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Hydrogels have a distinct combination of mechanical and water-
transport behaviors. As hydrogels stiffen when they de-swell, they
become less permeable. Here, we combine de Gennes’ semi-dilute
polymer theory with the Kozeny-Carman equation to develop a
simple, succinct scaling law describing the relationship between
mechanical stiffness and hydraulic permeability where permeability
scales with stiffness to the —8/9 power. We find a remarkably close
agreement between the scaling law and experimental results across
four different polymer families with varied crosslinkings. This
inverse relationship establishes a fundamental trade-off between
permeability and stiffness.

Hydrogels are polymer networks with an interconnected, water-
filled porous structure. Water can be absorbed within these
pores or permeate through them. The polymer network pro-
vides mechanical structure to hydrogels. This leads to hydro-
gels having a distinct combination of mechanical and water-
transport behaviors, making them advantageous for a wide
variety of applications. Much of the application-focused studies
either study the mechanics in detail (e.g., stimuli-responsive
water flow materials, soft robotics, and artificial tissues'™®) or
transport behavior (e.g., contact lenses, drug delivery, waste-
water purification, and solar distillation”"?). Currently, there is
little understanding of how mechanics and transport behavior
could be coupled.

An overarching conclusion from previous studies is that the
mesh size in polymer networks dictates the properties of
hydrogels."* For instance, mesh size controls hydrogel friction,
modulus, and permeability.’*® One way to control mesh size
and thereby change hydrogel properties is to add crosslinking.
Naturally, without crosslinking, the polymer network structure
has no solid-like rigidity and the polymer solution will flow as a
viscous liquid.’ Crosslinking, by constraining the movement
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of polymer strands, adds solid-like elasticity, rendering the
hydrogel a viscoelastic material.>*>* With extremely high cross-
linking, the polymer will gain significant brittleness.>* In our
work, we focus on crosslinked hydrogels that behave as solids as
we probe their elastic properties at shorter timescales rather than
their long-timescale viscous creep behaviors. The feasibility of
varying crosslinking density to modify stiffness, permeability, as
well as a multitude of other properties has been widely con-
firmed. Stiffness-focused studies>” have found that higher
crosslinking densities generally result in stiffer gels, which is
due to a reduced mesh size of the polymer and a denser network
structure.>*¢*%* Transport-focused studies have found that
crosslinking can modify gas or solute permeability’**>* where
lower crosslinking densities generally result in higher permeable
gels,>” which is due to the enlarged mesh size and enhanced
porosity of the network.*™® Inspired by the great volume of work
establishing the importance of mesh size, we seek to provide a
succinct relationship between mechanical stiffness and water
permeability of hydrogels as mesh size is varied by crosslinking.

Here, we adopt de Gennes’ semi-dilute polymer solution
theory’® as a basis for understanding the influence of mesh size
on mechanical stiffness. Previously, we adopted this theory to
successfully characterize changes in stiffness, osmotic pres-
sure, and swelling by varying crosslinking density.”” The
semi-dilute theory is a simple, elegant, and experimentally
proven description that produces results that are indistinguish-
able from the more thorough, but complex Flory-Rehner theory
that combines Flory-Huggins solution thermodynamics with
Gaussian-chain (rubber-like elasticity effects) due to
crosslinking.'”?%*® While the semi-dilute theory does not
strictly consider crosslinks, we can assume that the mesh size
and corresponding swelling state is set by crosslinking and the
osmotic pressure of the environment. The semi-dilute theory
provides an illustrative molecular perspective of the most
essential part of polymer mixtures, and the properties of
polymer networks in a good solvent (like water) are universal
and do not depend on how the networks are prepared.*' With
this perspective, the gel is considered to be a solution of
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polymer chains that are long and the spacing between the
chains, &, is what ultimately dictates the properties of the gel.
This spacing between polymer chains is related to the polymer
volume fraction as

