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Magnetization of magnetoactive elastomers under
the assumption of breakable adhesion at the
particle/matrix interface

Mikhail V. Vaganov, *a Dmitry Yu. Borin, b Stefan Odenbachb and
Yuriy L. Raikher cd

In this work we study the magnetization of magnetoactive elastomers (MAE) in which the interface

between the matrix and magnetic particles is unstable and allows for slipping of the particles against the

wall of their elastomer cavities. The estimate of the maximal angle at which each particle can decline its

axis from the initial position is made based on cyclic measurement of several consecutive hysteresis

loops at different maximal magnetic fields. A model of magnetization of magnetically hard multigrain

particles in an elastic environment with allowance for their possible slipping is proposed. Results of

modelling is in fair agreement with the experimental data obtained on MAEs whose polymeric matrix is

made of polydimethylsiloxane and the magnetic filler is NdFeB spherical particles.

1 Introduction

Magnetoactive elastomers (MAEs) are materials produced by
embedding fine magnetic particles into a non-magnetic poly-
meric matrix. A specific feature of a compliant matrix is that it
allows for the rearrangement of the particles under the influence
of an applied magnetic field. Therefore, the magnetization
process of MAEs, depending on the intrinsic magnetic properties
of the particles, is considerably affected by the elastic properties
of the matrix as well.1–4

In general, the particles used in MAEs can be divided into
two generic groups: magnetically soft (MS) and magnetically
hard (MH) ones.5,6 For the MAEs of the MS type, the essential
factor modifying their magnetic response to an applied field is
the translational displacements of the particles induced by
their mutual magnetostatic interactions.7–9 For the MAEs of
the MH type (MH-MAE), unless the matrix is extremely soft, the
magnetization is affected mostly by the on-site rotations of
individual particles striving to align their magnetic moments
with the field; the role of interparticle interaction is minor.10–12

Taking into account an ample variety of known magnetic
materials and vast complexity of their structures, it is hardly

possible to universally account for the magnetization processes
of all the types of MAEs in terms of a single physical model.
Because of that, here we focus on the MAEs with MH filler,
namely, the particles of the NdFeB family, which are widely
used in engineering and material science.13

From the practical viewpoint – to ensure the magnetic
control of the overall behaviour of the composite – a perfect
MH-MAE should display maximal magnetomechanical response,
meaning that the field-induced particle displacements, both
translational and rotational, should be conveyed to the matrix
in full. For that, a strong surface adhesion at the particle/matrix
interface is desirable, so that this contact would neither break nor
degrade during magnetization process. In the literature, several
attempts to understand the magnetomechanical behaviour of
MH-MAEs have been made and several theoretical models have
been proposed based on the strong-adhesion assumption.14–18

In reality though, the achievement of strong adhesion looks
rather doubtful, in the first place, because in a typical situation
no chemical links between the two constituent phases of a MAE
are expected. Indeed, considering a generic MAE that is a silicone
rubber matrix filled with metal particles, it comes out that at the
particle/matrix interface neither covalent nor hydrogen bonds
might form. The only conceivable adhesion mechanism should
be ascribed to dispersion forces (van der Waals interaction), and
this coupling is not strong.

One may justly infer that under a weak adhesion, the MH
particles in an MAE subject to an external field would keep a
tight contact with the matrix only until the field strength
exceeds some threshold. Then the scheme of the magnetization
process looks as follows. Demagnetizing effects apart, an
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applied field H0 exerts on the particle magnetic moment lp a
torque that strives to align lp with H0. Via the internal magnetic
anisotropy (in MH particles it is remarkably high), this torque is
transferred to the particle body forcing it to rotate. At the initial
stage (low fields) where the adhesion holds, the particle rota-
tion is impeded by the resistance on the part of the deformed
matrix. When the field strength enhances, and the magnetic
torque increases above the critical value, the adhesion breaks
down, and the particle starts to rotate independently as itself.
This field-induced motion is not entirely free, however, as it
takes place inside the elastic cavity where the particle is located;
this cavity can be deformed to some extent but can hardly be
destroyed. Under these conditions, a rotating particle inevitably
experiences the resistance torques induced because the micro-
rough surface of the particle has to slip along and rub against
the cavity walls. Additionally, in case the polymerization of the
elastomer is inhomogeneous, at the cavity wall there can also
be present ‘stains’ of the polymer remained in its liquid state.
Thus, in addition to the dry (kinetic) contribution, the inter-
facial friction may well possess a viscous component.

Visualizing the described phenomena is not a trivial task.
Optical and electron microscopes provide images of surface
layers and do not allow to observe field-induced changes in the
sample volume in situ. Computed microtomography10 has the
potential to solve the issue of the bulk sample investigation.
However, three-dimensional tomography requires rotation of
the specimen or rotation of the radiation source around the
specimen, so this method in its conventional realization is
more suitable for the study of specimen microstructure in the
static state without sweeping the field. Here we employ an
indirect investigation of the particle mobility based on the
analysis of the magnetization curves of MAE bulk samples.

In ref. 19 an attempt has been made to elucidate and describe
the hysteretic magnetization curves of the above-described type of
MH-MAEs. The model was strongly simplified: the complex
magnetic architecture of the NdFeB micron-size particles used
in real MH-MAEs was ignored, and the particles were assumed to
be single-domain grains. Despite its obvious limitations, the
developed model was able to account for some basic features of
the experimental hysteresis loops obtained on the MAEs with
shear moduli below 100 kPa. Hereby, in order to advance the
insight into the magnetomechanics of MH-MAEs, we, first, pre-
sent the experimental data evidencing the occurrence of the
internal particle slippage and, then, extend our former model
for the case of the microparticles each of which is a ‘clot’ made of
many MH nanograins.

