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Thermally fluctuating, semiflexible sheets in
simple shear flow†

Kevin S. Silmore, * Michael S. Strano and James W. Swan

We perform Brownian dynamics simulations of semiflexible colloidal sheets with hydrodynamic

interactions and thermal fluctuations in shear flow. As a function of the ratio of bending rigidity to shear

energy (a dimensionless quantity we denote S) and the ratio of bending rigidity to thermal energy, we

observe a dynamical transition from stochastic flipping to crumpling and continuous tumbling. This

dynamical transition is broadened by thermal fluctuations, and the value of S at which it occurs is

consistent with the onset of chaotic dynamics found for athermal sheets. The effects of different

dynamical conformations on rheological properties such as viscosity and normal stress differences are

also quantified. Namely, the viscosity in a dilute dispersion of sheets is found to decrease with increasing

shear rate (shear-thinning) up until the dynamical crumpling transition, at which point it increases again

(shear-thickening), and non-zero first normal stress differences are found that exhibit a local maximum

with respect to temperature at large S (small shear rate). These results shed light on the dynamical

behavior of fluctuating 2D materials dispersed in fluids and should greatly inform the design of

associated solution processing methods.

I. Introduction

Increasingly, researchers are turning to solution processing
methods for 2D materials,1–15 yet fundamental knowledge of
the dynamical behavior of 2D materials in flow and how such
behavior correlates with macroscopic rheological properties
and coupled fluid dynamical responses is still lacking. The
behavior of rigid ellipsoidal particles suspended in fluids at low
Reynolds number was famously studied by Jeffery,16 Hinch and
Leal,17–19 and Batchelor20,21 among others. Flexible particles,
though, such as polymers22 or semiflexible sheets, exhibit far
more complex behavior compared to their rigid counterparts.
In previous work,23 we studied the dynamical behavior of thin,
athermal, semiflexible sheets in simple shear flow as a function
of two dominant variables: the initial orientation of a flat sheet
about the flow axis, f, and the dimensionless ratio (denoted S)
of bending rigidity, k, to shear strength given by

S ¼ k
pZ _gL3

; (1)

where Z is the solvent viscosity, _g is the shear rate, and L is the
characteristic radius of the sheet in a flat state. We observed
elastic buckling for sheets oriented initially near the flow-
vorticity plane, as well as transitions from quasi-Jeffery

behavior to transient tumbling to chaotic, continuous tumbling
as S decreases (or as shear strength relative to bending rigidity
increases). While the athermal sheets considered in our pre-
vious work may serve as a valuable model for macroscopic
sheets dispersed in viscous fluids or stiff, large-aspect-ratio
nanomaterials like graphene (for which the effective bending
rigidity is significantly larger than the thermal energy, kBT),
stochastic thermal fluctuations can substantially alter the
dynamics. In this work, we sought to explore the effects of
thermal fluctuations on the dynamical behavior of sheets under
shear at low Reynolds number.

Since the 1980s, the equilibrium and statistical mechanical
properties of sheets (or ‘‘tethered membranes’’ as they are often
called to distinguish them from fluid membranes that lack
fixed connectivity) has been widely studied from
theoretical,24–31 computational,32–40 and experimental41–43

viewpoints. Much of this work has focused on a phase transi-
tion from a flat state to a crumpled state as kBT/k is increased, a
transition that does not exist for polymers, the 1D analogue of
tethered membranes. Another notable difference between poly-
mers and tethered membranes is the lack of an upper critical
dimension beyond which self-avoidance effects become negli-
gible (dc = 4 for polymers).28 In fact, most evidence presented to
date points to the lack of a crumpling transition for self-
avoiding membranes (despite theoretical predictions) and the
presence of a rough but flat state at all temperatures.32,34,39,41

Additionally, due to thermal fluctuations, thermalized tethered
membranes exhibit a wavevector-dependent renormalized
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bending rigidity, kr(q) B k(q/qth)�Zk, where q is the wavevector
magnitude and qth is the inverse length scale below which
thermal fluctuations affect the bending rigidity and Zk E 0.8 is
the anomalous dimension.24 It should be noted, then, that
throughout this work, most results will be reported in terms of
the ‘‘bare’’ bending rigidity, k.

There are still certain unresolved questions about the equi-
librium properties of sheets, and there are even more open
questions about the dynamics of colloidal sheets, in part due to
the few studies that have focused on such a system. Notable
previous works on the subject, though, include the following.
Xu and Green44,45 studied the behavior of sheets under shear
and biaxial extension and found slight shear-thinning at large
shear strengths. Babu and Stark46 studied the fluctuations of
tethered sheets in fluids via stochastic rotation dynamics,
confirming predicted scaling laws of Frey and Nelson26 (i.e.,
that the intermediate scattering function exhibits sub-diffusive
scaling that reflects the self-similar roughness of the fluctuat-
ing surface). Additionally, Dutta and Graham47 classified the
dynamical states of athermal Miura-patterned sheets, and Yu
and Graham48 studied ‘‘compact–stretch’’ transitions of ather-
mal elastic sheets under extensional flow via the method of
regularized Stokeslets.

In this work, we study the behavior of a thermalized ‘‘bead-
spring’’ sheet model immersed in a low-Reynolds-number
simple shear flow. Such sheets can be considered asymptoti-
cally thin from the hydrodynamic point of view and are
relatively inextensible compared to out-plane bending modes
(i.e., they have large Föppl–von Kármán numbers). We conduct
Brownian dynamics simulations with hydrodynamic interac-
tions, quantify geometric properties of the sheets, and estimate
the viscosity contributions and first normal stress differences
as a function of S and the dimensionless temperature, kBT/k. In
particular, we look at the orientational covariance matrix of
sheet normals, calculate minimum-volume bounding ellipsoids
over time, and use such ellipsoids to estimate the aforemen-
tioned rheological properties. We find that as S decreases, there
is a dynamical transition from intermittent stochastic flipping
to continuous tumbling in a crumpled state, in line with our
previous study of athermal sheets.23 Finally, scaling predictions
for flipping statistics ( _gDtflip B (kBT/k)�1/3S�1/3 and Var[ _gDtflip]
B (kBT/k)�2/3S�2/3) are made with the aid of a first passage time
model, and all are found to match simulation data well.

