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Coupling the topological defect phase to the
extrinsic curvature in nematic shells

In two dimensional nematics, topological defects are point like singularities with both a charge and a
phase. We study the topological defects within curved nematic textures on the surface of a cylinder.
This allows us to isolate the effect of extrinsic curvature on the structure of the topological defect. By
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minimizing the energy associated with distortions in the nematic director around the core of a defect,
we show that the phase of the topological defect is coupled to the orientation of the cylinder. This
coupling depends on the relative energetic cost associated with splay, bend and twist distortions of the

nematic director. We identify a bistability in the phase of the defects when twist deformations dominate.
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|. Introduction

Liquid crystals are materials in which the components have a
well defined orientation and are able to flow past each other
like a fluid."” There are many examples of liquid crystals, from
technological displays to biological systems.

The components of a liquid crystal are locally aligned
leading to crystal-like ordering which is described by an orien-
tation field.' Topological defects are topologically protected
singularities in this field in which the average orientation is not
well defined.® These topological defects are common in
nematic phases of liquid crystals, in which the components
of the liquid crystal are locally aligned but there is no macro-
scopic polarization.>™ In a two dimensional liquid crystal,
topological defects are point like disclinations with a typically
half integer charge and a phase that is related to their
orientation.®” The phase of neighboring defects is coupled by
effective elastic torques and forces they exert on each other.®™®

When confined on a curved surface, there are additional
topological and geometrical constraints on the nematic. The
topology of the surface constrains the total topological charge of
the defects within the nematic.” The intrinsic curvature of the
surface can raise or lower the core energy associated with a
topological defect depending on its charge.'® Finally, the extrinsic
curvature exerts a torque directly on the components of the liquid
crystal.""'* As a result of this, the extrinsic curvature can exert a
force and a torque on topological defects within the nematic."*™*
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Finally, we show a similar effect for integer charge topological defects.

The interactions between nematics, geometry and topology
are increasingly important when considering nematics as a
model for biological systems, which are rarely flat and often
feature topological defects that correspond to specific geo-
metrical features.'®' Furthermore, living systems often feature
the continuous injection of mechanical stress, which maintains
the system out of equilibrium. Similar systems are referred to as
active nematics, in which a defect dense state referred to as
“active turbulence” is possible.”>>® By coupling the system to
externally broken rotational symmetry, it is possible to observe
some degree of defect ordering in active nematics.>* ¢

In this manuscript, we investigate how the relative strength of
the elastic constants for splay, twist and bend distortions in a
nematic leads to an interaction between topological defects and
extrinsic curvature. We do this by studying a nematic patch on a
cylindrical surface, which allows us to isolate the effects of the
extrinsic curvature from the intrinsic curvature. We begin by
reintroducing the general energy of a nematic on a curved surface.
We show that, when the elastic constants are equal, the equili-
brium shape of a topological defect changes to accommodate the
extrinsic curvature without changing its phase. However, when
the elastic constants are not equal, the phase of the defect
becomes coupled to the extrinsic curvature of the surface. This
results in topological defects with a fixed phase, which can lead to
inter-defect frustration. We identify a region of bistability for +1/2
charge defects that arises from the effect of twist deformations in
the nematic which are identical under n/2 rotation on a cylinder.
Finally, we show similar results for £1 charge topological defects.

Il. Frank free energy on a thin sheet

A liquid crystal can be described by the unitary director field
which denotes the local average orientation of the anisotropic
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molecules. In the case of a nematic, the molecules are elon-
gated and identical under reversal, thus any physics must be
invariant under the transformation n — —n.

The energy of a nematic liquid crystal depends on variations
of the director in space, which can take the form of splay, twist
or bend. Thus, the total energy of a nematic texture is given by
the Frank free energy'™

Fr = %J [K\(V-n)* 4 Ka(n-V x n)* + Ks3(n x V x n)}]dV,
v
@)

where K, K, and K; are splay, twist and bend elastic constants,
respectively.

