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Strain-stiffening seal

Baohong Chen, †a Chao Chen,†ab Yucun Loucd and Zhigang Suo *a

An elastomeric seal needs to be soft to accommodate installation but stiff to block fluid flow. Here we

show that the two requirements are better fulfilled by a strain-stiffening elastomer than a neo-Hookean

elastomer. We represent the strain-stiffening elastomer using the Gent model, and calculate the

deformation in the elastomeric seal using an approach analogous to the lubrication theory of a viscous

fluid between rigid walls. We determine the sealing pressure on the basis of two modes of leak. The seal

leaks by elastic deformation when the fluid pressure exceeds the contact pressure between the seal and

the rigid wall. The seal leaks by rupture when the energy release rate of a crack exceeds the toughness

of the elastomer. For both modes of leak, a strain-stiffening elastomer enhances the sealing pressure

compared to a neo-Hookean elastomer. We construct diagrams in which the two modes of leak are

demarcated. It is hoped that this study will aid in the development of materials and geometries of seals.

1. Introduction

Elastomers are commonly used to make seals in everyday
applications, such as O-rings for plumbing, engines, drinking
bottles, and pressure cookers. Elastomeric seals are also used
in oilfields to isolate fluids in gaps between pipes and
boreholes,1,2 in deep ocean robots to stop the injection of water
into the chamber under the 102 to 103 atmosphere pressure,3

and in shock absorbers of landing gears to prevent leaking of
pressurized oil,4 In many such applications, seals are required
to sustain fluid pressure much higher than the modulus of the
elastomer.

The biological analogy of sealing is not seldom. For example,
when a red blood cell (RBC) passes through capillaries,5 the
RBC deforms elastically, and the fluid might leak through the
flaws between the cell and the vessel. Meanwhile, the easiness
of a cell passing a microfluidic channel is used as a method to
diagnose the cancer cell, which is stiffer than a healthy cell.6

When blood vessels are clogged by RBC-rich or fibrin-rich
thrombus, the occasion is similar to a seal blocking the
channel. Fibrils, such as collagens, show uniaxial elastic strains
of less than 30%.7 In these phenomena, cells and biopolymers
could be conceptually regarded as elastomer seals at
microscales.

The softness of the elastomers is needed for the operation of
a seal, but may also cause the seal to leak.8 Consider a seal
compressed between two rigid walls and subject to a fluid
pressure (Fig. 1a). The seal should be soft enough to fill gaps

Fig. 1 Elastomeric seals. (a) An elastomer is precompressed between two
rigid walls and is subject to fluid pressure. (b) Stress–stretch curves of a
neo-Hookean material and a strain-stiffening material.
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between hard materials and roughness on surfaces. Further-
more, the softness of elastomers enables the seals to be
installed at a low cost. Subject to a pressure gradient, a seal
may leak by elastic deformation or by rupture.9–13 Conse-
quently, a seal must be stiff enough to withstand high fluid
pressure.

To accommodate both requirements of softness and stiffness,
one may make a seal stiffen steeply with deformation (Fig. 1b). The
seal is soft at small deformation to fill the gap between hard
materials but is stiff at large deformation to bear fluid pressure.
Such strain-stiffening behavior is commonly observed in elastomers
and used for designs of many applications.14–18 An elastomer
consists of a three-dimensional network of polymeric chains. Under
no external force, a chain coils to maximize entropy. Subject to an
external force, the chain uncoils and stiffens as it approaches its
contour length.19,20 One can also design a composite elastomer to
tune independently the softness at small deformation and the level
of deformation at which the elastomer stiffens steeply.21–23

Wang et al. analyzed a seal without strain stiffening effect
with a neo-Hookean material model.13 Here we study how

strain-stiffening improves sealing capacity. We predict sealing
pressures for two representative modes of leak, by elastic
deformation and by rupture. For both mopeds of leak, we show
that the sealing pressure of a strain-stiffening seal is increased
compared to a neo-Hookean seal. The sealing pressure is
amplified by either reducing the limiting strain or increasing
the precompression. We also demarcated the two modes of leak
on planes of various material parameters.

