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Autophoretic microswimmers self-propel via surface interactions with a surrounding solute fuel.
Chemically-active filaments are an exciting new microswimmer design that augments traditional
autophoretic microswimmers, such as spherical Janus particles, with extra functionality inherent to their
slender filament geometry. Slender Phoretic Theory (SPT) was developed by Katsamba et al. to analyse
the dynamics of chemically-active filaments with arbitrary three-dimensional shape and chemical
patterning. SPT provides a line integral solution for the solute concentration field and slip velocity on the
filament surface. In this work, we exploit the generality of SPT to calculate a number of new, non-trivial
analytical solutions for slender autophoretic microswimmers, including a general series solution for
phoretic filaments with arbitrary geometry and surface chemistry, a universal solution for filaments with
a straight centreline, and explicit solutions for some canonical shapes useful for practical applications
and benchmarking numerical code. Many common autophoretic particle designs include discrete jumps
in surface chemistry; here we extend our SPT to handle such discontinuities, showing that they are
regularised by a boundary layer around the jump. Since our underlying framework is linear,
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combinations of our results provide a library of analytic solutions that will allow researchers to probe the
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1 Introduction

Chemically active filaments are an exciting new category of
artificial microswimmers. These slender bodies use a surrounding
solute as fuel to self-propel via chemical interactions between the
filament surface and the solute.>® Surface chemical reactions
locally generate or deplete the solute, and any resulting concen-
tration gradients induce a slip flow close to the filament that
pushes it through the surrounding viscous fluid.**> Swimmers
that use this type of mechanism to move are called phoretic
swimmers, and they have significant potential for use in
biomedical® and microfluidic settings.”

Phoretic swimmers are typically spheroidal particles.® However,
recent technological developments in microscale manufacturing
techniques mean that it is now feasible to create phoretic micro-
swimmers with non-trivial geometries.” This opens up a whole new
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interplay of activity patterning and shape.

world of physically realisable microscale designs that are yet to
be fully explored. One common structure observed in nature are
slender filaments, which are the primary method of propulsion
at the microscale (e.g. flagella and cilia).'"® Phoretic slender
structures, or chemically active filaments, have the potential for
more interesting behaviour than particles, since there is a
separation of scales into long and thin directions that increases
the significance of geometry. This gives slender phoretic filaments
an additional dimension of control over previous designs; surface
properties can be more easily controlled along the filament’s
length, allowing for regions of the filament with different local
flow behaviours, and smart/soft materials can be incorporated
into the filament design to allow controlled shape change and
responsivity."*

In previous recent work, Slender Phoretic Theory (SPT)! was
derived for phoretic filaments of arbitrary 3D centreline, cross-
sectional radius, and chemical patterning by exploiting a
matched-asymptotic expansion from a boundary integral repre-
sentation of Laplace’s equation in Stokes flows."> This
approach asymptotically reduces the phoretic problem from
explicitly solving a boundary value problem—or surface inte-
grals, if numerically solving using boundary element methods
(BEM)"“—to simply evaluating integrals along the filament
centreline to determine the key phoretic properties. These
results from SPT can be combined with other slender body
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theories for Stokes flows to then determine the swimming
behaviour."

Many other slender body theories exist for specific applications
and designs of phoretic filaments. Examples include the electro-
phoretic propulsion of slender straight rods with varying cross-
sections,'* and autophoretic particles with axisymmetric chemical
activity" or more complex reaction kinetics.'® However, SPT is
ideally designed to deal with phoretic propulsion of slender
filaments with arbitrary three-dimensional shapes and arbitrary
surface activities.

In previous work on slender phoretic filaments," the inte-
grals arising from SPT were calculated numerically, and com-
pared to BEM simulations. However, purely analytical results
can provide physical intuition, enhanced understanding of
dynamics as parameters are varied, and validation for numerical
codes. Additionally, analytical results are computationally faster,
asymptotically exact, and can provide an important component
for fast simulation of multi-particle suspensions."”

In this paper, we derive analytical solutions to SPT. This is
both in terms of extensions to the theory, as well as specific
applicable examples. We start in Section 2 with a summary of
the results of SPT. In Section 3 we consider the general result
for an arbitrary geometry with non-axisymmetric activity, so
that azimuthal variation around the centreline is allowed, and
we show that the surface concentration profile can be written as
the sum of an axisymmetric activity with the same azimuthally
averaged profile and a Fourier series of the azimuthal variation
of the activity around the centreline. In Section 4, we show that
the solutions for axisymmetric straight filaments can be
derived in terms of a Legendre polynomial expansion of the
activity, and hence derive a universal solution for straight rods
with arbitrary activity in terms of Legendre polynomials and
Fourier modes. In Section 5, we give some analytical results for
a few basic geometries and common activities. Finally, in
Section 6, we consider an issue regarding sudden jumps in
activity, such as in the canonical example of Janus swimmers
(which are half active and half inert),'® and we show that any
apparent discontinuity is regularised by a small boundary layer
close to the jump, before discussing the results in Section 7.

Slender Phoretic Theory

Particle shape

Solute dynamics
V2e=0

Chemical patterning ] T

View Article Online

Soft Matter

2 Review of slender phoretic theory
2.1 General phoretic swimmers

We begin by briefly outlining the key equations that govern auto-
phoretic propulsion. We consider the limit of zero Péclet number,
where advection of the solute in the bulk fluid is negligible
compared to diffusion (valid for sufficiently small swimmers),>"
and neglect electrokinetic effects.”>*" Under these conditions, the
concentration of solute in the fluid surrounding the swimmer
(which we assume to be infinite in extent), c(x), obeys Laplace’s
equation

Vic=o0. (1)

On the swimmer’s surface, the solute is generated or depleted
by the chemical reactions, and a slip velocity, vg;p, is generated
due to surface concentration gradients

—ng - Ve = o/(x), (2)

Vslip = A (X)(1 — ngmy) - Ve, 3)