II. Model and methods

Similar to the model employed in our previous work,23 hex-
agonal sheets of circumradius L = 38a were constructed by
creating a surface triangulation with edges of length l = 2a for a
total of N = 1141 vertices or ‘‘beads’’. The length scale a, here, is
the smallest coarse-grained length scale at which relative
motion and thermal fluctuations of the sheet are resolved.

Here, we summarize briefly the forces acting between the
beads (see ref. 23 for further details). Bending forces were

captured by dihedral forces over each pair of neighboring
triangles Di and Dj of the sheet surface as:

Ubend(Di, Dj) = k(1 � n̂i�n̂j), (2)

where k is the bending rigidity and n̂i and n̂j are consistently
oriented triangle normals.35,49–51 This ‘‘discrete’’ value of k can
be mapped to a bending rigidity of an equivalent continuum

sheet, ~k, via ~k ¼ k=
ffiffiffi
3
p

.51 Harmonic bonds of the form

UbondðrÞ ¼
k

2
ðr� r0Þ2 (3)

were applied between connected beads of the triangulation
with stiffness k = (1000/58) � 6pZ _gL and r0 = 2a, where Z and _g
are the viscosity and shear rate of the surrounding fluid,
respectively. Like the bending rigidity, this value of k can be
mapped to a 2D Young’s modulus, Y, of an equivalent con-

tinuum sheet via Y ¼ 2k=
ffiffiffi
3
p

.35 All of the sheets considered
consequently exhibited much softer out-of-plane bending com-
pared to in-plane stretching, with large Föppl–von Kármán
(FvK) numbers (FvK = YL2/k) between 104 and 106. Conse-
quently, we do not consider the FvK number to be a relevant
dimensionless group for the phenomena observed.

Hard-sphere interactions between all non-neighboring
beads were approximated via the pair potential,

UHSðrÞ ¼
16pZa2 2a ln

2a

r

� �
þ ðr� 2aÞ

� �
Dt

0 � r � 2a

0 r4 2a

8><
>: ; (4)

where r is the distance between two interacting particles, and Dt
is the integration timestep used. This pairwise potential dis-
places two overlapping particles to contact under Rotne–
Prager–Yamakawa dynamics (see below) with the same integra-
tion timestep. Similar potentials have been employed in mod-
eling hard-sphere fluids52 and hard-sphere chain fluids.53

Brownian dynamics with hydrodynamic interactions was
employed to model the motion of all of the beads with the
following governing stochastic differential equation:

dxi ¼ �Mij@jU þ Lxi þ kBT@j �Mij

� �
dt

þ
ffiffiffiffiffiffiffiffiffiffiffiffi
2kBT

p
M= ijdWj ;

(5)

where i and j are bead indices ranging from 1 to N and map to
blocks of size 3, x 2 R3N is a stacked vector of N particle
coordinates, ‘‘qj’’ denotes q/qxj, U = Ubend + Ubond + UHS is the
total potential energy, and (L)mn = _gdm1dn2 is the 3 � 3 velocity
gradient tensor. Repeated indices are summed over. M is
the mobility tensor, which maps forces on particle j to particle
i and accounts for fluid-mediated interactions between the
particles. We set the mobility tensor equal to the well-known
Rotne–Prager–Yamakawa (RPY) tensor,54,55 which is given
analytically by:

M ij ¼
1

6pZa

3a

4r
þ a3

2r3

� �
Iþ 3a

4r
� 3a3

2r3

� �
r̂r̂T r4 2a

1� 9r

32a

� �
Iþ 3r

32a
r̂r̂T r � 2a

8>>><
>>>:

; (6)
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where r is the distance between particles i and j, and r̂ is a unit
vector pointing from particle i to particle j. For the RPY tensor,
the divergence term @j �Mij is equal to 0. Finally, M= is a

matrix that satisfies M= M= T ¼M, and W is a vector of
independent, standard Wiener processes. The last term
of eqn (5) represents thermal fluctuations, and the action of
M= is computed efficiently via a Lanczos iteration
procedure.56,57 The RPY tensor accounts for far-field, pairwise
hydrodynamic interactions between two spheres in an
unbounded domain and is able to serve as a ‘‘regularized’’
Stokeslet for composite-bead objects56,58 such as the sheets
studied in this work. Hydrodynamically, the sheets in this work
behave as if they were asymptotically thin because the beads are
constructed to lie on a 2D manifold. Although this leads to
Jeffery orbits of infinite period, thermal fluctuations in this
work represent the dominant cause of sheet flipping and would
remain so even for sheets of finite but small relative thickness
h/L. Additionally, the RPY beads that comprise the sheet can be
considered an approximation of a ‘‘no-slip’’ surface, which
means the effects of slip on the dynamics (which can be
important for small nanomaterials12,59) are neglected.

As mentioned in the introduction, length-scale-dependent
thermal renormalization of the bending rigidity is important in
systems of thermally fluctuating 2D sheets.24 Such renormali-
zation effects are thus often associated with significant finite-
size scaling and, in practice, also depend on the coarse-graining
length scale employed. In this work, we focus on a sheet model
of a particular size, so future work exploring a finite-size scaling
analysis of the dynamical results presented is warranted. It is
worth noting, though, that several recent works60–63 exploring
the finite-temperature buckling transition of 2D sheets lend
support to the idea that several results in this work may very

well apply directly to sheets of different sizes as long as properly
renormalized elastic constants are used (see Conclusions for
additional discussion).

Eqn (5) was integrated via an Euler–Maruyama scheme with
a timestep of _gDt = 5 � 10�4 using a custom plugin adapted
from ref. 56 for the HOOMD-blue molecular simulation
package64 on graphics processing units (NVIDIA GTX 980s
and 1080s). Practically, values of k and kBT/k were varied while
_g was set to 1 for the given timestep. The initial conformation
for each simulation was a flat sheet rotated by y = 51 about the
vorticity axis from the flow-vorticity plane, and 6 independent
runs of length _gt = 1000 for each set of parameters were
conducted with different random seeds.

