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|. Introduction

From dynamic self-organization to avalanching

instabilities in soft-granular threadsy
J. Guzowski, (2 * R. J. Buda,® M. Costantini,® M. Cwiklinska,? P. Garstecki® and
H. A. Stone@°

We study the dynamics of threads of monodisperse droplets, including droplet chains and multi-chains,
in which the droplets are interconnected by capillary bridges of another immiscible liquid phase. This
system represents wet soft-granular matter — a class of granular materials in which the grains are
soft and wetted by thin fluid films—with other examples including wet granular hydrogels or foams.
In contrast to wet granular matter with rigid grains (e.g., wet sand), studied previously, the deformability
of the grains raises the number of available metastable states and facilitates rearrangements which allow
for reorganization and self-assembly of the system under external drive, e.g., applied via viscous forces.
We use a co-flow configuration to generate a variety of unique low-dimensional regular granular
patterns, intermediate between 1D and 2D, ranging from linear chains and chains with periodically
occurring folds to multi-chains and segmented structures including chains of finite length. In particular,
we observe that the partially folded chains self-organize via limit cycle of displacements and
rearrangements occurring at a frequency self-adapted to the rate of build-up of compressive strain in
the chain induced by the viscous forces. Upon weakening of the capillary arrest of the droplets, we
observe spontaneous fluidization of the quasi-solid structures and avalanches of rearrangements. We
identify two types of fluidization-induced instabilities and rationalize them in terms of a competition
between advection and propagation. While we use aqueous droplets as the grains we demonstrate that
the reported mechanisms of adaptive self-assembly apply to other types of soft granular systems
including We discuss reported quasi-1D

foams and microgels. possible application of the

compartmentalized structures in tissue engineering, bioprinting and materials science.

is this kind of self-assembly that we observe in living systems,
which are out of equilibrium and constantly dissipating energy.

Self-assembly, understood as spontaneous formation of well-
defined ordered structures from independent building blocks,
may be classified either with respect to the nature of the final
states, i.e., equilibrium versus non-equilibrium (corresponding
to the so-called static or dynamic self-assembly, respectively'),
or with respect to the way that the final states are achieved:
either spontaneously, ie., via thermal equilibration, or with
support of an external and directed input of energy. The
externally driven self-assembly offers a particularly promising
route towards engineering of new materials at various length
scales as, with the additional external control parameters, it
allows more control over the targeted structures. Apparently, it
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Further understanding of this approach may bring us closer
to understanding the emergence of complexity in biological
systems and possibly even the origin of life itself.?

It was recently proposed as a general principle® that the
external energy input leads to durable non-equilibrium states
by forcing the system to cross a sequence of particularly high
energy barriers. Such arrested non-equilibrium states, imposed
via external drive, are necessarily associated with adsorption and
dissipation of particularly large amounts of energy. This leads to
‘dissipative adaptation™ in which the system self-adapts in order
to reach the states with possibly high local energy barriers. In such
a process, non-trivial complex conformations of the system—the
actual targets of self-assembly—may be reached only when the
energy scale associated with the external drive matches the height
of the energy barriers. Otherwise—with too weak external
drive—the system may not rearrange at all, whereas with too
strong excitation—it is swept towards a global free energy
minimum. Similar conclusions apply to the timescales: the time-
scale associated with externally induced stress-buildup should
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Fig. 1 Generation of threads and clusters of monodisperse droplets via
interplay of capillary arrest and viscous forces. (a) Layout of the micro-
fluidic device: a T-junction serially combined with a co-flow geometry;
double-emulsion (A/B/C) jets are generated with high volume fraction ¢ =
Qa/(Qa + Qp) of the ‘core’ phase A in the ‘shell’ phase B; the resulting
morphology is a chain of droplets connected by thin capillary bridges.
(b) The side-views in the directions transverse and parallel to the flow.
(c) Stability diagram spanned by ¢ and the parameter u = Qc/(Qa + Qg)x
(W?/WH) being the ratio of cross-sectionally averaged rates of flow of the
external phase and the dispersed phases. (d) Micrographs of the observed
structures and the associated structural indices p (thread thicknesses, p =
N/(N = Noig) Where N, Nioiq are the number of droplets and the number of
folds, respectively). Channel dimensions are w = 150 ym, W = H = 900 um.
The scale bar is 500 pm. We used Qa + Qg = 1.5 mL h™t which corresponds
to Ca =256 x 1072

match the one associated with internal stress relaxation. In
principle, such scenarios may apply both at the nanoscale—in
systems characterized by thermal noise, eg, in chemical
networks>°—as well as at the mesoscale, e.g., in non-Brownian
soft-glassy systems such as compressed emulsions—in which
stochasticity is associated with ‘frozen’ structural disorder.
In the latter case, to our knowledge, adaptive self-assembly under
external drive has never yet been explored.
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In this work we show how the presence of metastable states,
i.e., local energy wells, in a quasi-1D soft-granular system
supports adaptive self-assembly under external drive. We use
microfluidics (Fig. 1a) to steadily generate a chain of aqueous
droplets carried by an external viscous flow; the fluid supply
plays the role of the external drive. The droplets adhere to each
other due to the presence of a small amount of a third liquid
phase (oil), immiscible with both the droplet and the external
phases, forming capillary bridges between the droplets.
Capillary arrest results in formation of ordered elastic threads.
The external flow (fluorinated fluid) can be tuned to provide
steady convection of a single-file structure, ie., a perfectly
linear chain of droplets (Fig. 1d, Sg). However, when the rate
of flow is slightly lowered, the viscous forces start to compress
the chain longitudinally. We observe that the accumulated
elastic energy is then released via buckling and folding of the
chain onto itself. The process is repetitive resulting in a regular
spatiotemporal pattern (Fig. 1d, S,_g); the frequency of folding
depends on the rate of elastic stress build-up, where the latter,
as we show, scales linearly with the ratio fyen/fagv Of the rates of
droplet generation (fyen) and of their free advection by the
external flow (f,q,). Finally, we also report the formation of
segmented granular structures such as granular clusters
(Fig. 1d, S;) including internally ordered clusters (Fig. 1d, S,),
finite chains (Fig. 1d, S;0-12), double-chains (Fig. 1d, Ss), etc.

Our experimental setup follows standard formats: micro-
fluidic formulation of double-emulsions, where drops engulf
multiple smaller immiscible droplets, has been studied for over
a decade.”® Here, however, we consider the unusual case of a
very small amount of the engulfing phase, such that it only
forms thin films around the encapsulated droplets resulting in
formation of the adhesive capillary bridges. This scenario, as
already noted, results in tight packing of the droplets and
formation of quasi-solid elastic structures.'®'* In our previous
work'"! we reported generation of finite polyhedral clusters and
studied their geometric characteristics such as point-group
symmetries. Here, we study the dynamics of structure
formation, in particular focusing on high-aspect-ratio quasi-1D
structures emerging via interplay of capillary arrest and external
viscous forces.

We further examine the limits of mechanical stability of the
structures upon either (i) increasing the rate of the external flow
up to elasticity-limited scission of the threads into finite chains of
length N (Fig. 1d, Si¢-12), or (ii) lowering the strength of capillary
arrest by decreasing the volume fraction ¢ of the aqueous droplets
in the encapsulating oil phase below a threshold ¢, resulting
in avalanche-like droplet rearrangements. Based on the semi-
empirically determined internal fluidity of the threads ¥(¢), we
predict the full stability diagrams in (¢ faqy)-space for various sets
of fluids in good agreement with experiments.

Overall, we report a variety of dynamic phenomena in a
system composed of monodisperse close-packed droplets
wetted by another immiscible liquid phase. We propose that
such structures are representative of a wider class of materials
which we refer to as wet soft-granular matter that is distinct
from wet granular matter with rigid grains,">'*® examples

This journal is © The Royal Society of Chemistry 2022
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including wet sand or granular pastes. Deformability of the
grains facilitates rearrangements and supports flow of the
material under external stresses, while capillary arrest stabilizes
the once-formed structures against spontaneous rearrangements
in the absence of such stresses.