Here, ny is the normal to the swimmer’s surface pointing into the
fluid; <7 (x) is the activity on the surface, which is the rate at which
the solute is released there (or depleted when .7 < 0); and .Z(x) is
the mobility, which relates the surface concentration gradients to
the slip velocity. Both the activity and mobility are given properties
of the surface, and may vary over the swimmer’s surface; swimmers
with the same geometry and different patterning of activity and/or
mobility will behave differently. For example, a wide range of
different swimming behaviours can be produced by varying the
placement of patches of activity and mobility on spheres.**

Given the geometry, activity and mobility of the swimmer,
the Laplace equation, eqn (1), can be solved subject to eqn (2)
on the swimmer’s surface to determine c¢(x) everywhere, and
then the slip velocity calculated using eqn (3), as shown in the
flow diagram of Fig. 1. The subsequent fluid flow and swimming
can then be determined using the Stokes flow equations with the
slip velocity as a boundary condition. A common method of
solving these equations for a general swimmer shape is to use
the Boundary Element Method."***?* However, for certain basic

Slender Body Theory

Slip flow [ Fluid‘dynamics ]

1

—n;-Ve=4/(x) J

>

[ SWIMMING ]

A0 (1—nyn) Ve [

Fig. 1 A flow diagram demonstrating how the emergent swimming behaviour of phoretic filaments arises from the underlying physics, in the limit of
zero Péclet number and for solute neutral diffusiophoresis. Slender Phoretic Theory, and this paper, covers aspects to the left of the vertical dashed line
for filaments with arbitrary 3D centrelines and arbitrary chemical patterning. Fluid dynamics and swimming speed may then be calculated via slender

body theories for Stokes flows.*?
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designs of phoretic swimmer, analytical progress can be
made.®?’

2.2 Slender phoretic filaments

We now briefly summarise the key results of SPT." The geometry
of a slender filament is illustrated in Fig. 2. We consider a
slender swimmer with points on its surface given (in dimension-
less terms) by the position vector

8(s,0) = x(s) + ep(s)&,(s,0), (4)

parametrised by the arclength s € [—1,1] along the centreline,
r(s), and the azimuthal angle 6 around the centreline. The
dimensionless cross-sectional radius p(s) obeys 0 < p(s) < 1.
The radially-outward pointing unit vector &,(s,0) is defined as
€,(s,0) = cos O(s,0)n(s) + sin O(s,0)b(s) with O(s,0) = 0 — 0s),
where fi(s), b(s) are the normal and binormal vectors of the
centreline and 6s) follows the torsion of the centreline, 96,/0s = 1(s).
Note that we are assuming that the cross-section is always
circular. The inverse aspect ratio, termed the slenderness
parameter ¢ = r¢/l is the ratio of the maximum cross-sectional
radius, ¢, to the half-length of the swimmer’s centreline, I. For
slender swimmers, the slenderness parameter is small, ¢ « 1.

We consider the phoretic problem outlined in eqn (1)—(3),
expanding the surface concentration, c(s,0), in powers of the
slenderness, so that

c(s,0) = c9(s,0) + ecV(s,0) + O(e?). (5)

The leading-order surface concentration for a general activity,
o (s,0), is"

4 (s.0) J WW@» ) <~of<s>>} i,
1 N

s=—1
Fig. 2
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where (f) = [T f d0 represents the 0-integrated value of a
function and Ry(s,$) = r(s) — r(§) is the vector joining two points
on the centreline. For an axisymmetric activity, ./ = .</(s), the
leading-order and next-order concentrations are found to be’

o 1 p@O@) )] .

<) *2J,1{|Ro<s,s>| F— }ds
I 41— )

+ EP(S)&{(S) log (W)

W(s,0) = %pz (8)K(s)(s)cosO(s,0) {log (48(1,075‘
1 R S
- p(s)J {MRO (5,5)-€,(s,0) (8)

-1 |R0(57§)|3

+

p(s)x(s)(s)cosO(s,0)] ..
25— }ds’

where «(s) is the curvature of the centreline. The resulting
slip velocity over the surface of the swimmer can then be
determined as a surface gradient of the concentration
Vip(8:0) o 1 o 00 (o190 11900
— - =e——0, —0| to, O(e). 9
(5,0) egsp(s) et + e()p 'V +10,c™ | +0(e).  (9)

o(1/e)

o(1)

Note that gradients in concentration around the azimuthal
direction around a cross-section, ie. in the 0 direction, are
magnified by a factor 1/¢ in the slip velocity.

3 Fourier decomposition for arbitrary
activity

In previous work on SPT,' results focused on examples of
slender phoretic filaments that have axisymmetric activity
profiles. However, this theory, unlike many other slender-
body theories, can account for azimuthal variation in activity.
This is very important for autophoretic particles because the

s=+1

EEEEESEEEEEN

Illustration of the geometry of a slender phoretic filament. The position of the filament centreline is given by the vector r(s), where s € [-1,1] is the

arclength. At any point s, the filament has a tangent &(s), normal f(s) and binormal b(s). The vector between points on the centreline at s and % is given by
Ro(s.,3) = r(s) — r(3). The inset shows a zoom of the cross-section, which has a radius ¢p(s), where ¢ « 1is the slenderness. Locally, we define coordinates
€, and &y, which point radially outward and azimuthally around the cross-section. All quantities shown are dimensionless.
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effect of concentration gradients in the slender azimuthal
direction is significant, since they are amplified by a factor
1/e in the slip velocity, as shown in eqn (9). This means that, for a
non-axisymmetric activity, it is often not necessary to calculate the
next-order mode, ¢, to determine the leading-order expression
for the slip velocity (and hence swimming) which is of size ¢,
since vgip = &[4 (s,0)9/p(5)]0pc” (5, 0) + O(1). This contrasts
with axisymmetric activities, where the slip velocity is generated
equally by gradients in ¢© along the arclength, s, and 0 gradients
in ¢Y, which both occur at O(1). We expect that variations in the
activity in the azimuthal direction around a cross-section will have
a significant impact on the dynamics of the slender phoretic
filament and so this case must be addressed. Here, we show a
method for calculating the leading-order surface concentration
for an arbitrary non-axisymmetric activity profile on a slender
body with arbitrary 3D shape.

