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The growth and the decay of a
visco-elastocapillary ridge by localized forces†

Tak Shing Chan

A soft solid layer develops a ridge-like deformation below the contact line due to the pulling force of

the liquid–air surface tension when a droplet is in contact with it. We investigate the growth and the

decay of a viscoelastic wetting ridge. The global features, e.g. the ridge height, evolve with time scales

corresponding to the relaxation of the viscoelastic material. In contrast, we show that locally around the

tip of the ridge, the surface tensions not only determine the equilibrium shape, but also have a signifi-

cant impact on the dynamics, for which the relaxation has a characteristic spreading velocity depending

on the solid surface tension. The relaxation time to an equilibrium state depends on the distance from

the contact line, which can be much smaller than the long-term relaxation time scale of the viscoelastic

material. The different dynamics between the global features of the ridge and the tip morphology

suggests an alternative focus when investigating the contact line dynamics in soft wetting, such as

stick-slip motion.

1 Introduction

A liquid droplet in contact with a soft substrate, such as
elastomers, gels and rubbers, can deform the substrate due to
the localized force acted upon by the liquid on the solid at the
contact line.1,2 This morphological change in soft solids has a
significant impact on the shape of the droplet,3 as well as the
dynamical process when the droplet is in motion.4–8 Apart from
the scenario of droplets interacting with a soft solid, stud-
ying how soft solids respond to external localized stresses is
important to the understanding of industrial and biological
systems such as soft adhesion,9,10 and the functions of cells
and tissues.11,12

The deformation of soft solids below the contact line
appears as a ridge-like shape, which has been measured, for
example, using X-ray microscopy.1 The equilibrium shape of
the ridge is critically determined by the elastic properties of the
soft solid,2,13–15 as well as the forces acting on it. An apparent
normal force pulling the solid upwards by the liquid at the
contact line is the tension with a magnitude equal to g sin y,16

here g is the liquid–air surface tension and y is the liquid
equilibrium contact angle. A length scale named the elastoca-
pillary length g/G can be constructed, with the shear modulus G
serving as a resistance to deformation.15 Earlier computations
of the equilibrium shape of the wetting ridge date back to the

studies by Lester17 and Rusanov,18 in which a droplet is in
contact with a soft semi-infinitely thick substrate. Later, more
investigations were done for a soft solid layer of finite thickness
H attached to a rigid substrate.19,20 All these studies point to a
conclusion that both length scales g/G and H play a crucial role
in solid deformation.

Remarkably, recent studies15,21–24 have demonstrated that
when including the contribution of solid surface tension gs to
the elastic model, the agreement with the experimentally
measured ridge profiles turns out to be promising. The solid
surface tension suppresses the deformation and regularizes the
singularity at the contact line.21 The solid angle formed at the
contact line follows the balance between the surface forces, or
named Neumann’s relation.3,25 Neumann’s relation has also
been validated by studies using nonlinear elastic constitutive
models26 and experimentally by measurements using confocal
microscopy.9 When g/G is very small, i.e. rigid solids, one
expects the liquid contact angle at the contact line to follow
the Young’s relation. By including a microscopic length scale
lm characterizing the width of the liquid–air interface,27 it is
shown that the transition from Neumann’s relation to Young’s
relation occurs when g/G B lm.28,29 Young’s relation is recov-
ered for g/G { lm. The crossover from the Neumann’s relation
to Young’s law has also been demonstrated in studies using the
molecular dynamics simulations.30

Apart from the elastic properties, many soft solids like
tissues and gels also demonstrate viscoelastic features. When
a droplet is placed in contact with such smooth soft substrates,
the flat surface of the solid around the contact line starts to
deform and gradually form a wetting ridge. Both experimental1,6
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and theoretical6 studies find that a sharp tip has developed even at
the early stage of ridge formation. Another study31 investigated the
relaxation of a deformed viscoelastic half-space subsequent to the
removal of the point load. It was shown that solid surface tension
reduces the local elastic deformation and stress field near the
load point.

As we mentioned above, the dynamic response of a visco-
elastic solid to a time-dependent localized force has been
demonstrated by some previous studies. Nevertheless, how
different regions of a viscoelastic solid respond in time during
the growth and the decay of the ridge has not been fully
investigated and described in the literature, in particular the
role played by the solid surface tension, which is crucial for
the understanding of phenomena such as stick-slip motion
of contact lines;7,32 droplet evaporation5,33,34 and soft
electrowetting.35 In this study, we examine both the growth
and the decay of a ridge and show how the solid interface and
the characteristic features of the ridge change with time.
Importantly, we focus on the tip region of the ridge and show
that the solid material in that region relaxes in a different
dynamical way from the remaining part of the ridge. To describe
the viscoelastic properties of the soft material, the standard solid
model will be implemented. The solutions are computed using
the approach of the boundary element method (BEM), which has
been used widely to study droplet36–38 and solid deformation.39,40

The BEM can be extended to study problems involving viscoelastic
deformation coupled with fluid flow such as in wet adhesion.

2 Formulation

We consider that a droplet is placed in contact with a layer of
isotopic viscoelastic solid with thickness H which is attached
to a rigid solid. We denote the displacement at any position
x = xx̂ + yŷ + zẑ of the undeformed viscoelastic solid and time
t as u(x,t) = ux(x,t)x̂ + uy(x,t)ŷ + uz(x,t)ẑ. In index notations, we
write the component as ui where i = x, y or z. In the following,
the subscripts i, j and k take either one of the components in
rectangular coordinates. The repeated indices conform to the
Einstein summation convention, i.e., they are summed over the
three components. For viscoelastic materials made of polymers
such as elastomers and gels, we assume that the bulk modulus
K can be considered as a constant, independent of time. We
further assume that the strain is small, namely the strain tensor
eij(x,t) = (qui/qxj + quj/qxi)/2 { 1. Hence, the stress tensor sij(x,t)
and the strain tensor follow the linear constitutive relation
given as

sijðx; tÞ ¼
ðt
�1

Gðt� �t;G;G1; :::; Z; Z1; :::Þ _eijðx; �tÞd�tþ K
@uk
@xk

dij ;