The paper is organized as follows. After describing the
experimental setup (Section II) we report a typical stability
diagram (Section III.1), discuss general conditions for stability
and explain the mechanism behind the structure formation
(Section III.2). Next, we focus on various types of dynamic
instabilities and, based on a semi-empirical formula for the
effective thread fluidity ¥(¢), we predict the full stability diagrams
in good agreement with the experiments (Section IIL3). We
summarize our findings in Section IV and discuss the results
and application perspectives in Section V. We present additional
data and derivations in Appendices A and B followed by a
summary table of variables in Appendix C.

ll. Experimental setup

We fabricated the microfluidic channels via micro-milling in
polycarbonate plates, which were subsequently thermally
bonded at 130 C under the pressure of 2 bars. We supplied
the liquids to the microfluidic chip either via syringe pumps or
via pressurized containers (Elveflow OB1 Mk3). We used three
immiscible liquid phases: water with Methylene Blue at 0.1% w/w
as the drop phase (A), a mixture of hexadecane, silicone oil
(viscosity 5 ¢St) and a non-jonic surfactant SPAN8O in w/w ratio
30:70:1 as the middle (shell) phase (B) and hydrofluoroether
Novec 7500 (set I) or fluorocarbon fluid FC40 (set II) as the
external phase (C). In order to enhance wetting of the walls by
the fluorinated phase we used commercially available fluorophilic
coating (Aculon or 3M Novec 1720). The densities of the dispersed
phases were {p,, ps} = {1.00, 0.87} g cm > and viscosities {1, 75} =
{1.0, 4.0} cP, whereas pc = 1.61 g cm *, ¢ = 1.2 cP or pg =
1.82 g em ™3, ¢ = 4.1 cP for sets I or II, respectively. By using the
pendant drop method we measured interfacial tensions to be
Pag = 3.4 MN M ', yoc =49 mN m ', and ypc = 0.9 mN m ™" (set I)
Of yap = 3.4 MmN m %, yac =51 mN m ™, and ypc = 4.9 mN m™*
(set II). To simplify notation we further denote ygc = 7, ¢ = 1, and
7aB = 7a. The effective Bond number of a single aqueous droplet,
accounting for interfacial tensions of both interfaces A-B and
B-C, can be calculated as Bo = (pc — pa)ga’/(ya + y) with a being
the droplet radius. In the reported experiments such calculated Bo
was of the order 1072 We note that our requirement for the
choice of the three phases A, B, C was that (i) the phases are all
immiscible, (ii) the interfacial tensions obey y + 7 < yac, ensuring
that the engulfing morphology is mechanically stable,"* ™ (iii) the
external phase wets the walls. In particular, the reason for adding
silicone oil to the middle phase B was that it lowered y (even by a
factor of 5) without significantly altering the remaining interfacial
tensions.

The device operated as follows. An array of droplets (A in B),
generated at a T-junction with a narrow outlet channel
(w x w in cross-section, w = 150 pm), entered a wide channel
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(W x H=900 um X 900 um or 1300 um x 800 um) filled with
phase C (see Fig. 1a). At the entrance to the wide channel the B-C
interface was formed encapsulating the droplets of phase A.
The emerging double-emulsion drop was then stretched by the
co-flowing external phase. As the outer phase C was much denser
than both phases A and B, the droplets were always slightly
pressed against the upper wall of the channel by buoyancy
(Fig. 1b).

In the analysis of the structures (Fig. 1-3) we focus mainly
on the set of fluids with higher y,/y (set I) for which we observed
richer metastability and thus a wider variety of different flow
patterns.

[1l. Results

III.1. Experimental stability diagram

Classification of the structures. Depending on the volumetric
flow rates Qa, Qp, and Q¢ of the three immiscible phases we
observed various patterns, from compound drops to jets of
different internal structure. We choose to classify the patterns
for a fixed Q4 + Qg in terms of the remaining two independent
parameters: the volume fraction ¢ = Q,/(Qa + Qg) of the droplets
in the jet and the ratio u = Ue/U, (see Fig. 1c) where Uey = Qc/
(WH) is the approximate flow speed of the external phase (more
precisely the background flow, i.e., at Q5 + Qg = 0) and U, = (Q4 +
Qp)/w* the characteristic flow speed of the dispersed phases
(A and B combined), i.e., we have u = Qc/(Qa + Qp)x(W*/WH).
While ¢ serves as a control parameter for the internal structure,
u determines the level of extensional viscous stresses acting on
the jet (it must be noted, however, that ¢ also determines the
frequency of generation of the droplets, i.e., the frequency of
their ‘feeding’ to the jet). Finally, we also define the capillary
number as Ca = nUy/y = n(Qa + Qp)/(yw*). Note that, in this
definition, we use the viscosity of the external phase  together

=

elastic energy

Fig. 2 Repetitive self-folding of the chain of droplets in the external co-flow.
(a) Experimental snapshots showing droplet rearrangements and steady
advection of the generated structure. Scale bar is 500 pm. (b and c)
Schematic representation of the elastic energy (b) and longitudinal compres-
sive stress in the chain (c) as functions of the number of generated droplets,
n=12,..., corresponding to the configurations shown in panel (a). When the
strain reaches the 'yield stress’ g, the chain folds (c).
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Fig. 3 Steady-state stability diagram of p-threads with 1 < p < 2.
(a) Theoretical color-coded map p(¢,U) (eqn (6)), where U = foq,/fo = Cou
with fo = (Qa + Qg)/wW® and where Cy is a ‘'mobility’ coefficient depending
on the channel geometry and droplet shape (eqn (17), eqn (11)). Isolines &, (¢)
(eqn (7)) for several chosen p are indicated. The pictograms display ‘minimal’
structures, i.e., those with the shortest possible ‘unit cell’ containing either a
single fold followed by k droplets arranged in single file (p = 1 + k™% or
a single droplet followed by k neighboring folds (p = 2 — k%), where
k = 1,2,.... Several alternative non-minimal ‘unit cells’ are displayed for
comparison at p = 4/3. (b) Experimental map p(¢,u) obtained for the channel
W = 1300 um, H = 800 um. The map was probed at 7 different ¢-values and
5 different u-values. Comparison of panels (a and b) leads to an estimate Cq
~ 0.4. (c) Snapshots of the observed structures. Note that the sequences of
folds are not strictly periodic.

with the speed of the dispersed phase Uy; accordingly, Ca is the
capillary number characteristic of the external flow around the
droplets.”” We now turn to the description of the observed flow
patterns for fixed Q, + Qg (fixed Ca) for set L.

Atlow ¢ (¢ < 0.7), the effects of packing were weak and the
compound jet behaved similarly to a simple viscous jet breaking
up into drops,'®* with the difference that the drops in our case
were in fact a double emulsion," see Fig. 1d, panel S;. With
increasing ¢, the engulfed droplets started ordering along the
direction of the flow resulting in transformation of drops into
quasi-solid 2-segments (S,) or 3-segments (S3). For ¥ < 0.5 we
observed further transitions into continuous threads (S,-So) of
average thickness p, which we term p-threads, with droplets

1804 | Soft Matter, 2022, 18, 1801-1818
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locally arranged in parallel rows. We define p = N/(N — Ngoa),
where N is the total number of droplets in the thread and Nfoq
the number of ‘folded’ droplets. Accordingly, the structures S,,
Se, So correspond, respectively, to integer thicknesses p = 3, 2, 1,
whereas the structures Ss, S;, Sg correspond to the fractions p =
5/2, 4/3, 7/6.

Types of instabilities. In the cases 1 < p < 2, upon
increasing u, we found two distinct mechanisms of thread
breakup depending on ¢. For ¢ < ¢, we observed spontaneous
folding of the threads resulting in their fragmentation into
finite 2-segments (Ss; we further distinguish two sub-types of
this type of instability, see the detailed analysis in Section III.3);
for ¢ > ¢, increasing u caused gradual thinning of the threads
(S6—Sg) down to single-file 1-threads (Sy), which subsequently
broke into 1-segments (S19-S12). The number N of droplets in
each 1-segment decreased with increases of either ¢ or  until
reaching N = 1 single core-shell drops. We found that the
critical volume fraction ¢, corresponding to the transition
between the two unstable regimes depended on the ratio
of surface tensions y,/y (in Fig. 1c we present the data for set I,
yaly = 3.8, for which we found ¢, ~ 0.85; for set II, y,/y = 0.7, we
found ¢, ~ 0.95, ¢f Fig. 5a and 6b). Finally, we observed stable
1-threads also along a thin strip in the (¢,u)-space entering the
regime ¢ < ¢, at high u. Those structures lost stability for ¢ < ¢
where ¢,, similar to ¢,, also depended on y,/y (we found ¢; ~
0.75 for set I, ¢p; ~ 0.87 for set II, ¢f. Fig. 5b).