III. Flipping behavior

For rigid, athermal, and axisymmetric ellipsoidal particles, the
period of the Jeffery orbit is determined by the aspect ratio of
the particle,16 and thermal fluctuations cause the particles to
diffuse across different orbits.19 With flexible sheets as well,
thermal fluctuations cause sheets to interact with different
streamlines of the shear flow and stochastically flip. Fig. 1
shows snapshots of sheets with different values of dimension-
less bending rigidity, S, and different dimensionless tempera-
tures, kBT/k. Additional movies of sheets can be found in the
ESI.† In general, the stiffest sheets examined S �4 10�3

� �
fluc-

tuate about the flat state in the flow-vorticity plane and flip at
stochastic intervals while the softest sheets S �o 10�4

� �
crumple

and tumble continuously.
More quantitatively, Fig. 2 shows the distribution of times

between flips, _gDtflip, for the entire range of S values considered

Fig. 1 Snapshots of sheets every _gt = 10 units of time for selected dimensionless bending rigidities, S, and dimensionless temperatures, kBT/k. The softer
sheet (bottom) row crumples unlike the stiffer sheet (top two rows), which only flips stochastically, regardless of temperature.
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in this work and at different temperatures. Specifically, these
‘‘times between flips’’ were calculated as the time between
distinct peaks in the bending energy. Bending energies (i.e.,
the sum of all dihedral energies) were calculated every _gDtlog =
0.1 units of time, and peaks were automatically extracted from
all sheet trajectories by (1) smoothing the data via discrete
convolution with a Gaussian of variance s2 = 10 as:

~Eð _gtiÞ ¼
1

_gDtlog
ffiffiffiffiffiffiffiffiffiffi
2ps2
p

X
j

Eð _gtjÞ exp
�ð _gti � _gtjÞ2

2s2

� �

and (2) identifying peaks with manually tuned thresholds (i.e.,
that the quadratic coefficient of a quadratic fit with neighbor-
ing points within � _gDt = 1 exceeded 0.01, that the peak height
above min Ẽ was greater than 0.1(max Ẽ � min Ẽ), and that the
distance in time from the last peak was at least _gt = 2, which is
much smaller than the time to flip from the initial orientation).

From this data presented in Fig. 2, one can glean several
conclusions. First, the time between flips, in general, decreases
as temperature increases. This behavior should not be surpris-
ing, since with larger amplitude fluctuations, there is a larger
probability that the sheet will interact with a streamline that
induces a sufficiently strong drag force to cause the sheet to
flip. Second, the flipping time distributions are much wider for
smaller dimensionless temperatures, which is consistent with
stochastic first-passage-time-like behavior that will be dis-
cussed further below. Third, and perhaps most interestingly,
there appears to be a discontinuous transition to a crumpled
state with fast flipping times as S decreases. That these fast

flipping times are indeed associated with a geometrically
crumpled state will be discussed shortly. In fact, for tempera-
tures less than approximately kBT/k = 0.64, this transition from
stochastic flipping to continuous tumbling manifests itself as
the appearance and disappearance of discrete modes as S is
varied. Without a priori knowledge of the distribution of these
flipping times, a truncated Gaussian mixture model was fitted
to the data for each S with the EM algorithm.65 The means of
such a model for values of 1.5 � 10�4 o S o 10�3 are displayed
in Fig. 2 if the Bayesian Information Criterion (BIC) difference
between a bimodal mixture or single truncated Gaussian was
less than �2 as a way of quantifying the discrete modes. For
higher temperatures, the transition is much more gradual, and
the different flipping and continuously tumbling modes are
indistinguishable. The location of the transition around S E
2 � 10�4 is consistent with the crumpling/chaos transition
found for athermal sheets in our previous work,23 and the fact
that the transition becomes more ‘‘rounded’’ around this
athermal crumpling transition is consistent with previous work
on the rounding of the buckling transition for flexible
filaments.66 However, such ‘‘rounding’’ could also be attributed
to finite-size effects similar to those seen in the classic equili-
brium crumpling transition67,68 and warrants more investiga-
tion. It should also be noted that the nature of this crumpling/
chaos transition is more complex than a buckling transition,
the first of which occurs at much larger value of S E 5.3 � 10�3

for athermal sheets oriented near the flow-vorticity plane.23

This complexity somewhat precludes the typical eigenfunction
decomposition and linear stability analysis used to analyze

Fig. 2 The distribution of times between flips (measured using peaks in the bending energy) as a function of dimensionless bending rigidity, S, and
dimensionless temperature, kBT/k. Dots represent the empirical mean of each distribution or the means of a truncated Gaussian mixture model if its
likelihood was relatively larger (see text).

Paper Soft Matter

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

2 
D

ec
em

be
r 

20
21

. D
ow

nl
oa

de
d 

on
 2

/2
5/

20
26

 5
:5

3:
43

 A
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d1sm01510a


772 |  Soft Matter, 2022, 18, 768–782 This journal is © The Royal Society of Chemistry 2022

dynamical transitions. Consequently, a more rigorous analyti-
cal theory describing such thermal ‘‘rounding’’ in future work
would be quite valuable. Additionally, possible ‘‘critical slowing
down’’ of the dynamical crumpling transition in the thermo-
dynamic limit (i.e., as sheet size increases) represents an
interesting avenue for exploration.