When considering a nematic confined to a thin sheet, it is
convenient to reduce this equation to a surface energy. Thus,
we consider a thin nematic layer with a uniform thickness &
around a regular surface S. We assume that #n lies tangential to
the surface at all points and does not vary across the thickness
of the sheet. In the limiting case where the sheet thickness is
much smaller than the radius of curvature of the sheet, the
energy can be written compactly as

Eg = %L[lﬂ K2+ kot + kg(;c,,2 + c,,z)]dA, (2)
where k; = hK; are the two dimensional elastic coefficients for
splay, twist and bend.'* Here, we have introduced «, and «, as
the geodesic curvatures of n and its co-normal t. These corre-
spond to the in-plane bending and splay of the director field
and are not affected by the extrinsic curvature of the surface.
We will refer to these terms as the intrinsic energy terms; in
curvilinear coordinates, they can be calculated as

Ky = V,’T’li (3)
K = Vl«sy;gyknk. (4)

where gj; is the first fundamental form and ¢/ is the Levi-Civita
symbol of the surface S. These are the terms commonly
expected in a two dimensional nematic energy.

The two additional terms, k,, and c,, refer to the geodesic torsion
and normal curvature, respectively. The geodesic torsion gives rise
to twist deformations of the nematic, which arise from the fact that,
on a curved surface, the curl of n can have a component tangential
to the surface. To minimize this, the geodesic torsion penalizes
deviations of n from the lines of the curvature of the surface. The
normal curvature gives rise to bending deformations of the
nematic, as the director is confined to the surface which may not
be flat. Thus, the normal curvature penalizes deviations of n from
the principal direction of the minimal absolute curvature.

The geodesic torsion and normal curvature couple the
orientation of the nematic field to the extrinsic curvature of
the surface; thus, we refer to them as the extrinsic twist and
bending energy, respectively. They are given by

Tp = bynisjkgklnl (5)
¢n = byn'n’. (6)

where b;; is the second fundamental form of the surface S.
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lll. Geometrical setup

We will consider a small circular patch of the nematic with a radius
r on the surface of a cylinder with the radius R. It is convenient to
use polar coordinates around the center of the patch and we
introduce the polar angle ¢. We have chosen ¢ = 0 to coincide
with the principal curvature of the cylinder, see Fig. 1a. This defines
a natural orthogonal basis, [e4,e,] in which we shall operate.

We choose a cylinder here to isolate the effects of extrinsic
curvature. Since the surface has no intrinsic curvature, the first
fundamental form is identical to that of flat polar coordinates,
8op = r?, g»=1and Z¢r = gr¢ = 0. The second fundamental form
captures the extrinsic curvature and has the form

by = —— % COIS:(‘I’) @)
by = w 8)
bpy = 7’2%?2(45) 9)

Note that the complexity here comes from the fact that as ¢
changes the single principle curvature appears to rotate. Written
in cylindrical coordinates, the second fundamental form would
have only one non-zero component reflecting the single, con-
stant principal curvature.

Finally, we can write the unit nematic director as n = n'e; with

n" = cos(6)

b= sm((ﬂ).
r

(10)
(1)

where we have introduced 0 as the angle between the nematic
director and the radial basis vector e,. Since we are concerned

ag i b

Fig. 1 Half integer topological defects on the flat and curved space. (a)
Schematic of the coordinate system. The defect is centered at the origin of
the polar coordinate system, which exists on the surface of a cylinder with
the radius R. (b and c) The equilibrium configuration for a charge (b) +1/2
and (c) —1/2 topological defect with equal splay, twist and bend constants
on a flat surface. The regions of high bend and splay are identified by the
red and blue areas, respectively. (d and e) The equilibrium configuration for
a charge (d) +1/2 and (e) —1/2 topological defect with equal splay, twist
and bend constants on the surface of a cylinder. The green and yellow
regions show areas with high extrinsic bending and twist, respectively. All
defects (b—e) have an identical phase, .
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with the forces close to the core of a topological defect, we shall
consider the case where 0 is independent of the radial distance,
r. This allows us to write the terms of the distortion energy as

N cos(0)[1 + 040]

: , (12)

o — sin(60) [1 + 940] 13)

ey = W (14)
_sin(0 4 @) cos(0 4 ¢)

T, = R . (15)

Writing the terms in this way exposes their nature. The
intrinsic bend and splay terms, eqn (12) and (13), penalize
deviations in the director but are independent of the extrinsic
curvature, whereas, the extrinsic twist and bend terms, eqn (14)
and (15), penalize specific orientations of the director field
proportional to the curvature.