(1)

where the deviatoric part of the strain tensor eij � eij � ekkdij=3,
ėij � qeij/q%t and G is the shear relaxation function which
depends on the viscoelastic model characterized by the para-
meters G, G1,. . . and Z, Z1,. . .. We assume the dynamics of the

solid deformation is slow enough so that the net force on a soft
solid element vanishes which gives the governing equation

@sij
@xj
¼ 0 (2)

when body forces such as gravity are neglected.
The range of solid deformation depends on the elastocapil-

lary length g/G and the thickness of the soft layer H. In this
study, we assume that both the elastocapillary length and the
thickness of the soft layer are much smaller than the contact
radius R of the droplet, i.e., g/G { R and H { R, meaning that
the solid deformation is localized around the edge of the
droplet. In this limit, it is justified to assume that the deforma-
tion of a solid behaves as the case of plane strain, for which ux

and uy are a function of x and y only, and uz is a constant, and
so the governing eqn (1) can be simplified due to the conditions
of the vanishing of the following quantities, namely

@uz
@z
¼ @uz
@x
¼ @uz
@y
¼ @ux

@z
¼ @uy
@z
¼ 0: (3)

In the plane strain situation, the domain of the soft solid
layer that we consider is a rectangle with thickness H and
length L c H. Fig. 1 shows the schematic of the setup. The soft
layer is attached to a rigid solid, hence at the bottom boundary
(y = �H) of the domain where the soft and the rigid solids are in
contact, the displacement

ui(x,y = �H,t) = 0. (4)

At the two other ends of the domain, we also assume the
displacements are zero, i.e.

ui(x = �L/2,y,t) = ui(x = L/2,y,t) = 0. (5)

The boundary conditions at the solid/fluid interfaces require
more discussions. As it has been shown that the solid surface
tension plays an important role in the deformation of the
wetting ridge, we include this specific property in our model.

Fig. 1 Schematic of the setup. (a) The gray region represents the unde-
formed soft layer with a width L and a thickness H. The solid curve shows
an out-of-plane displacement profile at the solid surface. The maximum is
denoted by uy,max and the local minimum (indicated by a blue circle) is
denoted by uy,min at x = xmin. (b) The solid curve shows an in-plane
displacement profile at the solid surface. The maximum (indicated by a
red circle) is denoted by ux,max at x = xmax.
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For soft solids, we have to distinguish between surface energy
and surface stress due to the Shuttleworth effect.41–43 In this
study, for the simplicity of modelling, we neglect this effect and
hence the tension force at the solid interface is independent of
the stretching of the solid. We also assume that the surface
tensions are the same for the solid/liquid and the solid/air
interfaces, hence the tension is described by a constant gs along
the whole solid interface, and the liquid contact angle y = 901.
We now consider the forces acting on an element of the
interface. We first define the traction in the soft solid as fi �
sijnj, where nj is the normal vector of a surface pointing outward
from an element. We assume that the external force acting on
the soft solid only has the out-of-plane component (i.e., the
y-component). Suppose the external force per unit area acting
on the interface is given by fext

i (x,t), for small interface slope due
to small deformation quy/qx { 1, we have the force balance on
the interface as

fx = �fext
x = 0 (6)

and

fy þ f exty þ gs
@2uy
@x2
¼ 0; (7)

where the normal force balance eqn (7) includes the contribu-
tion of the solid surface tension gs.

15,22,23 Here we have adopted
the approximation for the curvature of the interface, i.e.,
k = q2uy/qx2, when the slope is small.

To model the localized external traction, we use the Gaus-
sian function to describe the spatial distribution of the normal

traction, i.e., f exty ðx; tÞ ¼ GðtÞ exp �x2= 2‘m
2

� �� �
= ‘m

ffiffiffiffiffiffi
2p
p� �

, where

cm is the microscopic length such that cm { H. In the limit that
cm - 0, the traction fext

y (x,t) = G(t)d(x), where d(x) is the Dirac
delta function, which is also used in some other studies.6 The
strength of the external force G(t) is a function of time. In this
study, we will use two different functional forms, respectively,
to investigate the growth and the decay of the ridge, namely
case 1: G(t) = gH(t) and case 2: G(t) = g[1 �H(t)] = g � gH(t).
Here H(t) is the Heaviside step function. As the governing
equations are linear, the solution for case 2 (decay case) will be
obtained by combining the steady solution (at t -N) of case 1
and the solution obtained when using G(t) = �gH(t).

There are different types of viscoelastic models which have
been used to describe the behavior of different viscoelastic
materials. The simplest models are the Kelvin–Voigt model or
the Maxwell model which consists of a spring and a viscous
damper connected in parallel or in series respectively. In this
study, we assume the response of the soft material follows
the standard solid (Zener) model which consists of a spring
(characterized by G) connected in parallel with a Maxwell
element, i.e., a spring (characterized by G1) connected in series
with a viscous damper (characterized by Z), which is relatively
simple but can describe both stress relaxation and creep.
The standard solid model has been used to describe the
viscoelastic behavior of elastomers. We note that our approach
can be used for other linear viscoelastic models. Please refer to

the Appendix for the details of the description of the visco-
elastic model. Here we point out that for our viscoelastic model,
the initial instantaneous shear modulus is G + G1 and the static
(long-term) shear modulus is G. Since many soft solids can be
considered as incompressible, we will take the incompressible
limit, i.e. K c (G + G1).

