excitonic quantum numbers n, m and n0, m0, respectively. The
corresponding transition frequencies are oj0j and gj0j, which are
the corresponding dephasing (relaxation) rate coefficients so
that subsequently the mobility mj0j is obtained, with qe being the
electron charge. Arranging the transition frequencies o, rate
coefficients g and corresponding polarizabilities a in matrices
( j0 column index, j rows index) allows interpreting the last term
of eqn (2) as the so called Schur product of the matrix (ioj0j + gj0j)
and the polarizability matrix aj0j, generalized from eqn (1). We
note that the resultant mX(o) is a scalar.25

In contradiction to eqn (2), however, often in the literature,
a transformation with continuous o and a constant a0 is
used29–33

mX(o) = �i(o/qe)a0 (3)

As we will discuss in the second part of this paper, this
transformation relies on treating an exciton intraband transi-
tion as a single damped Lorentz oscillator, driven by a mono-
chromatic CW wave of frequency o, Taylor-expanded in a low
frequency limit, like for microwave spectroscopy. However,
eqn (3) becomes peculiar in THz experiments, where short
single cycle THz pulses with a multi THz span spectrum
are used. Further, eqn (3) allows no calculation of the static
polarizability a0 from the measured mobility, as the zero-
frequency polarizability can not diverge. We show, however,
that this singularity does not occur using eqn (2).

In the following, we deduce eqn (2) and discuss the funda-
mental differences to eqn (3), before we deduce and discuss the
latter briefly.

2.1 Response theory approach

A changing dipole moment
-

M(t), caused by interaction with a
THz field of polarization -

e, induces a relative motion of electron
and hole with a velocity -vrel.

d ~MðtÞ
dt

�~e ¼ �qe
d~rðtÞ
dt
�~e ¼ �qe~vrelðtÞ �~e (4)

Hence, transitions occur between states of relative motion,
for which we rewrite eqn (4) in terms of a quantum mech-
anical matrix element representing an intraexcitonic transition
jj i ! j0j i.

d

dt

�
j0j ~̂MðtÞ �~ejj

�
¼ �qe

d

dt

�
j0j~̂rðtÞ �~ejj

�
¼ �qe

�
j0j~̂vrelðtÞ �~ejj

�
: (5)

Fig. 1 (a and b) Normalized polarizability of a simulated transition at 5 THz
according to eqn (1) and (c and d) converted mobility according to eqn (2)
at 300 K (g = 35 ps�1). Short and long dotted lines depict contributions to
excitonic mobility (solid line) through different velocity descriptions of
relative e- and h-motion.
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Alonso and De Vincenzo first pointed out that – in the case of a
non-Hermitean operator – the temporal derivative of the spatial
expectation value no longer obeys the correspondence principle
through the Ehrenfest Theorem in its known form (hvi = dhxi/dt =
hpi/m).34–36 Instead, it has to be extended, implementing an

additional term h~̂vðtÞgi to read in our specific excitonic case

dh~̂rðtÞi=dt ¼ h~̂pðtÞi=mr þ h~̂vðtÞgi. We refer to the ESI,† Section S1,

for a detailed evaluation of the matrix element’s time derivative.
In essence, we obtain

ðioj0j þ gj0 jÞhj0j ~̂MðtÞi~ejji ¼ �qehj0j~̂vrelðtÞ �~ejji: (6)

We Fourier transform both sides of eqn (6), exploiting the
convolution relations, see the ESI,† S1:

FT
�
hj0j ~̂MðtÞ �~ejji

�
¼ ~Mj0jðoÞ �~e ¼ aj0jðoÞ~eEðoÞ

� �
�~e (7)

FT
�
hj0j~̂vrelðtÞ �~ejji

�
¼~vrel;j0jðoÞ �~e ¼ mj0 jðoÞ~eEðoÞ

� �
�~e (8)

Dividing both sides of the Fourier transformed eqn (6) (using
eqn (7) and (8)) by E(o), we arrive at (detailed derivation in the
ESI,† Section S1C)

mj0 j ¼ �
ðioj0j þ gj0 jÞ

qe
aj0j ; (9)

where we implicitly assume that the aj0j entries are scalar, so
that the induced polarization is in direction of the perturbing
field -e. Again, we emphasize that each state j0j i is associated
with a tuple of quantum numbers (n, m). Under this considera-
tion, a summation over all final states j0j i ¼ n0;m0j i as well as
initial states jj i ¼ n;mj i results in the complex exciton mobility
in eqn (2). We remark that, in this linear response theory, the
weak THz-probe field E(t) can have any time dependence and
associated spectrum E(o), for instance a Gaussian pulse.