Fourier decomposition of surface properties can be used to
exploit the linearity of Laplace’s equation in studying complex
patterning of phoretic swimmers.>” Following other similar work
for slender bodies in Stokes flow,'> we decompose the (known)
activity and (unknown) surface concentration into Fourier modes

2np(s)Z(s,0) = (s +Z en(s) cosnO(s, 0)
n=1 (10)

+ o u(5) sinnO(s, 0)],

2th<°)(s 0) = co(s +Z Cen(s) cosnO(s,0)
n=1 (11)

+ ¢ (5) sinnO s, 0)] ,

where we recall that O(s,0) = 0 — 0s) is the azimuthal angle
around a cross-section after accounting for the torsion of the
centreline, tracked by 6s), and the zeroth—order Fourier mode
for the activity is .=/ = p(s) (<7 (s)), where (/(s)) = [* _./(s,0)d0
is the activity integrated over a cross-section. Note that although
we may refer to eqn (10) as a Fourier expansion for the activity, it
is really the expansion for p./. The p(s) is included in this
expansion because it is proportional to the surface element and
so occurs in all integrals over the surface.

The leading-order surface concentration for a slender fila-
ment that does not necessarily have an axisymmetric activity is
given by eqn (6). Applying this Fourier expansion to eqn (6)
(details in App. A), we find the Fourier modes for the concen-
tration in terms of the activity modes as

o N S Ao(9)] 4(1—s%)
a9 =] LRO&,@\ - \so—sd Eto(s) IOg( 220) ) (12)
Cen(s)= %&/w (s), (13)
csn(s) = %,Q/S‘,,(s). (14)

Given the Fourier decomposition of the activity ./(s,0) in
eqn (10), we can therefore find the Fourier decomposition of
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the concentration field c¢(s,0) in eqn (11). Notice that the
expression for the zeroth mode, eqn (12), is the same as for
an axisymmetric profile, eqn (7). Thus, the concentration field
for any non-axisymmetric activity profile on any slender fila-
ment shape can be readily found from the axisymmetric
solution with the same geometry, before adding the higher
order modes from eqn (13) and (14).

3.1 Azimuthally-varying activity for arbitrary geometry

To demonstrate this theory, we now consider calculating the
leading-order surface concentration for some concrete exam-
ples of azimuthally-varying activity which have (2/) =0. In
this case the concentration field depends only on the
local activity to leading order. For any non-zero averaged
profiles with variations of this form, eqn (12)-(14) show that
we can simply add on the axisymmetric result of the average
profile.

3.1.1 Polar activity profile. Consider the polar activity
o/ (s,0) = cosn@(s,H), for some integer n > 1, which has a
zero azimuthal average, (.«/) = 0. The activity has a single non-
zero Fourier mode and so we can write the concentration as

0(s,0) = @cos noO(s,0). (15)

The corresponding leading-order slip velocity for such a
swimmer is

Vsiip (5, 0) = — 0) sinnO (s, 0)éy (16)
This may appear to be independent of the geometry, since the
cross-sectional radius dependence, p(s), in the concentration
disappears due to a factor 1/p in the azimuthal slip in eqn (9).
However, it is important to note that the fixed body-frame
direction €&, is geometry-dependent, and the resulting fluid
flow from considering the slip velocity over the whole surface
will also depend on the shape.

3.1.2 Azimuthal antisymmetric Janus activity. Often, in
practical applications, we are interested in swimmers that are
patterned such that there are discrete patches with different
uniform surface properties (e.g. activity) over the surface. Of
particular interest are Janus swimmers, which are half active
and half inert. We give analytical solutions for particular Janus
filaments in Section 5, but here focus on the solution for an
arbitrary filament with a zero azimuthal average for the activity,
(/) = 0, which is

+1, if0<0O(s,0)<mn
o = (17)
-1, if —t<0O(s,0) <0.
The Fourier expansion of this activity is
2np(s)e/(s,0) = 4p(s Z [1 —(—=1)"]sinnO(s,0), (18)

for which we calculate the leading-order surface concentration
and slip velocity as

This journal is © The Royal Society of Chemistry 2022
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0(s,0) = %p(s) an—z[l — (=1)"]sinnO(s, 0), (19)
n=1
Viip(s,0) = @ié[l — (=1)"]cosnO(s, 0) &y
n=1 (20)

_ 2.4 (s,0)

- arctanh [cos O (s, 0)] &.

We note that while the axisymmetric form of the SPT
equations was extensively validated against Boundary Element
Method simulations in Katsamba et al,' non-axisymmetric
cases were not considered in that work. Therefore we present
a brief validation for the Janus azimuthal antisymmetric activity
prolate spheroid here. A Regularised Boundary Element Method
based on the authors’ previous work™® is employed, but with
a simplified “constant panel” representation of the unknown
surface concentration. The surface of a prolate spheroid with
slenderness ¢ = 0.1 was meshed with 5952 shape-quadratic
triangles by deforming a regular mesh of the containing
cuboid x € [-1,1] x [-0.1,0.1] x [—0.1,0.1]. The geometry,
surface-patterning, numerical, and asymptotic solutions are
shown in Fig. 3. The pointwise percentage relative error
Eerror = 100]|(Casym — Cnum)|/mMax|chum| between the asymptotic
and numerical solutions is shown in Fig. 3, demonstrating that
our asymptotic solution produces a good approximation of the
concentration field, even for the relatively low-aspect ratio of
1:10 here, with a maximum relative error of max E..or = 4%.