Flipping/tumbling frequencies of semiflexible polymers have
been studied both experimentally69–71 and theoretically.72–74 Nota-
bly, it has been found that polymer tumbling in the flow-gradient
plane for stiff polymers or large Weissenberg numbers (where
Wi = _gt1 and t1 is the longest relaxation time) is determined by
diffusion to a critical angle, yc, followed by advection-dominated
flipping. Furthermore, yc B Wi�1/3 and DrDtdiff B Wi�2/3, where Dr

is the rotational diffusivity of the stiff polymer. A similar analysis can
be performed for sheets at large values of S and small values of
kBT/k, such that bending rigidity is sufficiently large compared to
both the shear strength and thermal energy. Unlike the typical
analysis for polymers or dumbbells, motion in all directions—not
just in the flow-gradient plane—could be especially relevant for a
sheet. For small deviations away from the athermal flat state in the
flow-vorticity plane, Jeffery’s equations for an asymptotically thin,
oblate spheroid become:

_y ¼ _gy2

_f ¼ _gfy;
(7)

where y is the azimuthal angle between the sheet and the flow-
vorticity plane, and f is the elevation angle from the flow-gradient
plane. (y, f) = (01, 01) corresponds to the athermal flat state of the
sheet lying in the flow-vorticity plane. Solving these equations with a
(deliberately notated) initial condition of (yc, fc) yields,

yðtÞ ¼ ycð1� yc _gtÞ�1
fðtÞ ¼ fcð1� yc _gtÞ�1; (8)

indicating an advective time scale of (yc_g)�1. It is also clear that
motion in the f-direction does not introduce any additional time
scales to the problem. Thus, balancing this advective time scale with
the characteristic diffusive time scale, yc

2/Dr, yields the familiar
scaling:

yc B (_g/Dr)
�1/3, _gDtdiff B (_g/Dr)

1/3. (9)

Now, given that Dr B kBT/(ZL3) for a sheet of characteristic
radius L, it is possible to rewrite the scaling for _gDtdiff as

_gDtdiff B (kBT/k)�1/3S�1/3. (10)

Furthermore, following Harasim et al.,75 the time between flips
can be represented as the sum of two contributions as _gDtflip =
_g(Dtdiff + Dtadv), where Dtadv is the time required for the sheet to
flip due to advective motion from the imposed flow after
reaching the critical locus of orientational angles (i.e., all of
critical values of (y,f)). For small yc, the advective time should
scale with 1/yc from Jeffery’s equations, implying that _gDtadv,
and ultimately _gDtflip as well should scale as (kBT/k)�1/3S�1/3.

Fig. 3 shows the (empirical) mean time between flips scaled
by (kBT/k)1/3S1/3, which should be constant with S in the realm
of applicability of the above analysis. And indeed, for the

smallest temperatures and largest values of S plotted in
Fig. 3, the data is approximately constant with S and consistent
with the proposed scaling. That the scaled mean time between
flips deviates from a constant value for both small values of S
and larger relative temperatures is unsurprising. The proposed
scaling argument is only valid for asymptotically stiff sheets
undergoing small thermal fluctuations. More flexible sheets
and sheets that adopt more corrugated configurations due to
larger thermal fluctuations should flip more readily and exhibit
smaller times between flips given that fluctuations out of plane
should enhance interaction with the shear flow.

Considering that rigid sheets aligned in the flow-vorticity
plane and subjected to small thermal fluctuations need to
diffuse to the locus of critical orientations before advection
dominates, it is natural to consider a first passage time model
to understand both the mean of the time between flips as well
as the variance of the time between flips. Consider a Brownian
particle initially located at x = 0 and diffusing in the domain x A
[�yc, yc] with diffusivity Dr Let x = �yc be a reflecting (Neu-
mann) boundary condition, and let x = yc represent an absorb-
ing (Dirichlet) boundary condition. Clearly, such a particle is
meant to represent the orientation of the sheet, and the
boundary conditions model the interaction of the sheet with
the flow, with absorption at the right representing the transi-
tion from diffusion to advection. As shown in Appendix A, both
the mean first passage time to the right boundary and the
variance about the mean can be calculated analytically as

E½ _gDtdiff � ¼
3 _gyc2

2Dr
; (11)

and

Var½ _gDtdiff � ¼
5 _g2yc4

2Dr
2
: (12)

Additionally, the flipping time probability distribution function
in Appendix A exhibits an exponential tail at long times, which
is consistent with the statistical analysis of Chertkov et al.76

Fig. 3 Scaled mean time between flips (see Fig. 2). Error bars represent
two standard errors of the means across data from all independent runs,
and lines are drawn to guide the eye.
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Using eqn (9) and assuming the advective time contributes
negligibly to the variance, the variance of the time between flips
of a rigid sheet rotating to a critical locus at which advection
dominates should scale as

Var½ _gDtflip� 	 _g2
yc4

Dr
2
	 _g

Dr

� �2=3

	 kBT=kð Þ�2=3S�2=3:

(13)

Fig. 4 shows the empirical variance of the flipping times
illustrated in Fig. 2 scaled by (kBT/k)2/3S2/3, and one can see
that the data indeed collapses well for the largest values of S for
which the theory is appropriate. For the smallest values of S
(the softest sheets), one can see that the variance in flipping
times is much smaller than predicted by the above first passage
time analysis. This is consistent with the fact that those sheets
crumple and continuously tumble in a manner that breaks the
underlying physical assumptions of the analysis. Overall,
though, Fig. 3 and 4 demonstrate that both the model of a
critical locus of orientations (separating diffusive first passage
and advective motion) and the associated scaling predictions
accurately capture the behavior of the stiffest sheets subjected
to weak thermal fluctuations.

IV. Conformational behavior

As S decreases, there is a transition from stochastic flipping to
crumpling/continuous tumbling that is consistent with the
transition to chaotic crumpling found for athermal sheets in
our previous work.23 The dynamics of crumpling 2D sheets
(both athermal and thermal) in different contexts has also
received attention in recent years.77,78 In order to study the
conformational behavior of sheets as a function of S and
(kBT/k), we consider two geometric quantities: minimum-
volume bounding ellipsoids and orientational covariance
matrices. Minimum-volume bounding ellipsoids of sheets were
calculated for snapshots of sheet configurations every

_gDtsnap = 0.25 units of time via the following (dual) convex
optimization problem:79

max
u

log det
PN
i¼1

uiqiq
T
i þ dI

� �
s:t: 1Tu ¼ 1

u 
 0

; (14)

where qi = (xT
i , 1)T, and d = 10�8 is a small constant to ensure the

determinant is nonzero for sets of points that lie in a subspace of
dimension lower than the ambient dimension (e.g., completely flat
sheets). The equation describing the ellipsoid can then be calculated
using the optimum, u*, as (x � c)TQ(x � c) = 1, where