é — a7/4v—1/4¢p01y73/4 (1)

where ¢poy = Vpoly/V. Equivalently, one can consider this mesh
size being related to swelling. If we define the swelling fraction
as § = V/Vier Where Vi, is the equilibrium volume of a gel in a
pure solvent environment, then & oc s¥%. For reasons of relating
mesh size to porosity, we choose to describe the state of
swelling using ¢p,1y in this work. Using this scaling result from
semi-dilute polymer theory in our previous work®” where varied
¢ by changing crosslinking and the ambient osmotic pressure
(via changes in humidity), we found that the bulk modulus
ultimately depends on the polymer volume fraction—or alter-
natively the amount of gel swelling, which is inversely propor-
tional to the polymer volume fraction. Thus, from a molecular
perspective, changing the crosslinking does not change the
stiffness; rather, changing the crosslinking modifies the poly-
mer volume fraction and spacing between polymer chains,
which ultimately affects the elastic bulk modulus. This mod-
ification of the bulk modulus also equivalently changes the
osmotic pressure, K ~ I1.>’?® In a semi-dilute system, the
precise relationship (des Cloiseaux law) between stiffness,
osmotic pressure, and polymer volume fraction is

stiffness prefactor

O~K=CkT g 2'/4?/ o2/
S g @)
set by
monomer size and set by

solvent interaction ambient environment
and crosslinking

where k is the Boltzmann constant, 7 is absolute temperature,
a is the monomer size, and v is the excluded volume of the
monomer that depends on the Flory interaction parameter, y,
such that®

v=a’(1— 2y). (3)

Thus, monomers that “dislike” solvent (more positive 1*?)
have smaller effective volumes compared to those that “like”
solvent (more negative x). From eqn (2), we highlight how
stiffness scales with polymer volume fraction as K oc ¢p01y9/4,
quantifying the effect that gels soften (K decreases) as they
swell with water (¢po, decreases). We and others previously
verified this 9/4 scaling,””***® validating the semi-dilute
description for hydrogels. Furthermore, for pure polyacryla-
mide gels, we verify this 9/4 scaling through a compari-
son of mechanical stiffness versus polymer mass fraction
(Fig. S7a, ESI¥).

Inspired by the fact that ¢,y is an important controlling
parameter of gels, we investigate whether ¢, also controls the
water transport behavior of hydrogels as quantified by the
hydraulic permeability. Intuitively, we should expect that by
increasing crosslinking, the mesh size, £, decreases, causing
the polymer volume fraction to increase (decreasing swelling),
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and the porosity of the polymer network to decrease. As a result,
the polymeric network becomes more constrained, with less
porous space.**™*® Here, we investigate whether this more
constrained polymer network increases the difficulty to flow
water through it as quantified by the Darcy hydraulic perme-
ability, «:

uu
k= ﬁv (4)

where u is the dynamic viscosity of water, u is the volumetric

flow flux, and VP is the hydraulic (pore) pressure gradient.

To test whether higher ¢, indeed results in lower perme-
ability, we need a way to independently control ¢, without
changing other properties of the gel. One way to only change
®poly is to alter the osmotic pressure of the environment (e.g.,
changing the ambient solution environment or humidity). The
other way is to vary the crosslinking. We and others have shown
that changing crosslinking simply changes ¢, (or the equili-
brium swelling state) and minimally affects other molecular
properties.>’*° That is, in eqn (2), the monomer size, a, and
excluded volume, v, do not change with crosslinker amount-
—only ¢y, changes. As such, hydrogels that differ only by
crosslinking can be viewed as being a part of the same polymer
family. To provide a comprehensive understanding, in this
study, we consider 21 different hydrogels spanning across four
different polymer families: (1) pure polyacrylamide (PAAm)
hydrogels, (2) hydrolyzed PAAm hydrogels,>"** (3) PAAm hydro-
gels with N,N-dimethylacrylamide (DMA) as a filler,”>** and (4)
PAAm hydrogels copolymerized with N-Isopropylacrylamide
(PNI-co-AAm).>>*® Within each family, we have five to six
different hydrogels differing by crosslinking amount where
we use N,N’-methylene(bis)acrylamide (MBA) as a crosslinker.
The molar crosslinker-to-monomer ratios span 0.5% to 7%.
Fourier-transform infrared (FTIR) spectroscopy analysis con-
firms that significant changes in spectra are observed across
different families, but insignificant changes are observed
across different crosslinker ratios within the same families
(Fig. 2a), consistent with our previous work.>”

