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The role of hydrodynamic interactions on the
aggregation kinetics of sedimenting colloidal
particles†

Lorenzo Turetta and Marco Lattuada *

The aggregation kinetics of sedimenting colloidal particles under fully destabilized conditions has been

investigated over a wide range of particle volume fractions (F) and Péclet numbers (Pe) using the recent

PSE algorithm implementing the Rotne–Prager–Yamakawa (RPY) approximation for long-range

Hydrodynamic Interactions (HI). Fast Lubrication Dynamics (FLD) and simple Brownian Dynamics (BD)

methods have also been employed to assess the importance of long range hydrodynamic interactions

on the resulting dynamics. It has been observed that long-range hydrodynamic interactions are essential

to capture the fast aggregation rates induced by the increase in sedimentation rate of clusters with

increasing mass, which manifests with an explosive-like cluster growth after a given induction time. On

the contrary, simulations employing only short-range hydrodynamic interactions (such as FLD) and BD

(which neglects completely hydrodynamic interactions) are incapable of predicting this very rapid

kinetics, because sedimentation simply leads to all particles and clusters moving vertically with identical

velocity. It has been observed that at high volume fractions and low Pe values, a gel point can be

formed and a phase diagram predicting when gelation is reached has been obtained. It was also

observed that, as Pe increases, the anisotropy of the resulting clusters decreases, suggesting that denser

clusters with spherical-like morphology are formed due to cluster breakage and restructuring. We can

conclude that long-range hydrodynamic effects are of crucial importance in understanding the

aggregation dynamics of settling clusters, revealing important features of the complex interplay between

sedimentation, and colloidal interactions.

Introduction

The dynamics of colloidal aggregation is of fundamental
importance in materials science and in a wide range of indus-
trial applications, including paint preparation, wastewater
treatment, formulation of pharmaceutical products, and food
processing.1 Therefore, it has been the subject of a large body of
experimental and theoretical studies.2–6 Most of the work to
date has been concerned with the fundamental understanding
of the physical mechanism governing aggregation kinetics in
aqueous suspensions under both the diffusion-limited cluster
aggregation (DLCA) regime, where particles stick immediately
as they encounter each other and the aggregation rate is solely
governed by diffusion, and reaction-limited cluster aggregation
(RLCA) conditions,7 which is a regime governed by interparticle
repulsive interactions.

Extensive experimental and theoretical studies pioneered by
the Weitz group7,8 showed that the fractal dimension df, which
describes the internal structure of the aggregates, depends on
the mechanism of aggregation, but is independent of the
chemical and physical properties of the system (i.e., the colloidal
particle type). This suggested a universal nature of the aggregation
processes for clusters formed in both the DCLA and RCLA
regimes. Colloidal clusters generated by the two aforementioned
mechanisms exhibit a ‘‘fractal’’ structure, meaning that their
mass (m) scales with the radius of gyration (Rg) as m p (Rg/Rp)df,
with Rp being the radius of the constituent particles and df the
fractal dimension of the clusters, which quantifies the spatial
organization of the particles embedded in these aggregates, and
therefore their compactness. In particular, aggregates formed in
the DLCA regime are rather open with fractal dimensions df of
about 1.8,9,10 while denser clusters with df values close to 2.1 are
typically observed under RLCA conditions.8

Although aggregation of particles in water under stagnant
conditions is relevant in many circumstances, cluster aggregation
driven by sedimentation plays an essential role in many industrial
processes, such as separation of particles in suspensions and
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wastewater treatment, and has motivated numerous studies in the
literature.2,4,5,11–13

Allain and co-workers2 observed that in calcium carbonate
colloidal suspensions sedimenting in high cylindrical cells at
concentrations low enough to prevent gelation, the fractal
dimension of the resulting clusters increased from 1.8
(typical of DLCA regimes) to 2.2–2.3, due to the flow-induced
restructuring and rearrangement of the aggregates. They also
reported a limiting size above which aggregates did not grow
anymore and observed a power-law relationship between settling
velocity and cluster radius.11 Gonzalez and coworkers4 employed
Monte Carlo simulations to study the effect of particle volume
fraction and Péclet number on the aggregation mechanics of
colloidal particles that sediment in a confined prism,14–16 show-
ing that both parameters can influence the aggregation process
and the fractal dimension of the formed aggregates. They also
identified a ‘‘sweeping’’ regime of aggregation, characterized by
higher values of the fractal dimension, similar to the ones
found experimentally (2.2–2.3). Under such conditions, larger
clusters sediment faster and can therefore encounter and easily
aggregate individual particles and smaller aggregates.

So far, Monte Carlo (MC) techniques have proved to be an
especially viable modeling approach to study the aggregation
process under various conditions, providing remarkable flexibility
in terms of ease of implementation, low computational cost, and
accuracy. However, these techniques show some limitations, such
as the inability to include hydrodynamic interactions and the fact
that the investigation of real-time dynamics is not immediate. An
alternative approach is based on the Brownian Dynamics (BD)
technique, which allows for the simultaneous implementation
of real colloidal forces, thermal motion, and Hydrodynamic
Interactions (HI) in the same model. BD simulations have been
successfully used to explore the effect of colloidal interactions and
particle volume fraction on the structure of aggregates and
sediments,12 study the structure of percolating networks in
concentrated suspensions of particles,17 and investigate the aggre-
gation process under various conditions.18–21

When colloidal aggregates are exposed to high shear rates or
external gravitational fields, i.e., under intense stirring or
sedimentation, hydrodynamics effects become essential. In
fact, when a particle moves in a fluid, it perturbs the fluid
around it and induces a flow field in the solvent that affects the
motion of other particles. These hydrodynamic disturbances
are very long-ranged and, in a quiescent, unbounded fluid,
decay with the inverse of the center-to-center interparticle
distance. In this complex dynamical process, an accurate
description of the flow-induced clustering, as well as breakage
events, requires more sophisticated models to account for the
interplay between hydrodynamics, colloidal interactions, and
gravitational forces.

In this context, Brady and Bossis22 developed the well-known
Stokesian Dynamics (SD) method, a discrete numerical technique
that accurately accounts for both the far-field hydrodynamic and
short-range lubrication interactions. This method, coupled with
colloidal interactions, thermal motion, and contact mechanics,
has been successfully employed to shed light on the rheological

behavior of many shear-driven processes, especially shear-
thickening.23–26

One major problem with SD techniques is their high com-
putational cost, as the building and inversion of the far-field
mobility matrix require O(Np

2) and O(Np
3) calculations, respectively

(with Np being the total number of particles in the system). For this
reason, in general, only small-size systems containing a limited
number of particles or single clusters can be dealt with. Other
approaches, such as the Accelerated Stokesian Dynamics (ASD)27

and the more recent Fast Stokesian dynamics (FSD)28 methods,
could maintain the same level of accuracy as conventional SD with
a lower computational cost that scales as O(Np ln Np) and O(Np),
respectively. However, these operations are still prohibitive for
large systems containing thousands of particles. Nevertheless,
depending on the specific needs, different approximations of the
SD method can be adopted. Recently, advances in technology and
the use of faster approximate iterative methods allowed scientists
to successfully model very large systems of particles and reproduce
experimental results by including only a specific contribution to the
hydrodynamic interactions. For dense colloidal suspensions, where
many particle–particle surfaces are in close proximity (0.1 r F r
0.5), the so-called Fast Lubrication Dynamics method (FLD)29–31

has been successfully applied for the study of suspension dynamics
and rheology over a wide range of different operating conditions
and physical parameters. In the FLD algorithm, the overall
resistance tensor R, which mathematically describes the many-
body HI, is split into an isotropic diagonal matrix, that attempts to
approximate long-range HI via the use of self-diffusivity values
obtained from SD in equilibrium conditions, and a lubrication
matrix, which includes the pairwise summation of the short-range
interactions.