2.2 Classical oscillator model

The direct o scaling in the previously mentioned transforma-
tion formula in eqn (3) arises from an oscillator model, starting
from a classical equation of charge motion:

mr

d2r

dt2
þ g

dr

dt
þ o0

2r

 !
¼ �qeE0 cos otð Þ (10)

Here, E0 cos(ot) = E0Re[eiot] = (E0/2)(eiot + e�iot) = E+(t) + E�(t) is
the real (monochromatic) excitation field, mr is the reduced
exciton mass, and o0 is the electronic transition frequency.
A solution to the problem can be obtained by substituting
r tð Þ ¼ Re z tð Þ½ � and solving the differential equation for eiot

excitation.

mrRe
d2z

dt2
þ g

dz

dt
þ o0

2z

	 

¼ �qeE0Re eiot

� �
(11)

The solution can be found by inserting the trial function
z(t) = C(o)�eiot, with C(o) a complex function. Solving for C(o)
results in C(o) = �(qeE0/mr)(o0

2 � o2 + igo)�1. Using r tð Þ =

Re[z(t)] = (z(t) + z*(t))/2, with z* the complex conjugate of z,
we write

rðtÞ ¼ �qeE0

2mr

eiot

o0
2 � o2 þ igo

þ c:c:

� �
(12)

Again, employing the excitonic transition dipole moment
M tð Þ ¼ �qer tð Þ, we rearrange eqn (12)

MðtÞ ¼ E0

2

qe
2

mr

eiot

o0
2 � o2 þ igo|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
aðoÞeiot

þ c:c:|{z}
a�ðoÞe�iot

0
BBB@

1
CCCA (13)

and identify the frequency-dependent polarizability a and
its complex conjugate. Using eqn (12), we obtain the time-
dependent velocity of relative motion according to vrel tð Þ ¼
dr tð Þ=dt

vrelðtÞ ¼
E0

2
�ioqe

mr

eiot

o0
2 � o2 þ igo|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

mðoÞeiot

þ c:c:|{z}
m�ðoÞe�iot

0
BBB@

1
CCCA (14)

For clarity, we factorize eqn (14) by identifying a from eqn (13)

vrelðtÞ ¼ �
io
qe
a oð ÞEþ tð Þ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
mðoÞEþ tð Þ

þ c:c:|{z}
m�ðoÞE� tð Þ

(15)

into terms with the field components E+(t) and E�(t). By
identification, this directly allows retrieving

mðoÞ ¼ �io
qe
aðoÞ; (16)

which is used in the literature29,30,32,33,37 without derivation.
From here, often two approaches are distinguished: (i) it is
assumed that – due to the bosonic nature of excitons – the 1s
ground state is fully populated, implying a frequency depen-
dent a(o), however, with a resonance far from the static limit.
(ii) The polarizability a0 is constant, although stemming from
multiple transitions38 and scales linearly with o (eqn (3)).
In contrast to this result and similar to the derivation in
eqn (6)–(8), a convolution approach with the excitation field
is necessary, as we have shown. Eqn (3) is valid only for very
special cases, discussed in the following section, while eqn (2)
is valid for all systems including multiple levels and for the
entire frequency range. Two points are especially important:
the oij scaling and the dephasing dependence, discussed in the
following.

2.3 Modeling results

In this section, we compare the results of the different theore-
tical approaches. Fig. 1 displays frequency-dependent shapes
of a and m according to eqn (2) for an exemplary simulated
transition resonant at 5 THz.

While the multiplication by i interchanges real- and imagi-
nary parts, eqn (2) translates a finite static a0 (o = 0) into a
vanishing m0 (o = 0). This is similar to eqn (3), which delivers
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zero due to the o scaling. However, this common property is
based on completely different physical grounds: (i) in eqn (2),
the extended Ehrenfest Theorem (see eqn (5) and (6)) creates a

second contribution ð/ h~̂vðtÞgiÞ canceling the THz absorption

induced relative e–h-motion contribution ð/ h~̂pðtÞi=mrÞ in the
low-frequency regime (Fig. 1 short and long dotted lines).
(ii) Based on eqn (16), in eqn (3), however, a classically
described exciton is responding linearly to a monochromatic
electric field driving of frequency o near the static limit a0

where a(o) is quasi constant, see Fig. 1a.
In general, the analysis of the experimental THz results

should be done on the mobility or conductivity (sX = qenXmX)
basis. The latter should be used, if there are additional signal
contributions from unbound electrons and holes (sc = qe(neme +
nhmh)).19,27,39 Here, ni, i = X, e, h is the particle density in the
system. An inversion of eqn (2) to retrieve the excitonic polariz-
ability contribution is possible if the entries of the transition
frequency and relaxation matrix are known from the electronic
system modeling of the nanoparticles. Otherwise, the relaxa-
tion matrix can be varied as a free modeling parameter.
In contrast, eqn (3) is unphysical, as a missing real part (gj0j)
in the correct transformation prefactor (ioj0j + gj0j) imposes a
harsh violation of the Kramers–Kronig relations and divergence
for o = 0. Hence, it can be ruled out and our new, correct
transformation should be used since the addition of gj0j

allows transformation in both directions. We remark that
there is always an imaginary part of a, since it can be shown
that the absorption cross section of a transition relates via
sabs(o) = o/(ce0)JM{a(o)}.40