2 Magnetization properties of
MH-MAEs. Experimental evidence
2.1 MQP-S-11-9 powder. Particle structure and magnetic
response

We focus on a specific sort of magnetic powder of NdFeB
origin. Namely, the commercially available powder MQP-S-11-
9-20001 (Magnequench Int.)20 with nearly spherical particles

shown in Fig. 1; in the remainder, we refer to them as MQP-S. The
powder is produced by a variant of the rapid solidification technique
when droplets of a melted Nd–Pr–Fe–Co–Ti–Zr–B alloy obtain sphe-
rical shape due to surface tension while being rapidly cooled during
free fall in Ar or He gas. According to laser diffraction analysis,20 the
median diameter of the spheres ranges from 35–55 mm, and less
than 3 wt% of them are larger than 104.7 mm.

The results of transmission electron microscopy of similar
NdFeB systems suggest that the particles we use have a composite
structure and contain numerous round-shaped nanograins of
intermetallide Nd2Fe14B, see the scheme in Fig. 2. The grains are
interlaid with the streaks of a Nd-rich phase that suppresses their
exchange interaction.21 The grain radii range from 20 to 400 nm
that is below or, at the most, about the critical size of the
absolute monodomainness that for Nd2Fe14B is estimated as
150–300 nm.13,22,23 Nanocrystallites of Nd2Fe14B possess tetra-
gonal structure and, consequently, strong uniaxial magnetic
anisotropy with energy density K = 4.9 MJ m�3,5 which imparts
to them a high coercivity. The saturation magnetization Ms of
those grains is about 1.28 MA m�1.5

Fig. 1 Particles of the MQP-S-9-11-20001 powder. Reproduced from
ref. 14 with permission from the Royal Society of Chemistry.

Fig. 2 Sketch representation of an MQP-S microparticle. Grey circles
represent the grains. The white grain is deliberately enlarged to show its
anisotropy axis ni and orientation of the magnetic moment li at field H.
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The non-dimensional magnetic hardness parameter l ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
K=m0Ms

2
p

of Nd2Fe14B is about 1.5 that implies that, with
respect to magnetization process, the anisotropy energy of
individual grains is far more significant than the magnetostatic
interaction between them;5,24 here m0 is the magnetic constant.
Although the directly estimated anisotropy field is Ha = 2K/
m0Ms B 6.1 MA m�1, the manufacturer specification on the
MQP-S powder20 reports its intrinsic coercivity as being about
570–750 kA m�1, i.e., significantly lower than Ha. Such a drastic
discrepancy between the expected and actual values is known in
the literature as the Brown’s paradox and is conventionally
explained by the presence of impurities, crystallite twinning,
and other defects.13,25

The anisotropy axes of the grains comprising an MQP-S
microparticle are oriented at random. The particular orienta-
tion of each axis can be represented by a unit vector ni denoting
any of the two possible axis directions, where the subscript i
distinguishes a particular grain. When an MQP-S micro-
particle is subject to a magnetic field H (usually assumed to
be directed along the vertical z-axis), the i-th grain experiences
magnetic field Hi,loc equal to the sum of the macroscopic
field H and field Hi,dd produced by all the other grains of the
same microparticle. Under the action of Hi,loc, the grain
magnetic moment li declines from the anisotropy axis towards
the field vector and drags the grain after itself. As a result, the
whole microparticle comprised of Ng grains experiences
a torque

Tm = m0(lp � H), (1)

where m0 is the magnetic constant and lp ¼
PNg

i

li is the net
magnetic moment of the microparticle.

At a high enough Hi,loc, li can jump between the two
directions of its anisotropy axis, hence the magnetic hysteresis.
According to the Stoner–Wohlfarth model,26 the smaller the
angle between the easy axis and the field Hi,loc, the greater the
coercivity of the grain. In MAEs, a microparticle is prone to
rotate under the action of Tm, thus changing the orientation of
its grain anisotropy axes. The level of the particle rotational
mobility depends on the elastic moduli of the surrounding
matrix and on the quality of adhesion between the matrix and
particle surface, consequently, the coercivity values of the
microparticle and of an MAE sample as a whole also depend
on those parameters.

2.2 Magnetization measurements on MAE samples

The notation of the samples used in this work and their main
parameters are listed in Table 1.

The elastomer matrices of the MAEs studied in this work are
of polydimethylsiloxane (PDMS) origin. When producing a
composite, MQP-S particles treated with a siloxane liquid27

are stirred into Elastosil RT623 (Wacker Chemie AG, Germany)
at concentration fp about 5 vol%. The desired value of the
elastic modulus of the final product is adjusted by diluting
initial Elastosil components with silicon oil M1000 Baysilone
(Bayer AG) that is a liquid form of PDMS at mass ratio D(E : O),
where E stands for Elastosil and O – for oil. The shear moduli of
the non-filled matrices G1 were measured via a quasi-static
torsion test on an Anton Paar MCR301 rheometer according to
the procedure described in ref. 28. The magnetization measure-
ments were conducted by means of a vibrating sample
magnetometer Lake Shore 7407s. The samples for the magne-
tometry were prepared in the shape of disks with the height
1.10 � 0.03 mm and diameter 4.65 � 0.03 mm, and their mass
was measured using Ohaus Explorer EX225D/AD semi micro
balance. The applied field vector H0 was aligned with the disk
symmetry axis. When required, the demagnetizing factor N

was obtained by approximating the sample shape with an
oblate ellipsoid and the internal field acting on the micropar-
ticles inside a sample was calculated as H = H0 �NM0, where
M0 stands for the sample magnetization.

More details on the MAE preparation and measurement can
be found in our earlier works.14,29,30

The MQP-S particle substance is an intermetallide, and it is
incapable of producing chemical bonds when abutting on a
PDMS surface. Therefore, the MAEs under study belong to the
above-described type of the systems where adhesion is weak
and is maintained just by the dispersion interaction. This
implies that for such a multi-grain particle two regimes of
responding to the magnetically induced torque Tm are possible.
At low fields (weak Tm) the particle is stuck to the matrix and, if
turning, entrains the latter keeping point-to-point contact with
it. When the field becomes strong enough to break the disper-
sion coupling, the slipping regime inside a polymeric cavity
takes over. Moreover, each next field-ramping cycle damages
the bonds to a higher extent, so that the magnetization loops
get narrower.