After establishing that crosslinking can be used to indepen-
dently vary ¢pol, we test the idea of higher ¢, leading to
lower hydraulic permeability by performing water transport
experiments using a custom-built permeability cell controlled
by a microfluidic pressure regulator (Elveflow OB1) and flow
rate sensor (see Fig. S1, ESI{). Using Darcy’s law (eqn (4)), we
find that in the limit of a small pressure difference, AP, applied
across the gel, the experimentally measurable permeability is

_ mOL
N AAP (5)

where Q is the volumetric flow rate, L is the sample thickness,
and A is the cross-sectional flow area. Here, we measure Q and
control AP while p, A, and L are fixed (L is set to 0.5 mm),
measurable constants. If AP is appropriately low, then x would
be a constant property and Q would be linear with AP. On the
other hand, if AP is too high, L would decrease due to
poroelastic compression of the gel and x would presumably
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Fig.1 A scheme of polymeric structure of hydrogels with low and high
crosslinking illustrates the differences in mechanical stiffness and water
transport. As the crosslinking increases, mesh size, ¢, decreases, the
network densifies, resulting in higher stiffness and less porous space,
reducing permeability.

decrease due to densification of the porous network, leading to
a nonlinear relationship between Q and AP. Informed by
previous work on hydrogels under confined loads,”” the thresh-
old pressure above which these nonlinear effects take hold is
related to the bulk modulus of the hydrogel, K. To determine
appropriate pressures to test permeability in the linear range,
we vary AP/K in the range of 0.1-2 and find that Q is linear with
AP within +2% when AP/K is in the range of 0.5-1 (lower
pressures introduce measurement uncertainties; see Fig. S2,
ESIt). Therefore, to optimize measurement fidelity and mini-
mize poroelastic compression effects, all gels are tested by
setting AP/K = 0.7.

As expected, the permeability of the tested hydrogels
decreases as the crosslinker ratio generally increases from
0.5% to 7% (Fig. 2b, red). However, there are a few notable
complications. Increasing crosslinker ratio between 3% to 5%
results in very little change (plateau-like trend) or even an
increase in permeability (PAAm with DMA). As shown in the
hydrolyzed PAAm samples above 5%, the permeability
decreases in contrast to the plateau-like behavior at slightly
lower crosslinker ratios. Thus, the relationship between perme-
ability and crosslinker ratio is highly polymer-family-specific
and would likely need a complicated model to describe accu-
rately. As discussed earlier and in accordance with previous
work on mesh size theory,'*"® polymer volume fraction more
directly controls permeability as it does with stiffness. If this
were the case, then any changes in permeability should have
corresponding inverse changes in stiffness. Therefore, we also
measure the stiffness of the tested samples using a custom-
built indentation tester (see ESIL,i Fig. S3) in accordance with
previous testing procedures.”” Indeed, the stiffness of the
hydrogels increases as crosslinker ratio increases (Fig. 2b,
blue). Similar to our measurements with permeability, the
dependence on crosslinker ratio is highly polymer-family-
specific. However, as expected, any changes in permeability
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Fig. 2 (a) Significant changes in FTIR spectra are only observed across
polymer families and not by varied crosslinker ratio. (Complete FTIR test
results of all samples are shown in ESI,f Fig. S5) (b) In all four hydrogel
families, increasing crosslinker ratio generally increases stiffness and
decreases hydraulic permeability with a few polymer-family-specific
exceptions. Crosslinker ratios above 5% are not tested for some
hydrogels due to high sample brittleness precluding accurate stiffness
characterization.