2. Deformation of strain-stiffening seal
2.1 Nonlinear elastic theory

Following Wang et al.,13 this subsection formulates a model
without specifying any stress–strain model. The model is
analogous to the lubrication theory of viscous fluid between
two rigid walls. Consider a block of elastomer with the dimen-
sions of L � H � B in the reference state (Fig. 2a). The material
is incompressible and deforms under the plane strain condi-
tions. The elastomer is homogeneously precompressed by the
two rigid walls to height h and length l (Fig. 2b). Under the
plane strain conditions, incompressibility implies that HL = hl.
The ratio l = h/H = L/l is a dimensionless measure of the
precompression. After the precompression, the elastomer is
taken to be bonded to the bottom wall. Subject to a fluid
pressure p, the elastomer deforms (Fig. 2c).

A material particle, of the coordinates (X1, X2) in the unde-
formed state, moves to a place of coordinates (x1, x2) in the
homogeneously precompressed state, and to a place of coordi-
nates (y1, y2) in a state under the fluid pressure. Note that
x1 = l�1X1 and x2 = lX2. By an analogy to the lubrication theory,
we seek a field of elastic deformation of the form (Fig. 2c):

y1 ¼ x1 þ u x2ð Þ;

y2 ¼ x2:
(1)

Here u(x2) is the horizontal displacement field of material
particles due to the fluid pressure. Eqn (1) could be rewritten
as the function of (X1, X2):

y1 ¼ l�1X1 þ u lX2ð Þ;

y2 ¼ lX2:
(2)

These equations specify a field of deformation yi(X). Recall that
the deformation gradient is FiK = qyi/qXK, so that

F ¼
l�1

du lX2ð Þ
dX2

0

0 l 0
0 0 1

2
664

3
775: (3)

It is convenient to use (y1, y2) as independent variables:

F ¼
l�1

ldu y2ð Þ
dy2

0

0 l 0
0 0 1

2
664

3
775: (4)

The incompressibility of the elastomer is confirmed by
det(F) = 1. Let the in-plane components of the true stress be

Fig. 2 The cross-section of a seal under the plane strain conditions. (a) In
the undeformed state, a material particle is labeled by coordinates (X1, X2).
(b) After being uniformly precompressed in the X2 direction, the elastomer
is bonded to the bottom wall. The top wall is frictionless. In the precom-
pressed state, the material particle is labeled by coordinates (x1, x2). (c)
When a fluid pressure p is applied at one end, the material particle moves
to a place of coordinates (y1, y2). The displacement is recorded by u(x2). (d)
The free body diagram of the seal.

Paper Soft Matter

Pu
bl

is
he

d 
on

 3
0 

M
ar

ch
 2

02
2.

 D
ow

nl
oa

de
d 

on
 7

/3
0/

20
25

 8
:5

0:
40

 P
M

. 
View Article Online

https://doi.org/10.1039/d2sm00068g


2994 |  Soft Matter, 2022, 18, 2992–3003 This journal is © The Royal Society of Chemistry 2022

Fig. 3 A seal leaks by elastic deformation. (a) Before the fluid pressure is applied, the precompression causes a homogeneous contact pressure.
(b) When the fluid pressure is lower than the maximum contact pressure, the seal does not leak. (c) When the fluid pressure reaches the contact pressure,
the seal leaks. (d) Contour plot of displacement of the seal under fluidic pressure from FEM simulation, using the same parameters as in (c). The color bar
shows the displacement of seal in y2 direction. (e) Comparisons between the theoretical results based on eqn (1) and the FEM simulation results. Left:
Displacements of material segments at X1 = L/4, L/2, and 3L/4 along the seal are plotted. Right: Contact stress at top surfaces at the current location
under fluidic pressure.
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s11, s22, and s12. For an incompressible elastic material, s11–s22

and s12 are functions of the deformation gradient. Since the
deformation gradient only varies with y2, we have

s12 ¼ s12 y2ð Þ;

s11 � s22 ¼ f y2ð Þ:
(5)

Integrating the equilibrium equations, @s11=@y1 þ
@s12=@y2 ¼ 0 and @s21=@y1 þ @s22=@y2 ¼ 0, we find that the
field of stress takes the following form

s12 ¼ ay2 þ b;

s11 ¼ � ay1 þ cþ f y2ð Þ

s22 ¼ � ay1 þ c:

(6)

where the integral constants a, b, and c are determined by
boundary conditions.