Energy and stress landscape. In the remaining part of the
paper we focus on p-threads with 1 < p < 2. Such structures
formed via repetitive folding of linear 1-threads that is via local
rearrangements of the droplets happening shortly after they
entered the wide channel (Fig. 2a and Movie S1, ESIT). At ¢ > ¢,
the generated structures were stable and steadily advected down-
stream without any further folding or alteration of the structure.
In those cases p — 1 may be interpreted as the linear density of
folds (taking droplet size as unit length). We observed that the
structures remained stable even after switching the external flow
off. We associate this stability with a finite energy barrier AE¢,q
for folding. We demonstrated in our previous work'" that such a
barrier emerges due to deformation of the droplets at contact.
We expect this barrier to be significantly smaller than the barrier
AEyntoia for unfolding (as unfolding requires stretching and
breaking of the capillary bridges). Accordingly, the elastic energy
of a p-thread as a function of the number n of the generated
droplets consists of oscillations superimposed with an overall
downward drift (Fig. 2b). As the system overcomes the energy
barriers, internal compressive stress is periodically released
(Fig. 2c). Hence, folding of the chain can be interpreted in terms
of repetitive yielding to the external viscous stress occurring each
time the latter exceeds the corresponding ‘yield stress’ o,
(Fig. 2¢).

III.2. Mechanism of formation of p-threads

Steady formation of p-threads via stress-free advection. In
order to understand the formation of the variety of structures
shown in Fig. 1d we note, again, that in the case of stable
p-threads (S,-So in Fig. 1d and 2a) the structures, once formed,

This journal is © The Royal Society of Chemistry 2022
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Fig. 4 Generation of 1-segments. (a) Time-series snapshots showing
generation of a 1-segment (set Il, ya/y = 0.7). (b) Extensional strain D,/D,
— 1 of the n-th droplet in (another) 1-segment just before detachment
from the inlet; D, is the length of the droplets measured along the chain
axis, wheren =1,...,Nand n = 2 is taken as a reference (n = 1 corresponds
to the droplet at the tip which has a different shape). (c—h) The length N of
the generated 1-segments versus u for various sets of fluids, ¢ and Ca, with
color code explained in the legend in panel (i). In each plot, the different
curves correspond to ¢ = 0.85, 0.875, 0.9, 0.925, 0.95 from right to left, as
indicated by the arrow in panel (d). In panel (e) ¢-values of isolated
symbols have been marked, whereas the encircled data correspond to
¢ = 0.75, 0.775, 0.8 from top to bottom. In panels (c—h) the data with N < 3
(below the horizontal dotted line) as well as the data encircled in panel (e)
are excluded from further analysis. (i) The data collapse after multiplying N by
Call — 0*/(1 — ¢)*"*(1 — &)l and plotting as a function of Au = u — ¢p(1 — P)(H/W)
(1 — 0)/Bo (see eqgn (18)) with the droplet deformation parameters 6, 5* (egn (11)
and (12)) extracted directly from experiments (see Fig. 10b and main text for
details). Inset (j) shows fy fitted to the data separately for each Ca.

remain stationary in the co-moving frame, ie., the droplets
collectively translate with a constant velocity along the channel
without further rearrangements (Fig. 2a). We also note that the
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Fig. 5 Threshold volume fractions ¢ (a) and ¢; (b) calculated numerically
using Surface Evolver. Shaded intervals on the ¢-axis correspond to the
cases 0 e [0,n/4]. Horizontal thin dashed line in (b) indicates the exact
asymptotic result ¢, = 2/3 for the case of a chain of touching rigid spheres
(0 =0, yaly = o0).

5 ya/y 10

structures are soft and thus capable of sustaining only limited
longitudinal stresses. Hence, it is reasonable to assume that the
net viscous stresses acting on a steadily generated p-thread
vanish. This condition implies that the rate of growth of the
thread f,,: = dL,/dt, where L, = N — Ngqq is the non-dimensional
length, must equal the rate f, 4, of the force-free advection of the
droplets by the external flow, i.e., the inverse of the time after
which a single droplet is displaced along the channel by the
distance equal to its length D (measured in the direction along
the channel, see, Fig. 2a). We note that, since the droplets get
compressed by the other droplets in the chain, in general we
have D < 2a, where a is the radius of an undeformed spherical
droplet. The condition of the steady advection implies

Af, = fo— faav = 0. (1)

Based on the above requirement and considering that the
droplets are generated at a T-junction, in the following we
derive a stability condition for p-threads in terms of « and ¢ for
a given p.

Transitions between different structures in the steady-state.
First, we note that, since L, = N/p and dN/dt = fgen, we have

fp :fgen/p- (2)

Eqn (1) and (2) lead to p = fyen/faav- Accordingly, the linear
density of folds, or equivalently the frequency of folding
expressed as a multiple of f,q,, reads p — 1 = feen/faay — 1.

In order to determine p(¢,u) we estimate fye, and fiqy as
functions of ¢ and w. First, we note that fy., = 3Q4/ (4na’), where
a, in general, is set by Q, and Qg. However, for the case of a
T-junction in the dripping regime it is known®® that a is set
solely by the volume fraction ¢ (at least for capillary numbers
=103>" a condition which holds in our experiments), namely

Seenlfo = ¢(1 — ¢), 4

where f, = Up/w is a natural frequency scale (well approximating
the upper bound on the frequency of droplet generation at a

we have

which leads to:

T-junction). In order to estimate f,q,, we first note that the
Reynolds number, defined as Re = pg(Qa + Qs)/(nw), is small

Soft Matter, 2022, 18,1801-1818 | 1805
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Fig. 6 Three types of dynamic instabilities of the threads and the predicted
full dynamic stability diagrams. (a) Finite thread (set I, ¢ = 0.75) sponta-
neously folding at a constant rate f,, = dL/dt. (b) Effective fluidity ¥(¢) =
faval(®)/ favarmax €Xtracted from the measured dL/dt where f,ya;max iS taken to
be the average of f,.a(¢) measured for ¢ < ¢;. Data for both set | (black
circles) and set Il (red squares) are shown. Solid lines correspond to eqn (21)
with fitted ¢o, ¢1. Shaded ¢-intervals indicate ¢q, ¢, calculated numerically
(see Fig. 5) with 0 in the range [0,1t/4]. (c) Time-series snapshots of the three
types of instabilities (see Movies S2b, S3 and S4, ESIt). (d)-(f) Predicted
stability diagrams in (¢,U)-space with & = f,q,/fo based on egn (7), (21), (24)
and (27) for the internal capillary number of the thread in the fluid state
(egn (26)) equal (d) Caingauia = 5.9, (€) Caintfia = 7.8 and (f) Cainefuia = 23.5.

(of the order 10~>~10~"), which implies a linear dependence of
Jfadv 0N Ueye (in general, this conclusion is valid as long as the
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droplets do not change their shape upon variation in Uey; we do
not observe any such shape changes). Since Q4 + Qg = const we
may write

Jfaavlfo = Cou =: 4, (5)

where C, is a non-dimensional ‘mobility’ coefficient of the
droplets at the wall (see also eqn (17)), which for a/W « 1,
a/H « 1 turns out to be nearly independent of the droplet size a
(see Appendix A) i.e., as independent of ¢, and where we
introduced a shorthand notation # for the advection frequency
faav rescaled with fq.

Overall, eqn (1)-(5) determine a relation between i, ¢ and p.
In particular, we find

p(d@) = (1 — d)/a. (6)

Accordingly, the isolines set by p(¢,i%) = const = p are given by

p(d) = (1 = )p. @)

Eqn (6), plotted in Fig. 3a with solid lines given by eqn (7),
qualitatively reproduces the main features of the experimentally
observed stability map p(¢,u) in the regime corresponding to
p-threads with 1 < p < 2, see Fig. 3b.

Interpretation in terms of dynamic self-adaptation. We note
that the condition Af, = 0 is equivalent to the requirement that
the net hydrodynamic drag Fy experienced by each of the
droplets vanishes, Fy; = 0. From the linearity of the Stokes
equations Fy must be linear in AU,: = —DAf,, ie., in the
difference between the advection velocity and the actual trans-
lational velocity of the droplets. Those two velocities in general
may differ since the droplets are pushed (or pulled) by the other
droplets in the chain. This leads to a stabilizing negative-
feedback loop: if, at any given rates of flow, initially p is such
that Af, > 0, implying Fy; < 0, the viscous forces compress the
thread longitudinally. As a result, the droplets rearrange more
frequently such that p increases, decreasing f,, which in turn
restores the condition Af, = 0. Similarly, if initially Af, < 0,
implying Fy; > 0, the thread is stretched, which leads to less
frequent rearrangements, i.e., decreasing p until, again, Af,, = 0.
In other words, the frequency of droplet rearrangements self-
adapts such that the net extensional viscous stresses acting on
the generated structure vanish.