Another possibility consists in neglecting the lubrication
effects, which result from relative motion between particles,
and include only long-range hydrodynamic interactions
using Brownian Dynamics Simulations with the Rotne Prager
Yamakawa tensor (RPY),32 as originally developed by Ermak
and McCammon.33

One of the most accepted frameworks in this context is the
one proposed by Fiore and Swan,34 who recently developed a
fast and highly efficient GPU implementation of the Positively
Split Ewald (PSE) algorithm, capable of computing both the
RPY mobility tensor and the stochastic thermal contribution
with a much shorter calculation time than the one required by
standard methods designed to run on CPUs.

Different studies in the literature have performed simulations
using Brownian Dynamics coupled with hydrodynamic inter-
actions. Moncho-Jordà and co-workers,35 employed BD with HI
to investigate microstructure and transient cluster aggregation
in steady-state sedimentation and observed that the fractal
dimension and the probability of finding larger aggregates
decrease with increasing the Pe number, as clusters undergo
simultaneous restructuring and breakup. Varga and co-
workers36 showed that in the process of aggregation, and
eventually gelation, BD simulations with RPY are capable of
accurately modeling hydrodynamic interactions between larger
aggregates, like those generated during sedimentation, and that
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long-range HI play a predominant role if compared to the purely
dissipative effect given by short-range lubrication forces.6

From experiments and theoretical studies, there is also evi-
dence that attractive forces between sedimenting particles always
lead to faster settling processes, however, the effect of the Péclet
number and particle concentration on the evolution of cluster
mass and aggregation kinetics is still a matter of discussion.37,38

From an experimental point of view, Wu and coworkers5 investi-
gated the kinetics of aggregation of polystyrene particles dispersed
in water under sedimentation, which was induced by tuning the
density difference between particles and solvent. They measured
experimentally the time evolution of the average radius of gyration
for clusters generated under different conditions by using a small-
angle light scattering (SALS) instrument and provided a compara-
tive study with the data obtained using Population Balance
Equations (PBE). They observed that in the case of small density
differences, the fractal dimensions remained almost identical, but
the aggregation kinetics changed, resulting in an increase in the
growth rate of the average cluster mass and radius of gyration at
the final stage of the process, which were found to be dependent
on the density differences between the colloidal particles and the
suspension medium. Conversely, larger density differences have
been observed to lead to an increase of the fractal dimension, and
more compact structures are generally produced, as shown by
several experimental and theoretical studies in the literature.2,39,40

However, a direct comparison between experimental and model-
ing results is not always possible, especially under sedimentation
when a direct measurement of the number of clusters in time is
rather difficult to be determined experimentally.

In the presence of shear flows, the rate of aggregation of
colloids depends upon the frequency of collisions and the
probability of two particles sticking together to form a stable
bond. The presence of a shear flow promotes the aggregation of
colloidal particles in two main ways. First, for kinetically-
stabilized colloidal suspensions with a sufficiently high energy
barrier to prevent aggregation, the convective energy imparted
by the fluid may be sufficient for the particles to cross the
repulsive barrier and aggregate. In the second scenario, for fully
destabilized suspensions, the collision rate entirely depends on the
intensity of the flow field, resulting in a substantial enhancement
of the aggregation kinetics compared to a purely diffusion process
(a mechanism called ‘‘perikinetic aggregation’’).41

Numerous theoretical studies have been carried out to
ascertain the effect of thermal motion, interparticle colloidal
forces, and hydrodynamic interactions on the shear-induced
aggregation of colloidal particles. A delicate balance among
them determines the final microstructure of the formed clusters
and the kinetics of the process.42 For example, during the
application of steady-shear flow at high Péclet, it has been
observed that the microstructure tends to reorganize in order
to accommodate the hydrodynamic and the applied colloidal
forces. Under such conditions, simulations with the Stokesian
Dynamics algorithm can accurately model the shear thickening
transition occurring at such high Pe,43 providing a much higher
accuracy when compared to a BD algorithm not including
hydrodynamic interactions.

Chen and Doi,44 studied the dynamical behavior and micro-
structural properties of colloidal aggregates produced under
strong shear flows at low volume fractions, using numerical
simulations; they investigated the disaggregation and aggregation
process, reporting a dependence of the viscosity on both the shear
rate and concentration (fraction area), and a cluster coordination
number dependent only on the shear rate. Zaccone et al.45

investigated the reaction-limited kinetics of aggregation in con-
centrated sheared suspensions of Brownian particles (FZ 0.1) by
comparing experimental results and theoretical predictions based
on the solution of the Smoluchowski equations. The study shows
that the characteristic aggregation time decreases with increasing
colloid concentration as a result of the increase in the effective
Péclet number and the collision rate between particles.

The purpose of our work is to reproduce the conditions that
a suspension of colloids is exposed to in the presence of
sedimentation and highlight the role of hydrodynamics on
the sedimentation behavior under various flow conditions
and particle concentrations. The target conditions for the
current study are typically found in the bulk of a suspension,
where a constant particle concentration can be assumed to
persist. Two types of simulations have been performed in our
work. In the first group of simulations, the PSE algorithm for
RPY hydrodynamics has been employed to study aggregation
kinetics at different particle volume fractions and Péclet
numbers. In the second set of simulations, a comparison between
different methods based on FLD, BD, and PSE algorithms has
been performed with the aim of revealing the effect of near-field
and far-field hydrodynamic contribution on the aggregation
process and the structural properties of the clusters.