Finally, it is remarkable that the classically explained
(however, to some extent unjustified and simplified) appro-
aches from literature emerge unconstrained from our rigorous
quantum mechanical treatment. In particular, we can show
(see also the ESI,† Section S1D)

mXðoÞ ¼ �
1

qe

X
j0j

ðioj0 j þ gj0jÞaj0 jðoÞ ¼ �i
o
qe

X
j0j

aj0jðoÞ; (17)

where we point out that the equation already holds for the
summation of each of two resonant and antiresonant transition
pairs ( j - j0 and j0 - j). Our new transfer eqn (17) has the
following advantages: (i) it makes the formal quantum mechan-
ical transformation formula approachable for experimentalists,
since it allows plain o scaling to the somewhat simpler quan-
tum mechanical polarizability by eqn (1), (ii) it proves, that o
scaling is only valid when considering the full frequency-
dependent quantum mechanical polarizability summing up
all possible transitions under given conditions and thus makes
the constant a0 scaling in eqn (3) at least incomplete. (iii) We
now understand, how the o scaling emerges from a full
quantum mechanical treatment, without the need of classical
mechanics. We refer to the ESI,† Section S1D for a detailed
discussion of how these expressions relate.

Besides the discussed conversion, we want to elaborate what
impacts the static polarizability. Typically, it is assumed for
optical pump-THz probe polarizability investigations that the

photogenerated exciton resides after a short cooling time in
the 1sj i ground state (GS) of relative motion.3,7,8,41,42 As a
consequence, a number of dipole allowed transitions,
e.g. 1sj i ! npj i, is addressed by THz-radiation, so that
aX ¼

P
n a1s;np, while other transitions are dipole forbidden.

That all transitions 1sj i ! npj i are dipole allowed can be
verified easily using 2D hydrogenic states43 and calculating
the respective dipole matrix elements. At room temperature,
however, where most experiments are conducted, the exciton
population distributes over the manifold of relative motion
states according to Bose–Einstein statistics,44,45 see the sketch
of the populations to the right of Fig. 2. As this is the case,
absorption of THz-radiation does not only lead to transitions
from 1sj i, but a multitude of allowed transitions within the
discrete intraexcitonic series. We note that this is supported by
experimentally determined room-temperature static polarizability
values of 3.1 � 10�36 C m2 V�1 46 and 3.0 � 10�36 C m2 V�1 30 for
CdSe NPLs of comparable dimensions, which show comparable
zero-frequency polarizability as our results from Fig. 2(a).
Discarding the thermal distribution, however, the estimated
DC polarizability of the excitonic system condensed into the
GS only shows B0.18 � 10�36 C m2 V�1 (see Fig. 2(b)) a strong
underestimation as compared to the experimental values. We
model the 2D exciton states and the occurring intraexciton
transition matrix elements as explained in the ESI,† Section S2.
Fig. 2(a) shows aX resulting from all allowed transitions within
the 1st to 5th shell (dark green) and all allowed transitions
starting from 1sj i only (orange). From subfigure (b), it is
obvious that 1sj i ! 2pj i dominates the GS only polarizability.
The large discrepancy between 1sj i ! 2pj i only and the con-
sideration of higher final states results in missing high energy
contributions with decreasing amplitude (see the ESI,† Section
S3 for the treatment of a thermal distribution of initial and
final states for the THz transitions).

Fig. 2 (a) Real excitonic polarizability resulting from all possible intra-
excitonic transitions (dark green) and 1s to np transition only (light green)
within the 1st to 5th shell at 300 K. (b) Individual 1s - 2p, 3p, 4p and 5p
contributions (g = 35 ps�1) for ground state only population. Sketch: left –
thermal population of excitons according to a Bose Einstein distribution.
Subsequent allowed transitions within the discrete excitonic series.
Transition dipole moments increase with decreasing energetic distance.
Right – 1s - np transitions only. The full ground state (GS) population,
indicated by the circle diameter, is possible at 0 K only.
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On the other hand, the inclusion of more thermally popu-
lated initial states in (a) results in additional low energy
transitions between states close to the exciton continuum,
contributing to the low-frequency response (a dark green line).
Although states far from the GS are weakly populated, alto-
gether their contribution is considerable, because transition
dipole moments are large for transitions between the higher,
energetically close states. This is indicated also in Fig. 2 (right
sketch 300 K), where the color saturation level indicates the
strength of the allowed transitions.