III.3. Limits of stability: from elasticity-limited scission to
avalanching instabilities

Scission of 1-threads at high u. We now turn to the regime in
the (¢,u)-space in which 1-threads break into 1-segments.
In general, due to the linearity of the Stokes equations, net
hydrodynamic drag per unit length of a 1-thread can be
expressed as anAU where we denoted AU = AU, and where o
is an unknown drag coefficient. Accordingly, the drag force Fy

per droplet can be written as:
Fy = anDAU,

(8)

In the steady state we have AU = 0. However, if the external
flow is suddenly raised such that AU > 0 (Fg > 0), the already
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single-file structure cannot further unfold and we expect the
chain to break into finite 1-segments (Fig. 4a).

Prior to breakup we observe that the longitudinal deformation
of the droplets in the chain, calculated as (D,-D,)/D,, linearly
increases upstream (n = 1,...,N labels consecutive droplets; we
take n = 2 as a reference since n = 1 corresponds to the droplet at
the tip of the chain which is of a different shape than the other
droplets, see Fig. 4a and Movie S2a, ESIt). We observe that the
breakup happens directly at the inlet, at the point of the highest
strain. Yet, we never observe fission of the droplets but rather
breakup of the capillary bridge connecting the upstream-most
droplet to the inlet. Accordingly, the critical force balance can be
written as

NFY = Fe max (9)

where K is the hydrodynamic drag per single droplet in a
chain of length N and Fmnax is the maximal force of the
capillary adhesion of the chain to the inlet. In the following
we neglect ‘end effects’ associated with the finite size of the
chain so that FY = Fy;. However, since the chains are unsteady,
we need to take into account (linear) variations in droplet
extensional deformation along the chain. Accordingly, in
eqn (8) we replace droplet length in the steady state D with the
average length of the droplets in the chain at breakup, i.e., D* =
(D + Dimax)/2, where D4 is the critical (maximal) deformation at
breakup (see Fig. 4a), and AU with AU* = D*(fuay — fen)-
Altogether this leads to

F(PIIV) = O”’ID%Z(fadv _fgen)-

We note that, in general, we expect D as well D* to depend on
ya/y and ¢ but not on N. In particular, we expect that ¢ sets only
the volume of the droplet, i.e., its free diameter 2a but not the
shape. Accordingly, one can write D = 2a(1 — ), D* = 2a(1 — 0*)
with the droplet deformation parameters

(10)

0:=1 — D/(2a)

(11)

o* =1 — D¥/(2a). (12)

We expect both ¢ and J* to depend on y,/y but not on ¢. Indeed,
our Surface Evolver calculations show that the dependence of ¢
on ¢ is negligible (see Fig. 10c) and we expect the same
conclusion to hold for é* Accordingly, in the following we
assume 0 = J(yaly), 6* = 0*(yaly). In particular, based on the
experimental images of the droplets at chain breakup, we
estimate D* ~ D for set I and D* ~ 1.15D for set II (that is
0* ~ ¢ and 0* ~ 1.150 — 0.15, respectively; for representative
droplet shapes see Fig. 6¢-iii and 4a). Finally, we note that, due
to the hydrodynamic interactions between the droplets, the
coefficient « in general may also depend on N. In our analysis,
for simplicity, we neglect the hydrodynamic interactions.

Considering F. m,x We assume that the capillary force holding
the chain at the inlet to the channel acts along the contact line of
the oil-external (B-C) interface at the wall of the (narrower)
channel supplying the droplets. We assume that this contact
line is pinned along the perimeter of the narrow channel so that
its length equals 4w (Fig. 1a). Accordingly, we can estimate
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4yw.

(13)

Applying eqn (9)-(13) and assuming D ~ w leads to the
following scaling for the length N of 1-segments:

o1
(fadv _fgen) Ca

Note that eqn (14) is valid for any type of a microfluidic junction
generating droplets at a frequency fge,. For the particular case of
a T-junction we can further use eqn (3) and (4) which together
with eqn (5) lead to:

Fc,max =

N~ (14)

2 2
_ @r/3p(1—¢p 1
V= Cor(1 — 6°)* Au~ Ca’ ()

where we denoted
Au=u— ¢(1 — ¢)/Co = u — i11(¢)/Co,

which accordingly can be interpreted as the shift in u relative to
the 1-thread stability line.

Next, we consider a simple hydrodynamic bead-model of the
chain (see Appendix A) in which the coefficient C, can be
expressed in terms of ¢, w/H and h/a where h is the distance
between the surface of the droplets and the upper wall. Assuming
0 « 1,w/H « 1 and h/a « 1, and upon neglecting the effect of
the flattening of the droplets at the upper wall, we obtain

Bow
(1—0)H

(16)

Co= (17)
where f, is a non-dimensional coefficient which in the assumed
rigid-sphere model scales as fi, ~ 1/In(a/h) (see eqn (A.12)). In
general, one may expect / to depend on Ca (e.g., via the hydro-
dynamic lift forces*?). However, since in our experiments Ca was
not significantly varied (i.e., by less than one order of magnitude)
and since the dependence on #/ enters only via its logarithm, we
further neglect the dependence of f, on Ca. Further, since 7 is
not directly accessible in experiment, we leave f, as a fitting
parameter of the model. In experiment, we find no large
variations in f, as a function of Ca or yAfy, ¢f. Fig. 4j, which
confirms consistency of our model.

Using eqn (17), eqn (15) attains the final form where the
dependence on y,/y enters via é and 6* and

N = N(¢7 u, C‘d, VA/% H/W)

2
3

(H/w)(1 = 0)(1 - ¢) 1

=C; x — X —
(1=0") (u— (1 — §)(H/w)(1-0)/p,) Ca
(18)
with a constant C; given by
_ (4n/3)?8
C = T (19)

Note that since f§, ~ 1/In(a/h) and o« ~ In(a/h) (eqn (A.14),
(A.15)), the logarithmic terms cancel out in eqn (19) and C;
remains a finite constant for A/a — 0. Using the analytical
solution for the Poiseuille flow in a rectangular channel®® and
an exact solution for the flow past a sphere next to a wall,**
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C; can be evaluated exactly (eqn (A.16)) with the result C; =
3.4 x 1072

In order to compare the theoretical predictions of eqn (15)
and (18) with the experimental data, we first fitted f, separately
to each dataset N(¢,u) collected for different Ca and y/y
(different sets of fluids), such that in each case the scaling
N ~ Au~' (see eqn (15)) was best reproduced (we had the total
of 6 datasets: 3 for set I and 3 for set II, Fig. 4c-h; we used ¢ =
0.23 for set I and 6 = 0.51 for set II, see also Fig. 10b). We found
Po to be nearly constant, i.e., varying within less than 15% for
different Ca and y,/y. Further, we also found that after multi-
plying N by Ca(1 — ¢)"?*(1 — 6%*(1 — 6)™* (see eqn (18)) and
plotting versus Au all the data collapsed onto a master curve
(Fig. 4i). This shows that C, indeed is approximately a constant
independent of Ca and y,/y. We found the best-fit value C; =
1.4 x 102 (Fig. 4i, solid line) which remains of the same order of
magnitude as the theoretical estimate, yet significantly smaller.
One may ascribe the discrepancy to several factors such as (i) the
use of the rigid-sphere approximation, which neglects flattening
of the droplets at the upper wall (Bond and capillary numbers
are small but finite), (ii) the hydrodynamic slip at the liquid-
liquid interfaces, as well as (iii) droplet ‘rolling’ at the upper
wall.>>?® Taking all of these factors into account should lower Cj.
We note however that hydrodynamic interactions between the
droplets (which we neglected) effectively weaken the drag per
droplet (due to the hydrodynamic screening effect), so that
including them would presumably raise C;.

Avalanching instabilities and quasi-1D solid-fluid transition.
We now consider the situations in which the structures lose
their quasi-solid characteristics and fold spontaneously (that is,
without longitudinal compression). We observed that such
spontaneous folding always happens at sufficiently low volume
fractions ¢ and results in folding ‘avalanches’, ie., steadily
propagating rearrangement waves. In particular, we find that
p-threads spontaneously fold for ¢ < ¢,, except for the case
with p = 1 in which the threads remain stable down to ¢ = ¢
where ¢; < ¢o. In the regime ¢; < ¢ < ¢, the emergence of a
single fold always initiates a rearrangement wave. We interpret
the emergence of spontaneous rearrangements in terms of a
quasi-1D solid-fluid transition of the initially capillary-arrested
granular threads. We discuss further details below.