Simulation method

The main set of simulations employing the Positively Split
Ewald (PSE)34 algorithm, available as a plugin for the GPU
molecular dynamics suite HOOMD-blue,46 were performed
starting from a population of Np = 27 000 polystyrene particles
dispersed in water at room temperature with a primary radius
Rp = 50 nm, small enough to experience Brownian motion. The
physical constants of these particles (such as the Hamaker
constant, density and Young’s modulus) are chosen in order
to represent those of bulk polystyrene. The study covers a wide
spectrum of particle volume fractions F, ranging from 0.005 up
to 0.2. Before starting the simulations, an algorithm randomly
generates the x, y, z coordinates of each particle for a given F,
ensuring that there is no overlap with the others. Periodic
boundary conditions in conjunction with the minimum image
convention have been also applied. This random configuration
is then allowed to equilibrate in the absence of sedimentation
under diffusion regime with an energy barrier to prevent
aggregation. Once the system reaches an equilibration state, a
gravitational field along the z-direction is applied, attractive
van der Waals interactions are introduced, and the repulsive
barrier among the particles is removed. Simulations have been
carried out over a range of Péclet numbers spanning two orders
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of magnitude (i.e., ranging between 0.1 and 10). A change in
Péclet is physically related to the change in the acceleration that
the particles are exposed to, as it would happen in a centrifugal
field by increasing the revolution rate of the samples. Once the
number of aggregates falls below a threshold value, which
depends on the specific operating conditions, simulations are
stopped. All the information about aggregation kinetics and
clusters morphology has been extracted from the simulated
particle trajectories, stored at specific time intervals during
each run. The trajectories of the particles have been further
analyzed using molecular visualization programs which are
designed for displaying and animating large and complex
systems. The animated movies provided in the ESI† are indicated
in the text with the letter M and consecutively numbered
with Arabic numerals in the order of their appearance. These
animations show the temporal evolution of the colloidal system
under various conditions and can therefore help the reader to
interpret graphs and better visualize the structure and morphology
of the formed clusters. This analysis can ultimately reveal unique
features of the system and shed light on the more intrinsic aspects
of the aggregation dynamics under sedimentation. In this work,
the majority of the post-processing work has been carried out
using the software packages Ovitos,47 Pythons, and Matlabs (The
MathWorks).

If inertia is neglected, the discrete equation of motion that
models the trajectories of a system of Np equal-sized Brownian
particles of radius Rp suspended in an incompressible
Newtonian fluid at low Reynolds numbers, is given by:48

x(t + Dt) = x(t) + M�FCDt + FBDt + kBT=�MDt (1)

where x is the vector containing all particles’ position, Dt is the
simulation timestep, FC are the set of interparticle forces acting
on particles, M is the mobility tensor, which couples particles’
velocity and forces, FB ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kBT=Dt

p
M1=2 � X accounts for the

stochastic thermal force, and X is a normally distributed vector
with zero mean and unit variance. The last term requires the
calculation of the divergence of the mobility tensor kBT=M,
which can be avoided by adopting a mid-point scheme.49

Assuming only the coupling between particles’ translational
velocity and forces, the arrays x, X, FC and FB are 3Np-
dimensional vectors, while the mobility matrix M has dimension
3Np � 3Np (which means 3 degrees of freedom for each particle).
If hydrodynamic interactions are neglected, M is a diagonal
matrix whose elements are given by the Stokes–Einstein 1/
(6pZRp) (if only the translational motion without rotation is
considered).

In reality, as stated above, the hydrodynamic disturbances
induced by the motion of a particle in a fluid make it more
challenging to determine the coupling between particle velocity
and colloidal forces.

These long-range hydrodynamic interactions have been taken
into account by the Rotne–Prager–Yamakawa hydrodynamic
tensor MRPY, which is a function of the particles configuration
and couples the non-hydrodynamic forces on particle j to the
motion of particle i with inter-particles distance r and radius Rp

immersed in a fluid of viscosity Z:

M i;i
RPY ¼

1

6pZRp
I

M i;j
RPY ¼

1

6pZRp

3Rp

4r
þ Rp

3

2r3

� �
I þ 3Rp

4r
� 3Rp

3

2r3

� �
r̂r̂; r4 2Rp

1� 9r

32Rp

� �
I þ 3r

32Rp

� �
r̂r̂; r � 2Rp

8>>>><
>>>>:

(2)

The position of particles at each time step is then determined via
the PSE algorithm, designed to efficiently compute Brownian
motion via the positive Ewald splitting of the mobility matrix
MRPY into a wave space contribution MRPY

W and a real space
contribution MRPY

R both symmetric and positive-define. For a more
comprehensive description of the algorithm and its derivation, the
reader is referred to the original paper of Fiore and co-workers.34

In the first set of simulations, short-range HI interactions
(i.e., the lubrication effects) have been neglected. The Brownian
dynamics simulations employing the PSE algorithm were run
on a Multi-core CPUs computer powered with Nvidia graphic
card and provided by the University of Fribourg, Switzerland.
In the present study, particles are only subjected to attractive
colloidal interactions to reproduce fully destabilized conditions.

The van der Waals attractive potential between two particles
of radius Rp with a center-to-center separation distance r is
given by the Hamaker equation:50

VvdWðrÞ ¼ �
AH

6

2Rp
2

r2 � 4Rp
2
þ 2Rp

2

r2
þ ln

r2 � 4Rp
2

r2

� �� �
(3)

where AH is the Hamaker constant, which takes positive values
and depends on the properties of the two interacting materials
and the medium in which the two particles are immersed.

The van der Waals force FvdW is the gradient of the van der
Waals interaction energy VvdW:

FvdW(r) = �rVvdW(r) (4)

In order to prevent overlap, we introduced a normal force FN

resulting from contact between two particles and following the
model developed by Johnson, Kendall, and Roberts in 1971.51

The so-called JKR theory describes the contact mechanics between
nearly touching particles in the presence of an adhesive force. At
equilibrium, elastic repulsion force balances the adhesive attraction
induced by the vdW force and the radius R0 of the resulting contact
area is given by:

R0 ¼
9pgsR

�2

E�

� �1
3

(5)

where R* = Rp/2 and E* = E/[2(1 � v2)] are the effective radius
and the effective elastic shear modulus for two identical particles.
The surface energy gs depends on the Hamaker constant AH and the
‘‘cut off’’ distance D0, and can be expressed as follows:52

gs ¼
AH

24pD0
2

(6)
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The cut-off distance D0 is substantially smaller than the interatomic
center-to-center distance s (E0.4 nm) and chosen to be equal to
0.165 nm, which provides a good estimate of the surface energy
compared to experimentally measured values.52

In addition, to ensure that the van der Waals energy in
eqn (3) has a finite value and avoid numerical instability at
contact, the minimum of the potential has been shifted using a
cut-off separation distance equal to D0.

The expressions for the elastic normal restoring force FN

and the radius of the contact region rc can be written as
follows:51,53,54

FN

FAD
¼ 4

rc

R0

� �3

�4 rc

R0

� �3
2

(7)

dN
dC
¼ 6

1
3 2

rc

R0

� �2

�4
3

rc

R0

� �1
2

2
4

3
5 (8)

here dN = r � 2Rp is the overlap between particles, dC = (R0
2)/

(2(6)1/3R*) is the critical overlap, and FAD ¼
3

2
pgsRp indicates

the maximum particle adhesive force.
In our simulations, the value of FN was adjusted to have the

smallest possible overlap by monitoring the peak at distance
zero of the pair–pair correlation function. A plot of the inter-
particle potential resulting from the attractive and repulsive
normal contributions coming from contact mechanics is
presented in the ESI† (Fig. S6).

According to the JKR theory, as particles are pulled apart
from the equilibrium configuration, they form a small neck
which maintains contact even for positive values of dN. Particles
surfaces will eventually detach at dN = dC 4 0 if the applied
force exceeds the value of the pull-off force FAD. The adhesive
forces arising from the mechanical contact can also provide
sliding and twisting resistance to the relative motion of two
touching particles. Following the equations shown in Marshall
and co-workers,53 we implemented a granular package in
HOOMD which works along with the PSE algorithm to
reproduce such behavior and investigate the effect of tangential
interactions during the aggregation process. Our plugin does
not include ‘‘history’’ effects that account for the tangential
displacement between particles for the whole duration of the
time they are in contact, and it is, therefore, less efficient to
counteract the Brownian motion of particles in small aggregates,
so that they can eventually slide on top of each other in the
absence of lubrication effects. This approach is the equivalent of
the ‘‘quasi-static’’ treatment,54 where the deformation of the
touching particles is assumed to be restricted to the contact zone
and governed only by instantaneous forces, thus ignoring the
history (i.e., accumulated tangential displacements).