Fig. 3 demonstrates the difference between the magnetiza-
tion curves of MAE sample s5, inside which the particles are

Table 1 Properties of the MAE samples with MH particle concentration fp = 5 vol% used in this work, and the data for evaluating the critical angle g* at
which particles start to slip while measuring the 19th loop at maxH0 = 2000 kA m�1. Two last columns: the half-width mod1Hhw

19 of the 19th loop rendered
by the model allowing for slipping and the half-width mod2Hhw

19 prescribed by purely elastic model where slipping is prohibited

Sample D(E : O) G1 [kPa] M�
0 [kA m�1] M0(maxH0) [kA m�1] g* [1] Hhw

19 [kA m�1] mod1Hhw
19 [kA m�1] mod2H19 [kA m�1]

s1 1 : 0 420 � 5 N/A N/A N/A 720 � 10 N/A N/A
s2 1 : 0.17 250 � 5 N/A N/A N/A 680 � 10 N/A N/A
s3 1 : 0.20 160 � 5 15 � 1 43 � 4 11 � 1 532 � 16 374 485
s4 1 : 0.22 130 � 5 15 � 2 43 � 4 8 � 1.5 320 � 30 332 464
s5 1 : 0.25 110 � 5 14 � 2 41 � 4 9 � 2 296 � 22 318 442
s6 1 : 0.5 40 � 5 28 � 3 52 � 4 18 � 4 130 � 20 183 220
s7 1 : 1.0 7 � 1 24 � 2 48 � 4 29 � 7 40 � 6 53 14
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prone to movement, and of a sample with epoxy matrix, where
particles are immobilized. Both curves were obtained via apply-
ing 20 field cycles and each, therefore, is comprised of the
initial curve and 19 full hysteresis loops. Note that the con-
secutive loops of the epoxy sample (G1 B 1 GPa) do not notably
differ from each other. This explicitly confirms the conclusion
that the observed low values of coercivity of MH-MAEs with soft
matrices (G1 o 500 kPa) are caused by the particle rotational
mobility.10,14,29,31

The loops in Fig. 3a are only approximately symmetrical,
because of that for each loop we evaluate separately the
negative (left) Hc

� and positive (right) Hc
+ coercivities, i.e., the

values of the field at the points where the magnetization curve
crosses the abscissa axis. A more instructive characteristic,
however, is the half-width of a loop defined as Hhw =
(Hc

+� Hc
�)/2. The evolution of the half-widths with the number

of accomplished magnetization cycles is shown in Fig. 4 for the
MAEs with various shear moduli.

From Fig. 3a and 4 it is seen that, beginning from a certain
cycle, both the loop shapes and half-widths do not change any
longer, i.e., the samples become ‘trained’. The number of the
field cycles required to attain training grows with the elastic
modulus of the matrix. Samples s1 and s2 possessing the

highest shear moduli obey this rule but one has to measure
significantly more than 19 loops and at higher fields to make
them visibly trained, that is why it seems as if they achieved the
trained state after first few cycles (see also Section 2.3). There
are three most plausible reasons for the training effect:
(i) undermagnetization of MQP-S particles, i.e., the effect
entailed by the fact that maximal applied field is lower than
the one required to fully saturate the nanograins; (ii) spatial and
orientational structuring of the particles, and (iii) deterioration
of the particle/matrix adhesion. It is quite likely that all these
three phenomena contribute to the magnetization process of
the MAEs studied in this work.

The effect of the undermagnetization of the particles in an
elastic environment was discussed in ref. 32 and is usually
more pronounced when the magnitude of the field during
magnetization cycles does not exceed 1 MA m�1.

The emergence of structures (chains, clots, nets, etc.) is a
known phenomenon in mechanically soft MAEs, and it may
take place even in the samples with relatively low concentration
of the filler. To estimate the tendency to structuring, we treat
the PDMS matrix as a linearly elastic incompressible infinite
continuum; then for elastic energy increment due to translation
of a spherical particle with infinitely strong adhesion one gets

Uet = 3pG1Rpu2; (2)

here Rp is the radius of the microparticle, and u is the reference
spatial displacement. For the energy of magnetostatic inter-
action of two identical spherical microparticles we take the
point dipole approximation:

Udd ¼
m0
4p

mp
2 1

r123
ðe1 � e2Þ � 3ðe1 � r̂12Þ e2 � r̂12ð Þ½ �; (3)

where r12 is the center-to-center distance of the particles, r̂12 is
the unit vector along that line, e1 and e2 are the unit vectors of
the respective magnetic moments. Let the microparticle be
magnetized to saturation, so that mp = 4pRp

3Ms/3. Then the

Fig. 3 Comparison of the magnetization curves of MAE and epoxy
samples obtained by running the field through 20 hysteresis cycles.
(a) Magnetization curve of MAE sample s5 with shear modulus G = 110 kPa.
The sample exhibits the training effect. (b) Magnetization curve of the MQP-S
particles immobilized in epoxy at fp = 12 vol%.

Fig. 4 Coercivity of consecutively measured magnetization loops for
MAEs with different shear moduli at maxH0 = 2 MA m�1. The mean
measured values are denoted by markers; the connecting lines are shown
for convenience.
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maximal coupling energy, that for the pair in the head-to-tail
formation at a distance r12 = d, is

maxUdd ¼ �2
m0
4p

Ms
2 4p

3
Rp

3

� �2
1

r123
; (4)

In a MAE, emergence of the particle structures (aggregates)
is conceivable if the energy cost of the matrix deformation by
the particle translations is lower than the energy of interparticle
attraction, i.e., Uet o |maxUdd|. Setting u = r12 and identifying

both with the mean interparticle distance d ¼ Rp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4p=3fp

3

q
defined from the particle volume content fp, from comparison
of (1) and (4) one finds that at a given fp aggregation might
occur only in a sufficiently soft matrix:

G1 o 2
m0
4p

Ms
2

ffiffiffiffiffiffiffiffiffiffi
4fp

5

81p2
3

s
(5)

For the MAE samples under study, setting Ms = 1.28 MA m�1

and fp = 0.05, formula (5) yields G1 o 0.4 kPa. As Table 1
shows, the shear modulus of the softest MAE sample under
consideration is far greater than the latter value. This excludes
aggregation, and makes wearing out of the particle/matrix
adhesion the most probable cause of the sequential reduction
of coercivity in our cyclic hysteresis measurements.