4 Universal solution for straight
filaments

We now move to consider the simplest class of phoretic slender
objects: straight filaments. The aim is to find a universal method
for calculating the surface concentration profile for this common
class of slender geometries. We have just seen that arbitrary activity
profiles can be decomposed into an axisymmetric contribution of
the 0O-averaged profile and Fourier modes that encapsulate the
azimuthal variation. We thus start by considering an axisymmetric
solution for straight filaments, before combining this with the
previous Fourier decomposition result to obtain a universal
solution for slender straight filaments with arbitrary activity.

4.1 Axisymmetric activity

We consider a straight filament with an axisymmetric activity,
o/ = o/(s). Note that the cross-section p(s) and activity ./ (s) can
still vary along the length of the filament.

Since the filament centreline is straight, the arclength, s, is simply
the coordinate along an axis parallel to the swimmer, which we shall
denote by y to distinguish the straight centreline results from the
general curved results elsewhere. The distance between points on
the centreline at s =y and s = x is then |Ry| = |x — y|. Further, we note
that because straight filaments have zero curvature, k = 0, and any
vector between two points on the centreline is perpendicular to
the unit vector pointing radially outwards from any cross-section,

This journal is © The Royal Society of Chemistry 2022
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Cnum

-1 -0.5 0 0.5 1

Fig. 3 Results and validation of the Janus azimuthal antisymmetric activity
prolate spheroid. Top: The surface activity, with .«Z/ = £1 on both halves.
Middle: The concentration profile on the spheroid’s surface, and Bottom:
The relative percentage error in the asymptotic solution vs. the Boundary
Element solution, showing good agreement.

Ry-€, = 0, then the first-order correction to the surface concentration
is zero, ¢V = 0. Thus the expression for the surface concentration is

1 AW =0,
) = 2.[71 Ix =yl ¢
1 4(1 %) @
+ s oe(*5 ) o).

We write p(y).<Z () as a series expansion in Legendre polynomials,

2)

where P,(y) is the Legendre polynomial of order n. Note that these
polynomials are orthogonal, so that they obey the relation
1 2
S Pu(0) Py (v)dy = 1
%,, can be calculated via

d.m, which means that the coefficients,

_2n+1

1
B 3 J p(v).oZ (v) Py (v)dv. (23)
-1
Importantly, the Legendre polynomials also obey
! P n - P n
J Palv) = Pulat) g, —L,P,(u), (24)
-1 |V - u\

n 1
with L, =0 and L, = Z; for n > 0, so that the integral term in
j=1.
eqn (21) can be simplified. We can then write the surface concentration as
> 4(1 —y?
2¢(y) = Z@n [fL,, + log <8(2T(y)))] P,(y) + O(e%). (25)

n=0

Note that for a prolate spheroidal cross-section, p(y) = /1 — 2,

Soft Matter, 2022, 18, 7051-7063 | 7055
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the Legendre polynomials are eigenfunctions of eqn (22) with
eigenvalues —L,/2 + log(2/e).

Therefore, given an arbitrary axisymmetric activity on a
slender straight rod, we can calculate the concentration field
in terms of a Legendre polynomial expansion of the activity.
Its derivative with respect to y gives the slip velocity in the
tangential direction. This Legendre polynomial form of
solution is well-known for other slender-body theories, such
as in Stokes flows®® where it has been applied to simulate
suspensions of flexible fibres.?” Our result could be used in a
similar manner to improve simulations of slender phoretic
emulsions.

4.2 Arbitrary chemical patterning

For a straight rod with an arbitrary activity on its surface, the
results of Section 3 mean that any surface concentration can
be calculated as a sum of a Legendre polynomial expansion of
the cross-sectionally-averaged activity and a Fourier series of
the azimuthal variation of the activity around the centreline.
We therefore find a universal solution for straight filaments:

2md0(y,0) =1 io -1y +r0e () |

N

(26)

+ Z |:ch:l1(y) cosnf + MY; (y)

sin nO} ,
n=1
where the %; here are the Legendre polynomial expansion
coefficients for the azimuthally integrated profile (/). Note
that, because the filament is straight (and has a circular cross-
section), we are able to parametrise our centreline curve so that
it has no torsion, and so here we have used that ©(y,0) = 0.

5 Directly integrable cases

Having derived some general results for arbitrary phoretic
filaments and straight rods, we now turn to calculate analytical
solutions for the surface solute concentration and slip velocity
in a few specific examples that can be solved directly by
integrating the SPT equations. These examples are illustrated
in Table 1. As discussed in Section 4, we could find solutions
for the examples that have straight centrelines in terms of
Legendre polynomials, however, for these basic examples, we

Table 1
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instead choose to evaluate the integrals exactly rather than in
terms of a (possibly infinite) Legendre polynomial expansion.

For non-prolate spheroidal filaments, such as uniform radius
rods p(s) = const., we note that the equations of SPT are not fully valid
in a small region near the ends of the filament (see appendix of
SPT"), unless the activity there is zero. This is a common attribute of
slender body theories, since the assumption of slenderness breaks
down at the ends of the filaments.'* In such cases, it is possible to
perform a matched asymptotic analysis to resolve the concentration
at the ends, which can in certain circumstances have an effect on the
overall swimming velocity.”® However, this analysis lies beyond the
scope of this work, and in these few cases we instead consider the
solution that is valid over the majority of the filament. A few helpful
tips for deriving the results presented here are given in the App. B.

We shall also discuss the resulting swimming direction of each
of the examples in the case of constant mobility, by considering the
symmetries of the geometry and resulting slip velocities. In general,
SPT is valid for arbitrary mobilities, .# (s, ), and the variation of
this property over the surface of the phoretic filament may lead to
swimming in directions that are not aligned with geometrical
symmetry axes. The general calculation of this swimming
motion involves incorporating a slender body theory for the
fluid flow around the filament on top of the SPT for the slip
velocity, and will not be calculated here.