Critical volume fractions ¢,, ¢,;. Let us first consider the
case of a 1-thread. In this case, at sufficiently large ¢, the
capillary bridges remain disconnected and the chain remains
linearly stable with respect to the lateral droplet displacements
which can be quantified in terms of the bond angle y (Fig. 11b).
The critical bond angle i, at which the neighboring capillary
bridges merge (Fig. 11c) depends on ¢, ya/y, and on the
equilibrium Young’s contact angle between the droplets 0,
see inset in Fig. 5a (0 was non-zero in the experiments because
the surfactant in the intermediate oil phase formed bilayers
between the droplets; for further discussion see Appendix B).
The condition ;(¢,ya/y,0) = 0 corresponds to a transition to a
linearly unstable configuration and so yields the critical volume
fraction ¢4 (ya/y,0). We calculated ¢ for various 0 via numerically
minimizing the surface energy of liquid interfaces under volume
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constraint using the software Surface Evolver (Fig. 5b, see
Appendix B for details). We found ¢, to be a monotonically
decreasing function of y,/y, approaching a finite asymptotic
value ¢, = 2/3 for y,/y — o0, ie., for the case of rigid spheres
(this value is calculated as the ratio of a volume of a sphere to the
volume of a circumscribing cylinder).

In the case of a p-thread with at least a single fold (p > 1) the
critical bond angle ¥, can be expected to be smaller than /4
because the droplets at the fold form a finite angle Ygoq
(see Fig. 11d). We use the approximation v, = ; — Yoq with
Viola =~ /6. The condition Yo(¢p,yaly,0) = 0 yields ¥4 (¢p,yaly,0) ~
n/6 which determines ¢o(ya/y,0). Accordingly, ¢, can be
approximately calculated (Fig. 5a) based on the equilibrium
shape of droplets in a 1-thread (we expect this approximation to
be precise for y5/y > 1 but possibly underestimating the value
of ¢ for yaly < 1).

1D fluidity. We observed that the avalanches of rearrangements
always propagated at a constant rate f,, := dL/d¢ depending only
on ¢, but not on u or Ca. We analyzed the cases of chains not
attached to the inlet, ie., freely advected by the flow, see Fig. 6a.
We consistently found f,. to be nearly constant for ¢ < ¢, and
gradually decreasing to zero within the interval ¢; < ¢ < ¢, (see
Fig. 6b) where ¢, and ¢, were characteristic of a given set of fluids.
These observations allow us to propose a semi-empirical formula

faval(d’) = ‘faval,maxq’(qs)y

with faval,max = faval(¢1) accounting for the maximum observed
frequency of droplet rearrangements (also characteristic of a
given set of fluids), and with ¥(¢) being a non-dimensional
scaling function, which we approximate as

(20)

1 for ¢ < ¢,
P(¢) :=q (¢o — D)/ (Do — b1) for ¢ € [y, ¢y (21)
0 for ¢ > ¢y,

(solid line in Fig. 6b) with ¢, ¢, set by ya/y, 0, as discussed
above. Accordingly, ¥ accounts for the effect of slowing down of
the droplet rearrangements due to close-packing of the droplets
in the threads and the emerging energy barriers.'" Using the
terminology of soft glasses,”” ¥ measures internal fluidity of
the threads as they change from being solid-like (¥ = 0) to
liquid-like (¥ = 1) upon decreasing ¢ from ¢, down to ¢-.

Effective internal viscosity of the threads. We note that a
rearrangement wave can be interpreted in terms of the viscous
relaxation of a 1-thread into a 2-thread under the action of the
interfacial tension y. Introducing an effective internal viscosity
of the thread #;,, the relaxation time 7 associated with a change
in length of the thread by a single droplet diameter can be
estimated as t = i, w/y, where w serves as a length scale
approximating the size of a droplet. On the other hand we
have t = fy,a ' such that the effective viscosity #;,. can be
directly expressed as a function of ¢ via:

ninl(¢) = ! = r]int,ﬂuid lp(¢)‘17

B W/aval ((b) (22)
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where

! (23)

Mintfluid = 7
w favaLmax

is the effective viscosity of the thread at ¢ = ¢, i.e., in the fluid
state (¥ = 1). Upon approaching the solid state, ¢ — ¢o, ¥ — 0,
Nint(¢) diverges. Accordingly, in terms of soft-glasses, in this
case we observe a transition analogous to a jamming transition.

Spontaneous folding-induced instabilities. We find two
different possible scenarios of folding-induced thread breakup
which we refer to as absolute and contractive instabilities.

In the case when the folding front propagates upstream
(Fig. 6¢(i) and Movie S3, ESIt), it leads to absolute instability via
accumulation of the droplets at the inlet and thread breakup.
By analogy to viscous jets'® such regime can be interpreted as
the ‘dripping’ regime. The stability criterion can be then
expressed as & > (2 — p) fuvalfo where the factor (2 — p) is
the fraction of the length of the p-thread in which the droplets
are arranged in a single file and thus subject to folding (the
remaining part of the thread is already ‘folded’). Accordingly,
the equality # = (2 — p) “faalfo sets the critical stability
condition. Assuming fixed Ca one can use the relation p =
¢(1 — ¢)/it (eqn (6)) which then determines the transition line
Gerit,1(¢) in (¢,i)-space such that for @ > @y, the threads
become advectively stable (i.e., the folding front is advected
downstream and no breakup occurs), which can be interpreted
as ‘jetting’, and below which they are absolutely unstable.
We find

1 (9) = 5ISUE(8) + 6(1 9], (1)
where we introduced the “Strouhal number” of a sponta-
neously folding thread in the fluid state

St := f;lval,max/ﬁ)

(originally the Strouhal number applies to the high-Reynolds
number flows and is defined as St = fL/U, where f is the
frequency of vortex shedding from an object of size L and U
is the flow speed). For the pattern to be stable, the droplets
must rearrange slower than they are advected, whereas they can
be advected no faster than they are generated. Therefore, the
condition St < 1 may be interpreted as a necessary approximate
requirement for threads to be advectively stable (for the evolution
of the stability diagram upon varying St for a given ¥(¢), i.e., for a
given set of fluids, see Fig. 6d-f; in practice, such variation can be
achieved via changing the net rate of flow Q4 + Qg which sets f;).
We further note that the Strouhal number may be also expressed
as St = 9/(Mint,auialo) such that St™' can be interpreted as the
effective internal capillary number of the thread in the fluid state,

(25)

Calingfluid °= Mine,auiaUo/y = St (26)

Hence, advective stability of the thread requires roughly
Cajnfuia > 1. Further, from eqn (24), we find that for Cajneauia
> 1 (St « 1), see Fig. 6f, the transition line @ 1(¢) approaches
the 2-thread stability line, which in turn widens the advectively
stable regime (v) (see below for discussion of the various regimes).
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For Cajpefuia < 1 (St > 1) we have @ 4(¢p)> 1 so that regime (v)
vanishes; in such a case, stable threads may only be observed for
¢ > ¢o. We note, again, that the notion of the effective capillary
number reveals an analogy to simple viscous jets in which
increasing the capillary number stabilizes jetting against
dripping.’® On the other hand, the simple viscous jets are never
actually stable, as even the slowly developing advected instabilities
finally lead to thread breakup far downstream. In contrast, in our
case, the advected rearrangements do not lead to thread breakup
but rather to its thickening, i.e., formation of a 2-thread structure
downstream which may remain stable (depending on the actual
value of ¢; further folding into 3-threads or formation of
amorphous aggregates is possible for low enough ¢, see the
‘drops’ regime in Fig. 1c).

The second instability scenario refers to a contraction-
induced breakup (Fig. 6c(ii) and Movie S4, ESIT). At folding,
tensile stresses caused by local contraction of the thread may
result in its breakup upstream the folding front. In order to
quantitatively understand such instability, which we further
refer to as contractive instability, let us consider a finite thread
advected by the external flow and not attached to the inlet.
In such a case, rearranging droplets pull on the free ends of the
thread effectively decelerating the droplets downstream and
accelerating the droplets upstream. In general, because of the
friction at the wall, the acceleration/deceleration depends on
where exactly along the thread the rearrangement happens; in
particular, in a very long thread, if the droplets rearrange close
to one end, effectively only the droplets at this end are affected.
In our case, folding is typically initiated close to the inlet, so
that we can assume that the velocity of the droplets upstream
the folding front increases by Df,ya. Accordingly, in order for
the newly generated droplets to keep up with those already
accelerated, the rate of droplet generation fy.n/fo must equal or
exceed @ + fuvallfo- Combined with eqn (4) and (20) this leads to
the following estimate for the corresponding transition line:

ﬁcrit,2(¢) = d)(l - d)) — St 'P(d))‘

For @i > #» the threads break under contraction and thus are
contractively unstable whereas for # < ;¢ they are contractively
stable (though they still can be absolutely unstable). Again, also in
this type of instability, we find that taking Caj,auia > 1 or
Cainaivia < 1 respectively widens or narrows the advectively stable
regime (v).