2.3 Evidence of the training effect

Fig. 3a shows just one example of the set of measurements
carried out on all the samples listed in Table 1. In each
measurement, an as-prepared sample was subject to the initial
magnetization followed by 19 consecutive quasistatic cycles
during which the field was swept within a fixed interval
[�maxH0, maxH0].

Such measurements of 19 loops were conducted for each of
the samples at several different values of maxH0 varied from
400 kA m�1 to 2 MA m�1.

The accumulated data enables one to estimate the critical
field maxH�0 at which the particle/matrix adhesion breaks. To do
that, for each measurement, parameter A19

2 that is the differ-
ence between the areas of the 2nd and 19th loops normalized
by their arithmetic mean, was calculated; this indicator is zero
if the loop area does not change, and tends to two if the area of
the final loop goes to zero. An example of the A2

19 dependence
on maxH0 for the sample s5 (G = 110 kPa) is given in Fig. 5.

As seen, while maxH0 is less or equal than 1000 kA m�1, A2
19 is

dropping down with maxH0 because of the gradually diminishing
effect of the undermagnetization, which is less pronounced when
a higher maximal field is applied. At maxH0 4 1050 kA m�1, the
difference between the loop areas surges because the mechanical
training effect starts influencing the magnetization process: the
application of such fields is able to deform the matrix in the
vicinity of the magnetized particles by declining them from their
initial orientation at such a degree that the matrix unsticks from
them and the adhesion at the particle/matrix interface breaks
down making the particles rotate freely or slip against the
adjacent matrix. The value of maxH0, at which such adhesion

breakage starts being observable by a surge in the A2
19 vs. maxH0

graph, depends on the shear modulus G1 of MAE’s matrix. These
values of maxH0 are exactly the field values maxH�0 we were looking
for and they are presented in Fig. 6. The training phenomenon
due to the adhesion breakage is not observable when the max-
imal field applied during the hysteresis measurements is less
than maxH�0 . Additionally, since the maximal field generated by
our magnetometer in the configuration for this work was only
slightly higher than 2 MA m�1, we were not able to observe any
significant training of our stiffest samples s1 and s2 which would
be defined by the surge in A2

19 at higher fields.
For all the tested samples (apart from s1 and s2), the loops

beginning at most from the 19th one cease to change. Such
behaviour becomes understandable if to assume that any MAE
sample contains a vast number of particles with a distribution
of adhesion strengths, i.e., each particle undergoes its own local

Fig. 5 Normalized difference between the 2nd and 19th loop areas for
the sample s5 (G1 = 110 kPa) vs. maximal applied field maxH0.

Fig. 6 Square markers: field maxH�0 at which the adhesion breakdown (the
onset of the training effect) occurs as rendered by the A2

19 indicator; round
markers: field H�19 extracted from measurement of the 19th loop, i.e., in the

regime where most of the particles slip in a trained sample magnetized by
a given maxH�0 .
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training. Assuming that the slipping process goes fast, the
magnetization of a trained sample must increase abruptly when
most of the particles slip in their elastomer cavities. Conse-
quently, the critical value H�19 of a trained sample can be
identified with half-width Hhw

19 of the 19th loop; those values
are plotted as the lower curve in Fig. 6. Notably, the coercivities
H hw

19 (and as a result H�19) of the samples with the same G1 but
trained at different maxH0 4maxH�0 are very close to each other,
see Fig. 7). This implies that under multi-cycle field treatment a
given sample attains a unique well-defined ‘trained’ state
whatever the field amplitude provided it exceeds a certain level.

3 Qualitative basis of the model

In this section we discuss the behaviour of a single MH multi-
grain particle, prone to slipping, under a sequence of magne-
tization cycles.

3.1 Estimation of the breakdown condition

An applied field perturbs the state of a MQP-S particle
embedded in an elastic environment and makes it rotate.
Schematically, in this situation the adhesion plays the role of
a static friction against a compliant substrate. As long as the
adhesion sustains, the torque Tm exerted on the particle
magnetic moment and, via the magnetic anisotropy, applied
to the particle body, is fully transmitted to the elastic matrix.
The latter deforms, and generates internal stresses which take
the form of the resistance torque Te that counteracts Tm.
Therefore, under a quasistatically changing field, the angle
displacements of the particle and the polymer cavity wall –
denoted, respectively, as c and g – coincide and are defined by
the balance condition Tm = Te.

Assuming for estimations that the polymer is an infinite
linearly elastic continuum, the expression for the elastic torque

Te follows from differentiating the torsional increment of
elastic energy Uer due to the particle rotation:

Uer = 4pG1Rp
3g2 = 3G1Vpg

2; (6)

Te = 6G1Vpg; (7)

here Vp = 4pRp
3/3 is the volume of the whole microparticle.

With allowance for (1) and (7), from the balance condition
T�m ¼ T�e , for the breakdown angle one gets

g�ðG1Þ ¼
m0
6

jM�H�j
G1

sinj�; (8)

where j is the angle between H and the particle magnetic
moment lp. The asterisked letters denote quantities at the
moment just before the adhesion breakage. For convenience,
the magnitude of the particle magnetic moment in (8) is
presented as mp = M*Vp, i.e., a reference value of the particle
magnetization is introduced. Certainly, M* may be used just for
estimations since the actual value of m�p depends on the history

of the particle magnetization.
From eqn (8) it is clear that parameter H* is directly related

to the adhesion energy density at the particle/matrix interface.
In our experiments we cannot measure the latter explicitly but,
as it has been shown, one may set H* = Hhw

19 , thus identifying it
with the field under which most of the particles go to the
slipping mode. The particle magnetization M* is approximated
using the (scaled with fp) value of the sample magnetization M�

0

at the ‘corner’ of the loop, that is where d2M0/dH0
2 is minimal

on the descending branch and maximal on the ascending one.
Meanwhile, the ratio M�

0=M0ðmaxH0Þ, i.e., the normalized pro-
jection of the magnetization on the field axis yields the estimate
for cosj*.