5.1 Cylinders

The first example we consider is the simplest possible slender
swimmer: a cylinder. The cylinder has a straight centreline and
a constant cross-sectional radius, p = 1. Recall also that,
because the cylinder is straight, the first-order correction to
the surface concentration must be zero, W =,

5.1.1 Uniform activity. For a cylinder with a uniform
activity, o/ = 1, the only contribution to the concentration is
from the logarithm term in the expansion, eqn (21), which gives

2
C(O)(y) - %log (@)

The corresponding slip velocity is found by differentiating with
respect to the arclength to give

(27)

— i (y, 02k (28)

Vslip = )
1—)2

where t always points in the y-direction for a cylinder. This solution
diverges at the ends, y = £1, but we expect our solution to lose

Illustration of the geometry and chemical patterning of the examples calculated in Section 5. The activity is denoted by colour, ranging from

active (7 = 1, yellow) to inert («/ = 0, blue). Note that all cross-sections are circular, and here we show a semicircular arc which has half-angle o = n/2
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validity close to the ends where the shape of the end caps becomes
important and regularises the solution. Due to the symmetry of the
uniform cylinder, we expect that there will be no net motion if the
mobility is uniform, .#(y,0) = const., but the slip flow will gen-
erate a bulk straining flow with a finite stresslet in the far-field.

5.1.2 Upper-half Janus. Next, we consider an upper-half
Janus cylinder, i.e. a cylinder which is half active and half inert.
Janus rods with this chemical patterning have been previously
manufactured experimentally.?® In particular, we look for solu-
tions for the non-axisymmetric activity

1, ifo<0<m,
(29)

wum:{ ,
0, if —t<6<0.

This activity is simply the sum of the uniform activity of Section
5.1.1 and the azimuthal antisymmetric Janus example of Sec-
tion 3.1.2, all divided by 2. Thus we can write down the solution
for the leading-order surface concentration and slip velocity as

0 (y,0) = %log <4(1F+y2)) 4 1iwyn n0,

n=1

(30)

Vslip = /%SI): 9 Z [1 — (n—l)”]

n=

cosnb ey

(31)

= //(T[J: Q)arctanh[cos 0] eg.

For a uniform mobility, due to the symmetries of the geo-
metry and slip velocity, the upper-half Janus cylinder will trans-
late perpendicular to its axis in the 0 = +n/2 direction (vertically
as shown in Table 1). This is consistent with the observations of
ref. 29, who found that a suspension of half-catalytic phoretic
rods have enhanced diffusion in the transverse direction.

5.1.3 Middle activity. For the final example of a cylinder, we
again consider patches of active and inert regions, but this time the
variation is in the long (i.e. s) direction. We suppose that the middle
section between y = @ and y = b is active, whereas the rest is inert.
This is a generalisation of both the Saturn and Janus cylinders
considered in previous work," for which @ = —s., b = s. and a = 0,
b = 1, respectively. The activity in this case can be written as

1,
Mm={

0, otherwise.

fa<y<b,
(32)

The corresponding leading-order surface concentration and
slip velocity are calculated as

1 b—y
5bg(a—y)

if —1<y<a,

O (y) = %1 <4(y — i)z(b 7”)7 ifa<y<b, (33)
1 y—a .
Elog<y_b)7 ifhb<y<l,
1 1 A
Vaip = 4 (1, 0) {m—ﬂ} t. (34)
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Both the concentration and slip velocity solutions reduce to the
uniform activity result when a = —1 and b = +1.

These middle activity cylinders will generally swim
along their axis if the mobility is uniform over the surface.
A Saturn cylinder will not swim due to its fore-aft sym-
metry, but will generate a bulk straining flow in the
surrounding fluid.

Note that there is a divergence in the concentration field
and the slip velocity close to the jumps in activity at y = a,b.
We will show in Section 6 that a small region close to the
jump regularises this discontinuity in the concentration,
where we provide the appropriate formula for calculation
in this region, and so we expect the calculated behaviour to
be suitable except in a small region close to the jump in
activity.

5.2 Prolate spheroids

Another basic example that we can consider is the prolate
spheroid, with p(y) = /1 — y2. Again, this example has a straight
centreline and so ¢ = 0. For these examples, the solution is valid
close to the ends (see appendix of Katsamba et al').

5.2.1 Uniform activity. A prolate spheroid with uniform
activity, o/ = 1, has a leading-order surface concentration

1 16(1 — %) .
1—)?2 {Elog<872 — 1| +ysin”'y, (35)
and a slip velocity

16(1 — »? N
R e L) | SR
(36)

) =

Similar to the uniform activity cylinders, if the mobility is
also uniform, then the prolate spheroid will not move, but
instead generate a straining flow in the bulk fluid.

5.2.2 Upper-half Janus. We can also consider a prolate
spheroid with the non-axisymmetric Janus activity defined by
eqn (29). Just as for the cylinders, this activity is simply the sum
of the uniform activity of Section 5.2.1 and the azimuthal
antisymmetric Janus example of Section 3.1.2, all divided by 2:

1 1 16(1 — ? .
A9(y,0) =3 1 —)? {Elog(%) 71} +5ysin 'y
I~ =0T
+E;Tsmn0,

(37)

M(y,0) SN[ —(=1)" .

Vslip = 55}5 )Z[ Eq )]cosn()e(,
n=1 (38)

A (y,0)

= arctanh|cos 0] &y.
e

For a uniform mobility, the net swimming is perpendicular
to the slender axis, along the direction 0 = £mn/2 (vertically as
shown in Table 1).
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5.2.3 Activity proportional to radial profile. A prolate
spheroid with an activity profile given by «/(y) = /1 — ) (i.e.
the activity is proportional to the cross-sectional radius of the
slender prolate spheroid) has concentration

32— 1 2
=T a-2ee(2) e
and a slip velocity
4\1,
Vsiip = 4 (p,0)y {3 —log (8—2)} t, (40)

where { is always in the y-direction because prolate spheroids
are straight rods.

This prolate spheroid is fore-aft and rotationally symmetric,
and so a uniform mobility would lead to no motion, but a net
straining flow around the filament.