To simplify this boundary value problem, we assume that
the top surface of the elastomer can slide relative to the top wall
without friction. (The effect of frictional sliding will be dis-
cussed in Section 6.) We also ignore the edge effect by suppos-
ing that the aspect ratio L/H is large enough. Consider the free-
body diagram for the entire elastomer (Fig. 2d). The fluid
pressure exerts a horizontal net force hp on the left side of
the elastomer. Since the top surface is frictionless, the hori-
zontal force hp balances the shear force l � s12(y2 = 0) at the
bottom. Thus, we obtain b = hp/l. Associated with the friction-
less top surface of elastomer, s12(y2 = h) = 0, the value of a is
determined as a = �p/l = �lp/L. To determine c, cut the
elastomer vertically at any position y1, and use the right side
for a free-body diagram (Fig. 2d). Eqn (6) results in a horizontal

normal force
Ð h
0
s11dy2 ¼ �ahy1 þ chþ

Ð h
0
f y2ð Þdy2, and a hor-

izontal shear force (l � y1)b, where the bottom surface does not
slide, u(y2 = 0) = 0. The balance of the forces acting on the seal

in the horizontal direction gives that c ¼ �1
h

Ð h
0 f y2ð Þdy2 � p. So

far, we can write the field of stress as

s12 ¼ �
lp
L

y2 � lHð Þ;

s11 ¼ p
ly1
L
� 1

� �
� 1

h

ðh
0

f y2ð Þdy2 þ f y2ð Þ;

s22 ¼ p
ly1
L
� 1

� �
� 1

h

ðh
0

f y2ð Þdy2:

(7)

This distribution is applicable for any incompressible elastic
material.

2.2. Strain-stiffening seals

We adopt the form of the strain energy density proposed by
Gent to capture the strain-stiffening behavior of elastomers:

W Fð Þ ¼ �mJlim
2

log 1� FiKFiK � 3

Jlim

� �
; (8)

where m is the shear modulus and Jlim measures the limit
deformation.16 According to the deformation gradient in

Fig. 4 (a and b) Displacement of seals for both strain-stiffening (open
circle) and neo-Hookean (solid line) materials under different fluid pres-
sures. (c) Relation between the fluid pressure p and the extrusion volume
Q, plotted in the dimensionless form for both strain-stiffening (Jlim = 2, 10)
and neo-Hookean (Jlim - N) materials. Cross markers are critical points
for seals to leak by elastic deformation.
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eqn (4), we write

FiKFiK ¼ lþ 1

l

� �2

�1þ l2
du

dy2

� �2

: (9)

For an incompressible elastic material, the true stress relates to
the deformation gradient in the form of

s12 ¼
@W

@F1K
F2K ;

s11 � s22 ¼
@W

@F1K
F1K �

@W

@F2K
F2K :

(10)

A direct calculation gives that

s12 ¼
mJliml2

du

dy2

Jlim þ 4� lþ 1

l

� �2

�l2 du

dy2

� �2
;

s11 � s22 ¼
mJlim l2

du

dy2

� �2

þl�2 � l2
 !

Jlim þ 4� lþ 1

l

� �2

�l2 du

dy2

� �2
:

(11)

Fig. 5 The critical pressure pc and extrusion volume Qc for elastic leak as functions of Jlim, l, and L/H.
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A combination of eqn (7) and (11) gives:

�lp
L

y2 � lHð Þ ¼
mJliml2

du

dy2

Jlim þ 4� lþ 1

l

� �2

�l2 du

dy2

� �2
: (12)

Drop the non-physical solution (du/dy2 o 0), we obtain

du

dy2
¼

�mJlimþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mJlimð Þ2þ4l�2 Jlimþ4� lþ1

l

� �2
 !