In order to evaluate the effect of the box size (i.e., the
number of primary particles Np) on the aggregation kinetics,
we carried out some runs by increasing the number of particles
up to 90 000, finding no significant changes in our results. The
simulation timestep Dt has been chosen in order to minimize
the particle–particle overlaps. In our simulations with the PSE

algorithm, Dt E 1 ns and a refinement of this time value had
no significant effect on the results.

The second set of simulations has been performed using the
Fast Lubrication Dynamics (FLD) algorithm provided by the
LAMMPS55 software in the lubricateU pair style. The objective is to
understand the effect of short-range hydrodynamic interactions,
which becomes relevant at high volume fractions and low Péclet
values. The same colloidal interactions among particles have been
implemented in these simulations along with a full contact model
which supports accumulated tangential displacement (i.e., contact
history). This method is included in the granular style package
provided by LAMMPS and follows the spring-dashpot-slider
scheme proposed by Cundall and Strack56 for the sliding
resistance and will be briefly explained below.

Assuming two connected particles i and j, with surface
velocities at the contact point equal to vSi = vi + xi � rcpi and
vSj = vj + xj � rcpj, the resulting tangential projection vt of their
relative velocity vR = vSi � vSj is given by:

vt = vR � (vR�n)n (9)

where rcpi = Rpn and rcpj = �Rpn are the vector connecting the
center of the particles with the surface–surface contact point.
The term (vRn)n indicates the component of relative velocity vR

along the normal direction n and x is the angular velocity.
The relative tangential velocity at the point of contact vt acts

along the tangential direction t, which can be expressed as
follows:

t ¼ vt

vtj j
(10)

During contact, the tangential displacement n (accumulated
from time t0 to time t) of two particles with relative velocity vR

can be expressed as a function of vt as follows:

n ¼
ðt
t0

vtðtÞdt (11)

The resulting tangential force FT acting on the contact surface
of two connected particles is finally given by:

FT = �ktn�t + Ft,damp�t (12)

here, kt is the tangential stiffness coefficient which has been
derived from the experimental observations of Pantina and
Furst57 (Table 1) and Ft,damp = �Ztvt indicates the tangential
damping forces. The parameter Zt can be interpreted as a
function of the restitution coefficient of the particles and
computed following the method suggested by Tsuji and co-
workers.58 During contact, the tangential force FT, responsible
for the restructuring and the bending strength of the clusters, is
absorbed by the spring and dashpot until it exceeds its critical
value Fc = mt|FN|, and then sliding occurs. Here mt represents the
frictional coefficient, which has a characteristic value of 0.3.

The structural parameters of clusters

In our work, two particles belong to the same cluster if the
distance between their centres is lower than 2.001Rp. The
parameters used to characterize the structure and morphology
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of the clusters include the radius of gyration Rg, the mass m
(which is equivalent to the number of particles in the cluster)
and the relative shape anisotropy parameter k2. The radius of
gyration of the ith cluster composed of nP primary particles Rg,i

has been derived based on its geometrical structure as follows:

Rg;i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2nP2

XnP
i;j¼1

rij2

 !
þ RgP

2

vuut (13)

where rij is the center-to-center distance between the ith and jth

particle of the cluster and RgP ¼
ffiffiffi
3

5

r
Rp indicates the radius of

gyration of the primary particles. We decided to compute a zeta-
average gyration radius Rg for a given population of Ncl clusters,
as measured in a Static-Light Scattering experiment, which is
given by:59

Rg ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPNcl

i¼1
Nimi

2Rg;i
2

PNcl

i¼1
Nimi

2

vuuuuuut (14)

here Ni and mi are the number and the mass of clusters
composed of i particles, respectively.

The gyration R tensor can be defined as follows:

where (xi, yi, zi) and (xcm, ycm, zcm) are the coordinates of the ith
particle of the cluster and the center of mass of the aggregate,
respectively.

The average mass hmavi of the cluster population can be
computed as:

mavh i ¼

P
i

mi
2NiP

i

miNi
(16)

In addition, the fractal dimension at each timestep has been

computed as the slope of the regression line that best fits the
log-transformed data for m and Rg of the entire population of
clusters. Calculations and regression analysis are performed in
Matlab.

To quantify the structural anisotropy of the aggregates, the
relative shape anisotropy parameter k2 has been used, which
depends on the eigenvalues l1, l2 and l3 of the gyration tensor
R and can be defined as follows:

k2 ¼ 1� 3
l1l2 þ l2l3 þ l3l1ð Þ

l1 þ l2 þ l3ð Þ2
(17)

The eigenvalues l1, l2 and l3 (assuming a descending order
l1 Z l2 Z l3), measure the extensions in the principal axis
system. The limit k2 = 0 corresponds to a spherical shape, and
k2 = 1 refers to a conformation with a linear arrangement of
particles.

The numerical values and the corresponding units of the
parameters employed in our simulations are presented in
Table 1.

Results and discussion
The effect of the Péclet number (Pe) and particle volume
fraction U on the kinetics of aggregation

The kinetics of aggregation as a function of the particle volume
fraction F for a given Pe number can be investigated from
the evolution of the dimensionless number concentration of
clusters X in eqn (18) plotted against the dimensionless time t,
reported in eqn (19):

X ¼ N

N0
(18)

t ¼ N0b
DLCA
11

W
t (19)

here N stands for the number concentration of clusters, N0

indicates the number concentration of primary particles

(number of particles per unit volume), bDLCA
11 ¼ 8kBT

3Z
is the

primary particle aggregation rate constant for DLCA as derived
by Smoluchowski,60 t is the simulation time in seconds, and
W E 1 the Fuchs stability ratio (without including the effect of
lubrication and of van der Waals interactions).