5.3 Circular arcs

We now consider a simple slender structure whose centreline is not
straight: an arc of a circle that has half-angle «, with a uniform cross-
section p = 1. Since these examples do not have a straight centreline,
the O(¢) contribution to the concentration field is now non-zero, and
must also be calculated as it impacts the slip velocity at O(1).

Note that, for these circular arcs, the curvature is « = o (with
0 < o < m) and the vector between points on the centreline,
R,, obeys

(41)

2 . [als—s]
Ry| =-
[Ro| OCsm[ 3 },

R()-ep=

2 czs 0 sin’ F(gz_ S)} . (42)

5.3.1 Uniform activity. For a circular arc with a uniform activity,
o/ (s) = 1, the leading-order surface concentration is calculated to be

0)(5,0) = %log {%tan (“(1: 'g)) tan (“(14_ S))} . @)

while the next-order concentration is

1)/ _ acos® 64 a(l +5)
(s,0) = 5 log 82a2tan 7

cn(f5)]5)

We then find that the slip velocity has a component in the azimuthal
direction around a cross-section, as well as a dependence on 6:
M(5.0)

S )
()
X tan(““;“))} —3}é9

The circular arc with uniform activity and mobility will translate
along its axis of reflectional symmetry (i.e. vertically in Table 1).

(44)

Vilip =
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5.3.2 Upper-half Janus. For an azimuthally varying activity,
it is not necessary to calculate the first-order correction to the
surface concentration, ¢, to determine the leading-order slip
velocity, since the angular concentration gradients are magni-
fied by a factor 1/¢, and so we neglect this term here. Hence, we
can again write down the leading-order solution for the non-
axisymmetric Janus activity defined by eqn (29) (but with s
replacing y) for circular arcs as

tan (a(l:— S)> tan (“(14_ ‘?))}

1 64
@“ﬁ):1b4zﬁ

46
+liwsmn9 e
= n? ’
M(s,0) K1 — (=1)" R
Vslip = E% )Z[ (n ]cosnﬁeg
n=l (47)

M (s,0
= E;’ )arctanh[cos 0] &g.

The upper-half Janus circular arc will also translate along its
axis of reflectional symmetry if the mobility is constant,
although we may expect enhanced swimming compared to
the uniformly active circular arc (potentially in the opposite
direction) due to the factor ¢ ' in the slip velocities.

5.3.3 Middle activity. We can also calculate the concen-
tration field and slip velocity for a circular arc that has a central
region that is active, and inert ends. The activity is again given
by eqn (32), with y replaced by the arclength s, as above. Then
the leading-order concentration is found to be

0 (s)

if —1<s<a,

)1 64 a(s —a) a(b—s) .
= ilog<wtan{ 7] }tan[ ) , ifa<s<b,

ifb<s<l,

(48)

with the next-order contribution

ocosf o (tan [o:(b —

5)/4] .
5 g tanfo(a—s)/4 ) if —l<s<a,
(s —

]
CUWEINES
) -3l

acosf tanfo(s — a) /4] .
lo (tan[oc(sfb)/4])’ ifb<s<l.

ifa<s<b,
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The resulting slip velocity is

- ad(s,0) 1 B 1 .
Velip = . (als—a| ols — b|
T T2 (49)
oc)
%(57 H)Weg.
Again, we can see that setting a = —1 and b = +1 gives the same

result as for a uniform activity in the central region, and can obtain
results for Janus and Saturn circular arcs by particular choices of a
and b. Note that, in the limit « — 0, this reduces to the cylindrical
result of Section 5.1 (as do the previous two examples).

When the mobility is uniform, the swimming direction of
this circular arc with middle activity has both a translational
and rotational component in the plane of the centreline. For
the specific case of a Saturn-patterned activity, there is no
rotation and the arc moves along its axis of reflectional sym-
metry, similarly to the other circular arc examples.

As with the cylinders, we also find an apparent divergence in
our results near the jumps in activity. This is a general
phenomenon because the assumption of slowly varying activity,
that is used when deriving SPT, breaks down. We now turn to
consider this issue in more detail, by investigating whether the
results can be regularised by smoothing the activity profile over
a small region around the jump.

6 Discrete jumps in activity

The derivation of the SPT equations assumes that the activity,
</ , varies slowly with respect to the inner scale ¢. This condition
arose because derivatives of .o/ with respect to s were discarded
in the inner expansion of the system, but this is violated when
there are sharp jumps in activity (such as several cases consid-
ered in previous work," as well as the middle activity filaments
considered above). However, note that there is no assumption on
the activity in the 0-direction, and so results for fast variations
around this azimuthal direction, such as in Section 3.1.2, remain
valid in this theory. Here, we investigate the influence of sharp
jumps in activity along the length of the slender body on the
resulting surface concentration by considering the effect of a
small transition region that regularises the activity.

Consider an activity profile that has a sharp jump between
o/ =a and o/ =b around a point s = s,. We consider an
axisymmetric activity, for simplicity, but our results hold
regardless of if there is 0-variation. On either side of the jump
there is a region much smaller than ¢ in which the activity
changes from a to b. We write this activity as

a s—s < —¢&"
A(s) =< n(s) —&"<s—s5<é¢ (50)
b s—so > ¢&",
where s — s, € [—¢",¢"] is the transition region, n > 1

determines the size of the region and #(s) is the transition
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function that smoothly connects the two regions. In the limit
n — oo this representation becomes a jump. An example #(s)
that satisfies these conditions is

— aerf {tan (R(SZ;SO)H +

where erf(x) is the error function, with erf(x) - +1asx —» +co.