�lp
L
y2þ

l2pH
L

� �2
vuut

2 �lp
L
y2þ

l2pH
L

� � :

(13)

This first-order ordinary differential equation is solved under

the boundary condition u = 0 at y2 = 0. To simplify the eqn (13),
let û = u/H, ŷ2 = y2/H, and p̂ = pH/mL. The analytical solution of
û is

û¼ 1

lp̂
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D �lp̂ŷ2þl2p̂ð Þ2þJlim

2

4

s
þJlim

2
tanh�1

0
@

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4D �lp̂ŷ2þl2p̂
� �2

Jlim2
þ1

s 1
A�Jlim

2
logð�lp̂ŷ2þl2p̂Þ

þconst;

(14)

where

D¼l�2 Jlimþ4� lþ1
l

� �2
 !

;

const¼ 1

lp̂

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D l2p̂ð Þ2þJlim

2

4

s
�Jlim

2
tanh�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4D l2p̂
� �2
Jlim2

þ1

s0
@

1
A

0
@

þJlim
2

logðl2p̂Þ
!
:

(15)

An integration of the displacement profile gives the volume of
extrusion:

Q¼B
ðh
0

udy2; (16)

or

Q̂¼ Q

BH2

ðl
0

ûdŷ2: (17)

2.3. Neo-Hookean material

When both the applied precompression and the fluid pressure
are small compared to those at the state of limiting stretch, the
Gent model reduces to the neo-Hookean model. We summarize
the results for an incompressible neo-Hookean material char-
acterized by the energy density function

W Fð Þ ¼ m
2
FiKFiK � 3ð Þ: (18)

The field of displacement solved from eqn (7), (10) and (18) and
the boundary condition u = 0 at y2 = 0 is

u y2ð Þ ¼
p

mL
Hy2 �

y2
2

2l

� �
; (19)

which happens to be analogous to that of the velocity field of

Fig. 6 A model of rupture. (a–c) The model assumes a debonded region
of length lc located at the bottom of the upstream front of the seal. (d) The
relation between energy release rate G and pressure p. A strain-stiffening
material will enhance the critical pressure of rupture compared to a neo-
Hookean material.
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Poiseuille flow. The field of stress is

s12 ¼ p
l2H
L
� ly2

L

� �
;

s11 ¼ p
ly1
L
� 1

� �
þ p2

m
y2 � lH

L

� �2

�1
3

lH
L

� �2
" #

;

s22 ¼ p
ly1
L
� 1

� �
� 1

3m
lpH
L

� �2

�m 1

l2
� l2

� �
:

(20)

These results reproduce those in the previous paper.13

3. Leak by elastic deformation

A seal may leak by elastic deformation (Section 3), or by rupture
(Section 4). Liu et al. proposed a criterion for leak by elastic
deformation.9 Before the pressure of the fluid is applied, the
two rigid walls compress the elastomer in a homogenous state
(Fig. 3a). When a small fluid pressure p is applied in the
upstream region of the seal, the elastomer deforms slightly
(Fig. 3b). The contact pressure between the top wall and the
elastomer drops linearly along the length of the seal. The
maximum contact pressure smax occurs at the upstream corner

Fig. 7 The pressure pf and extrusion volume Qf for rupture as functions of Jlim, l, and L/H.
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so that smax= �s22 at (y1 = u(h), y2 = h). When p is low, smax is
higher than p, preventing the fluid from penetrating through
the top interface, and the seal does not leak. When the fluid
pressure reaches a critical value pc, the fluid pressure matches
the maximum contact pressure, pc = smax (Fig. 3c). The contact
pressure in the interior of the sealed region still drops linearly
below the fluid pressure, and the seal leaks.