Since we are not considering radial variations in the director
field, we calculate this energy for a loop at r = 1, which we take
as our length scale.

IV. Topological defects

Topological defects in two dimensional nematics are points, such
that the director winds by a multiple of © on a closed path
encircling them.”™ If we place a topological defect at the center

do
of our polar coordinate system, this implies ¢, @dqﬁ =2n(k —1),

1
where k € EZ is referred to as the topological charge of the defect.

In two dimensional nematics, the lowest energy topological
defects have a charge +1/2. For an isolated defect on a flat
surface with equal elastic constants and charge k, the director
field minimizing the Frank free energy is

0=(k—1)¢+y.

Y is referred to as the phase of the defect. Note here that the k — 1
prefactor is due to the fact that this is written in polar coordinates,
which inherently feature a +1 topological defect at the origin.
Typically, as the charge is increased, the energetic cost of the
defect increases linearly, which can be seen by inserting eqn (16)
into eqn (12) and (13). For this reason, typically only topological
defects with £1/2 are observed in nematics. Topological defects in
nematics have rotational symmetry of the order n = 2|k — 1|.
Changes in the phase, /, exchange between the bend and splay
distortions of the nematic field, and for k # 1 are associated with
a global rotation of the defect.®’

On a flat space, energy minimizing topological defects with
k =+1/2 and equal elastic constants are shown in Fig. 1b and c.
The shaded regions highlight the magnitude of the bend and
splay deformations at each polar angle. The number of alter-
nating peaks of the bend and splay distortions around the core
of the defect is the same as the order of rotational symmetry.

(16)
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If k; = k3, the energy is equally distributed around the defect
core as both bend and splay.

We minimize the energy around a defect core using a Monte-
Carlo method that preserves the phase of the defect, see
appendix for details. This allows us to find the energy mini-
mizing configuration for a given defect phase. We use this
method to find the shape of a defect with equal elastic
constants on the surface of a cylinder, see Fig. 1d and e. On a
curved surface, the defects have lost their symmetry and we see
that the distortion energy is concentrated into a small angular
region. The introduction of extrinsic bending and twisting
energy is also visible, as the nematic texture around the defect
must accommodate the curvature of the surface. While the
curvature of the defects is associated with an increase in the
energy, in all cases, the degree of intrinsic bend and splay
remains balanced. This is because, when k; = k3, the sum of the
intrinsic bend and splay energies becomes independent of the
phase, thus independent of the defect orientation relative to the
principal curvature of the surface.

The loss of symmetry around the defect requires a new
definition of the phase, which we now calculate as

Y=(0+1 - k)

Using this definition, we see that all defects in Fig. 1 have the
same phase. It is also compatible with the notion of the defect
orientation as the angle at which 0 = 0, which in general is given

by ¢ = wI(1 — k).°

(17)

V. Coupling between the defect phase
and curvature

We now study the effect of the different elastic constants on
defects on a curved surface. We restrict ourselves to the regime
ki + ky + k3 = 1, since it is only the relative magnitude of the
elastic constants that effects the shape of the defect. The energy
associated with in-plane distortions depends only on &; and k3;
hence, as k, is increased, we see a general reduction in the
energy, Fig. 2a and d. This is because, as k; and k; decrease, the
nematic has more freedom to deform in plane to accommodate
the curvature. We also see that the energy increases more with
ks than that with k;, which is expected as k3 corresponds to both
intrinsic and extrinsic bending effects.

Interestingly, we see that, if the elastic constants are not
equal, there is an energy associated with changes in the phase
of the topological defect. This leads to a distinct energy mini-
mizing phase which depends on the realtive magnitude of the
elastic constants, Fig. 2b and e. In the case of a +1/2 defect, this
effect is anti-symmetric around k; = ks, Fig. 2b. Since the defect
phase is associated with the defect orientation in £1/2 defects,
we can also measure an associated defect torque as the energy
difference between defects with the phase that maximizes and
minimizes the defect core energy, Fig. 2c. For +1/2 defects, the
torque disappears at k; = ks; hence, if k; # k;, defects will
spontaneously align relative to the cylinder depending on
whether the splay or bend coefficient is dominant.