2.1 The boundary element method (BEM)

To solve the governing eqn (1) and (2) with the plane strain
conditions (eqn (3)) and the boundary conditions given by
eqn (4)–(7), we implement the approach of the boundary
element method (BEM) in the time domain.39,44–46 We denote
the closed contour of the boundary of the domain as D, the

position vector of a point on the contour as %x and dl ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d�x2 þ d�y2

p
as the differential length on the contour. The

governing eqn (1)–(3) are formulated as boundary integral
equations (see the Appendix for the details of derivation)
which read

cðxÞuiðx; tÞ

¼
ð
D

ðt
0

@Uijðx; �x; �tÞ
@�t

fjð�x; t� �tÞd�tþUijðx; �x; 0Þfjð�x; tÞ
� �

dlð�xÞ

�
ð
D

ðt
0

@Pijðx; �x; �tÞ
@�t

ujð�x; t� �tÞd�tþ Pijðx; �x; 0Þujð�x; tÞ
� �

dlð�xÞ;

(8)

where

cðxÞ ¼

1 for x inside the solid domain

enclosed by the boundary;

1=2 for x on the closed boundary:

8>>><
>>>:

(9)

The expression of the tensor components Pij(x,%x,t) and
Uij(x,%x,t) depends on the specific viscoelastic model as for the
shear relaxation function G. In the Appendix, we derive the
expressions for the standard solid (Zener) model. We note that
Pij and Uij are singular at x = %x; the integral over the singular
point is thus computed analytically by expanding the tensor
components in series around x = %x.

To solve the boundary integral equations numerically, we
implement a time marching scheme39,44–46 and discretize the
boundary of the domain D as follows: we have evenly distri-
buted marker points for the two side boundaries at x = �L/2
and x = L/2, and the bottom boundary at y = �H. The number of
marker points, respectively, equals to 50, 50 and 200. For the
top boundary at y = 0, we use 400 marker points and distribute
them with a separation increasing exponentially from the
center. The distance dm between two marker points at the
center is as small as dm/H = 10�6 so that we can resolve
the fine structures around the contact line where the localized
force is imposed. We take a constant time step dt. At any time
t = ndt, the boundary integral eqn (8) is discretized in the
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following way (using trapezoidal rule for the time integral):

cðxÞuiðx; ndtÞ ¼
ð
D

½Uijðx; �x; 0Þfjð�x; ndtÞ þ
dt
2

_Uijðx; �x; 0Þfjð�x; ndtÞ

� Pijðx; �x; 0Þujð�x; ndtÞ �
dt
2

_Pijðx; �x; 0Þuj

� ð�x; ndtÞ�dlð�xÞ þ SiðxÞ;

where
:

Uij(x,%x,t) = qUij(x,%x,t)/qt,
:
Pij(x,%x,t) = qPij(x,%x,t)/qt and Si(x) is

the term corresponding to the history of responses, which can
be written as

SiðxÞ ¼ dt
ð
D

Xn�1
m¼1

_Uijðx; �x;mdtÞfjð�x; ½n�m�dtÞdlð�xÞ

� dt
ð
D

Xn�1
m¼1

_Pijðx; �x;mdtÞujð�x; ½n�m�dtÞdlð�xÞ

þ dt
2

ð
D

_Uijðx; �x; ndtÞfjð�x; 0Þ � _Pijðx; �x; ndtÞujð�x; 0Þdlð�xÞ:

(10)

Regarding the rescalings, unless specified differently, we
will divide all the lengths by the thickness of the soft layer H,
the stresses by gs/H and the time by Z/G; we end up with the
following independent dimensionless control parameters
(with a tide):

~g ¼ g
gs
; ~G ¼ GH

gs
; ~G1 ¼

G1H

gs
; ~t ¼ tG

Z
; ~‘m ¼

‘m
H
; ~L ¼ L

H
: (11)

3 Results

We consider that the width of the soft layer L is much larger
than its thickness H, and the microscopic length scale cm is
much smaller than the thickness of the soft layer. We take L̃ =

50 and ~‘m ¼ 10�4 (e.g. consider a liquid/air interface of nano-
metric thickness and a 10 micron thick soft solid layer).
We present the results in three main parts. In Section 3.1, we
focus on the evolution of the global features of the ridge. In
Section 3.2.1, we discuss at how the static solid interface profile
depends on the parameters. In Sections 3.2.2 and 3.2.3, the role
of the solid surface tension and the relaxation at the tip region
is explored in detail.

3.1 Shape evolution of the wetting ridge

3.1.1 Profiles of the wetting ridge during the growth and
the decay. We look at how a wetting ridge grows when ~Gð~tÞ ¼
~gHð~tÞ and how the ridge decays when ~Gð~tÞ ¼ ~g 1�Hð~tÞ½ �, with
~g = 0.2. As our viscoelastic model is linear, which assumes small
solid interfacial slopes (small strains), we thus pick the value of
~g to be significantly smaller than 1. Note that the solid inter-
facial slope around the contact line increases with ~g based on

the Neumann’s relation. The time series of ~Gð~tÞ is plotted in
Fig. 2(a) and (b). We take G̃ = 10�1 and G̃1 = 102. Fig. 2(c) and (d)
show the out-of-plane displacement ũyo � ũy(x̃,ỹ = 0,t̃) at

different times. Fig. 2(e) and (f) show the corresponding
in-plane displacement ũxo � ũx(x̃,ỹ = 0,t̃). At t̃ = 0+, there is an
instantaneous elastic deformation with shear modulus equal to
G̃ + G̃1. As G̃1 is large, the initial solid surface deflection is tiny.
The ridge shape, described by ũyo, is symmetric along the
central axis (x̃ = 0) while the in-plane displacement ũxo is
anti-symmetric. A significant difference between the growth
and the decay of the ridge is that, during the growth, a sharp tip
(around x̃ = 0) is maintained from the early stage of the growth.
For the decay, when the localized external stress vanishes
(at t̃ = 0), the sharp tip quickly relaxes to round shapes with a
much smaller curvature as can be seen in Fig. 2(d). Note that
the profiles at t̃ = 0� in Fig. 2(d) and (f) are the steady profiles
before the external stress vanishes.

3.1.2 Evolution of the characteristic quantities. There are
several features of the ridge that we can describe here. First, the
maximum out-of-plane displacement ũy,max � ũyo(x̃ = 0,t̃) of the
solid surface or called the ridge height is at the center x̃ = 0.
Second, the out-of-plane displacement decreases from the
center and a minimum value ũy,min � ũyo(x̃ = x̃min,t̃) is achieved
at x̃ = x̃min (and x̃ = �x̃min), where a clear dimple is formed with
a negative out-of-plane displacement. Third, for the in-plane
displacement ũxo, we see from Fig. 2(e) and (f) that around the
center x̃ = 0, the solid material is compressed (with a negative
slope shown in the plot, i.e., qũxo/qx̃ o 0, and there is a
maximum ũx,max � ũxo(x̃ = x̃max,t̃) at the negative side of x̃.
These characteristic quantities are also indicated in the
schematic of the setup in Fig. 1.