For the neo-Hookean material, the critical condition for leak
by elastic deformation can be obtained in an analytical form.
Substitute the position of the upstream corner (y1 = u(h), y2 = h)
into the normal stress s22 in eqn (20), we obtain that the
contact pressure at the upstream corner is13

smax ¼ p� p2

6m
lH
L

� �2

þm 1

l2
� l2

� �
: (21)

When the pressure is small, the maximum contact pressure is
dominated by the linear term of p. As pressure increases, the
negative quadratic term of p begins to reduce the rising trend of
contact pressure. Eventually, the maximum contact pressure
will meet the applied pressure. The critical condition for leak by
elastic deformation predicts that the leak pressure takes

the form

Pc ¼ m
L

H

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6ðl�4 � 1Þ

q
(22)

To rationalize the displacement field in the form of eqn (1),
we use the Abaqus software to perform a two-dimensional finite
element calculation for the strain-stiffening material (Fig. 3d).
We compare the calculated displacement field to that of
eqn (1), and find them to be close in the entire seal except
for small regions near the edges (Fig. 3e). Also compared is the
contact stress between the seal and the top substrate.

For a strain-stiffening seal, the critical condition for leak by
elastic deformation is determined numerically. We plot the p–Q
curves for strain-stiffening seals with Jlim = 2 and 10 and for a
neo-Hookean seal (Fig. 4). With the same geometric para-
meters, l=0.8 and L/H = 10, the strain-stiffening seal enhances
the leak pressure by 3.2 times and reduces the extrusion of
volume by B30% compared to the neo-Hookean seal. The
sealing capacity can be further enhanced by modifying material
and geometric parameters.

Fig. 5 shows the dependence of the critical pressure pc and
extruded volume Qc on various parameters (i.e., Jlim, l, and L/H).

Fig. 8 Leak by elastic deformation and leak by rupture are demarcated on planes of various axes. (a) The diagram in the Jlim–l plane for strain-stiffening
seals with the fixed G/mH and L/H. (b) The diagrams in the G/mH–l plane for strain-stiffening seals with the fixed Jlim and L/H. (c) The diagrams in the G/
mH–l plane for neo-Hookean seals with the fixed L/H.
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Reducing Jlim can increase sealing pressure by one order of
magnitude. Depending on the precompression, the enhance-
ment is dramatic when Jlim o 5 for l = 0.8, and when Jlim o 2
for l = 0.8 (Fig. 5a). The precompression stiffens the seal before
the pressure is applied. A larger precompression (smaller l)
elevates sealing capacity significantly (Fig. 5c). The leaking
pressure pc scales with the aspect ratio L/H linearly (Fig. 5e).
At the same time, a smaller Jlim will reduce the extrusion of
elastomers (Fig. 5b). For a less precompressed seal, the leak
occurs much easier, and the extrusion of elastomer is less
(Fig. 5d). The aspect ratio L/H has no effect on the extrusion
volume (Fig. 5f).

4. Leak by rupture

We next turn to leak by rupture, in which a crack tunnels from
one end of the seal to the other. In a previous paper,13 rupture
was assumed to take place in a neo-Hookean material. Here we
extend the model by analyzing rupture in a Gent material. The
initial crack of length lc under the homogeneously precom-
pressed state is located at the bottom of the upstream front of
the seal (Fig. 6b). Assume that both the top surface of the seal
and the crack are frictionless. When the crack length is large

compared to the height of the seal, the crack propagates in a
steady state. Far ahead of the crack front, the elastomer is
bonded to the bottom wall, and the deformation varies with y2,
as described in the previous section. Far behind the crack front,
the elastomer is debonded from the bottom wall, and the
deformation is homogenous.