Full stability diagrams; comparison with experiment. The
full dynamic stability diagram, spanned by ¢ and #, is given by
eqn (7), (24), (27), see Fig. 6d. We note that the diagram is fully
determined by two material parameters ¢,, ¢, and a single
‘dynamic’ control parameter Cajneauia. We may distinguish
three unstable regimes: (i) absolutely unstable, (ii) contractively
unstable and (iii) scission (the latter corresponding to elasticity-
limited breakup of 1-threads into 1-segments) and two stable
regimes: (iv) absolutely stable (no spontaneous rearrangements
occur) and (v) advectively stable (rearrangements are advected
downstream, but no breakup occurs) where the boundary
between the regimes (iv) and (v) is set by the 1D-jamming point
at ¢ = ¢o. We find that Cajnefuia impacts only the advectively

(27)
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stable regime (v) as well as absolutely and contractively
unstable regimes (i) and (ii); upon increasing Cajnfuia, the
low-¢ boundary of regime (v), determined by the crossing of the
transition lines @it 1(¢) and @eic0(¢), is shifted towards lower
¢ (see Fig. 6e and f). Accordingly, the stable regime (v) expands
at the expense of the unstable regimes (i) and (ii).>®

Finally, we compare the calculated diagrams with the experi-
mental data for various Ca and the two different sets of fluids
(Fig. 7a-d). We note that the fluidity functions ¥(¢) are in both
cases well approximated by eqn (21). In the case of set I (y,/y =
3.8), we find ¢, = 0.85 and ¢, = 0.75 (Fig. 6b), with fivaimax =
23 s~'. Accordingly, the cases Ca = {2.56, 1.7, 0.85} x 10>
correspond to Cajnfauia = {54, 3.6, 1.8}, respectively, which
allows us to theoretically predict the corresponding stability
diagrams. We obtain a reasonable agreement between theory
and experiment (Fig. 7a—c), particularly good in the case Ca =
2.56 x 107> (Fig. 7a). In the cases Ca = 1.7 x 10> and Ca =
0.85 x 107> (Fig. 7b and c) in the experiment we observed other
types of instabilities not considered in the model (such as
spontaneous breakup of 1-threads directly into 3-segments or
clusters, see Fig. 1d, structures S;, S,). We attribute formation
of such more compact structures to a diminished role of the
extensional viscous stresses at low Ca.

In the case of set II (ya/y = 0.7) we find ¢, = 0.975 and ¢, =
0.875 (Fig. 6b), with fiyamax = 48 s~'. Accordingly, the cases
Ca ={1.54,1.03, 0.51} x 10~ correspond to Cajnt fiuid = {2.6, 1.7,
0.9}, respectively. Independently of the capillary number, we
hardly observe any stable p-threads (except for 1-threads
observed at Ca = 1.54 x 102, see Fig. 7d; data for lower Ca
not shown) which we attribute to the fact that (i) in this case the
predicted stable regime (iv) is not experimentally accessible
(T-junction cannot generate droplets at ¢ > 0.975) and (ii) that
the calculated internal capillary number Cajn fuig is close to 1
which strongly narrows the advectively stable regime (v).

Overall, we conclude that the stability of p-threads preferably
requires ‘soft-shell/hard-core’ configurations, ie., ya/y > 1,
such as in set I.

V. Summary

In summary, we have studied dynamic self-organization of
droplets into stable soft-granular threads, ie., elongated
quasi-1D structures (Fig. 1) achievable via interplay of capillary
arrest and rearrangements under external viscous co-flow.
We have also investigated the limits of stability of the structures
and established two dynamic regimes depending on the degree
of confinement of the aqueous droplet ‘cores’ within an oil
‘shell’ set by the volume fraction ¢. At ¢ > ¢,, i.e., when the
capillary bridges of oil between the droplets are thin and
disconnected from each other, strong confinement leads to
quasi-1D jamming, ie., trapping of droplets in local energy
minima, which results in solid-like structures (Fig. 2a). In this
regime, at low flow rates of the external phase, quantified by the
flow speed ratio u, resulting in longitudinal compression of the
threads, the droplets repetitively rearrange, ie., the system
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Fig. 7 Stability diagrams: comparison with experiment. The meaning of
the symbols is the same as in Fig. 1c except for the open circles (solid red
and dotted black) additionally indicating the observed type of instability
(advective or contractive, respectively). (a—c) Experimental data for set | at
Ca ={2.56, 1.7, 0.85} x 1072, respectively. (d) Experimental data for set Il at
Ca = 1.54 x 1072 The model is based on the fluidity function ¥(¢) based
on ¢o, ¢1 Mmeasured separately for set | and set Il (Fig. 6b). In particular, we
obtain {¢o, ¢1} = {0.85, 0.75} for set | (a—c) and {0.925, 0.875} for set Il (d).

jumps over local energy barriers (Fig. 2b and c) with predictable
frequency, set by u. The corresponding cycles of droplet dis-
placements and rearrangements lead to formation of p-threads
with periodically (or nearly periodically) occurring folds, p — 1
being linear fold density per droplet (Fig. 3). Once-folded, the
chains are steadily advected downstream without any further
droplet rearrangements and the structure remains stable even
after the external flow was stopped.

In contrast, for ¢ < ¢, we observe the development of
spontaneous rearrangements: such structures are no longer
capable of supporting internal elastic stresses and collapse.
We observe avalanches of rearrangements (Fig. 6) propagating
along the threads at a rate depending, for a given set of fluids,
only on ¢y — ¢, that is on the distance from the jamming point
¢o, where the latter, in turn, depends on the ratio of interfacial
tensions 7y,/y of the core and shell phases (Fig. 5a). We
introduce the effective internal viscosity of the thread #in(¢)
(eqn (22)) scaling inversely proportional to the speed of such
avalanches and diverging at the jamming point ¢, (at which
rearrangements cease).

In this regime we find two types of instabilities: absolute
instability in which the rearrangement wave propagates

This journal is © The Royal Society of Chemistry 2022
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upstream resulting in thread breakup, and contractive instability in
which the droplets are pulled upstream by the contracting (folding)
part of chain which results in thread separation from the inlet
(Fig. 6d). In the case when the folding front is advected downstream
the threads remain advectively stable (the propagating
rearrangements does not lead to thread breakup but rather to
formation of a stable 2-thread). Transition between absolute
instability and advective stability is controlled by “the Strouhal
number” St of the thread (eqn (19)). We argue this transition by
analogy to the case of simple viscous jets'® with the difference
that in the case of granular threads the fluidity ¥ depends on
the degree of packing of the droplets in the thread set by ¢. As
in the case of viscous jets we find that increasing the internal
capillary number of the thread in the fluid state Cajntfiid,
where in our case Cajng fiuia = St™! has a stabilizing effect on
the thread in the sense of widening the advectively stable
regime (see Fig. 6d-f for theoretical predictions and Fig. 7a—c
for experiment). Considering the contractive instability, we find
it to be directly linked to the underlying granular structure of
the threads, apparently not having any direct counterpart
neither in Newtonian nor non-Newtonian jets.>®

V. Discussion

From the point of view of basic physics, we report a rather
unique type of dynamic self-organization: as the granular
threads are generated de novo ‘grain-by-grain’, the reported
quasi-1D morphologies in general differ from the equilibrium
or out-of-equilibrium morphologies generated in systems
consisting of a fixed number of particles.*** Also, the reported
structures do not globally minimize free energy, so that one
may exploit multiple metastable configurations via simple
tuning of the applied rates of flow. Our system offers a rare
example of athermal, non-equilibrium self-assembly with
signatures of ‘dissipative adaptation’.*

It is noteworthy that quasi-linear systems capable of gradual
stress release, analogous to the one described above, are
ubiquitous in nature, particularly at the nanoscale. In molecular
systems, single atoms or other molecular subunits such as
monomers, etc., naturally constitute discrete building blocks
which lead to ratchetlike free-energy and stress-release
landscapes. Examples include crystallizing polymer chains,
stochastically contracting actin fibers in the cytoskeleton,*®
unfolding single protein molecules®” or DNA strands.*® Moreover,
the characteristic pattern of repetitive stress release can also be
observed at the macroscale in catastrophic events such as
earthquakes®® or wildfires.*

Comparison with other types of self-assembling jets and
threads

Periodically folding viscous jets have been previously reported
in external decelerating co-flows generated by a gradually
widening channel.'® However, the folded patterns were
typically unstable and constantly evolved upon being advected.
Qualitatively, we find that the structural self-adaptation of
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p-threads in our experiments is actually more reminiscent of
the behavior of the droplet-decorated spider silk fibers,*" in
which the droplets ‘spool in’ the excess fiber in order to support
a constant tension.