Now we look at the evolution of the characteristic quantities.
In Fig. 3(a) and (b), we plot ũy,max, |ũy,min| and ũx,max as a
function of the rescaled time t̃, respectively, during the growth
and the decay of the ridge. All these quantities increase/
decrease monotonically with time and saturate to a steady
value during the growth/decay of the ridge. Next, we look at

Fig. 2 (a and b) The time series of the strength of the external stress ~Gð~tÞ.
The growth (c) and (e) and decay (d) and (f) of a wetting ridge. (c and d) The
out of plane displacement at the solid–fluid interface ũyo as a function
of x̃ for different rescaled times. (e and f) The in-plane displacement at the
solid–liquid interface ũxo as a function of x̃. Parameters: G̃ = 10�1, G̃1 = 102,

~g = 0.2, L̃ = 50 and ~‘m ¼ 10�4.
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the time series of the magnitudes of the positions |x̃min|
and |x̃max| as plotted in Fig. 3(c) and (d). Both |x̃min| and |x̃max|
equal to unity at t̃ = 0+ (instantaneous elastic response).
This means that for a large G̃1, these two positions are equal
to the thickness of the soft substrate. They increase with time
during the growth. However, during the decay of the ridge,
instead of decreasing, the positions still increase with time.
This feature can also be observed from the profiles shown in
Fig. 2(d) and (f).

To characterize the dynamics of the whole wetting ridge, we
here focus on the evolution of the ridge height ũy,max. For both
the growth and the decay, we find that, a rescaled ridge
height relaxes exponentially to the steady states at late times.

The rescaled ridge heights are defined as ~ugð~tÞ �

~uy;maxð~t!1Þ � ~uy;maxð~tÞ
~uy;maxð~t!1Þ � ~uy;maxð~t ¼ 0þÞ for the growth and ~udð~tÞ �

~uy;maxð~tÞ
~uy;maxð~t ¼ 0þÞ for the decay. In Fig. 3(e) and (f), the rescaled

ridge heights are respectively plotted as a function of t̃ for
different values of G̃. We find that both ũg(t̃) and ũd(t̃) relax the
same way, i.e., ũg(t̃) or ũd(t̃), scales as Bexp(�1.15t̃) at late
times. The late time ridge evolution possesses the same time
scale as the relaxation of the viscoelastic material in our
standard solid model, i.e., Z/G.

3.2 The role of the solid surface tension

3.2.1 Static profiles: from the soft regime to the stiff
regime. Before we look at the dynamic response of the soft
solid at the tip region of the ridge, it is insightful to see how the
static shape (purely elastic) of solid deformation at the tip
region varies when G̃ is changed. Note that the static shape is
the same as the shape at t̃ - N in the growth case. From the
scaling with G̃, we will also deduce the dependence on the shear
modulus G and the soft layer thickness H, which are dimen-
sional quantities of physical and practical importance. Before
we focus on the tip region, let us first look at the ridge height
ũy,max(t̃ - N), which is plotted in Fig. 4(a) as a function of G̃.
As one might expect, the ridge height increases with decreasing
G̃. Moreover, when G̃ c 1 or in other words, when the soft layer
thickness is much larger than the elastocapillary length gs/G, we

Fig. 3 (a and b) The rescaled ridge height ũy,max, the absolute value
of the rescaled minimum out-of-plane displacement |ũy,min| and the
rescaled maximum in-plane displacement ũx,max as a function of
the rescaled time t̃. (c and d) The absolute value of x̃min and x̃max as
a function of the rescaled time t̃. For (a–d), G̃ = 10�1. (e and f) The
rescaled ridge height ũg in (e) and ũd in (f) as a function of the rescaled time
t̃ for different values of G̃. Parameters: G̃1 = 102, ~g = 0.2, L̃ = 50 and
~‘m ¼ 10�4.

Fig. 4 Static states: solutions for the growth case when t̃ - N. (a) The
static ridge height ũy,max(t̃ - N) as a function of G̃. (b) The static solid
interface profile ũyo(x̃,t̃ -N) shifted by the static ridge height as a function
of x̃ for a wide range of G̃. (c) The slope of the static solid interface

~uyo
0 ð~x; ~t!1Þ vs. x̃. (d) The size of the constant-slope region x̃g as a

function of G̃. Here ~‘m ¼ 10�7, we increase the numerical resolution
around the contact line by having the smallest separation of marker points

E10�9. Inset: The slope of the static solid interface ~uyo
0 ð~x; ~t!1Þ vs. x̃ for

~‘m ¼ 10�4 and ~‘m ¼ 10�7 and a fixed value of G̃ = 103. Parameters: ~g = 0.2,

L̃ = 50, and ~‘m ¼ 10�4 for (a–c).
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find that ũy,max(t̃ - N) B G̃�1. This scaling implies that the
dimensional ridge height uy,max(t̃ - N) scales linearly with the
elastocapillary length and is independent of the soft layer
thickness. The confinement (thickness) of the soft layer plays
no role in this regime. When G̃ becomes smaller (t10), we see
that ũy,max(t̃ - N) scales as G̃a locally with �1 o a o 0. Hence
uy,max(t̃ - N) increases with decreasing G and increasing H.

In the following, we focus on the tip region. In Fig. 4(b),
we plot the static out-of-plane displacement ũyo(x̃,t̃ - N)
in the region of �0.01 o x̃ o 0.01, for a wide range of
G̃ = 10�2–104. Note that the profiles are shifted by the ridge
height ũy,max(t̃ - N) so that all the tips are at the same
position. For G̃ r 10, we see the solid interfaces form the same
solid angle ys = 168.61. The solid angle can be understood by
the force balance between the solid surface tensions and the
external liquid–air surface tension, namely g = 2gs cos(ys/2). For
G̃ 4 10, the interface profiles have a solid angle getting closer
to 1801 as G̃ increases. This shows how the solid deformation at
the tip region varies from a soft regime to a stiff regime which
are consistent with Neumann’s relation and Young’s relation,
respectively, in the two different limits.