Upon substitution of the experimentally accessible para-
meters, (8) takes the form

g� � m0
6

jM�
0H

hw
19 j

fpG1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� jM�

0 j
M0ðmaxH0Þ

� �2
s

; (9)

where required numerical values are given in Table 1, whereas
Fig. 8 shows the resulting dependence of g* on the shear
modulus of the studied MAEs. Note that, due to the above-
presented reasons, the values of g* for the samples s1 and s2
were impossible to evaluate.

3.2 Magnetization process of an isolated MQP-S particle

Fig. 9 shows schematically the results of a typical measurement –
the initial curve and a pair of first hysteresis loops – on an MAE
with a soft matrix and MH filler. Two specific features are
noteworthy. First, there is a significant shape and width differ-
ences between the sequential loops, in particular, a drastic
decrease in coercivity. Second, the considered magnetization
process is essentially magnetomechanical. Indeed, the low values
of coercivity point out that the hysteresis has its origin in a
irreversible process of overcoming a mechanical energy barrier
rather than a magnetic one.

Our goal is to demonstrate that, despite the fact that only the
experimental joint (macroscopic) magnetic response of the

Fig. 7 Dependence of the half-width of the 19th loop on the maximal
applied field for three groups of samples with different shear moduli. The
measured values are denoted by markers; the connecting lines are shown
for convenience.
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whole assembly of embedded magnetic particles is available, a
model accounting for the internal processes inside a single
multi-grain particle is useful for understanding the essential
physics of the PDMS/MQP-S and alike systems.

At stage 0 of Fig. 9, the field is zero, the magnetic moments
{li} of the nanograins comprising the particle are spread at
random, so that lp is virtual zero. When some field H0 is
applied (stage 1), vectors {li} deviate from their initial orienta-
tions towards the direction of the internal field H. The compo-
nents of {li} normal to H effectively cancel each other, so that
only components parallel to the field contribute to the micro-
particle moment lp8H. At this step, the particle does not
significantly change its orientation.

At certain fields during the initial magnetization, those grain
magnetic moments, which at the beginning of the experiment
were oriented along the anisotropy axes directions producing
obtuse angles with H, switch to the more preferable directions

that make acute angles with that vector. This happens up until
the applied field reaches its maximal value maxH0 (stage 2). From
that point, the measurement of the first hysteresis loop begins.

When the field is reduced to zero (stage 3), the set {li}
acquires the configuration different from that of stage 0: those
of {li} which had switched, now point along the directions of
their easy magnetization axes which make acute angles with the
previously applied field. As a result, the microparticle acquires
a non-zero remanent magnetic moment l(rem)

p . Due to the
randomness of the easy-axes distribution, lrem)

p is not exactly
parallel to the direction of the field that created it.

When the magnetic field is applied in negative direction (stage
4), the microparticle starts rotating under the action of a non zero
torque Tm, and thanks to the adhesion at the particle–matrix
interface, carries the surrounding matrix along with itself. The
elastic forces produced in the deformed matrix manifest them-
selves in the elastic torque Te striving to bring the matrix back to
its initial state and impeding the free rotation of the microparticle
by means of the adhesion. This regime of balanced torques lasts
until the field strength grows to the level beyond which the
adhesion cannot stand any longer: the point-to-point contact
between the particle and the cavity wall breaks down and their
relative motion begins. We do not have the exact information
about all the complex micro- and nanoscale details of the slipping
process, so, from here, a phenomenological approach is applied.

During stage 5, the torque balance is no longer valid: from now
on the particle interacts with the matrix via a friction force
composed of a kinetic and viscous parts. The kinetic friction
(independent on the relative velocity) might stem from the nanor-
oughness of the particle surface that has to rub against the now
constantly changing contact area. The viscous friction might be
due to the traces of plasticiser (silicone oil) which works as a
lubricant at the particle/polymer interface. At this stage, on the one
hand, the dynamic friction regime facilitates the particle rotation
aligning lp with H. On the other hand, a progressive approach of
lp to the direction of H reduces the magnetic torque (at full
parallelicity Tm = 0) so that at some moment Tm gets smaller than
the torque due to the kinetic friction, which brings the relative
particle/matrix motion to a halt, and makes the adhesion partially
restore. The restoration of the adhesion can be thought as a
replacement of the kinetic and viscous friction between two media
moving relative to one another with a new static friction mani-
fested in the particle stuck to the walls of its elastomer cavity again.

As a result, the system comes up to H0 = �maxH0 (stage 6) with
the newly recovered adhesion, and a weak, but nonzero Tm balanced
by a certain Te. When the field is varied from� maxH0 back to H0 = 0,
the magnetic torque Tm drops; the particle is driven by the relaxing
matrix that brings it to the state where Te = 0 as well. At that point
(stage 7), the particle orientation does not coincide with the initial
one because of the previously occurred slipping events of stage 5. As
it was at stage 3, at stage 7 the remanence is determined by the
orientation of the grain magnetic moments relaxed to the vicinity of
their anisotropy axes. In this state, because of the microparticle
slipping and nanograin switchings, some of {li} make obtuse angles
with negative direction of H, hence the difference between the
remanence values at stages 3 and 7.

Fig. 8 Dependence of the critical angle g* on the matrix shear modulus.

Fig. 9 Initial magnetization curve and two first consecutive hysteresis
loops of the MAE sample s6 with G1 = 40 kPa; encircled numbers mark the
stages of the process.
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When the field is swept from 0 to maxH0 (the ascending branch
of the first loop), the switchings of magnetic moments of the
nanograins evolve on a complicated background of the elastically
impeded rotation of the microparticle and its rapid slipping (stage
8). The quasilinear segment (from 8 to 9) of the magnetization
curve should be associated with the elastic rotation of the micro-
particle and the steady and gradual alignment of the nanograin
magnetic moments with the imposed field H while H0 - maxH0.