The physical time t has been made dimensionless in
eqn (19) using the initial number concentration of primary
particles N0, which depends on the initial particle volume
fraction F. As a result, if curves computed at different F
collapse onto a single curve, one can assume an aggregation
mechanism following classical DLCA.3 On the contrary, if the

Table 1 Simulation parameters

Parameter Numerical value Units

Particle radius – Rp 50 nm
Hamaker constant – AH 1.33 � 10�20 J
Boltzmann constant – kB 1.38 � 10�23 J K�1

Temperature – T 25 1C
Viscosity of water – Z 8.9 � 10�4 Pa s
Density of water – rs 997 kg m�3

Density of particles – rp 1050 kg m�3

Particle surface energy – gs 6.5 � 10�3 J m�2

Young modulus – E 3 � 109 Pa
Poisson ratio – v 0.33 —
Tangential stiffness – kt 1.7 � 10�4 N m�1

Cut-off separation distance – D0 0.165 nm

R ¼ 1

nP

P
i

xi � xcmð Þ2
P
i

xi � xcmð Þ yi � ycmð Þ
P
i

xi � xcmð Þ zi � zcmð Þ

P
i

yi � xcmð Þ yi � zcmð Þ
P
i

yi � ycmð Þ2
P
i

yi � ycmð Þ zi � zcmð Þ

P
i

xi � xcmð Þ zi � zcmð Þ
P
i

yi � ycmð Þ zi � zcmð Þ
P
i

zi � zcmð Þ2

0
BBBBBBB@

1
CCCCCCCA

(15)
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simulated data deviate from a mastercurve, the aggregation
process follows a more complex dynamics, which is governed
by the interplay between sedimentation and long-range hydro-
dynamics. The Péclet number (Pe) characterizes the strength of
sedimentation to that of diffusion and can be defined as follows:

Pe ¼
4

3
p DrgRp

4
� �
kBT

(20)

where g is the acceleration and r = rp� rs indicates the particle–
solvent density difference. In experimental studies, it is a common
practice to change r or to change the acceleration (by using

centrifugation) to increase the effect of sedimentation.5 In
numerical simulations, g can be easily tuned to obtain a specific
Pe number. Results obtained at Pe = 0 can serve as a reference
point for all the other measurements. The dimensionless time
evolution of clusters X in Fig. 1 shows that the aggregation rate is a
strong function of the particle volume fraction F and the Péclet
number Pe, however, depending on the specific conditions,
different behaviors can be observed.

In particular, Fig. 1a reports the effect of an increasing
Péclet number Pe on the aggregation kinetics measured at a
specific value of the particle volume fraction F. One can
observe that, for particle volume fractions F r 0.1, increasing

Fig. 1 Log–log plot of the dimensionless number concentration of clusters X against the dimensionless time t as a function of the Péclet number and
particle volume fractions for Np = 27 000 obtained from simulations employing the RPY approximation of HI with the PSE algorithm. Fig. 1a shows the
effect of the Péclet number for a specific particle volume fraction. Fig. 1b reports the effect of particle volume fraction for a given Péclet number.
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the Péclet number always leads to an increase in the aggrega-
tion rate, which is evident from the slope obtained from the
corresponding graphs. This is not surprising since an increase
of the Pe number implies higher sedimentation velocity, which
has a strong impact on the collision rate and, therefore, on the
resulting aggregation kinetics. However, at the highest particle
volume fraction (F = 0.2), the aggregation is almost Pe
independent, and the effect of sedimentation becomes
negligible, as seen in the last graph of Fig. 1a where the curves
fall on a single mastercurve for all Pe values. Under such
conditions, in the range of Pe numbers investigated in this
work, the size of the clusters does not have the time to reach a
sufficiently high value for sedimentation to kick in, because the
system reaches a gel point very early on, and also because the
long-range hydrodynamic interactions are strongly screened at
such high concentrations, thus reducing the sedimentation
velocity.

From the temporal evolution of the number of clusters X
computed at different values of the particle volume fraction F
for a given Péclet number shown in Fig. 1b, it can be seen that,
for Pe = 0 (i.e., in the absence of sedimentation), the number of
clusters reduction as a function of time deviates from a single
mastercurve and becomes faster as the particle volume fraction
increases. This is a result of the progressive increase in the
aggregation rate for high volume fractions compared to what
was predicted by Smoluchowski’s theory,60 as pointed out
several times in the literature.3,61 When considering the
data obtained at Pe 4 0, an increase in the particle volume
fraction always leads to an increase in the aggregation rate.

However, our findings reveal that this effect is less pronounced
for F r 0.05, where curves tend to collapse onto a single curve,
suggesting a similar aggregation mechanism. In general, the fact
that, for all Pe numbers, the curves plotted as a function of the
dimensionless time do not fall on a single mastercurve is a
manifestation of high concentration-enhanced aggregation rate.

Fig. 2 reports the dimensionless time evolution of the
average radius of gyration Rg normalized by the radius of the
primary particles Rp computed at different particle volume
fractions for a given Péclet number. A common feature of all
the curves is that they all show an increase in size up to a
certain time. Afterward, depending on the relative importance
of sedimentation and the particle volume fraction, different
scenarios are possible. In the first case, hydrodynamic forces
and viscous stresses induced by the sedimentation are strong
enough to break the bonds among particles, leading to
progressive breakage, reaggregation, and restructuring of the
clusters and resulting in a rapid fluctuation of the radius of
gyration, as shown at Pe = 10 and 0.01 r F r 0.1. In the second
case, the curve describing the temporal evolution of Rg experiences
a rapid increase after a specific time, as shown at Pe = 1 and F r
0.05, which corresponds to the time at which clusters grow over a
critical dimension, and a sharp acceleration of the aggregation
kinetics is observed (see Fig. 1). The explosive-like clusters growth
after a given time has also been reported for the shear-induced
clustering of DLVO colloids.61 Furthermore, a third scenario is
possible, where at sufficiently high concentrations the radius of
gyration reaches a plateau value, indicating that the colloidal
system reached a gel point, which is evident for example at

Fig. 2 Dimensionless time evolution of the average radius of gyration Rg normalized by the radius of the primary particles plotted as a function of the
particle volume fraction for a given Pe number.
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Pe = 0.1 and F Z 0.05. As before, overlapping curves suggest a
volume fraction independent aggregation mechanism.

Our findings reveal a complex interplay between the inten-
sity of the flow field and particle concentration, thereby con-
firming that these parameters constitute the essential factors
affecting the aggregation mechanism. In order to better under-
stand how the presence of long-range hydrodynamic interactions
influences the aggregation process and the shape and structure
of settling clusters under various conditions, it is useful to
compare the snapshots taken from the animated movies, created
from particles’ trajectories and showing the temporal evolution
of the aggregates, with the corresponding structural parameters
mentioned in the previous section.

From Fig. 3a and 4a, it can be seen that for F = 0.01 and
Pe = 0.1, the aggregation process leads to large, open structures
with df B 1.8 (typical value for a DLCA aggregate). The time
evolution of the fractal dimension in Fig. 4a provides a more
comprehensive view of the aggregation dynamics, showing
that rather compact clusters form in the early stages of the
aggregation process, which then assemble into larger and more
branched structures (with lower fractal dimension). In addition,
although only instantaneous tangential interactions have been
accounted for, the animation movie M1 provided in the ESI†
shows that the increased number of bonds among the constituent
particles leads to denser clusters and also appears to impart
increased rigidity to the formed aggregates, as soon as the
particles arrange into subclusters that, at a first qualitative
analysis, seem to be capable of supporting bending moments. It
can also be seen that the cluster fractal dimension has profound
implications on the aggregation behavior during sedimentation:
the larger and more ramified clusters occupy a larger amount of

space and can easily incorporate smaller aggregates and single
particles, thus favoring the aggregation process.

In the case of colloids sedimenting at low particle volume
fraction (F = 0.01) and Pe Z 1 presented in Fig. 3b and c,
animation movies M2 and M3 (in the ESI†) show that larger
aggregates, which sediment more rapidly than smaller ones,
generate high convective motions in the fluid, with a strong
impact on the global aggregation rate and cluster morphology.
In particular, the resulting velocity flow field enhances the mobi-
lity of the aggregates and can be accurately described only if long-
range HI are included in the model. As a result, at the highest Pe,
the aggregation process is accompanied by restructuring, leading
to a dramatic change in the cluster morphology.