This journal is © The Royal Society of Chemistry 2022
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Fig. 2 Relative effects of the splay, twist and bend coefficients on half
integer topological defects on a cylinder. (a) Minimum energy cost, £2, of a
+1/2 topological defect on a curved surface. (b) Phase of the energy
minimizing +1/2 defect, Ymn. () Torque on the +1/2 defect core, AE%.
(d—f) Same as (a—c) but for a —1/2 topological defect.

For —1/2 defects, the energy minimizing phase is anti-
symmetric around k; = k; and k, = ks, leading to four distinct
regions with two different phases, Fig. 2e. Again, the transitions
between two regions are associated with zero torque on the
defects, Fig. 2f. This implies that, if k; # k; and k, = ks, the
phase of —1/2 is unaffected by the extrinsic curvature, whereas
the +1/2 defects would experience a torque. This can lead to
frustration between defects, as the relative position and phase
of defects can also lead to torques on the defect cores.®™®
Finally, due to the symmetry of the cylinder, which is identical
under 7 rotation, these results are identical under a n/2 change
in the phase of the defect, which corresponds to a n rotation of
the defect.’

The source of the torques on the defects can be understood
by looking at the distribution of energy around the defect core.
An interesting property of +1/2 defects is that there exist
configurations in which the bend (or splay) can be completely
removed. These configurations introduce large regions of non-
distorted nematic field around the defect core. The extrinsic
curvature will cause these regions to align relative to the
principal curvatures. This minimizes the extrinsic bend and
twist deformations of these sections and results in the torque on
the defect core. This is clearly apparent in Fig. 3a and b which
show bend and splay minimizing configurations, respectively.
In both cases, the defect re-orientates such as to minimize the

This journal is © The Royal Society of Chemistry 2022
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Fig. 3 Energy minimizing configurations of half integer topological
defects on a cylinder. (a) Bend dominated +1/2 defect with the phase
Y = 0 (2ky = 2k, = k3). (b) Splay dominated +1/2 defect with the phase ¢ =
n/4 (ky = 2k, = 2k3). (c) Splay and bend dominated —1/2 defects with the
phase y = n/4 (ky = 10k,/3 = 10k3/7). (d) Bend dominated —1/2 defect with
the phase y = 0 (2k; = 2k, = k3).

extrinsic bend and twist associated with the parallel region of the
nematic. This reorientation is associated with a phase change of
the defect and hence the defect phase becomes coupled to the
extrinsic curvature of the surface.

The case for —1/2 defects is more subtle as there is no bend
or splay free configuration of the defect possible. In order to
understand the phase-curvature coupling mechanism in —1/2
defects, we must first consider how the director changes
around the core of the defect. As one follows a path around a
+1/2 defect core, the director occupies each orientation once.
Since there is one orientation of the director that minimizes c,
and two orientations that minimize 7,, this implies that at
minimum there is one region around the defect core that
maximizes ¢, and two regions that maximize t,,. More generally,
the number of peaks in the extrinsic bend and twist energies
will be 2|k| and 4|k|, respectively. This is observed in Fig. 3
where each defect features one green lobe and two yellow lobes
corresponding to peaks in the extrinsic bend and twist
energies, respectively. By rotating the —1/2 defect, it is possible
to combine the various distortions in different combinations.
When the bend distortions have an intermediate energetic cost
(k1 < ks < ky or ky < k3 < ky), the defect will re-orientate to
combine the bend and extrinsic bend deformations into the
same region, which implies combining splay and twist regions,
which is only possible when y = n/4, Fig. 3c. However, if the
bend distortions have either a high or a low cost (k; < &y, k, or
ks > ki, k), the defect will re-orientate to separate bend and
extrinsic bend, thus combining the extrinsic bend region with
splay, and thus twist and bend regions. This is only possible
when the defect has phase = 0, Fig. 3d.