The influence of this small region on the SPT equations can
be identified by considering its effect on points that are either
far from or close to the transition region, respectively. We focus
on the effect of the jump on the leading-order contribution at
each location; the size of the jump’s contributions to higher-
order terms must be smaller than this for the asymptotic
expansion of SPT to remain valid. For full details of the
derivation of the expansion, see Section 2.5 and Appendix A
ans B in SPT.!

a+b
2 b

n(s) =2 (51)

6.1 Far contributions

We start by considering the effect of the sharp jump on a point
s that is far from the transition region. In this case, the jump’s
contribution is contained within the outer expansion of the SPT
equations, since it is much further away than the slenderness,
s — So = O(1). After asymptotically expanding in powers of ¢, we
find (as before) that the contribution from this jump ignores
the thickness of the filament and is as if all points were on the
centreline. The key integral of the leading-order contribution to
this outer expansion is then

_ [ PO ()
FO =] R 2)

where F(s) is the far field contribution. Inserting the form of the
activity chosen above, eqn (50), we find

T eB) [T ()
Ao =a] | et .

so—s"m
(53)
l ~
p(S) -
.vo+a”|R0(S7 5)'
The first and last of the above integrals are of O(1) while the

second one is of O(¢") for s, far from s. Discarding terms larger
than ¢ we find that

E(s) =:afm7r PS) d§+—le ION

P __d5+ 0"
-1 |R0(S1 3)' .\'O+n"‘R0(S7 3)'

::ajﬂ) PG d§4—le PO 454 0@ (54)

_1|Ro(s,5)] s | Ro(s,8)]
[‘ p(3)

71m[(b a 0)7//(5 a SO) + a]d§+ 0(8’1)7

where #(3) is the Heaviside step function. This shows that, far
from the step, the contribution of the transition is equivalent to
a jump in activity to the accuracy considered.

6.2 Near contributions

For points that are close to the jump in activity, the transition region
instead affects the inner expansion of SPT, where s — § = O(e).
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Previous SPT expansions are valid provided that the activity
varies slowly, since the approximation ./ (5) ~ .o/ (s) was used in
the inner region. This is not appropriate close to the transition
region where the activity varies rapidly. We expand all other
terms as before, so that the leading-order inner contribution

(before integrating over 0) is

1(s,60,0) = Jl POLE) 4

—1ey/ 2 + 2

v apls) J v o) o
= ——d5+ ————=d5 55
JLI e/ 1% + 792 so—et e/ 12 + 92 )

+ [1 EIONT

where we have written the denominator in terms of y = (s — §)/¢
and 7% = 2p%(s)[1 — cos(@ — 0)]. Note that &\/%2 + 72 is the
leading-order distance between two points on the surface of the
filament when they are close together. The first and third
integral in the last line above can be evaluated exactly and
expanded in ¢, just like the usual SPT derivation, but the second
integral cannot be evaluated without a specific #(s). However,
it is possible to create an upper bound on the size of this
integral, since

so+¢" S so+¢" 3
[y [
so—e &\ 12 + 7 so—e &\ 1 + 77 56)
56
so+-¢" ds
gmax|a|,bJ v
et 0]

where max(- - -] selects the maximum of the arguments, and we
have used that |r(s)| < max(|a|,|b|] for the second inequality.
This integral can then be calculated by using the substitution
§=s+¢ysinh¢ (ie y = ysinh¢) to find

J.v0+g" ds _ {sinh _1 (so —0—:: — s) _sinh-! <So _;; _ s>]

so—&" €4/ Xz + “,'2
e Ve P+

Zo =&t/ — &) 47

= log[l1+O0(" 1]

= log

— 0(8"71)7

(57)
where we have applied the identity sinh ~'x = log(x + v/x2 + 1),
before replacing s, — s with yo = (so — s)/e = O(1). Note that,
although I is singular when y — 0 with y, = 0, the singularity is

logarithmic and therefore is integrable once the 0 integral is
applied. Hence the integral of the inner kernel is approximately

0(s 2(1 +s) ]
[ pls)log (sp(s)[l —cos(0 — 0)})

2(1 —s) 9
+ bp(s) log (8/](3)[1 —cos(0 — é)]>:|

+ O(max[e*,¢"']).

1(s,60,0) =
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This reduces to the standard result for the inner expansion
if a = b.

6.3 Combining the contributions

This result for the inner region can be combined with the
respective outer and common regions to give the equation for
the concentration in the transition region. The leading order
concentration equation in the transition region is therefore

P N P G I O G| PN ()
2600 = [ gy~ a2
+ bp(s) log 22}—&?) + O(max[e, &' ")),

(59)

for s € [so — &",5¢ + &"]. The error on this equation remains finite
as n —» oo and so still holds in the limit of a very sharp
transition. Hence in the limit of a step-function activity this
equation only applies at the location of the jump.

This analysis of the near and far contributions therefore
shows that (apart from at the location of the jump itself) the
presence of finite jumps in the activity has no effect on the
concentration profile. At the jump points, however, the concen-
tration changes to reflect the size of the jump.

7 Discussion

Deriving analytical solutions is a key step in improving and
testing physical theories, as well as providing a shortcut for
validation and speed for future numerical solvers. In this work,
we have derived analytic solutions for, and extensions to,
Slender Phoretic Theory," finding readily applicable results
for determining the solute concentration and slip velocity on
the surface of a slender phoretic filament, with a slenderness
parameter ¢ < 1.

In recent years, improved manufacturing techniques have
generated more complex chemical patterning on experimental
phoretic particles,”*° and it is important for the corres-
ponding phoretic theories to handle the possibility of arbitrary
patterning. Therefore, for a general slender geometry, we
considered the effect of activities that varied in the azimuthal
direction around a cross-section. This slender variation had
been previously neglected despite its significant effect on the
slip velocity. The leading-order concentration was decomposed
into a Fourier series expansion, with the zeroth-order mode
simply being the concentration due to the axisymmetric cross-
sectional average of the activity. If the filament has a straight
centreline, such as for cylinders and ellipsoids, we showed that
the solution for filaments with an axisymmetric activity can be
written as a Legendre polynomial expansion of the activity
along the arclength. The error in this solution is O(¢?). The
linearity of the phoretic equations means that these two results
can be combined so that any general activity on a slender
filament with a straight centreline can be written as the sum
of a Legendre polynomial expansion of the cross-sectional

This journal is © The Royal Society of Chemistry 2022
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average activity and a Fourier expansion of the variation in the
azimuthal direction around a cross-section.