In fact, the stronger the effect of sedimentation, the larger is
the fractal dimension, reaching values close to 2.4 (Fig. 4a).
This suggests that particles can slide over each other at the
contact point under the effect of the viscous stresses induced by the
flow field, leading to more spherically-shaped conformations if
compared to those obtained at lower Pe values, accompanied by a
substantial decrease of the shape anisotropy parameter k2, as
shown in Fig. 4b. More specifically, clusters can rotate and reorient
with the ‘‘lowest-resistance’’ side exposed to the directions of
the flow field that constantly changes. This phenomenon is
enhanced by the convective motions generated in the fluid by the
sedimentation of larger clusters at high Péclet numbers.

Moreover, as aggregates are more compact, the suspension
exhibits the presence of large void regions (clearly noticeable in
Fig. 3c and Movie M3, ESI†) which lead to a lower collision rate
between clusters. The average minimum surface-to-surface
distance for the system of clusters presented in Fig. 3c has
been calculated and is approximately 27 radius units. As a
consequence, the aggregation rate decreases at the later stage
of the process, as shown in Fig. 1, and the slope of the curve
representing the dimensionless number of clusters over time is
expected to reach a plateau value at long times. From Fig. 3b at
Pe = 1, it can also be seen that most of the larger clusters exhibit
elongated structures with preferential orientation along the
direction of the flow field. However, at the latest stages of the
process, these aggregates tend to become more compact upon
rearrangements of the particles as a result of the restructuring
effects induced by the flow field, which is evident from time
evolutions of the fractal dimension and the shape anisotropy
parameter k2 reported in Fig. 4. Similar results have been
obtained at F = 0.005.

Fig. 5 shows the time evolution of the average radius of
gyration Rg and the average cluster mass mav as a function of
the Péclet number at F = 0.01. It is evident that both parameters
increase with time, however, depending on the intensity of the
flow field and particle concentration, curves show a different
behavior. First of all, at a low or zero Péclet number, specifically
Pe r 0.1, it can be seen that the curves almost overlap
throughout the whole simulation time, indicating an aggregation
process independent of the Péclet number and structures of the
obtained aggregates very similar to each other. For Pe = 1, the time
evolution of both quantities shows a rapid growth after a given
time, corresponding to a sharp decrease in the dimensionless

Fig. 3 Representative structures of clusters produced as a result of
sedimenting-induced aggregation at F = 0.01 and different Pe numbers,
taken from the animation movies (M1, M2, and M3) (ESI†) of the time
evolution of the system configuration provided in the ESI.† At Pe = 0.1 (a),
clusters exhibit very open structures characterized by low fractal dimension
df around 1.8 (Fig. 4a and movie M1, ESI†). At Pe = 1 (b), clusters tend to align
with the flow and then rearrange in more compact structures, which is also
evident from the time evolution of the fractal dimension in Fig. 4a and from
the movie M2 (ESI†). At the highest Pe (c), more compact structures with
spherical-like shapes and higher fractal dimensions are observed (movie M3
(ESI†) and Fig. 4a), which correspond to lower values of the relative shape
anisotropy parameter k2 in Fig. 4b. The blue arrows provide a schematic
representation of the convective motions induced by large clusters settling
at intermediate and high Pe. The red arrows in Fig. 3a indicate that at low
values of the Pe number, clusters settle slower along the direction of
sedimentation. Under such conditions, at a first glance, they show a certain
degree of rigidity which enables them to withstand the restructuring effects
induced by the flow field, thus resulting in more open structures, as shown
in the movie M1 in the ESI.†
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number concentration in Fig. 1, as already observed in the case of
shear-induced clustering.61 This is due to the effect caused
by sedimentation-induced aggregation, which becomes more
prominent as clusters grow in size, as revealed from Fig. 5b.
A different behavior is observed for Pe values equal to 10, where
the curves describing the time evolution of both quantities reach a
plateau value after a given time, corresponding to a dynamic
equilibrium between breakage and sedimentation-induced
formation of clusters.

At intermediate concentrations (F = 0.05) and low Péclet
numbers (Pe = 0.1), clusters exhibit very open branched structures
with a fractal dimension value around 1.8, as illustrated by the
snapshots taken from simulations presented in Fig. S1 (ESI†) and
from the corresponding curves describing the temporal evolution
of the fractal dimension in Fig. 6a. Under the influence of long-
range HI, which promote their mobility, these clusters merge to
form a gel-like spanning network, and the average cluster mass
reaches a plateau value corresponding to the total number of
particles in the system, which is evident from the snapshots of the
colloidal system at the end of the simulation presented in Fig. 7a
and from the curves describing the temporal evolution of the
average mass in Fig. S2 (ESI†). Further increasing the Pe number
leads to breakage and restructuring phenomena, thereby resulting

in a lowered plateau and rapid fluctuation of the average radius
of gyration Rg value, as shown in Fig. 6b for Pe Z 1. As a
consequence, the fractal dimension values of the resulting
clusters (Fig. 6a) increases from 1.8 to 2.2–2.4, consistently with
the experimental observations previously outlined and theoretical
predictions.

Further increasing particle concentrations up to F = 0.2 is
generally a factor that can lead to gelation, as shown by the
snapshots presented in Fig. 7b and c (and from the movies M4,
M5, and M6, ESI†) for Pe r 1. However, at the highest Pe equal to
10, the gel structure can either collapse in on itself or result in a
net preferential orientation along the direction of the flow, as
shown in Fig. 7b and c at Pe = 10 and movies M7 and M8 (ESI†),
for F = 0.1 and F = 0.2, respectively. In the former case, snapshots
of the system clearly show that clusters undergo simultaneous
breakup and restructuring at F = 0.1, which is also evident from
the fluctuations of the average cluster mass mav reported in Fig. 8.

Our findings reveal that a colloidal system exposed to
sedimentation can either reach a percolated gel-like network
structure or not, depending on the combined effect of particle
volume fraction F and Péclet number Pe.

In order to better visualize the relationship between these
two parameters and comprehend their influence on the final

Fig. 4 Time evolution of the fractal dimension df computed at F = 0.01 for different Pe (a). Snapshots representing the cluster configuration have also
been included. (b) shows the time evolution of the shape anisotropy parameter k2 computed at F = 0.01 for Pe values ranging from 0 to 10. In this case,
only clusters with a number of particles 30 r nP r 600 have been considered.

Fig. 5 Time evolution of the average radius of gyration Rg normalized by the particle radius Rp (a) and the average cluster mass mav (b) of clusters
produced upon aggregation in sedimenting flows at Pe values ranging from 0 to 10 and F = 0.01.
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state of the system, the K-Nearest-Neighbors (KNN) classification
method with Neighborhood Components Analysis (NCA)
provided by the open-source library Scikit-learn62 has been
employed. KNN is a supervised machine learning algorithm that
relies on a set of labeled input data (given by the combination of

features x and the corresponding labels y) to learn a function
h(x) able to predict the output labels when new unlabeled data
are given.