When the crack propagates by length dLc in the undeformed
state (Fig. 6a), the crack propagates by dlc = dLc/l in the
deformed state (Fig. 6b). Associated with the propagation of
the crack, the bonded part of the elastomer reduces, which

reduces the strain energy by Bdlc
Ð h
0
W y2ð Þdy2. The debonded

part of the elastomer increases, which increases the strain
energy by BW(l)hdlc. The increase of the crack area in the
reference state is BdLc. By definition, the energy release rate G is
the reduction of the elastic energy in the deformed state
divided by the area of crack extension in the reference state:

G ¼ 1

l

ðh
0

W y2ð Þ �WðlÞ½ �dy2: (23)

Observe that the energy release rate (eqn (23)) is calculated
using the difference in the potential energy far ahead of the
crack and far behind the crack. Consequently, the energy
release rate is the same whether the crack is on the interface

Fig. 9 (a) Free body diagram of the seal with friction at the top. (b and c) Displacement u of seal materials at height of y2. t/m is the dimensionless friction
on the upper boundary. (d) p–Q curves for both strain-stiffening (Gent) and neo-Hookean seals when friction at the top surface of the seal is considered,
assuming no leak happens.
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or in the interior of the seal. The condition of rupture is G = G,
where G is either the toughness of the elastomer or the
elastomer/wall interface. For a strain-stiffening seal, the numer-
ical calculation is carried out to determine the energy release
rate G in eqn (23). Dimensional analysis indicates that the
dimensionless energy release rate G/mH is a function of dimen-
sionless pressure p/m, aspect ratio L/H, precompression l, and
Jlim. Taking the fracture condition that G = G, the dependence
of the pressure of rupture pf is

pf

m
¼ g

G
mH

; Jlim; l;
L

H

� �
: (24)

The energy release rate for the neo-Hookean seal is13

G ¼ p2H3l2

6mL2
: (25)

The critical condition of the crack growth G = G gives the
pressure of rupture for a neo-Hookean seal as

pf ¼
ffiffiffi
6
p

L

lH

ffiffiffiffiffiffi
Gm
H

r
: (26)

To illustrate, we include the p–G curves to rupture for both a
neo-Hookean seal and strain-stiffening seals with Jlim = 2 and
10 (Fig. 6d). With the same l = 0.8 and G/mH = 1, the strain-
stiffening seal enhances the rupture pressure compared to the
neo-Hookean seal.

Fig. 7 shows the dependence of pressure pf and extrusion
volume Qf for rupture on Jlim, l, L/H, and G/mH. The rupture
pressure of strain-stiffening seals increases significantly with
the reduction of Jlim, especially when Jlim o 10. Before rupture,
the extrusion volume of strain-stiffening seals decreases with
Jlim. The precompression stiffens the seal before a fluid pres-
sure is applied, thus a larger precompression (smaller l)
elevates the rupture pressure of strain-stiffening seals. Conse-
quently, the extrusion volume before rupture is reduced as

precompression increases. The rupture pressure scales with the
aspect ratio L/H linearly, but the extrusion volume has no
dependence on the aspect ratio L/H.

5. Diagram of failure modes

To leak by elastic deformation, or to leak by rupture? If a seal
leaks before the material is damaged, one can reduce the fluid
pressure below the leak pressure to recover the sealing capacity.
The leak by elastic deformation might serve as a design
principle for a safety valve. If a seal leaks by rupture, the loss

of sealing capacity is irreversible, unless a self-healing material
is used. In this section, we discuss how the two modes of leak
are affected by various parameters.

For a given seal material and its geometric parameters, we
can draw a diagram by comparing the critical pressures for the
two modes of leak. In Fig. 8a, we summarize the leak modes for
various Jlim and l, while other parameters L/H and G/mH are
fixed. For a neo-Hookean material, Jlim - N, the boundary
between leak by elastic deformation and by rupture is:

l ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G=mHð Þ2þ4

q
� G=mH

� ��
2

s
: (27)

When G/mH = 1, l ¼
ffiffiffiffiffiffiffiffiffiffiffi
0:618
p

¼ 0:786. Fig. 8a shows that a strain-
stiffening seal under a larger precompression (smaller l) leaks
by rupture. For a small Jlim, typically Jlim o 8, leak by elastic
deformation can be avoided even at a slight precompression.
Leak modes are also represented on the plane of l and G/mH for
strain-stiffening seals and a neo-Hookean seal (Fig. 8b–d).