Soft Matter, 2022, 18, 5082-5088 | 5085
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VI. Bistability of the defect phase

If we consider the energy of a defect free patch of the nematic
on the surface of a cylinder, k = 0, the intrinsic bend and splay
energies disappear since 0 = —¢ + . Thus, the energy density of
the patch is given by

Yy in* () cos? (¥
f:k3COSR§ )+kzs1n ( 4)1;:203 ( )7

(18)

which has fixed points at {y = 0 and { = £n/2. Performing a
linear stability analysis we see that, while = £n/2 is always
stable, y = 0 is stable only when k, > 8k;. When k; = 0, the
system becomes identical under n/2 rotation and the two stable
states are indistinguishable.

This bi-stability in the defect free nematic texture can lead to
bi-stability in the defect phase. To examine this, we check for
the phase with the highest energy for +1/2 topological defects,
Fig. 4a. Largely this looks like the inverse of the energy mini-
mizing phases shown earlier. However, when k; is very small,
we see an energy maximizing phase which is neither y = 0 or
Y = m/4. Since the energy must be symmetric around these
values, this implies that there is a bistable state. The additional
stable configuration for +1/2 defects is splay free and features
two peaks in the bend energy coincident with regions of high
twist, Fig. 4b. This allows for large regions of the defect to be
aligned with orientations that minimize the twist distortion.
We see similar evidence for bi-stability for —1/2 defects in
a smaller region of the parameter space, Fig. 4c. Similar to the
+1/2 defect, the —1/2 defect features two regions of the ordered
nematic at orientations that minimize twist deformations sep-
erated by regions of high splay, twist and bend, Fig. 4d.

%/

ks

Fig. 4 Bistability in the defect phase of half integer topological defects on
a cylinder. (a) Phase of the energy maximizing +1/2 defect on a curved
surface, Ymax. The red line shows k, = 8ks. (b) Splay and twist dominated
stable configuration of a +1/2 topological defect with the phase = 0. (c)
Same as (a) for the —1/2 defect. (d) Splay and twist dominated stable
configuration of a —1/2 topological defect with the phase = n/4.
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VII. Integer charge topological defects

We now look at topological defects with an integer charge, k =
+1. This is of particular importance in the study of morpho-
genesis, where +1 topological defects have been shown to
induce geometric changes depending on their phase.’® The
energy, minimum phase and torque on the defect are very
similar to that of the +1/2 defect, Fig. 5. Again, we see a
distinction between the positive and negative defects in the
energy minimizing phase leading to possible frustration,
Fig. 5b and e.

The charge of a topological defect in a nematic can have any
half integer number, k with rotational symmetry of the order n =
2|k — 1|. When n is odd, a phase change of Ay = w/2 is
equivalent to a reflection of the defect in the ¢ = + n/2 line.
Since the cylinder is identical under this same reflection, this
phase change is not associated with a change in energy.
However, if n is even, the topological defect is identical under
areflection in the ¢ = & n/2 line. Thus, the system is invariant
only under a full Ay = n phase change. This effect is observed in
Fig. 5b and e, which now show minima at = 0 and = /2.

For an integer defect, the same mechanisms identified for
+1/2 defects are present here. For the +1 defect, the director
must occupy every orientation at least twice along a path
around the defect core. Therefore, there are now two peaks of

ks ki

2 e

Ymin I
0
k, p ks k
> 6.3 f
= AE;EI
0
k; ks ki

3

ks

2

wmin

ks

0.63—

k,
' AE,%I
0
k

Fig. 5 Relative effect of the splay, twist and bend coefficients on integer
topological defects on a cylinder. (a) Minimum energy cost of a +1
topological defect on a curved surface, Ef. (b) Phase of the energy
minimizing +1 defect, Ymin. (c) Torque on the +1 defect core, AEE. (d—f)
Same as (a—c) but for a —1 topological defect.

ks
3
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extrinsic bend and four peaks of twist energy expected around
the defect core.

The +1 topological defect is similar to the +1/2 defect in that
there exist bend or splay free configurations; however here they are
coupled directly to the phase of the defect. For this reason, the +1
topological defect has the phase coupled to the elastic constants on
the flat surface, where, for k; < k3, we see aster like configurations
and we see vortex configurations otherwise.> On a curved surface,
we see a similar coupling. When k; < k; (k; > k;3), the splay (bend)
is focused into the two regions where the director aligns with the
principal curvature where extrinsic bending is maximized. This
allows for large regions to align with the direction of zero extrinsic
curvature, Fig. 6a and b.