In our case, given an unseen set of features Pe and F, the
function h(Pe, F) should be able to capture the relationship

Fig. 6 Dimensionless time evolution of the fractal dimension df (a) and the average radius of gyration Rg normalized by the radius of the primary particles
Rp (b) for clusters generated under different flow conditions (0 o Pe o 10) and particle volume fraction F equal to 0.05. The fractal dimension values for
Pe = 0.1 have been calculated before the system reached the gel point.

Fig. 7 Snapshots taken at the end of simulations performed at F = 0.05 (a), F = 0.1 (b) and F = 0.2 (c) at different Pe numbers.
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between them and predict the corresponding status of the
system, indicated with the label 0 or 1 depending on whether
the system gels or not. To do so, an extended labeled dataset
consisting of 100 observed combinations of F and Pe and the
corresponding label outputs has been built. The hyperparameter
K, which indicates the number of the nearest neighbors, can be
used to control the learning process and has been tuned during
the training and validated using the k-fold cross-validation
technique,63 which iteratively takes a different kth part of the
dataset to train the model and the remaining one to evaluate it.

The resulting decision boundary plot is shown in Fig. 9.
Based on the classification obtained from the given dataset, the

graph separates the two classes (percolated gel-like network
structure or no-gel) and allows to easily classify a new couple of
F and Pe. In order to evaluate the classification model, we
adopted the accuracy metrics, defined as the number of correct
predictions divided by the total number of predictions. From
our findings, the accuracy metrics equal 0.924 with a standard
deviation of 0.056, computed as the average of the recorded
scores obtained during cross-validation.

Long-range vs. short-range hydrodynamics

In the second set of simulations, the role of different hydro-
dynamics contributions on the aggregation dynamics and cluster
morphology has been investigated using three different modeling
approaches. The first model is based on RPY simulations with
long-range hydrodynamics computed using the PSE algorithm
and already employed in the previous section; the second
method neglects the far-field part and accounts only for near-
field lubrication terms via the FLD algorithm. The last one
employs a BD method without HI under the same set of
conditions. As lubrication forces become more effective in dense
suspensions where a large number of particle–particle surfaces
are in proximity, we tested the three different methods for a
system of Np = 8000 particles for volume fractions ranging from
0.05 to 0.2 at Pe = 1 and 10.

The dimensionless number concentration of clusters X
plotted against the dimensionless time t for the three different
methods under various flow conditions, and particle concen-
trations is shown in Fig. 10. It is immediately apparent that in
the early stages of the process when aggregation occurs mostly
between primary particles, simulations neglecting HI and
employing a pure BD algorithm lead to faster kinetics, whereas
simulations incorporating only lubrication forces show a slower decay
of the number of clusters with time if compared to the method which
includes the long-range hydrodynamics contributions. The
effect is due to the increased resistance induced by lubrication
effects, arising when particles are approaching each other, and
their relative velocity goes to zero. The effect of lubrication
forces is typically to slow down the dynamics by roughly a factor
of two.64 In the subsequent stages, the process is dominated by
particle–cluster and cluster–cluster interactions, and the long-
range hydrodynamics term becomes predominant, resulting in
a rapid increase of the aggregation rate and radius of gyration
after a given time, as shown in Fig. 10 and Fig. S3 (ESI†),
respectively. Conversely, model approaches based on short-range
lubrication and simple BD fail to describe the hydrodynamic
interactions between the particles forming the large settling
clusters, which are responsible for the sedimentation rate of a

cluster made of np particles scaling as n
11�1=df
p , and lead to the

consequence that all particles and clusters are dragged vertically
by sedimentation at the same rate with a substantial under-
estimation of the aggregation rate. This makes the effect of the
Péclet number on the aggregation kinetics null because the
collision mechanism depends only on the difference in
sedimentation velocity of the involved clusters. Thus, neglecting
the long-range contributions to HI produces an underestimation

Fig. 8 Time evolution of the average cluster mass mav for different
particle volume fractions at Pe = 10. For F r 0.1, the curves exhibit
fluctuations around an equilibrium value, suggesting that aggregates
undergo substantial restructuring until balance between clusters for-
mation and breakage occurs. At the highest volume fraction (F = 0.2),
the curve rapidly increases until it reaches a plateau value corresponding
to the total number of particles Np. As a result, the system percolates and
forms a stable gel-like network, as shown in Fig. 7c at Pe = 10.

Fig. 9 Decision boundary separating the two classes (percolated gel-like
network structure or no-gel) obtained from K-Nearest-Neighbours (KNN)
classification analysis with Neighbourhood Components Analysis (NCA).
The nearest number of neighbours K is equal to 8. This value of K has been
tuned during the training step. The accuracy score has been measured as
the average of the scores obtained during k-fold cross-validation and is
equal to 0.924. This plot can be used to determine the status of the
colloidal system at the end of the aggregation process based on a new set
of Pe and F.
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of the aggregation dynamics and can only provide a partial
picture of the phenomenon. This was found to be valid only
for particle volume fractions F o 0.2. In fact, for more dense
suspensions (F = 0.2), lubrication effects can significantly slow
down the aggregation rate with a dramatic impact on the
resulting kinetics. This suggests that, under such conditions,
long-range HI are screened, and the resulting aggregation
dynamics is prevalently controlled by the short-range lubrication
forces, thus making the FLD algorithm more accurate in describing
the phenomenon. This observation is also supported by the fact
that RPY and BD methods are nearly equivalent, showing the same
trend and just differing by a numerical factor, which is evident in
Fig. 10 at F = 0.2. Furthermore, the strong friction forces intro-
duced by lubrication interactions are capable of slowing down the
relative motion of nearly touching particles and providing them
with strong forces to counteract Brownian motion. This allows to
evaluate the effect of tangential contact forces on the cluster
structure via the modeling approach previously reported. The
results of the simulations including lubrication and tangential
forces are shown in Fig. S4 and S5 (ESI†).

More specifically, it can be seen that the inclusion of
tangential inter-particle interactions has a strong impact on
the resulting cluster morphology (Fig. S4, ESI†), leading to the
formation of highly branched clusters that have a more open
structure (Fig. S5a and b, ESI†) and lower values of the mean
coordination number (Fig. S5c, ESI†), if compared to the case
where these forces were neglected, and more compact

aggregates are formed. In the presence of tangential forces,
the cluster show highly ramified branches and a very porous
structure, where the relative positions of particles and bond
orientations remain unaltered over time due to the strong
friction forces acting at the contact surface that prevent rear-
rangement of particles into denser structures, resulting in
fractal dimension values between 1.6 and 1.8, as shown in
Fig. S5a and b (ESI†). These clusters are generally referred to as
‘‘isostatic’’, characterized by a coordination number of about 2,
which scales with the number of constituent particles np as
2(np � 1)/np. As particles aggregate to form rigid bonds, the
randomness of each collision event driven by thermal motion
leads to the formation of a wide variety of different conforma-
tions and morphologies (Fig. S4a, ESI†), in contrast to what is
observed in the absence of tangential contact forces, where the
structures are more compact and show a very similar initial
shape, as evident from Fig. S4b (ESI†). In the absence of
tangential forces, particles interacting only via normal contact
forces can slide and roll at contact due to Brownian motion,
causing densification of the aggregates during their growth and
leading to the formation of highly connected structures with
average coordination number close to 6 (Fig. S4b and S5c, ESI†).