have corresponding inverse changes in stiffness. This coupling
between permeability and stiffness is highlighted by the fact
that while increasing crosslinker ratio from 3% to 5% for PAAm
with DMA results in an anomalous increase in permeability,
this is complemented by an anomalous decrease in stiffness.
Furthermore, any plateau-like trends in permeability also exist
in stiffness. This suggests that both permeability and stiffness
are governed by the more fundamental polymer volume frac-
tion and mesh spacing between polymer chains as opposed to
the crosslinker ratio (Fig. 1).

If mesh size controls permeability, then we need to incor-
porate a description of permeability that depends on polymer

Soft Matter, 2022,18, 7735-7740 | 7737
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volume fraction. Assuming the space between polymer strands,
1 — ¢poly is fully wetted by the flowing liquid, then we can
define this space as the porosity, ¢. This porosity, as confirmed
by dissipative particle dynamics simulations,*® can be related
to the permeability. While there are several descriptions relat-
ing x to ¢,'®> the Kozeny-Carman equation is a simple and
widely used model that explicitly defines a relationship
between x and ¢ and has been used to describe permeability
through soft gel materials.®*®® Here, we take the Kozeny-
Carman equation of permeability, substitute ¢ = 1 — ¢po,
and treat monomer units of the polymer mesh as effective
“grains’’:

permeability prefactor
k= Cy (I)E d2 (l_;p—P()ly)?, y
;’l'); Ppoly (6)
gl%ng&llgﬁgzt; ambients:;\]:i}l,'omnent

and crosslinking

where Cy; & 1/150 is a constant while @, and d is the sphericity
and diameter of monomers, respectively. The monomer dia-
meter, like the excluded monomer volume, v, should depend on
monomer size and solvent interaction with larger diameters
associated with more hydrophilic monomers. If we assume
these grains are described by the monomer units, then we
should not expect @ and d to change significantly with the
small amounts of crosslinker nor with the degree of swelling,
which is captured by the change in ¢y Rather, the perme-
ability prefactor would likely be determined by the choice,
functionalization, or mix of monomer(s) used (polymer family
selection).

The swelling-dependent term in the Kozeny-Carman

1 - 3 1
equation can be expanded as ( d’pz}y) _ i
¢p01y d’poly'
3
——+3— ¢, In the limit of small ¢,,,—applicable to
¢ poly poly—app
poly

highly swollen gels—the magnitude of the leading-order term,
1/q_’>p01y2, is much greater than the other terms. Thus, for small
¢poly the permeability can be approximated by the leading-
order term as

K & CulPpory . )

If this approximation is valid, then the slope of x using
eqn (6) when plotted on a log-log scale should be close to —2 as
this is the exponent of the simplified scaling relationship in
eqn (7). Indeed, as long as ¢, < 0.05, the difference in values
of log-log slope between eqn (6) and (7) is within 8% (see ESL,t
Fig. S6). Since, for many swollen hydrogels, ¢, is often much
smaller than 0.05,°*%" the relationship in eqn (7) is a very
reasonable simplification, providing single-digit-percentage
uncertainty or less. Furthermore, for pure PAAm gels, we verify
this —2 scaling through a comparison of hydraulic permeability
versus polymer mass fraction (Fig. S7b, ESI+t).