Both branches of the second loop are formed via a similar
process like that governing the formation of the descending
branch of the first loop. When the field changes from its
extremal values to zero (passing either stages 9–10 or 12–13),
the microparticle is rotated by the relaxing matrix under
gradually diminishing Tm balanced by Te. Then the microparticle
undergoes several intermittent slippings and concomitant nano-
grain switchings that are manifested as the magnetization jumps
at stages 10–11 and 13–14. Both branches are finalized by the
elastic rotation of the microparticle and steady alignment of
the nanograin magnetic moments with the field vector H while
the external field approaches �maxH0 (stages 12 and 15).

In the context of the presented description, the reason of a
considerable difference between the consecutive hysteresis
loops in Fig. 3a is the gradual deterioration of the adhesion
at the particle/matrix interface. The rate of such deterioration
varies from particle to particle giving birth to the training effect.

3.3 Mathematical model

A mathematical model for the described magnetization process of
an MQP-S particle must allow for the magnetic switching of separate
Nd2Fe14B grains and for the mechanical movement of the micro-
particle body including both elastic rotation and slipping events. The
elastic rotation takes place until the angle by which the particle twists
the surrounding matrix exceeds g*, see (8). The slipping process
begins when the torque Tm breaks adhesion, the surface of the
microparticle moves relative to the wall of its cavity and the static
friction is replaced by a combination of the kinetic and viscous ones.

In the remainder, the positions of the microparticle to which
it comes after the field is switched off and the matrix has
relaxed will be called the stationary orientations. The first
stationary orientation is the initial position of the microparticle
in its polymeric cavity; note that a particle might have different
number of stationary orientations.

3.3.1 Elastic and magnetic energies. The elastic rotation of
the microparticle can be modelled as a quasistatic process by
minimization of a pertinent potential energy of the particle–
matrix system.14 Consider the energy of an elastically trapped
spherical MQP-S microparticle comprised of Ng identical
Nd2Fe14B nanograins with randomly oriented easy axes {ni}
(Fig. 2). Each nanograin is supposed to be a spherical single-
domain entity with radius Rg and magnetic moment

li = MsVgei, (10)

where Vg = 4pRg
3/3 is the grain volume, and ei is the unit vector

of li.
Because of the strong uniaxial magnetocrystalline aniso-

tropy, each grain acquires anisotropy energy when its magnetic

moment declines from the corresponding easy axis of
magnetization:

Ua,i = KVg(1 � (ei�ni)
2), (11)

where K is the constant of uniaxial anisotropy of the grain
material and ni denotes the unit vector describing one of the
two possible directions of the anisotropy axis.

If a magnetic field H is imposed on the microparticle, its i-th
grain is subject to local field Hi,loc, i.e., vector sum of H and
Hi,dd, where the latter is the field generated by other grains of
the same microparticle: under field H = Hq, where q is a unit
vector, each grain acquires the Zeeman energy

UZ,i = �m0(li�H) = �m0MsVgH (ei�q), (12)

whereas the energy of the intergrain pairwise magnetostatic
interaction is

Uij;dd ¼ �
m0
4p

XNg

jai

Ms
2Vg

2

rij3
3ðei � r̂ijÞðej � r̂ijÞ � ðei � ejÞ
� �

; (13)

so that

H i;dd ¼
1

4p
VgMs

XNg

jai

1

rij3
3ðej � r̂ijÞr̂ij � ej
� �

; (14)

here rij is the distance between the i-th and j-th grains, and r̂ij is
its unit vector.

During rotation, the particle carries along the surrounding
matrix, whose energy of deformation can be approximated by
expression 6. Given that, the joint potential energy of the
particle–matrix system which should be minimized is

U ¼ Uer þ
XNg

i

Ua;i þUZ;i þ
XNg

j4 i

Uij;dd

" #
: (15)

Normalizing it by factor 2KVg, one arrives at the non-
dimensional expression

w ¼ Ng

2f
kg2 þ

XNg

i

1

2
1� ei � nið Þ2
� �

� h ei � qð Þ
	

�1
6

1

l2
XNg

j4 i

Rg

rij

� �3

3ðei � r̂ijÞðej � r̂ijÞ � ðei � ejÞ
� �) (16)

whose non-dimensional parameters are

f ¼ NVg

Vp
h ¼ m0Ms

2K
H

k ¼ 3G1

K
l ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
K

m0Ms
2

r (17)

here f is the grain concentration inside a microparticle, h
stands for the non-dimensional magnetic field, k accounts for
the matrix elastic properties, and l is the magnetic hardness.

Further on, the particle magnetization is presented as the
projection of M on the axis of field H0 normalized by the
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saturation magnetization of the whole microparticle satM =
NgMsVg/Vp:

m ¼ Mz

satM
¼ 1

Ng

XNg

i

ðk � eiÞ; (18)

where k the unit vector of the z-axis.
3.3.2 Slipping event. The slipping of the microparticle starts

when Tm overcomes the maximal possible resisting torque T�e due to
the adhesion at the particle/matrix interface. To keep the model
simple and robust we make the following two simplifications. First,
it is assumed that the matrix always returns to its initial undeformed
state at the end of any slipping event. If this assumption is violated,
it will affect only those parts of a hysteresis branch that appear after
the first and biggest jump in magnetization caused by the first
slipping event, and it will not change the field where magnetization
changes its sign. Second, the model particle continues to rotate,
being driven by Tm as long as Tm 4 Tf, where Tf is the torque due to
the kinetic and viscous friction whose magnitude we approximate
with T�e . Without these two assumptions, the motion of the particle–
matrix system under Newton’s second law in its rotational form was
described for the case of a single domain particle in ref. 19.