Q ¼ 1

3
ðXdiagðu�ÞXT � ccTÞ�1, c = Xu*, and X = [x1,. . .,xN]. As used

in our previous work,23 the orientational covariance matrix describes
the spread of the unit normals of triangles across the sheet about a
mean orientation. The mean orientation of a sheet lives on the unit
sphere like all of the unit normals and is consequently calculated via
the weighted Fréchet mean,80

�n ¼ argmin
x2S2

X
i2fDg

wi distðx; n̂iÞ2; (15)

where the sum is over all triangles of the mesh, n̂i is the normal of
triangle i, wi is the area of triangle i, and dist: ðx; yÞ7! arccosðx � yÞ is
the Riemannian distance between two points on the sphere. The
(weighted) orientational covariance matrix, then, is given by:

�C ¼

P
j

wj

P
j

wj

 !2

�
P
j

wj
2

X
i2fDg

wi log�nðn̂iÞ log�nðn̂iÞT (16)

where log%n: S2 - T%nS2 is the logarithmic map and maps points on
the sphere to the tangent plane at %n. The orientational covariance
matrix can be further characterized using its two eigenvalues, l1 and
l2, or their sum and difference. Physically, the sum represents the
total degree of crumpling, and the magnitude of the difference
relative to the sum indicates the anisotropy of crumpling (see Fig. 8
of ref. 23 for an illustration).

Fig. 5 shows the three semiaxis lengths of minimum-volume
bounding ellipsoids over time for several different values of S
and kBT/k, both spanning two orders of magnitude. For the
stiffest sheets (larger S) featured in Fig. 5 (the bottom two rows),
the stochastic flipping discussed in the previous section is
immediately evident as peaks in the semiaxis lengths. During
flipping events, the largest semiaxis length does not change
appreciably, but the two smallest semiaxis lengths tend to
approach each other, moreso for the stiffest sheet. Geometri-
cally, this means stiffer sheets are more ‘‘cigar’’-like during
flipping events, whereas softer sheets are more flattened. It is
also important to note that the basal length of the smallest
semiaxis increases with temperature, which reflects the fact
that greater thermal fluctuations serve to increase the effective
thickness about the flat state in the flow-vorticity plane. For
S = 3.08� 10�5 (the top row of Fig. 5), the sheet is crumpled and
continuously tumbles, as evidenced by the qualitatively and
quantitatively different behavior of the semiaxis lengths.

Fig. 4 Scaled variance of the time between flips (see Fig. 2). Error bars
represent two standard errors across data from all independent runs, and
lines are drawn to guide the eye.
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All three semiaxis lengths are much closer together for all time
compared to the sheets of larger S, indicating a bounding
ellipsoid that is ‘‘closer’’ to a sphere (i.e., less anisotropic),
and there are no discrete flipping events that occur. Addition-
ally, one can see that the time required for the sheet to adopt
the crumpled conformation from the flat initial condition at
time _gt = 0 generally decreases with increasing temperature,
indicating that thermal fluctuations help induce crumpling in
sheets that are strongly sheared.

Fig. 6 shows the time-averaged volume of minimum-volume
bounding ellipsoids as well as the time-averaged eigenvalues of

%C as a function of S and kBT/k. First, in all three panels of Fig. 6,
the transition to crumpling and tumbling around S E 2 � 10�4

is quite evident as is the smoothing or ‘‘rounding’’ of the
transition as temperature increases. One can see in panel A
of Fig. 6 that for values of S above the dynamical crumpling
transition, the time-averaged bounding volume generally
increases with S at constant temperature and increases with
temperature at constant S. In light of the stochastic flipping
data in Fig. 6 and analysis above, this behavior can largely be
attributed to greater flipping frequencies with increasing S and kBT/k
and the larger associated bounding volumes of sheets during flips.

Fig. 6 (A) Time-averaged volume of the minimum-volume bounding ellipsoids. (B and C) The time-averaged sum and normalized difference,
respectively, of the eigenvalues of the orientational covariance matrix of the sheets’ normals. Error bars in all plots represent two standard errors of
the mean between the independent runs, and lines are drawn to guide the eye.

Fig. 5 The length of the minimum-volume bounding ellipsoid semiaxes (smallest in green and largest in blue) over time during a single run for select
values of the dimensionless bending rigidity, S, and dimensionless temperature, kBT/k.
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Interestingly, for the largest value of S featured in Fig. 6A, the volume
decreases when approaching kBT/k = 1, which further indicates that
sufficiently strong thermal fluctuations in the presence of shear can
induce more compact conformations, as is the case with the classic
equilibrium ‘‘crumpling transition’’ (distinct from the dynamical
crumpling transition in S discussed in this work) in tethered-
membranes without self-avoidance.24 Whether there is a relationship
between this non-monotonic geometric behavior and the equili-
brium crumpling transition is an interesting question that may be
explored in future work.

Panels B and C of Fig. 6 show the time-averaged sum and the
normalized difference of the eigenvalues of the orientational covar-
iance matrix, %C. While the sum indicates the total degree of variance
of the normals across the sheet about the mean orientation (and
hence total degree of crumpling), the normalized difference repre-
sents the degree to the which the sheet deforms anisotropically. For
example, a normalized eigenvalue difference of 1.0 corresponds to a
sheet creased in one direction and exhibiting zero curvature in the
direction orthogonal to the crease. In panel B, one can see, as
expected, that the total degree of crumpling increases monotonically
as S decreases for all temperatures and increases sharply around the
dynamical crumpling/continuous tumbling transition. The total
degree of crumpling also increases with temperature and can likely
be attributed to the amplitude of the thermal fluctuations
themselves.

In panel C, one can see that larger thermal fluctuations lead to
more isotropically crumpled conformations for all values of S above
the dynamical crumpling/continuous tumbling transition. Some-
what counterintuitively, the relative degree of anisotropy in defor-
mation decreases with S at the highest temperatures but increases
with S at the lowest temperatures. This behavior may be explained
as follows. At high dimensionless temperatures, sheets are flipping
quite frequently due to strong thermal fluctuations, and larger
directional shear forces relative to bending forces (as S decreases)
should induce more anisotropy in the deformations during flipping.
At low dimensionless temperatures, sheets are flipping relatively
infrequently and already deforming with large anisotropy as they
fold over in the flow (see movies in the Supporting Information).
Greater bending rigidity as S increases (regardless of shear strength),
then, should promote more anisotropic folding, which is in line
with our conclusions for athermal sheets.23 In other words, at large
kBT/k, conformational behavior is dominated mostly by the interplay
of thermal fluctuations and shear flow, whereas for small kBT/k,
conformational behavior is dominated mostly by the interplay of
bending rigidity and shear flow. The ratio kBT/k, after all, indicates
which energy scale is more relevant.