In fact, scission of 1-threads into finite 1-segments in
accelerating external co-flows also resembles the behavior of
an elastic solid fiber rather than a viscous jet. In particular, the
observed scaling of the length N of the segments (Fig. 4) agrees
with a model assuming a tensile-strength limited breakup, see
eqn (14) (for additional exact formulas, valid specifically for
droplets generated at a T-junction, see eqn (15) and (16)),
similar to the previously reported case of solidifying polymer
jets.*?

Comparison with previous reports of ‘flowing crystals’

We note that the examples of dynamic self-organization of
monodisperse droplets or bubbles into various ordered structures
in external flows were already reported before, see ref. 43 for
an overview. In those cases the structures were imposed by
the confining walls and/or by hydrodynamic interactions at a
distance, so that such structures typically would not persist
without a background flow. The structures based on recurring
droplet rearrangements were first reported by Thorsen et al**
who observed linear arrays of droplets developing repetitive
perturbations while flowing down a narrow channel (such
emergent droplet superstructures resembled to some extent the
folded chains that we report here). Ordered quasi-2D flowing
foams were later also reported by Garstecki et al***® and
Raven et al*’ While Garstecki reported limit cycles of bubble
rearrangements resulting in predictable spatiotemporal patterns,
Raven characterized the dynamic transition between the different
patterns, in particular between the ‘hex-one’ and ‘hex-two’
structures, (resembling 1-threads and 2-threads reported
here, respectively). The transition involved propagation of a
rearrangement wave resulting in either advective or absolute
instability, or else in a dynamic coexistence of hex-one and
hex-two structures (apparently such coexistence is characteristic
only of a pressure-controlled bubble system; we did not observe
any such coexistence in our system). Since in our experiments the
droplets are confined inside the encapsulating film of oil rather
than by the walls (though the droplets slid at the upper wall), the
dynamics of rearrangements is controlled not by the friction at the
walls, as in Raven’s report, but rather by the viscous dissipation
in the thin films of oil between the droplets. In particular, the
thin-film dominated type of dissipation is evidenced by the
vanishing of the rate of rearrangements f,.(¢) as the volume
fraction ¢ approaches the jamming point at ¢, (eqn (20) and (21),
Fig. 6b). We leave the detailed explanation of such behavior,
including the actual functional form of ¥(¢), as well as the
impact of the material parameters on fyamax, for future studies.

Extension to general wet soft-granular-systems

We further argue that the reported structures represent a wider
class of materials that we term wet soft-granular matter in
which soft grains such as droplets,">"" bubbles***° or hydrogel
beads®®" close-pack under capillary forces. In comparison to
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wet granular matter with rigid grains, such as wet sand,
deformability of the particles introduces additional degrees of
freedom and facilitates rearrangements which altogether allow
externally driven self-assembly.

We reported such self-assembly in the case of droplets
ordering into threads, but we find that the underlying mechanism
of quasi-1D structure formation is generic in the sense that it is
applicable to any type of soft-granular system with (i) short-range
attractions, (ii) constant rate of feeding of the grains, and
(iii) constant rate of advection of the grains. We expect the
details—such as the type of grains (e.g., droplets, bubbles,
soft-solid particles) or the feeding/advection mechanism—to be
irrelevant. For example, the advection could also be provided by
the friction at a steadily translating substrate, rather than by the
external flow. In fact, we performed an additional experiment in
which we used a T-junction to generate air bubbles in liquid
gelatin stabilized with cetyltrimethylammonium bromide (CTAB)
surfactant at 0.5% w/v concentration. The bubbles were sequen-
tially extruded onto a substrate in a form of a folding chain.
The substrate was cooled down to 5 °C which led to rapid
solidification of the gelatin and permanent stabilization of the
structure (Fig. 8a-d; we previously used the same setup to print
multi-layered bubble structures, see ref. 52). We note that genera-
tion of free-standing droplet- or bubble chains (analogous to our
1-threads) within a crosslinking hydrogel as the encapsulating
phase was already demonstrated before by Chaurasia et al.,>* >’
but their method relied on extrusion of droplets/bubbles into a
static aqueous bath whereas the extensional forces were provided
by buoyancy rather then by viscous flows.

Potential applications in tissue engineering

Capillary arrest of soft-solid particles into chains or clusters
remains of particular interest in tissue-engineering,”® mainly in
the context of generation of compartmentalized 3D cell culture
scaffolds.>>*"*#7%> Capillary self-assembly of all-hydrogel struc-
tures consisting of solid-hydrogel ‘cores’ inside liquid-hydrogel
‘shell’ was proposed over a decade ago by Du et al®® as an
efficient strategy towards fabrication of such scaffolds. In this
context, we believe that the structures reported in the current
work could be further exploited in 3D cell culture, and as such
find applications in high-throughput screening, drug discovery
or diagnostics. The currently available hydrogel-bead assembly
techniques suffer from rather low reproducibility®® and/or low
throughput.®® Our work indicates that that the microfluidic
approach, drawing from the steadiness of the applied rates of
flow and precise localization of viscous stresses, could
allow generation of granular hydrogel structures—also those
previously unattainable—such as N-segments (N > 1) and
p-threads (p > 1) with unprecedented reproducibility.

In order to experimentally check the possibility of using
hydrogel beads in capillary self-assembly of elongated granular
all-hydrogel structures we performed another proof-of-concept
experiment in which we fed one channel of a microfluidic
T-junction with a dense (¢ ~ 75%) suspension of gelatin-
methacryloyl (GelMA) beads (which we generated in a separate
experiment via UV-crosslinking of microfluidic droplets, a
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Fig. 8 Other types of wet soft-granular structures including clusters and
chains of bubbles or microgels. (a) Schematics of a bubble printing setup.
(b—d) Solidified p-threads of air bubbles in gelatin stabilized by CTAB
surfactant extrusion-printed at a glass substrate cooled down to 5 °C,
where (b) fgen = U/D, p = 1, or (c and d) fgen > U/D, p > 1. (e) A
fluorescence-microscopy snapshot from generation of clusters of solid
TRITC-labelled GelMA beads (fluorescent) in liquid GelMA shell (6% w/v
GelMA in PBS, non-fluorescent) at a T-junction. The continuous phase is
Novec 7500 + 2% w/w PFPE—PEG-PFPE. (f) Generated clusters (N < 6),
(g) short chains (N = 3-5), (h) longer chains (N = 6-9) as well as a twisted/
bent 2-thread. Scale bar: 500 pm (b—d) and 200 pm (e—i).

standard microbead-preparation method®®) suspended in
liquid non-crosslinked GelMA precursor (6% aqueous solution
of GelMA), and the other channel with Novec 7500, see Fig. 8e.
We observed formation of both regular clusters as well as
metastable chains and threads of beads connected by capillary
bridges of liquid GelMA (see Fig. 8f-i for experimental
snapshots; details of these experiments will be published else-
where). The experiment demonstrates the possibility of order-
ing of the elastic particles in a way similar to droplets. Yet, we
find that the control over the generated structures in this case
is limited due to spontaneously emerging flow inhomogeneities
inside the bead-supplying microchannel (clogs, avalanches
etc.). We believe that solving this technological problem could
open way to controlled fabrication of compartmentalized all-
hydrogel structures, and we leave it for future studies.