When simulating the slipping process, the particle rotation
is presented as a sequence of steps Dc. At each step, the current
orientation of the nanograin axes is determined by rotating the
particle at Dc, and the orientations of {li} are found by
minimization of their magnetic energy

wm ¼
XNg

i

1

2
1� ei � nið Þ2
� �

� h ei � qð Þ�
	

�1
6

1

l2
XNg

j4 i

Rg

rij

� �3

3ðei � r̂ijÞðej � r̂ijÞ � ðei � ejÞ
� �)

:

(19)

In its turn, the current orientation of the whole microparti-
cle is defined by the orientation of the nanograin anisotropy
axes and can be expressed in form of a single angle as

cos c ¼ 1

Ng

XNg

i

ðni � qÞ: (20)

The model is supposed to simulate the magnetization pro-
cess of a trained MAE sample, therefore, the maximal possible
value of T�e is approximated using eqn (7) and the values of g*
obtained from expression (8):

T�e ¼ 6G1Vpg� (21)

Proceeding to a non-dimensional form, the torques are scaled
by the same coefficient 2KVg that was used for the energy (19):

sm ¼
Tm

2VgK
¼ h

XNg

i

ei � qð Þ

se ¼
Te

2VgK
¼ Ng

f
kc

s�m ¼
T�e

2VgK
¼ Ng

f
kc�;

(22)

here the angles are described by corresponding axial vectors, note
the bold symbols.

3.4 Simulation details

Algorithm 1 illustrates the sequence of the procedures neces-
sary for acquiring dependence of the particle magnetization m
on the magnetic field h. After a proper refactoring and optimi-
zation, the actual programming code might deviate from the
presented algorithm.

The size of the simulated microparticles is determined by
the sphere circumscribing Ng closely packed spherical grains.
Alternatively, the radii of the microparticle and its grains can be
used as the input parameters so that Ng is calculated after
performing the close-packing procedure. In both cases, the
nanograin concentration f, as Ng grows, tends to E0.74.

It is important to remember that angle g denotes the
deviation of the cavity wall from its initial position but does
not represent the orientation of the microparticle in 3D space.
It is only during the elastic rotation that the wall and the
microparticle body move together. After the adhesion breaks
down, the particle slips against the wall that returns to its
initial state, so that both move independently. The orientation
of the microparticle can be described by the set of vectors {ni},
whereas deformation of the matrix due to the particle rotation
in 3D-space is determined by two angles a and b corresponding
to the rotation about the roll and pitch aircraft principle axes of
the microparticle: due to the symmetry, the particle and cavity
wall are not expected to rotate about the field axis. At the
beginning of simulation a = b = 0.

Algorithm 1: Simulation of magnetization process of a
multigrain particle

Input: An array of the field values {h},
parameters k and g*,
number of grains Ng (or Rp and Rg),
Output: Array {m} of the same size as {h} containing the
magnetization values for corresponding elements
of the field array {h}
for j = 1 to length ({h}) do
Calculate sm ¼ hj

PN
i

ðei � qÞ;
if (tm 	 t�e ) then
Find li, a, b and {ni} at hj by minimizing potential
energy (16);
Calculate and save mj;
else
Return the matrix to its initial state by setting g = 0;
while (tm 4 t�e ) do
Rotate the particle in the direction of sm by
angle Dj and correspondingly update the
orientation of all {ni};
Calculate the orientation of the grain magnetic
moments {li} by minimizing expression 19;
Calculate new value of tm;
end
Update the current stationary state of the
microparticle expressed in current orientation of
{ni};
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end
end
The time of the simulation directly depends (i) on the size of

the field step Dh that determines the number of field values {hi}
(points) at which the magnetization needs to be evaluated, and
(ii) on the angular step Dc of the microparticle slipping. As a
rule of thumb, satisfactory results can be obtained with
Dh = 0.01 and Dc = 0.001.

4 Results and discussion
4.1 General modelling

An example magnetization loop calculated for a model micro-
particle containing Ng = 115 randomly oriented Nd2Fe14B
nanograins is presented in Fig. 10a. The blue curves and
markers reflect the internal magnetization evolution in the
assembly of nanograins inside an elastically turning particle,
whereas the black lines correspond to the abrupt change in the
magnetization due to the slipping. Evidently, in the considered
system, the actual value of coercivity comes out as a combined
effect of the nanograin magnetic moments switchings and the
occurrence of slipping events. Therefore, the field value at
which the particle magnetization changes sign depends on
the set of the model parameters, namely {ni}, l, k and g*. Note

also that, even though the orientations of the grain anisotropy
axes as well as the distribution of {li} over the directions of {ni}
are random, the initial net magnetic moment of the micro-

particle is, albeit small, but nonzero: lp 
MsVg

ffiffiffiffiffiffi
Ng

p
. This

points out that the inner structure of a microparticle might
also affect the shape of the magnetization loop.

The dependence of the particle declination angle c on the
field h is shown in Fig. 10b. It helps to elucidate the origin of
the jumps in the particle magnetization. We note that from
simulating the microparticles with unbreakable adhesion,14 it
is known that switchings of the nanograin magnetic moments
between directions of the corresponding anisotropy axes yield
symmetrical M-shaped c(h) curves single-valued at h = 0.
Indeed, in the absence of slipping, when the field turns to
zero, a particle always returns to its initial orientation (c = 01).
The fact that the graph in Fig. 10b is double-valued at the origin
indicates that the occurring c(h) hysteresis is not of a purely
magnetic origin but contains a considerable contribution of the
particle slipping.

It is instructive to investigate the dependence of the particle
coercivity on parameters k and g*, which represent mechanical
properties of the polymeric matrix and the adhesion strength at
the particle/matrix interface, respectively. Fig. 11 shows the
dependence of the non-dimensional half-width of the micro-
particle magnetic loop on g* for matrices with different elastic
moduli. The data for each point of the graph were obtained by
simulating the magnetization process of 20 microparticles with
the same l, k and g* but uniquely-generated orientational
distribution of {ni}.