V. Rheological properties

For a dilute suspension of force-free rigid particles, Batchelor21

showed that the total stress is given by:

R ¼ �hpiIþ 2ZE1 þ nh~Ri; (17)

where p is the pressure, EN = (L + LT)/2 is the imposed rate-of-
strain tensor, n is the number concentration of particles, and

~R is the stresslet (denoted with ~R to avoid confusion with S, as it
is usually denoted in the literature). The stresslet represents the
symmetric part of the first moment of the force distribution on
a particle.81,82 Importantly, all of the angle brackets here
represent volume averages, and in an abuse of notation, we
conflate the meaning of these angle brackets with the others
throughout this paper that represent time averages under the
assumption that they should be equal (i.e., ergodicity holds).

The calculation of the stress (and consequently viscosity)
from immersed boundary simulations of flexible materials,
such as those conducted in this work, is challenging. The
Kirkwood–Riseman methodology83 is often used to model the
viscosity of polymer chains, but there are certain mathematical
issues (viz., singularities) associated with its use that are often
underappreciated.84 As such, we chose to use the minimum-
volume bounding ellipsoids discussed above to estimate the

transport properties of sheets. Namely, the stresslet, ~R, of the
bounding ellipsoid at each snapshot was calculated numeri-
cally using the formulas found in Kim and Karrila81 with
rotational velocities set to those dictated by Jeffery’s
equations16 for force- and torque-free ellipsoids in Stokes flow.
If the sheet were rigid or if the beads comprising the sheet were
force-free, then the energy dissipated by the bounding ellipsoid
and its viscosity would be rigorous upper bounds to those of the
sheet.81,85 However, given that the beads are not force-free due
to bending and stretching forces, the energy dissipated by the
ellipsoid should be considered an approximate upper bound to
that of the sheet, capturing the dominant hydrodynamic con-
tributions to the stress due to changes in sheet conformation.

Fig. 7 shows the time-averaged off-diagonal ‘‘flow-gradient’’
entry of the minimum-volume bounding ellipsoid stresslet.
Physically, the increase in the effective viscosity of a dilute
suspension of sheets should grow linearly with this quantity as
described in eqn (17). In Fig. 7, this dimensionless stress is
plotted against S�1 instead of S in order to make it more

Fig. 7 Time-averaged dimensionless stresslet contribution to the visco-
sity (estimated with minimum-volume bounding ellipsoids) as a function of
dimensionless bending rigidity, S, and dimensionless temperature, kBT/k.
Error bars represent two standard errors of the mean between the
independent runs, and lines are drawn to guide the eye.
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amenable to typical rheological interpretation since S�1 is
proportional to the shear rate for fixed bending rigidity. For
values of S above the dynamical crumpling/continuously tum-
bling transition, the stresslet contribution to the viscosity
increases with temperature and decreases with shear rate. Past
the transition, though, the viscosity contribution begins to
increase again. This non-monotonic behavior implies that
dilute suspensions of semiflexible sheets should be shear-
thinning up to to a dimensionless shear rate around S�1 E
5 � 103, at which point the suspension exhibits crumpling-
induced shear-thickening. Interestingly, dilute suspensions of
graphene oxide, a material with a bending rigidity of k/kBT E 1
at room temperature,86 have indeed been found to
exhibit peculiar behavior of shear-thinning followed by

shear-thickening.87 In fact, Fig. 7 in ref. 87 also demonstrates
temperature-dependent viscosity effects that are qualitatively
very similar to those depicted in Fig. 4 of this work. Although
Zhang et al.87 do not claim such behavior is due to conforma-
tional changes, we believe it is a strong possibility that merits
further investigation.

For most values of S examined, sheets do not tumble like
rigid platelets, and there is a complicated balance between
geometrical conformations and time spent flipping that affects
the observed stresslet contribution to the viscosity (see Appen-
dix B). However, as shown in Fig. 8, an empirical power-law fit

of the form ~S12

	
Z _gL3
� �

¼ c1S
c2 kBT=kð Þc3 , where c1 = 8.55,

c2 = 0.236, and c3 = 0.263, seems to collapse the data before
the dynamical crumpling transition well. These constants were
calculated via a weighted least-squares fit to the power-law
functional form using run-averaged data with S 4 2.5 � 10�4

and errors equal to the standard errors of the mean among the
independent runs. Assuming independent, Gaussian-
distributed errors and a uniform prior, Monte Carlo sampling
yielded the following 95% equal-tailed credible intervals for the
fitting parameters: c1 A [8.45, 8.67], c2 A [0.2338, 0.2379],
c3 A [0.2616, 0.2647]. This scaling with S0.236 is largely attribu-
table to the size of the ‘‘U-turn’’ radius of the sheet as it flips,
which theory75 predicts should scale as S1/4 (see Appendix B). In
terms of shear rate, it is expected, then, that the contribution to
viscosity (in the relevant regime of S) should exhibit a power-
law scaling exponent with respect to shear rate of �0.236, or,
equivalently, an exponent value of 0.764 for the power-law fluid
model.22

Regarding the zero-shear viscosity of dilute suspensions of
sheets, a power-law fluid model is not appropriate. In fact, it is
challenging to calculate such a quantity with the computational
model of an asymptotically thin sheet studied in this work.
Consider the following: for small kBT/k, as shear rate
approaches zero, neither the shear flow nor thermal

Fig. 8 Scaled, time-averaged dimensionless stresslet contribution to the
viscosity (see Fig. 7) as a function of dimensionless bending rigidity, S, and
dimensionless temperature, kBT/k. Error bars represent two standard
errors of the mean between the independent runs, and lines are drawn
to guide the eye.