To show clearly how the slope of the solid interface varies
with the distance from the center at different length scales, we

plot the interfacial slope ~u
0
yoð~x; ~t!1Þ � @~uyoð~x; ~t!1Þ=@~x as

a function of x̃ (in log scale) in Fig. 4(c). For the stiffer case we
have computed here, e.g. G̃ = 104, the magnitude of the slope is
small. The whole solid interface maintains close to a flat
surface even though being exerted by a localized external force.
As G̃ decreases, the magnitude of the slope increases. There
appear overlapping regions of the curves for different G̃ values.
The size of the overlapping region increases with decreasing G̃.
The overlapping of the curves means that the solid deformation
in that region is independent of G̃, and hence the solid surface
tension dominates over the elastic stress. Moreover, we also see
that there is a region of a constant slope �0.1 for G̃ o 10. Note
that the slope �0.1 means that the solid angle ys = 168.61.
Indeed the constant-slope region is what we have plotted in

Fig. 4(b). At distances from the center x̃ smaller than ~‘m ¼ 10�4,
the distribution of external stress plays a role, the slope of the
interface is not �0.1, although the solid surface tension dom-
inates over the elastic stress (for G̃ r 10). It is important to

point out that ~‘m plays a role for the existence of a region where

Neumann’s relation is valid. When taking ~‘m ! 0, there always
exists a region close enough to x̃ = 0 where the Neumann’s
relation is valid for any G̃ values. For example, in the inset of

Fig. 4(d), we plot ~u
0
yoð~x; ~t!1Þ as a function of x̃ for both ~‘m ¼

10�4 and ~‘m ¼ 10�7, and a fixed value of G̃ = 103. We find that
when approaching the contact line (x̃ = 0) from a large distance,

the curves of ~u
0
yoð~x; ~t!1Þ for ~‘m ¼ 10�4 and ~‘m ¼ 10�7 overlap

until x̃ E 3 � 10�4 where ~‘m starts to play a role. In the case of
~‘m ¼ 10�7, the magnitude of the interfacial slope keeps increasing

until x̃ E 3 � 10�7 for which ~u
0
yoð~x � 3� 10�7; ~t!1Þ � �0:1

and a constant-slope region is observed around x̃ E 3 � 10�7.
In reality, the thickness of the interface (i.e. cm) is in the nanometric

scales, that means when G̃ is larger than a certain value,
Neumann’s relation cannot be observed at any distance from
the contact line. Instead, the solid interface maintains as a flat
surface as we have shown in Fig. 4(b) and (c).

How does the size of the constant-slope region depend on G̃?
To address this issue, we introduce the boundary of the
constant-slope region as follows. We define x̃g as the largest

value of |x̃| such that j~u 0yoðj~xj ¼ ~xgÞj ¼ 0:099. Thus when

3~‘m �o j~xjo ~xg, we have j~u 0yoð~xÞj � 0:1, which defines the range

of the constant-slope region. Since the constant-slope-region

disappears for large G̃ when ~‘m is not small enough, we here use
~‘m ¼ 10�7 in our computations. In Fig. 4(d), we plot x̃g as a
function of G̃. As we have demonstrated already in Fig. 4(c), we
find that x̃g increases with decreasing G̃. Similar to the scaling
of the ridge height, when G̃ c 1, the size of the constant-slope
region x̃g B G̃�1, which implies that the dimensional quantity
xg scales linearly with the elastocapillary length gs/G and is
independent of the soft layer thickness. When G̃ t 1, we see
that x̃g scales as G̃b locally with �1 o b o 0. Hence the
dimensional size xg increases with decreasing G and increasing
H. We end this section with an example to estimate the
dimensional size of the constant-slope region. Taking the shear
modulus G = 1 kPa, the thickness of the soft layer H = 10 mm,
the solid surface tension gs = 0.01 N m�1 and g = 0.002 N m�1,
we get G̃ = 1. From Fig. 4(d), we obtain x̃g E 10�3, i.e.,
xg E 10 nm. No constant-slope-region can be observed when
xg t 3cm.

3.2.2 Dynamic response at the tip region during the
growth. We first look at the growth case. We take G̃ = 10�1

and G̃1 = 102. In Fig. 5(a), the interfacial slope ~u
0
yoð~x; ~tÞ �

@~uyoð~x; ~tÞ=@~x as a function of x̃ (in log scale) is plotted for
different times. At t̃ = 0+, the solid responds by an instanta-
neous elastic deformation. As time goes on, we observe that
there is a region around the tip where the interfacial slope is
independent of the time after. The size of this region grows
with time. For example, this region has a range 0 o x̃ t 10�4 at
t̃ = 0+ and 0 o x̃ t 10�3 at t̃ = 0.02. To understand this result,
we note that the shear modulus relaxes from G̃ + G̃1 to G̃ for our
viscoelastic model. We have also shown in Fig. 4(c) and (d) that
there exists a surface-tension-dominated region with a size
increasing with decreasing G̃. Hence, once a solid element
relaxes to within the surface-tension-dominated region, the
solid element is in an equilibrium state. The time taken to
relax to an equilibrium state thus depends on the distance from
the center. The solid relaxes to an equilibrium state in a shorter
time for materials closer to the center as we have shown in
Fig. 5(a). In contrast, for stiffer solid materials for which no
surface-tension-dominated region exists, all the solid elements
relax in the same time scale Z/G as shown in one example in
Fig. 5(b) in which G̃ = 103 and G̃1 = 104.

How does the relaxation at the tip region depend on material
parameters? To address this question, we pick a position
x̃ = x̃o = 10�2 and study how the solid interface slope at this
position varies with time for different values of G̃, G̃1 and ~g. We
find that the slope relaxation is independent of G̃ when plotting
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j~u 0yoð~x ¼ ~xo; ~tÞj as a function of the rescaled time t̃/G̃ as shown in

Fig. 5(c). In other words, the relaxation at the tip region is much
shorter than the long-term relaxation of the ridge. Note that
t̃/G̃ = tgs/ZH. On the other hand, the short-term shear modulus
G̃1 does play a role as shown in Fig. 5(d). It is interesting to see
how the surface tensions determine the tip relaxation.