Similarly to the results obtained for single-domain particles,19

only small values (g* o 201) affect the half-width for every k. In
particular, at k = 0.03 the half-width is larger at small g* because
such a soft matrix deforms easily, and the particle slips during
the initial magnetization aligning its net magnetic moment with
the field and putting itself in an orientation corresponding to the
Stoner–Wohlfarth particle whose anisotropy axis is aligned with
the field. At such an orientation, higher fields are required to
invert the particle magnetization. In contrast, at k = 0.12 the

Fig. 10 Magnetomechanical hysteresis of a particle prone to slipping. The
parameters are: N = 115, k = 0.09 (G1 = 150 kPa), l = 1.54 and g = 101. The
blue curves correspond to the elastic declination of the particle, whereas
the black curves represent its slipping. (a) Magnetization curve. (b) Field
dependence of the particle declination angle.

Fig. 11 Dependence of the non-dimensional half-width on the maximal
angle of particle declination in matrices with different elastic moduli; each
point presents the magnetization averaged over 20 microparticle ‘replicas’
with Ng = 115 and l = 1.54.
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matrix is significantly more rigid, and the particle declines from
its initial orientation at some g o g* during its initial magnetiza-
tion without any slipping. This situation corresponds to the
Stoner–Wohlfarth particle whose anisotropy axis makes an acute
angle with the field. At the descending and ascending branches
of the hysteresis loop, the angle deviation of such a microparticle
can easily attain g*, so that the slipping begins.

4.2 Comparison with the experiment

Every MAE sample consists of a vast number of microparticles,
each of which is located in a somewhat different environment.
Those differences are entailed by the inhomogeneous polymer-
ization of the elastomer at micron scale and different amount
of surplus silicon oil in the vicinity of each microparticle that
was accumulated during the matrix elasticity tuning. In terms
of the model described in Section 3.3, those differences are
rendered in various local shear moduli G�1 of the matrix around
a microparticle. To account for such spread of the mesoscopic
parameters, we assume that macroscopic shear modulus G1

introduced in Section 2.2 is the maximal possible value of G�1
for a sample with a given matrix, and that the particles inside
that sample are distributed uniformly over G�1 2 ½0;G1�. Thus,
the number of particles dN�p experiencing local shear modulus

in the range from G�1 to G�1 þ dG�1 is given by

dN�pðG�1Þ ¼
Np

G1
dG�1; (23)

where Np is the total number of particles in the sample. In the
limit when there is too much surplus silicon oil in the vicinity
of a particle, G�1 tends to zero, because while treating the silicon
oil as an incompressible Newtonian liquid one can take its
G1 = 0 kPa.

The magnetic properties of the microparticles are expected
to vary only at nanoscale lengths so that different micron-sized
particles can be assigned the same K and Ms measured on the
epoxied powder or taken from the literature.

The magnetization process of the MAE samples whose
parameters are presented in Table 1 has been simulated by
calculating the magnetization of Np = 3600 particles containing
Ng = 22 grains each. All the grains constituting a particle had K=
1.06 MJ m�3 and Ms = 1.28 MA m�1 that yields l = 0.72, whereas
the parameter G�1 of the particle environment was assigned
according to the distribution (23). The corresponding values of
g* were calculated using formula (9) and are shown in the same
Table 1. In order to check the influence of slipping on the
particle magnetization, we have run a simulation with the same
set of particles but under the condition of prohibited slipping.
The results of the both sets of simulation with respect to
coercivity are presented in the last two columns of Table 1. It
can be seen that for samples with G o 160 kPa, the model
allowing for slipping provides much better agreement than the
purely elastic one.

A more convincing confirmation of the importance of slip-
ping for reproducing the magnetization of a real MAE is given
in Fig. 12. There, the experimental 19th loop of sample s5 is
compared to two modelled curves: one was obtained from the

slipping model described in Section 3.3 whereas the other one
was calculated in the framework of the purely elastic model
discussed in ref. 14. It is seen that taking into account the
slipping process allows one to obtain loops which quite closely
resemble the experimental ones; the major cause is the
slipping-aided abrupt changes in magnetization shown in black
color in Fig. 10a.

5 Conclusions

The discrepancy between the experimental data on the magneti-
zation of MAEs and the coercivity values calculated using the
models based on the elastic declination of microparticles from
their initial orientations alone compels one to rethink the situa-
tion at the interface between the matrix and microparticle sur-
face. Here we have used mostly phenomenological approach that
highlights the main features of the MAE magnetization process
under assumption that the breakage of the adhesion at the
particle/matrix interface is a highly likely event. It turns out that
such a model complies well with that of a number of real systems
consisting of a PDMS matrix and Nd2Fe14B microparticles. The
hypothesis of breakable adhesion at the particle/matrix interface
is supported by the fact that the PDMS matrix and particle
intermetallic material cannot establish chemical bonds.

Notwithstanding the fact that the here-presented discussion
is based on just one type of MAE samples made of the particular
matrix and magnetic powder, the results of this work are suffi-
ciently general to be used for studying MAEs with other similar
magnetic particles and matrices. The model itself is applicable to
any other MAEs with spherical particles lacking adhesion to the
walls of their enveloping cavities. The analysis of the experi-
mental data proposed in Section 2.3 also does not imply any prior
knowledge of the matrix and particle materials. Thus, the pre-
sented approach can be used for testing any techniques aimed at
tuning the adhesion at the particle/matrix interface allowing one
to see how they affect the slippage behavior.

Two such techniques, which do not involve generation of
new chemical bonds, can be proposed. First, one can coat the

Fig. 12 Comparison of the experimental 19th loop of sample s5 and the
two modelled loops with and without slipping of the microparticles.
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metallic particles with the components of the polymer or with
its liquid form before properly mixing the powder and elasto-
mer. Second, one can use particles of irregular shapes which
would prevent them from rotating inside their elastomer cav-
ities easily. Further techniques might be provided by a separate
meticulous physico-chemical study of the nature of the adhe-
sion and/or friction at the particle/matrix interface.

A practical conclusion concerning any application of real
MAEs is that due to the unstable nature of the adhesion, the
magnetic properties of any such composites should be mea-
sured by driving them through several cycles of magnetic field.
Otherwise, the properties of any devices possessing parts made
of MAE will unpredictably change in time.
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