Fig. 9 Time-averaged dimensionless first normal stress difference (estimated with minimum-volume bounding ellipsoids) as a function of dimension-
less bending rigidity, S, and dimensionless temperature, kBT/k. Panels A and B show the same data but visualized with S�1 or kBT/k on the x-axis,
respectively. Error bars represent two standard errors of the mean between the independent runs, and lines are drawn to guide the eye.
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fluctuations are perturbing the sheet much away from a flat
conformation. One may expect, then, that k becomes irrelevant
and that the Péclet number, Pe = S�1(kBT/k)�1, becomes the
relevant dimensionless group. As shear rate approaches zero,
the orientations of the effectively rigid sheets would be uni-
formly distributed, and the the suspension viscosity would be
given by the orientationally averaged stresslet, which, in turn,
depends significantly on the thickness of the sheets. For large
kBT/k, the zero-shear viscosity would be related to equilibrium
sheet conformations, which may be dependent on the chem-
istry of particular experimental systems of interest.43

In addition to viscosity, first normal stress differences can
be calculated using the stresslet data from the minimum-
volume bounding ellipsoids. Fig. 9 shows the time-averaged
first normal stress difference as a function of S and kBT/k. As a
function of S, the first normal stress difference is greatest for
values of S above the dynamical crumpling transition (low
shear rates) and decreases rapidly for continuously tumbling,
crumpled sheets past the transition. This behavior is consistent
with the orientational covariance data presented in Fig. 6 in
that first normal stresses differences are most prominent for
highly anisotropic particles but sheets beyond the dynamical
crumpling transition are more isotropically crumpled. Suspen-
sions of spherical particles, after all, do not exhibit any normal
stress differences. Panel B of Fig. 9 shows that, as a function of
temperature, stochastically flipping sheets with S values above
the dynamical crumpling transition exhibit a local maximum of
normal stress between kBT/k = 0.1 to 0.3. This non-monotonic
behavior in temperature is likely due to the fact that both
average volume and degree of anisotropic crumpling affect the
first normal stress difference. Again, from Fig. 6, one can see
opposite trends with respect to temperature for the total degree
of crumpling (as measured by the sum of the eigenvalues) and
the relative anisotropy of deformation (as measured by the
normalized difference of the eigenvalues). That is, qualitatively,
the balance between these two quantities leads to the observed
local maximum.

VI. Conclusions

Numerical immersed boundary simulations of semiflexible
sheets subjected to thermal fluctuations and ambient simple
shear flow were conducted over a range of values for dimen-
sionless bending rigidity, S = k/(pZ _gL3), and dimensionless
temperature, kBT/k. A dynamical transition from stochastic
flipping to indefinitely crumpled and continuously tumbling
sheets was identified at a value of S E 2 � 10�4, which is
consistent with the transition to chaotic crumpling and tum-
bling found in athermal sheets.23 Scaling arguments
similar to those found in the tumbling polymer literature were
used to characterize the mean time between flips (_gDtdiff B
(kBT/k)�1/3S�1/3) for stochastically flipping sheets that were stiff
relative to both shear strength and thermal fluctuations. Addi-
tionally, a 1D first passage time model was constructed and

successfully applied to explain the scaling of the variance of the
flipping time distributions (Var[ _gDtflip] B (kBT/k)�2/3S�2/3).

Geometric and conformational behavior was quantified via
the calculation of minimum-volume bounding ellipsoids as
well as orientational covariance matrices describing the spread
of normals across the sheet about a mean orientation. Stress-
lets were calculated for minimum-volume bounding ellipsoids
over time in order to estimate the viscosity and first normal
stress difference for dilute suspensions of semiflexible sheets.
In particular, up to the dynamical crumping/continuously
tumbling transition, suspensions were shear-thinning, and
at higher shear rates beyond the dynamical crumpling transi-
tion, suspensions were shear-thickening. We also observed
nonzero first normal stress differences that exhibited a local
maximum in temperature and decreased sharply with increas-
ing shear rate beyond the dynamical crumpling transition due
to less anisotropy in the dynamically crumpled/continuously
tumbling state.

Although the effects of thermal-fluctuation-induced bending
rigidity renormalization were mentioned in the introduction,
they were not explicitly considered in this work. In particular,
the ‘‘bare’’ dimensionless bending rigidity was used in all
analyses even though thermal fluctuations are known to induce
a length-scale-dependent renormalized bending rigidity. With
differently sized sheets, instead of scaling with k and L3, one
may predict that S should scale like S 	 kqZkth

	
Z _gL3�Zk
� �

for
large Föppl–von Kármán (FvK) numbers (i.e., sheets with bend-
ing modes much softer than stretching modes), where Zk E 0.8

and qth ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3kBTk

	
8
ffiffiffi
3
p

pk2
� �q

is an inverse thermal length

scale.24,35 Future work that more concretely examines these
effects and, namely, whether the bending rigidity in all of the
scaling analyses and in the governing dimensionless parameter
S could simply be replaced by its renormalized counterpart
would be especially valuable.

Between the viscosity and the first normal stress difference,
it is clear that the dynamical and conformational behavior of
colloidal 2D materials explored in this work contributes to a
rich variety of non-Newtonian rheological properties. Impor-
tantly, this behavior can be exploited to design responsive soft
materials and appropriately tune solution processing protocols
for 2D materials depending on the application. We believe the
fundamental advances of this work will greatly inform future
theoretical work on sheet dynamics as well as experimental
design.
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Appendix A: first passage time model

Consider a Brownian particle with diffusivity Dr initially located
in the center of the domain [�yc, yc] with a reflecting boundary
condition on the left and an absorbing boundary condition on
the right. The evolution of the probability distribution of the
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particle over time is governed by the following Fokker–Planck
equation:

@~tp ¼ @xxp

@xpð~t;�ycÞ ¼ pð~t; ycÞ ¼ 0

pð0; xÞ ¼ dðxÞ

(A1)

where t̃ = Drt. An infinite series solution for p is given by:

pð~t; xÞ ¼ 1

yc

X1
n¼1

sinðlnycÞ expð�ln2~tÞ sinðlnðyc � xÞÞ; (A2)

where

ln ¼
ð2n� 1Þp

4yc
: (A3)

The survival probability (i.e., the probability the particle has
remained in the domain at time t̃) is defined as

Spð~tÞ ¼
Ð yc
�ycpð~t; xÞdx, and the associated first passage time

distribution is defined as f (t̃) = � dSp/dt̃. Analytically, f (t̃) can
also be represented by an infinite series:

f ð~tÞ ¼ 1

yc

X1
n¼1

ln sinðlnycÞ exp �ln2~t
� �

1� cosð2lnycÞ½ �: (A4)

In terms of yc and Dr, the mean and variance of the first passage
time are found to be

E½ f � ¼ 3

2

yc2

Dr
; Var½ f � ¼ 5

2

yc4

Dr
2
: (A5)

This form of the mean first passage time further justifies the
diffusive time scale that was balanced against the advective
time scale in the scaling analysis of stochastic flipping times.