In Fig. 5(e), we plot j~u 0yoð~x ¼ ~xo; ~tÞj recalled by ~g/2 as a function

of t̃/G̃ for different values of ~g; all curves collapse on each other.

Hence we find that j~u 0yoð~x ¼ ~xo; ~tÞj scales linearly with ~g. From

the results we have shown, the relaxation of the slope can be

written as j~u 0yoð~x ¼ ~xo; ~tÞj ¼ ðg=gsÞFðtgs=ZH; ~G1; ~xoÞ, with the

functional form of F undetermined. The physical interpretation
is as follows: the ratio g/gs determines the equilibrium slope
(solid angle). The relaxation time scale is determined by the
solid surface tension gs and the short-term relaxation time of
the viscoelastic material. The relaxation is characterized by a
spreading velocity gs/Z.

3.2.3 Dynamic response at the tip region during the decay.
Once the external force disappears, the sharp tip relaxes
immediately. How does the tip region relax during the decay

of the ridge? In Fig. 6(a), we show the slope j~u 0yoð~x; ~tÞj as a

function of x̃ (in log scale) for different times during the decay.
As there is an instantaneous elastic response at ~t ¼ 0þ, the
constant-slope-region may disappear as early as at t̃ = 0+ as
shown in Fig. 6(a) for which G̃1 = 102. Since the static shape at
the tip region is determined by the surface tensions (in the soft
regime), one may expect the tip region relaxes differently from
the rest part of the ridge during the decay, as we have observed
for the growth case. To address this question, we pick two
positions, i.e. x̃ = x̃o = 10�2 and x̃ = x̃o = 1, and study how the

solid interface slope j~u 0yoð~x ¼ ~xo; ~tÞj at these two positions varies

with time for two different values of G̃, namely G̃ = 10�1 and G̃ =
10�2. Note that from Fig. 4(d), x̃o = 10�2 t x̃g and x̃o = 1 c x̃g. In
Fig. 6(b), we see that at x̃o = 10�2, the evolution of the interfacial
slope is the same for G̃ = 10�1 and G̃ = 10�2. However, at x̃o = 1,
the slope evolves differently as we can see in Fig. 6(c), and the
time scale depends on Z/G, which is much larger than the
relaxation time at the tip region. On the other hand, the slope
scales with ~g for both x̃ = x̃o = 10�2 and x̃ = x̃o = 1 as we have

shown in Fig. 6(d) and (e), in which the y-axis is j~u 0yoð~x ¼ ~xo; ~tÞj
rescaled by ~g/2. This is because the out-of-plane displacement
depends linearly with g for the whole ridge, and hence the ratio
g/gs determines the interfacial slope.

4 Discussion and conclusions

In summary, we study the dynamic response of an incompres-
sible viscoelastic solid being acted upon by a localized surface

Fig. 5 The slope of solid interface ~uyo
0 vs. x̃ for different rescaled times t̃

during the growth of the ridge for G̃ = 10�1, G̃1 = 102 in (a) and for G̃ = 103,

G̃1 = 104 in (b). Other parameters: ~g = 0.2, L̃ = 50 and ~‘m ¼ 10�4. (c and d)

The slope j~uyo0 ð~x ¼ ~xo; ~t Þj as a function of the rescaled time t̃/G̃. Here x̃o =

10�2. Other parameters: ~g = 0.2, G̃1 = 102 for (c) and G̃ = 10�2 for (d).

(e) The slope j~uyo0 ð~x ¼ ~xo; ~tÞj rescaled by ~g/2 as a function of the

rescaled time t̃/G̃ for different ~g. Inset: The slope j~uyo0 ð~x ¼ ~xo; ~tÞj vs. t̃/G̃

for different ~g. Other parameters: G̃ = 10�1 and G̃1 = 102.

Fig. 6 (a) The slope of solid interface ~uyo
0 vs. x̃ for different rescaled times t̃

during the decay of the ridge for G̃ = 10�1 and G̃1 = 102. Other parameters:

~g = 0.2, L̃ = 50 and ~‘m ¼ 10�4. (b and c) The magnitude of the slope j~uyo0 ð~x ¼
~xo; ~tÞj as a function of the rescaled time t̃/G̃. Here x̃o = 10�2 in (b) and x̃o = 1

in (c). Other parameters: G̃1 = 102 and ~g = 0.2. (d and e) The slope j~uyo0 ð~x ¼
~xo; ~tÞj rescaled by ~g/2 as a function of the rescaled time t̃/G̃ for different ~g. Here
x̃o = 10�2 in (d) and x̃o = 1 in (e). Other parameters: G̃ = 10�2 and G̃1 = 102.
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force. The responses of the global features of the wetting ridge,
e.g., the growth and the decay of the ridge height, depend on
the rheological properties of the solid material. For the stan-
dard solid model we implement in this study, the ridge height
relaxes exponentially at late time with a time scale given by Z/G.
Some other studies use the Chasset-Thirion model to describe
the viscoelastic behavior of silicone gels;6 the relaxation of the
ridge is found to follow a power law with time. The dynamic
around the tip, on the other hand, is different from the
remaining part of the soft solid during both the growth and
the decay. For the growth, the equilibrium state of a solid
element is achieved when it is within the surface-tension-
dominated region, which has a size increasing with time due
to viscoelastic properties of the solid. Hence an equilibrium can
be achieved within a time scale much shorter than the relaxa-
tion time of the shear modulus of the viscoelastic material
(Z/G). Similarly for the decay, the tip region relaxes with time
scales that depend significantly on the solid surface tension,
namely the relaxation has a characteristic spreading velocity
gs/Z. Although the results presented in this study are obtained
using the standard solid model, the existence of the surface-
tension-dominated region at the ridge tip is expected to be
universal. Hence the features of the dynamics at the tip region
shown in this study can be compared with experimental
measurements given that the viscoelastic properties of the solid
material are determined.