6. Friction at the top surface

Considering a frictional stress at the top surface of the seal s12

(y2 = h) = sh, the boundary conditions change the coefficients b
and c in eqn (6). According to the free body diagram (Fig. 9a, s12

is shown in the defined positive direction), s12 in eqn (7)
becomes

s12 ¼ p
l2H
L
� ly2

L

� �
þ sh: (28)

For a neo-Hookean material, eqn (19) becomes

u y2ð Þ ¼
p

mL
Hy2 �

y2
2

2l

� �
þ sh
ml2

y2; (29)

and for a Gent material, eqn (13) becomes

A solution for displacement can be obtained:

û ¼ 1

lp̂
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D �lp̂ŷ2 þ l2p̂þ ŝhð Þ2þJlim

2

4

s0
@

þ Jlim

2
tanh �1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4D �lp̂ŷ2 þ l2p̂þ ŝh
� �2

Jlim2
þ 1

s0
@

1
A

� Jlim

2
logð�lp̂ŷ2 þ l2p̂þ ŝhÞ

!
þ const;

(31)

du

dy2
¼

�mJlim þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mJlimð Þ2þ4l�2 Jlim þ 4� lþ 1

l

� �2
 !

�lp
L
y2 þ

l2pH
L
þ sh

� �2
vuut

2 �lp
L
y2 þ

l2pH
L
þ sh

� � : (30)
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where

D ¼ l�2 Jlim þ 4� lþ 1

l

� �2
 !

;

const ¼ 1

lp̂

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D l2p̂þ ŝhð Þ2þJlim

2

4

s
� Jlim

2
tanh �1

0
@

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4D l2p̂þ ŝh
� �2
Jlim2

þ 1

s0
@

1
Aþ Jlim

2
logðl2p̂þ ŝhÞ

1
A:
(32)

In the non-sliding stage, the displacement u = 0 at y2 = h, and
this determines a static frictional stress sh = �pHl2/2L. In the
sliding stage, note the sliding stress at y2 = h as t. Assume the
static frictional stress is below the sliding stress, pHl2/2L o t,
so that the shear stress is the constant sliding stress, sh = �t.

The transition between these two stages occurs when fluid
pressure p = 2Lt/Hl2.

Employing these equations and conditions in calculations,
we plot distributions of displacement (Fig. 9b and c). Compared
with Fig. 4a and b, the displacement of the seal near the top
surface is constrained by friction, and the maximum displace-
ment is reduced. We also plot p–Q curves (Fig. 9d). For
simplicity, the critical pressure for both leaks by elastic defor-
mation and by rupture is not considered in this plot. Compared
with Figure 4c, the transition from static friction to sliding
friction has an effect on the extrusion volume of the seal. For
both strain-stiffening and neo-Hookean seals, larger friction
will limit the extrusion of the seal.

We plot the strain energy density (W) and stresses in the seal
in y2 direction when friction is a concern (Fig. 10). The mini-
mum strain energy density in the seal is shifting from the upper
surface to the center along with y2 when the friction at the
upper surface increases. Similarly, the shear stress s12 becomes

Fig. 10 Distributions of the elastic energy density of seal W/m and stresses s12 and s22 under the deformation.
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more antisymmetric when the friction is larger. Larger friction
will also increase the contract stress, but not significantly.

7. Conclusion

A seal needs to be both soft to accommodate installations and
stiff to block fluid flow. We investigate the ability of strain-
stiffening materials to enhance sealing pressure as compared to
neo-Hookean materials. A strain-stiffening seal is soft initially
but stiffens steeply. We calculate the deformation field using an
approach analogous to the lubrication theory. We focus on two
modes of leak, by elastic deformation and by rupture. For both
modes of leak, the sealing capacity of a strain-stiffening seal
increases several times compared to a neo-Hookean seal.
Modes of leak are represented in planes of various parameters.
We have also considered the case that friction exists between
the seal and the top wall. It is hoped that these results will aid
in the development of materials and geometries of seals.
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