The —1 defect follows a similar mechanism to the —1/2
defect. Once again, the defect phase is coupled to the defect
orientation. A change in the phase leads to a rotation of the
defect, and this can be used to align the regions of bend or
splay with regions of extrinsic bend or twist. Once again, we see
that if k, is intermediate, the defect will rotate to combine the
bend and extrinsic bend into the same region of the defect.
Otherwise, the defect will rotate to mix the bend with twist and
splay with the extrinsic bend, Fig. 6¢ and d. For higher charge
defects, we expect a reduced coupling between the defect phase
and curvature. This is because the intrinsic energy of the defect
scales with the topological charge k, whereas the extrinsic
energy of the defect scales with the radius of curvature, R,
which remains fixed. In addition, the increased number of
alternating regions of the bend and splay distortions reduce the
possibility of distortion-free regions which can align relative to
the extrinsic curvature.

a b

NN
Wil

Fig. 6 Energy minimizing configurations of integer topological defects on
a cylinder. (a) Bend dominated +1 defect with the phase y = 0 (2ky = 2k, =
k). (b) Splay dominated +1 defect with the phase y = /2 (k; = 2k, = 2k3).
(c) Splay and bend dominated —1 defects with the phase y = n/2 (ky =
10k,/3 = 10ks/7). (d) Bend dominated —1 defect with the phase y = 0 (2k; =
2k, = k).
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VIIl. Concluding remarks

By studying the topological defects in thin cylindrical nematic
sheets, we have been able to demonstrate a coupling between
the topological defect phase and the extrinsic curvature of the
surface which is mediated by the relative elastic constants of
the nematic. This effect comes from the interplay between the
various types of distortion possible in a nematic.

When the elastic constants associated with splay, twist and
bend distortions are not equal, the distribution of the energy
within the defect loses symmetry. This loss of symmetry can
interact with the broken symmetry of the cylindrical surface
leading to a torque on the defect core. This process is independent
of many previously discovered mechanisms such as sorting defect
charge by the Gaussian curvature,®*® breaking the symmetry of
defect generation in active nematics,*” or re-orientating defects in
the single constant approximation on the surface with the Gaus-
sian curvature.'®'

This work has strong implications in the field of active
matter, in particular the development of shape in living systems.
Shape changes in living systems are driven by the filamentous
cytoskeleton, which has a nematic characteristic and is not
generally on a flat plane. Topological defects in the cytoskeleton
have been shown to potentially drive morphological changes
within growing organisms.'®*® Thus the placement of the
defects is essential for the correct formation and function of
the organism. For example, in the Hydra organism, charge +1
aster defects are localized at the mouth, foot and at the ends of
each of the tentacles.>® This configuration would be stable for
k; < ks. If we consider the central body and tentacles to be
roughly cylindrical in shape, the effect of extrinsic curvature in
this instance would be to further stabilize these +1 aster defects.
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Appendix
A. Monte Carlo method for minimizing the defect energy

We discretize ¢ and use a second order finite difference
approach to approximate the derivatives in the energy. The
defects are initialized with 0 = (k — 1) ¢ + . We perform our
energy minimization in a manner that preserves k and .

To minimize the energy by the Monte-Carlo method, we
define our perturbation as follows:

{_(\qb — Bl + 2nn)2}

N
A Y exp 502

n=—N

123 expl-e 7

AO = (A1)

n=1

This gives a periodic bump with amplitude 4, centered on B
and width C, resulting from the sum of N Gaussians. The
parameters are taken from a uniform distribution with limits of
A € [-n/4,mn/4], B € [0,2n] and C € [0.2,2.2]. This ensures that
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the bump has a roughly continuous first derivative at B + n. We
choose N = 1 to balance computational time against the
smoothness of the first derivative.

This deformation does not have the ability to change the
topological charge of the defect. In order to maintain a constant
phase, we subtract the average integral of the bump.

A0

A0 = A0 — 22—

7 (A2)

The energy is minimized using a standard simulated annealing
process with an exponentially decreasing temperature. ¢ is dis-
cretized at a resolution of d¢ = 21/100. For the data presented in
Fig. 2, 4a, ¢ and 5, we discretize i at a resolution of dy = n/32.
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