In this case, the aggregation mechanism follows a different
path, similar to that already presented for the clusters produced
in Fig. 3a and Fig. S1 (ESI†) using the PSE algorithm: in the
early stages of the aggregation process, particles aggregate to
form dense and compact clusters with spheroidal shape. In the

Fig. 10 Dimensionless number concentration of clusters X plotted against the dimensionless time t at different Péclet numbers and particle volume
fractions for Np = 8000 obtained from simulations employing the RPY approximation of HI with the PSE algorithm (red curve), the FLD method
(blue curve), and BD without HI (green curve).
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subsequent stages, these clusters slowly move, and self-
assemble, forming more open structures characterized by high
coordination number and a fractal dimension comparable to
that observed when tangential forces are included (Fig. S5b
(ESI†) for F = 0.05). In the dilute limit, (F = 0.01) we expect to
observe the same process at very long timescales (as suggested
by Fig. 5a where the curve describing the temporal evolution of
the fractal dimension computed without tangential forces start
to decrease), however the FLD algorithm is not as efficient as
the PSE algorithm in accounting for the increased mobility of
large clusters, resulting in very slow aggregation rates. In fact,
as stated above, in the presence of long-range HI, the self-
assembly process of particles and clusters is dramatically
enhanced, resulting in fractal structures larger than those
formed including only lubrication forces, as evident from a
comparison between clusters presented in Figure S4b and
Figure S1; here a wide range of shapes and conformations
can be observed, quite similar to what has already been noticed
for the clusters formed in the presence of lubrication inter-
actions and tangential forces with a history effect shown in
Fig. S4a (ESI†). At sufficiently high particle concentrations and
specific Péclet numbers, these aggregates grow into a system
spanning network that fills the whole space. Our findings also
reveal that instantaneous tangential forces employed along
with the PSE algorithm are able to provide a certain degree of
bending resistance to the cluster structure only when particles
are closely packed together, while fail to counteract Brownian
motion and restructuring effects. This can be prevented by
introducing lubrication forces along with long-range multibody
interactions and will be the object of future work.

In view of this, lubrication forces, in conjunction with
tangential contact interactions, can safely be neglected to study
the kinetics of aggregation and the evolution of the cluster
structure and morphology (even in the dilute limit), as their
main effect is to contribute to the formation of isostatic clusters
characterized by low values of the coordination number close to 2,
but that possess a fractal dimension very similar to that of the
clusters produced when these interactions are neglected. Moreover,
the inclusion of long-range HI has been proven to be an essential
factor to fully capture the multi-body interactions among large
aggregates and the resulting self-assembly process.

Concluding remarks

In this paper, we performed large-scale BD-HI simulations with
the PSE algorithm to study the effect of short-range attractive
forces and hydrodynamic interactions on the aggregation
process of sedimenting clusters. Simulations were conducted
under various concentrations and flow conditions, to provide
an exhaustive quantitative description of the sedimentation-
induced aggregation phenomenon and the structure of the
resulting clusters.

In general, the aggregation rate increases with increasing
both particle volume fraction and Péclet number. However,
depending on the specific conditions, different behaviors have

been observed. Simulations predict that at lower concentrations,
the settling of larger aggregates at moderate and high Péclet
numbers induces high convective motions in the fluid, which
have a strong impact on the collision rate, the aggregation
dynamics, and the resulting cluster morphology. Results indicate
that as the Péclet number increases, denser clusters are generally
formed with a substantial increase in the value of the fractal
dimension df and a decrease of the relative shape anisotropy
parameter k2. Depending on the flow intensity, the resulting
clusters span a wide range of fractal dimension values generally
encountered in applications (1.8 o df o 2.5).

Moreover, for concentrations low enough to prevent gelation,
it has been observed that after a given time, the slope of the
curve describing the dimensionless number concentration of
clusters over time rapidly increases, leading to a fast increase in
the radius of gyration and cluster mass, consistently with
experimental observations and theoretical predictions. It has
been also found that at the highest concentrations and Pe
numbers, the aforementioned curve in normalized form is
roughly independent of these parameters, suggesting a similar
aggregation mechanism.

It was also observed that, for high concentrations and low
Péclet numbers, the colloidal system evolves into what appears
to be a rigid gel structure capable of supporting bending
moments. However, at the highest Pe, aggregates undergo
substantial restructuring until equilibrium between the break-
age and sedimentation-induced aggregation of clusters has
been reached. However, at the highest concentrations, particles
aggregate to form a stable gel like network even at high Pe,
showing a preferential net orientation along the direction of
sedimentation.

As a result of our comparison of selected modeling
approaches for multi-particle systems, PSE with long-range HI
is revealed to be a more effective technique over FLD and BD
methods, especially in accounting for the effect of an increase
in the Pe number on the dynamics of aggregation and in
capturing the very fast dynamics of evolution of the cluster
morphology under sedimentation.

In our system, the inclusion of short-range hydrodynamic
forces, except for some quantitative differences in the prediction
of the aggregation kinetics of dense suspensions (F = 0.2),
produces, in all the other cases, results similar to those obtained
using BD simulations, as both of them fail to capture the sharp
increase in the average cluster mass and radius of gyration after
a given time observed when the long-range contribution to the
hydrodynamics is included. This leads to a substantial under-
estimation of the aggregation rate at high Pe numbers, with the
clusters passively dragged by the fluid along linear trajectories.
However, lubrication is of crucial importance for assessing the
effects of tangential inter-particle interactions on the clusters’
morphology and the mean coordination number.

In fact, in the presence of lubrication forces, two approaching
particles experience an increased resistance to the relative
motion induced by thermal fluctuations, thereby allowing to
include tangential displacement along the contact surface for
the whole duration of the time they are in contact, without
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encountering numerical instabilities. Furthermore, rolling and
twisting angles are also tracked for the entire duration of the
contact. The accumulated tangential displacement characterizes
the contact history and is therefore referred to as the ‘‘history
effect’’, which is responsible for the dramatic change of the
mean coordination number and fractal dimension of the formed
aggregates. In absence of lubrication, for example when the PSE
algorithm is employed, tangential forces are only instantaneous
and unable to effectively counteract the relative motion of
the particles along the contact surface, leading to internal
restructuring and densification of the aggregates.

Moreover, our findings provide evidence that the gelation
process is much more rapid and efficient if long-range HI are
included.

The performed comparison suggests that a model which
includes only long-range HI represents a valid alternative to
the more computationally expensive full Stokesian Dynamics
technique for understanding the behavior of colloidal systems
under sedimentation.

Our simulations unravel the complex interplay existing
between sedimentation and hydrodynamics, revealing unique
features of the aggregation phenomenon, and providing a
quantitative description of the time evolution of the structural
properties of the formed clusters. We present a wide range of
different scenarios where the effect of the individual para-
meters on the aggregation kinetics and cluster morphology
can be easily and qualitatively analyzed, thus providing a useful
tool to design real experiments and interpret data.
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