We then calculated non-trivial analytic solutions on some
basic geometries by directly integrating the SPT equations. In
particular, we derived solutions for the surface solute concen-
tration and slip velocity on cylinders, prolate spheroids and
circular arcs with a uniform activity, as well as activities
proportional to the cross-sectional radius and with only the
top half active, and cylinders and circular arcs with activity only
in a central region. Results for Janus and Saturn cylinders and
arcs can be easily determined as specific cases of the middle
activity results. We also discussed the qualitative swimming
behaviours for each example when the mobility is uniform.
However, we note that our theory works for arbitrary mobility
and the resulting slip velocities can be used as input in fluid
dynamics software to explore the vast possibilities of swimming
kinematics that emerge when varying mobility is allowed. In
practice, however, both the activity and mobility depend on the
chemical properties of the surface, and being able to indepen-
dently vary these along the surface might not be entirely
possible.

Dividing the swimmer’s surface into active and inert region
is a common design for phoretic swimmers since it is easily
realisable in practice; Janus particles are the canonical phoretic
swimmer. These designs have sharp jumps in their activity, and
we found that the resulting solution for the concentration field
is discontinuous close to the jump. This coincides with a
breakdown in the assumptions of SPT due to a fast-varying
activity along the filament. We resolved this apparent issue by
considering a smoothed activity profile in a small region around
the jump. In this region, the variation of the activity occurs on a
scale where the width of the filament cannot be ignored. By
considering the near and far contributions to the local concen-
tration field, we showed that the presence of the jump has a
negligible effect on the solution away from the transition region
as its width gets smaller and approaches a step-function activity,
whereas near this region the concentration averages between the
profiles on either side. This shows that the SPT solutions are valid
for sharp jumps in activity, except close to the jump itself where
the singular concentration is regularised.

From this basic collection of solutions, we can determine a
whole library of more complex results, because the linearity of
the phoretic equations (and Stokes flow) means that solutions
with the same geometry can be added together in linear
combinations. As such, it is a simple extension to find the
concentration and slip velocity which combine the presented
results, such as quarter-active cylinders, or circular arcs with
stripes that have different levels of activity.

Our work expands the methods for calculating the surface
solute concentration and slip velocity of a slender phoretic
filament, as well as providing an assortment of analytic solutions
for some basic geometries and chemical patterning. Knowledge
of these analytic results is crucial for future validation of
numerical techniques on slender phoretic swimmers, and may
help with the development of pairwise interaction models for
models of dilute suspensions of chemically active filaments.
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Future technologies may exploit the interaction of flexibility
and phoretic propulsion to generate elaborate shape change,
such as that observed in the transverse propulsion of a flexible
chain,®' as well for the control of artificial microbots.'* Our
examples can be used to gain early insights into how this may
occur, such as understanding the slip flow on a Saturn-patterned
phoretic cylinder that buckles into a circular arc and sponta-
neously propels. We hope that our study inspires further work
into the phoretic locomotion of slender objects, expanding the
library of known solutions and developing experimental realisa-
tions of such swimmers.
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Appendix

A Non-axisymmetric activity

Substituting the Fourier series for the activity, eqn (10), into the
general expression for the leading-order concentration, eqn (6),
we find

B T RE7IC)) PP (Lt
4TEC(S,9) = Jll |:|R0(S7§)| |S—é‘:|d +EQ/O(A )10g<82p2(é'))

1 ™ 1
- E&f(} (S)J,n log [1 —cos(0— 6)} de
_%Z,piw(s)J cosn@(s,0) log[l —cos(@—?))}d@
n=1 -n

— %i yis_n(s)r sinn@(s,0)log [1 —cos(0— ?))] do.
n=1 -
(60)

These integrals in 0 can be evaluated by using the substitu-
tion ¢ = 0 — 0 and noting that"

J log[l — cos ¢]d¢p = —2mlog2 (61)
& —2n
J cos(n¢)log[l — cos ¢p]dp = - forn>0 (62)
—T
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Jn sin(n¢g) log[l — cos p]d¢p =0, forn > 0. (63)

Therefore, we find that

B T eo(5)
4nc(s,0) = L LRO(&SH

0 oo (052

5 2p2(s)
o0

n=1

(64)

Comparing this to the Fourier expansion for the concentration,
eqn (11), gives the required result.

B Useful hints for calculating analytical
results

Here, we note a few tips that may help anyone that wants to
reproduce our analytical results given in Section 5. Note that, in
general, care has to be taken to evaluate the integral near where
the denominator in the integrand (e.g. |Ro|) is zero, since the
integrand diverges.

B.1 Uniform prolate spheroid

A prolate spheroid is a straight filament with a cross-section
p(s) = V1 —s2 If the activity is uniform, .o/ =1, then the
surface concentration is given by

2e(y) = J, {\/1“—? \/Tj‘]dx-i-\/l—— 1og<) (65)

=yl |x—yl

We break the integral up fromx=—-1tox=y_=y — J and

fromx=y,=y+otox=1:
r*\/lfxzf\/lfﬁdx [ \/lfx2 V1i-y
J—1 y—=X ) Y+

= [\/l fy210g<\/1 — 21—y —xp+ 1)
—\/m—i-ysinfl x]:
+ [—\/1 —y210g<\/1 —x2/1— 2 —xy+ 1)

1
+V1—x2—ysin~ x]

(66)

Y+

Evaluating this and taking the limit 6 — 0 gives the required
result.
B.2 Circular arcs

The integration for all of the circular arc examples is signifi-
cantly simplified once you note that

a/2

=

(67)
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A e n(5) s u(s) .
Zen?) L0)+2) T . 0).
P cosnO(s,H) 2", sinn®(s,0)
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