Combining the scaling relationships between stiffness to
¢poly (€qn (2)) and permeability to ¢po (eqn (7)) through the
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elimination of ¢, we obtain a scaling law that directly relates
stiffness, K, to the hydraulic permeability, x:

6% (CIkT)Y? Cud (1 — 2%)4/3](78/9

k& PEYEPRYE (8)

prefactor depends on monomer size and solvent interaction
(constant for same polymer family regardless of crosslinking)

here, we have used eqn (3) to express the excluded volume, v in
terms of the interaction parameter, y. This scaling law quanti-
fies the inverse relationship between permeability and stiffness
by coupling the semi-dilute polymer description of modulus
and the Kozeny-Carman description of hydraulic permeability.
This relationship should hold for any hydrogel that varies only
by polymer volume fraction, such as if crosslinking were
modified. Importantly, the prefactor does not change within
the same polymer family: gels with the same monomer size and
solvent interaction but different swelling states due to cross-
linking. As such, within the same polymer family,

K oo K52, 9)

To verify this simple scaling law, we plot the permeability
against the stiffness for the 21 hydrogels across four different
polymer families with varied crosslinking from 0.5% to 7%
tested earlier on log-log scaling (Fig. 3). In accordance with
Eq. 8, each polymer family has data points corresponding to
different crosslinker ratios that lie on a slope of —8/9. The close
agreement within 3.7% uncertainty across a wide range of
hydrogel crosslinker ratios provides strong validation of the
scaling law (eqn (8)). As mentioned previously, we chose to use
the Kozeny-Carman description in accordance with other works
involving gels;**"®* however, we can also generalize the scaling
law result (eqn (9)) as x oc K **° where o scales ¢poy to K as
K o€ ¢paiy- According to Kapur et al.,'® o can be the range of 1.4
to 3.3. When explicitly fitting our experimental results to an
arbitrary o, we find that o = 1.8 £ 0.2, a result that is within 10%
of the Kozeny-Carman exponent of o = —2. Nonetheless, we find
that setting o = —2 (eqn (7)) describes the four tested hydrogel
families accurately as we separately verify in Fig. S7b (ESIf),

o« ® Hydrolyzed PAAm
e 201 PAAM with DMA ]
© 10+ |
< 7F i
5 57 .
%
UE’ ol PNI-co-AAm i
5 ® Pure PAAm
a

1 L ‘ . ‘ . ‘ ‘ s

10 20 50

Stiffness, K (kPa)

Fig. 3 Plotting permeability and stiffness of 21 hydrogels with varying
crosslinker ratio across four polymer families shows a close agreement
with egn (8) where the log-log slope is —8/9.
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thereby validating the Kozeny-Carman description for hydro-
gels. We highlight the fact that for hydrolyzed PAAm gels, we
are able to obtain more than a decade range of stiffness and
find that the scaling still holds. Thus, the scaling law allows one
to determine the permeability of gels based on its stiffness as
long as the prefactor in eqn (8) has been determined from a
reference sample in the same polymer family. Interestingly, the
prefactor in eqn (8) suggests that monomers that are rendered
more hydrophilic (decreasing y), x should increase. This is in
agreement with our results where the more hydrophilic hydro-
lyzed PAAm (Fig. 3, red) has a higher permeability than its more
hydrophobic pure PAAm counterpart (Fig. 3, blue) at the same
stiffness.

In conclusion, our work confirms that combining de Gen-
nes’ semi-dilute polymer theory and the Kozeny-Carman equa-
tion provides an accurate scaling law relating permeability to
the stiffness of hydrogels. Our resulting scaling law between
permeability and stiffness (1) reconfirms the importance mesh
size (and therefore, degree of swelling and polymer volume
fraction) on hydrogel properties, and (2) provides a simple,
succinct, and experimentally testable relationship between
mechanical stiffness and water permeability of hydrogels.
Future studies could investigate whether the scaling law can
be applied to hydrogels with high entanglement®®*® or sliding
crosslinkers”®”? to alter polymer volume fraction. Future stu-
dies could also investigate the validity of the scaling law for gas
permeability or liquid solution permeabilities where polymer
volume fraction is modified through osmotic pressure rather
than crosslinking. We anticipate that our work will guide the
informed synthesis of hydrogels tuned by crosslinker amount
for applications in a wide variety of fields.
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