Appendix B: Stresslet analysis

Fig. 10 shows the maximum and minimum instantaneous
dimensionless stresslet contributions to the viscosity as well

as the fraction of time spent with instantaneous stresslet values
in the top 75% of those attained (i.e., time that can largely be
attributed to flipping or crumpling in the flow), all averaged
over the six independent runs. The minimum instantaneous
stresslet values in panel B are scaled by the dimensionless
temperature to a certain power, as explained below.

In panel A of Fig. 10, it can be seen that the maximum
instantaneous off-diagonal stresslet values attained are not a
strong function of dimensionless temperature. For ‘‘intermedi-
ate’’ values of S that represent sheets that are not approaching
infinite stiffness (i.e., most of the range of values examined
beyond that of the dynamical crumpling transition), this beha-
vior can be explained with geometric reasoning and a force
balance. Following the arguments of Harasim et al.75 for under-
standing the ‘‘U-turn’’ radius of a tumbling polymer, balancing
the hydrodynamic force on a ‘‘U-turn’’ in a flipping sheet with
the bending moment of the ‘‘U-turn’’ yields the following
scaling for the radius of curvature:

h 	 kL
Z _g

� �1=4

: (B1)

Furthermore, given that the stresslet of an ellipsoid scales with
its volume and assuming the size of the sheet in the flow and
vorticity directions scales with L (supported by the data in
Fig. 6), then

max
t

~S12

Z _gL3
	 h

L
	 1

L

kL
Z _g

� �1=4

	 S1=4: (B2)

This scaling with S is depicted in panel A and agrees reasonably
well with the data. One can see deviations for the highest
dimensionless temperature, which can likely be attributed the
inapplicability of the ‘‘U-turn’’ flipping model, as larger ther-
mal fluctuations induce frequent flipping associated with more
variable deformation.

Panel B shows the minimum instantaneous off-diagonal
stresslet values attained, which can be attributed physically to

Fig. 10 (A) Maximum instantaneous dimensionless stresslet contribution to the viscosity. (B) Minimum instantaneous dimensionless stresslet contribu-
tion to the viscosity scaled by (kBT/k)�0.3 in order to reflect the theoretically predicted dependence of height fluctuations on dimensionless temperature.
(C) Fraction of time spent with instantaneous dimensionless stresslet values in the top 75% of values attained. Error bars in all plots represent two standard
errors of the mean between the independent runs, and lines are drawn to guide the eye.
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thermal height fluctuations of flat sheets in the flow-vorticity
plane (for those sheets with S values above the dynamical
crumpling transition). By a similar argument, given that the
bounding ellipsoid stresslet scales like hL2 and using known
results24,35 for the average height fluctuations of a thermalized
tethered membrane:

min
t

~S12

Z _gL3
	 h

L
	 1

L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kBT

L2krðqÞq4

s

	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kBT

kðq=qthÞ�Zk

s

	
ffiffiffiffiffiffiffiffiffi
kBT

k

r
kBTYL

2

k2

� ��Zk=4

	 kBT

k

� �1=2�Zk=4
SZk=4;

(B3)

where it is assumed the relevant wavelength scales as q B 1/L,
and the weak scaling with S in the last line follows from the fact
that the interbead bond strength employed and described in
the Model and Methods section scales with the shear flow
strength. Such a scaling argument seems to explain the data in
panel B quite well. Some of the discrepancies in panels A and B
between the data and the proposed scaling arguments can
likely be attributed to the inexact scaling of the stresslet with
the height fluctuations/U-turn radius as well as deviations in
the geometrical conformations from those underlying the
relatively simple physical arguments employed.

Panel C of Fig. 10 shows the fraction of time spent with
instantaneous stresslet values in the top 75% of those attained,
which is one measure of the fraction of time spent flipping or at
least ‘‘disturbing’’ the ambient shear flow. While the depen-
dence on S and dimensionless temperature over the full range
of S examined is complicated, it is this quantity when multi-
plied by the maximum instantaneous stresslet values in panel A
that results in the empirical power-law scaling in S and kBT/k
seen in Fig. 8. The minimum instantaneous stresslet values are
approximately an order of magnitude smaller than the time-
averaged stresslet values. Thus, the weak dependence on S (or,
equivalently, FvK number) seen in panel B due to the choice of
harmonic bond potential strength negligibly impacts the
observed time-averaged stresslet contribution to the viscosity.
That is, the observed viscosity scaling should be expected to
hold for a given material with a constant FvK number over a
relevant range of dimensionless shear rates (S�1).
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31 A. Košmrlj and D. R. Nelson, Response of thermalized
ribbons to pulling and bending, Phys. Rev. B, 2016,
93(12), 125431.

32 F. F. Abraham, W. E. Rudge and M. Plischke, Molecular
dynamics of tethered membranes, Phys. Rev. Lett., 1989,
62(15), 1757–1759.

33 F. F. Abraham and D. R. Nelson, Diffraction from polymer-
ized membranes, Science, 1990, 249(4967), 393–397.

34 M. J. Bowick, A. Cacciuto, G. Thorleifsson and A. Travesset,
Universality classes of self-avoiding fixed-connectivity mem-
branes, Eur. Phys. J. E: Soft Matter Biol. Phys., 2001, 5(2),
149–160.
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