How does the dynamic response of a soft solid play a role
when a droplet is in motion? Current models4,6,47 assume
dissipation being dominated by the viscoelastic effects in the
soft solid and neglect flow in the fluids, and consider a
constant contact line velocity. On the other hand, experimental
studies observe the stick-slip motion of the contact line.7 The
interplay between the fluid flow and the time-dependent mor-
phological changes of the wetting ridge is expected to be crucial
for the dynamics of the contact line and the droplet motion,
which remains a challenging topic to be explored. Our findings
show the features of the local morphological changes at the
ridge tip during both growth and relaxation, which provide an
important fundamental knowledge for investigating a contact
line moving over a soft surface.
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Appendix A1. Derivation of the
boundary integral equation in time
domain for linear viscoelastic models
(plane strain cases)

We here decompose the stress sij(x,t) and the strain eij(x,t)
tensors into the hydrostatic and deviatoric parts. Namely, we write

sij ¼
skk
3
dij þ sij (12)

and

eij ¼
ekk
3
dij þ eij ; (13)

with the strain tensor defined as

eij ¼
1

2

@ui
@xj
þ @uj
@xi

	 

: (14)

For isotropic linear viscoelastic materials, the constitutive
relations can be written in the generalized differential forms
which read

Xl0
l¼0

pl
@lsij
@tl
¼
Xm0
m¼0

qm
@meij
@tm

; (15)

and

Xl̂
l¼0

al
@lskk
@tl
¼
X̂m
m¼0

bm
@mekk
@tm

; (16)

where pl, qm, al and bm are coefficients that depend on the
specific viscoelastic model. Applying Laplace transform to the
constitutive relations (15) and (16), with Laplace transform of
a function f (t) defined as L½f ðtÞ� �

Ð1
0 f ðtÞ expð�stÞdt, the con-

stitutive relation can be written as44

Sij(x,s) = K̂(s)Ekk(x,s)dij + 2Ĝ(s)Eij(x,s), (17)

where Sijðx; sÞ �L½sijðx; tÞ�, Ekk(x,s) � L[ekk(x,t)] and Eij(x,s) �
L[eij(x,t)]. The expressions in Laplace space of the bulk

modulus K̂ðsÞ ¼
Pj
k¼0

bks
k

	 

= 3

Pi
l¼0

als
l

	 

and the shear modulus

ĜðsÞ ¼
Pj
k¼0

qks
k

	 

= 2

Pi
l¼0

pls
l

	 

. In Appendix A2 we show how to

obtain them for the standard solid (Zener) model. Eqn (17) has
the same form as the linear elastic constitutive relation. Hence
by following the same approach of deriving the boundary
integral equation for a purely linear elastic material in the
quasi-static state (qsij/qxj = 0), we can obtain the boundary
integral equations for linear viscoelastic models in the Laplace
space. Here we consider plane strain cases, for which the
boundary integral equation in Laplace space is given as45

cðxÞûiðx; sÞ ¼
ð
D

sÛijðx; �x; sÞf̂ jð�x; sÞdlð�xÞ

�
ð
D

sP̂ijðx; �x; sÞûjð�x; sÞdlð�xÞ
(18)

where

cðxÞ ¼

1 for x inside the solid domain

enclosed by the boundary;

1=2 for x on the closed boundary;

8>>><
>>>:

(19)

ûj (x,s) � L[uj (x,t)], f̂j (x,s) � L[sij(x,t)nj (x)], with n being the
normal vector pointing outward the soft solid domain, and the
line integrals on the right hand side are carried out along
the closed contour D of the boundary of the domain with dl(%x)
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denoting the differential length of D and %x = %xx̂ + %yŷ being the
position vector of a point on the contour. The functions
Ûij(x,%x,s) and P̂ij(x,%x,s) are given by45,46

Ûijðx; �x; sÞ ¼
1

8p
Ĵ1ðsÞdij log

1

r

	 

þ Ĵ2ðsÞrirj

� �
; (20)

P̂ijðx; �x; sÞ ¼
1

8pr
Ĵ3ðsÞ rinj � rjni �

@r

@n
dij

	 
�

þĴ4ðsÞ
@r

@n
dij � 4rirj
� �

þ rjni � rinj

� ��
;

(21)

where r = [(x � %x)2 + (y � %y)2]1/2, rx ¼
@r

@x
¼ ð�x� xÞ=r, ry ¼

@r

@y
¼

ð�y� yÞ=r and
@r

@n
¼ nx

@r

@x
þ ny

@r

@y
. The functions Ĵ1(s), Ĵ2(s), Ĵ3(s)

and Ĵ4(s) are given as

Ĵ1ðsÞ ¼
2 3K̂ðsÞ þ 7ĜðsÞ
� �

sĜðsÞ 3K̂ðsÞ þ 4ĜðsÞ
� �; Ĵ2ðsÞ ¼

2 3K̂ðsÞ þ ĜðsÞ
� �

sĜðsÞ 3K̂ðsÞ þ 4ĜðsÞ
� �;

Ĵ3ðsÞ ¼
2 3K̂ðsÞ þ 7ĜðsÞ
� �
s 3K̂ðsÞ þ 4ĜðsÞ
� �; Ĵ4ðsÞ ¼

2 3K̂ðsÞ þ ĜðsÞ
� �

s 3K̂ðsÞ þ 4ĜðsÞ
� �:

(22)

To obtain the boundary integral equation in the time
domain,39,44–46 we perform an inverse Laplace transform L�1

to eqn (18) and obtain

cðxÞuiðx; tÞ ¼
ð
D

L�1 sÛijðx; �x; sÞf̂ jð�x; sÞ
h i

dlð�xÞ

�
ð
D

L�1 sP̂ijðx; �x; sÞûjð�x; sÞ
� �

dlð�xÞ

¼
ð
D

ðt
0

@Uijðx; �x; �tÞ
@�t

fjð�x; t� �tÞd�t

�

þ Uijðx; �x; 0Þfjð�x; tÞ
�
dlð�xÞ �

ð
D

ðt
0

@Pijðx; �x; �tÞ
@�t

uj

�

� ð�x; t� �tÞd�tþ Pijðx; �x; 0Þujð�x; tÞ
�
dð�xÞ;