Fig. 3 compares mobilities from eqn (2), (3) and (16) for the
considered NPLs, the latter two represent different conditions:
(i) a static polarizability calculated from thermal distribution
scaling linearly in o (eqn (3)) and (ii) a frequency-dependent
alpha, resulting only from the strong 1s - 2p transition,
scaling linearly in o as well (eqn (16)). We remark, if the results
of Fig. 3 should be compared to experimental findings, the
displayed intra-particle exciton mobilities have to be converted
into effective medium conductivities seff = fVxqenXmX consisting
of platelets and host medium. fV is the platelet volume fraction
and x = 2/3 + em

2/(3ep
2) is the effective medium factor47 for

random orientation of platelets, e.g. dispersed in solution. For
toluene as a solvent (em = 1.8548) and 2D CdSe nanoplatelets
(ep = 10.249), x = 0.68 is obtained as the scaling factor to obtain seff.

Here, however, as conditions may differ from experiment to
experiment, we discuss in the following the complex exciton

mobility instead of the conductivity in Fig. 3. Considering the
imaginary part, only very close to the DC limit, the o scaling of
the static polarizability (eqn (3)) approaches the correct results
(eqn (2)), as seen by comparing red and light red lines in (e–h).
On the other hand, taking transitions out of the 1s ground state
only into account does not describe the physical situation
at room temperature reliably, where THz experiments are
conducted typically.29,30,32,33,42 For CdSe NPLs for example,
the dephasing is g B 35 ps�1 at room temperature,28 corres-
ponding to the case in Fig. 3(b and f). With decreasing
temperature and thereby smaller dephasing (e.g. 10 ps�1) the
deviations from the correct scaling and thermal population
(i.e. within the usually relevant 0–3 THz window size) become
substantial, especially in the low frequency range. The assump-
tion of a linearly growing (imaginary) mobility (constant a0) is
unreasonable, also the GS only case, as the deviations from the
proper (ioj0j + gj0j) scaling are considerable. Looking at the real
part, a pure GS population (pale green dotted line) only leaves a
vanishingly small low frequency contribution, as the low energy
transitions between higher states are missing, irrespective of
the different dephasing values. We remark that the real part
of the mobility is zero for the constant a0 cases, while the
introduction of the further necessary transitions results in a
considerable mobility below 1 THz, beyond the GS only approxi-
mation. Summing up all observations, a thermal population
model as well as the correct (ioj0j + gj0j) scaling have to be

Fig. 3 Real parts (a–d) and imaginary parts (e–h) of mX under varying dephasing for CdSe NPLs in a 0–30 THz window. (d and e) 0–3 THz mobility
window (comparable with the yellow colored areas above) for small dephasing.
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applied to analyze frequency-dependent THz mobility or con-
ductivity data, while dephasing strongly impacts the resultant
mobility. The latter leads to an amplitude increase at the
resonances with reduced dephasing.

3 Conclusion

In summary, we have derived a transformation for excitonic
polarizability into mobility, which can be applied for an in-
depth analysis of THz conductivity experiments. A simple o
scaling for a constant polarizability, as suggested in the literature,
is ruled out, as it neither allows calculating the real mobility
nor is applicable in the typical 0–3 THz range of experiments.
Furthermore, we demonstrated that the consideration of a
thermal distribution of excitons and thus transitions between
higher states as well as dephasing are indispensable for the
analysis of room-temperature data. Dephasing influences the
mobility spectra at all temperatures and has to be considered.
In contrast, common approaches capture the excitonic proper-
ties only under specific conditions, e.g. zero dephasing or low
temperature, which mostly do not apply. The presented results
are of immediate interest e.g. for investigations on nanomater-
ials and their application in high bandwidth and low noise
nanoelectronics or solar energy harvesting. The in-depth under-
standing of the exciton mobility allows for example to boost
charge extraction efficiencies of solar cells, light emission
performance of LEDs or solar hydrogen generation by a micro-
scopic understanding of the THz conductivity experiments used
for materials characterization.
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7 R. A. Kaindl, D. Hägele, M. A. Carnahan and D. S. Chemla,
Phys. Rev. B: Condens. Matter Mater. Phys., 2009, 79, 045320.
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