(23)

where ûij(x,%x,%t) � L�1[Ûij(x,%x,s)] and Pij(x,%x,%t) � L�1[P̂ij(x,%x,s)].
Here we have used the convolution and the derivative proper-
ties of the Laplace transform.45,46

Appendix A2. The fundamental
solutions in the time domain for the
standard solid model

Here we show how to obtain the expressions of the fundamen-
tal solutions in the time domain, namely Uij(x,%x,%t) and Pij(x,%x,%t).
As shown in Appendix A1, the stress sij and the strain eij tensors
are decomposed into the hydrostatic and deviatoric parts. For
viscoelastic materials made of polymers such as elastomers and

gels, the response to the hydrostatic pressure acts like purely
elastic materials. We thus write

skk = 3Kekk (24)

for the hydrostatic part.
We consider the standard solid (Zener) model which con-

sists of a spring connected in parallel with a Maxwell element
(a spring connected in series with a viscous damper). That
means we can construct the following relations between the
different components of stresses and strains. The superscript ‘Ma’
is used to represent the Maxwell element; ‘e2’ and ‘Z’ are respec-
tively for the elastic and the viscous component of the Maxwell
element, and ‘e1’ for the elastic part that is connected in series with
the Maxwell element. Hence for the deviatoric part we have

sij = sMa
ij + se1

ij (25)

and

eij = eMa
ij = ee1

ij . (26)

The Maxwell element gives the following relations as

sMa
ij = se2

ij = sZij (27)

eMa
ij = ee2

ij + eZij. (28)

The constitutive relations for each component are given as

se1
ij = 2Gee1

ij , se2
ij = 2G1ee2

ij , sZij = 2ZėZij. (29)

Using the above relations we end up with the constitutive
relation for the whole deviatoric part of the Zener model given as

sij þ
Z
G1

_sij � 2Geij �
2ZðGþ G1Þ

G1

_eij ¼ 0: (30)

In terms of the generalized differential form of the constitutive
relation in eqn (15), we get for the Zener model

p0 ¼ 1; p1 ¼
Z
G1
; q0 ¼ 2G; q1 ¼

2ZðGþ G1Þ
G1

; (31)

and the other coefficients of pl and qm being vanishing. Next, we
impose the Laplace transform to the differential form of the
constitutive relation (30), we end up with the constitutive relation
in Laplace space given as

SijðsÞ ¼
q0 þ sq1

1þ sp1
EijðsÞ (32)

where

SijðsÞ �
ð1
0

sijðtÞ expð�stÞdt (33)

and

EijðsÞ �
ð1
0

eijðtÞ expð�stÞdt: (34)

Including the hydrostatic part, we have the full constitutive
relation in the Laplace space

SijðsÞ ¼ 3KEkkdij þ
q0 þ sq1

1þ sp1
EijðsÞ (35)
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where

SijðsÞ �
ð1
0

sijðtÞ expð�stÞdt: (36)

Hence we can define the bulk modulus and the shear modulus
in Laplace space as

K̂ðsÞ ¼ K ; ĜðsÞ ¼ q0 þ sq1

2 1þ sp1ð Þ (37)

To obtain the fundamental solutions Uij(x,%x,t) �
L�1[Ûij(x,%x,s)] and Pij(x,%x,t) � L�1[P̂ij(x,%x,s)], what we need to
do is to perform the inverse Laplace transform of Ĵ1(s), Ĵ2(s), Ĵ3(s)
and Ĵ4(s) using the expressions of K̂(s) and Ĝ(s) in (37), we
then obtain

J1ðtÞ � L�1 Ĵ1ðsÞ
� �

¼ 2
6K þ 7q0

q0ð3K þ 2q0Þ
þ 2ðp1q0 � q1Þ

q0q1
exp �q0

q1
t

	 
�

þ 6ðp1q0 � q1Þ
ð3K þ 2q0Þð3Kp1 þ 2q1Þ

exp � 3K þ 2q0

3Kp1 þ 2q1
t

	 
�

(38)

J2ðtÞ � L�1 Ĵ1ðsÞ
� �

¼ 2
6K þ q0

q0ð3K þ 2q0Þ
þ 2ðp1q0 � q1Þ

q0q1
exp �q0

q1
t

	 
�

� 6ðp1q0 � q1Þ
ð3K þ 2q0Þð3Kp1 þ 2q1Þ

exp � 3K þ 2q0

3Kp1 þ 2q1
t

	 
�

(39)

J3ðtÞ

�L�1 Ĵ3ðsÞ
� �

¼
9Kð�p1q0þq1Þexp �

3Kþ2q0

3Kp1þ2q1
t

	 

þð6Kþ7q0Þð3Kp1þ2q1Þ

ð3Kþ2q0Þð3Kp1þ2q1Þ
(40)

J4ðtÞ

�L�1 Ĵ4ðsÞ
� �

¼
ð6Kþq0Þð3Kp1þ2q1Þþ9Kðp1q0�q1Þexp �

3Kþ2q0

3Kp1þ2q1
t

	 


ð3Kþ2q0Þð3Kp1þ2q1Þ
(41)

At t = 0, the functions are given as

J1ð0Þ¼
2ð3Kþ7G12Þ
Gð3Kþ4G12Þ

(42)

J2ð0Þ¼
2ð3KþG12Þ
Gð3Kþ4G12Þ

(43)

J3ð0Þ¼
2ð3Kþ7G12Þ
3Kþ4G12

(44)

J4ð0Þ¼
2ð3KþG12Þ
3Kþ4G12

(45)

where G12 � G + G1.
When t - N, we have

J1ð1Þ ¼
2ð3K þ 7GÞ
Gð3K þ 4GÞ; (46)

J2ð1Þ ¼
2ð3K þ GÞ
Gð3K þ 4GÞ; (47)

J3ð1Þ ¼
2ð3K þ 7GÞ
3K þ 4G

; (48)

J4ð1Þ ¼
2ð3K þ GÞ
3K þ 4G

: (49)
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