Other possible applications

Finally, we discuss the perspectives of further miniaturization
of the system, ie., the possibility of generating the droplet
thread-like structures at the colloidal length scale. In principle,
since the capillary and viscous forces dominate at the
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microscale, we expect that the reported mechanisms of flow-
assisted self-assembly should remain valid also in this regime.
In fact, fabrication of granular chains consisting of spherical
beads of diameter down to 15 pm connected by capillary
bridges was reported recently.®* Generation of droplets as well
as double-droplets down to single microns in diameter using
microfluidics is challenging but feasible.®>®® The most
important remaining challenge is retaining the precise control
over the flow rates at the scale nL h™". In previously reported
micron-sized droplet generators,’>®® typical generation
frequencies varied in the range 10°-10* s'. If the droplets
self-assembled into chains at this rate this would correspond to
an impressive generation rates of up to 10 cm s ' in terms of
chain length which could open way to industrial fabrication of
internally ordered, compartmentalized microfibers for various
applications, besides tissue engineering also in fabrication of
new photonic or granular-electronic microdevices.**°”%®
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Appendix A

A.1. Calculation of the coefficients C,, f,

In order to determine C, we first consider an infinite chain of
droplets (1-thread) resting at the upper wall of a channel of
rectangular cross section (W x H), along its longitudinal vertical
mid-plane (Fig. 9), with externally imposed low-Reynolds num-
ber flow characterized by viscosity n and the net volumetric flow
rate Qc. From the linearity of the Stokes equations, the expres-
sion for the drag force per droplet can be in general written as

Fig. 9 Sketch of the configuration of a sphere fixed at the upper wall of a
channel with flow imposed along the x-direction. Parabolic-like flow
profile along the channel mid-plane (y = 0) is indicated by the small arrows.
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Fy = pnDUecx (A1)

where U. = Qc/(HW). Accordingly, the quantity Fyy/D = finUex may
be interpreted as a linear viscous force density acting on the chain,
which then defines the drag coefficient 5. In order to estimate f§ we
apply the so-called bead-model in which we replace the actual chain
of droplets by a chain of touching rigid spheres, each of diameter
2a = D/(1 — 9) with 6 € [0,1]. In general, the reason for using the
bead model is that it allows us to use the exact expressions for
the hydrodynamic drag on a sphere in confined geometries (e.g., at
the wall**). In the bead model, linear force density may be expressed
as FPY/(2a) where FPY is the force per sphere, ie., we have

Fu/D = F$PY)24. (A.2)

In our model we neglect hydrodynamic interactions between
spheres in the chain, which means that we assume

AP = HE,

where Fi$2" is the force acting on a single sphere in absence of
other spheres.

In the case without any spheres the imposed velocity field v in the
channel is directed everywhere along the channel, ie., along the x-
axis, so that v =(y,2)e,, with y € [-W/2,W/2] and z € [0,H] denoting
the transverse horizontal and vertical coordinates, respectively
(Fig. 9). We note that due to the stick boundary conditions at the
walls, the flow profile close to the upper wall at y = 0 (around the
droplet) can be approximated as ¥(0,z) ~(H — z)x where « is the local
shear rate (i.e., around z = H). Accordingly, since a « H, we can use
the expression provided by Chaoui and Feuillebois** for the drag on
a single sphere resting in a shear flow at a distance a + % from a wall,

FSPR) = 6nfunala + hk,

(A.3)

(A.4)

where fY. (notation from ref. 24) is a non-dimensional
coefficient which in general also depends on the thickness
h of the gap between the sphere and the wall. We assume 4 =0,
for which ref. 24 provides the value f;, = 1.70.

In order to compare eqn (A.1) and (A.4) we need to express
Uy in terms of x. To this end, we use the exact expression for
the velocity field in a rectangular channel (ref. 23):
sin(knZ) [1 cosh(knY) ]

WY, Z) = -
1%1;1 i3 cosh(kmw/2)

(A.5)

where Y = y/H and Z = z/H; we also denote w = W/H and v, =
48Uy/(7*S,) where

(A.6)

Remembering that, by definition, x = — (0v/02)|y=0,,-, We obtain

4881 Uext

k=mS H ' = ESoH (A7)
with
S.:Z%[um . (A.8)
kodd
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Inserting eqn (A.7) into eqn (A.4), taking & = 0, and using
eqn (A.1)-(A.3) we finally obtain:

14458, af .

ﬁ - TCS()H (A9)

Next, in order to relate f to the coefficient C, (see main text), we
consider eqn (8) in the main text in the situation with stationary
droplets, ie., for fyen = 0, p = 1, for which we have

a) t=4s
(flow off)
b)
Q setl, t=0s
%‘06 Q setl, t=4s
& O setII, t =0s
E 04 S O set II, t =40s
|
— 0.2 — SE, 0 =0
= = SE, 0 =1/4
00 2 6
Ya/
c)
06}
= - - -
o
~ 04¢
Q
I L -— j— -
—~ 0.2¢
0
0.8 0.85 0.9 ¢ 0.95 1
d) set 1 set 11
t=0s t:4s t=0s t=40s
i il
=0 6 =m/4 0=0 6O=mn/4

IT 11

Fig. 10 Morphology of 1-threads. (a) Left: Experimental close-up view of a
1-thread at the moment the flow is stopped, t = 0; center: the same view after
t = 4 s; formation of surfactant bilayers between the dropelts results in a finite
contact angle 6§ ~ m/4. (b and c) Deformation parameter 6 = 1 — D/(2a)
calculated numerically using Surface Evolver for ¢ = 0.925 and for droplet—
droplet contact angles 6 = 0 and n/4 (solid and dashed lines, respectively) as a
function of ya/y (b) and as a function of ¢ for ya/y = 0.7 and 3.8 (c) (lower and
upper curves, respectively). (d) Experimental snapshots (¢ = 0.925) for set |
and set Il corresponding to the situation before and after formation of
surfactant bilayers, shown together with the corresponding numerically
calculated morphologies for ya/y = 3.8 (set ) and 0.7 (set Il) with 6 = O or
n/4. Water—oil, oil-external, and water—water interfaces (the latter being a
surfactant bilayer) are indicated as blue, black and red lines, respectively.
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Fig. 11 (a) Schematics of the longitudinal cross-section through a single
droplet in 1-thread with indicated interfaces Sa1, Saz, Sg, and Saa and the
contact angle 6 with a neighboring droplet. (b) Zig-zag displacement of the
droplets in a chain with capillary bridges marked in grey. (c) Critical
configuration of 1-thread just before folding. (d) Folded configuration with
indicated angle Y. For rigid spheres (ya/y = o0, 0 = 0), Yioq = ©/6.
(e) Critical configuration around a fold just before next folding event (such
as in avalanche folding). In (c and e) the arrows indicates the points where
the capillary bridges merge.

Fy = 0)DU,q,- (A.10)

Recalling eqn (5) we have Uy, = Dfaqy = DCofout = 2Coa(1 — )
Uexi/W; inserting into eqn (A.10), and comparing with eqn (A.1),
we find Cy = pw/(20a(l — 0)) which together with eqn (A.9)
leads to

RS
T nSoa(l — S H (A-11)

Comparing with eqn (17) in the main text we can identify

728115
nSoor

Bo = (A.12)

A.2. Calculation of the coefficient «

In order to calculate o we consider eqn (8) in the main text in
the case with a chain translating with velocity Ugen, in a channel
filled with quiescent fluid (fuay = 0, fgen > 0). One obtains the
expression for the drag force per droplet in the form:

Fyg = —0DUgen. (A.13)

Within the bead-model, after Chaoui,** the force on a rigid
sphere translating with velocity Ug, next to a wall can be
written as KE™) = — 6nfimaUgen where the coefficient fi,
diverges logarithmically for small gaps % between the sphere
and the wall,** f%, ~ —(8/15)In(h/a).

From eqn (A.2)-(A.3) we have Fy; = F§¥™9D/(2a) and comparing
with eqn (A.13) we obtain

~ S?Ttln(a/h), (A14)
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S/

== . Al
bo = a5, tn(a/i (A15)
Accordingly, in the rigid-sphere approximation, o ~ In(a/h),
whereas f, ~ 1/In(a/h) so that « diverges while both C, and f,

vanish for h/a — 0.

A.3. Calculation of the coefficient C;

Finally, based on eqn (19), (A.14), (A.15) in the main text the
coefficient C; can be expressed as:

(41[/3)2/37 /3 o So
O‘.BO T 38/325/3 f,\'-&Sl-

Note that since f7, remains finite for #/a — 0, C; also remains
finite in this limit. The data presented in Fig. 4 correspond to
the case W = H, so that w = 1. In order to calculate S, and S; we
truncate the series in eqn (A.6) and (A.8) at k = 201, with the
result Sy = 0.422, S; = 0.831, so that, with f5, = 1.70, we finally
obtain C; = 0.034.

C) = (A.16)

Appendix B

B.1. Morphology of 1-threads

We observed various morphologies of the droplets depending
on y,/y and ¢. We also observed that the morphologies slightly
evolved after switching off the flow. In particular the chains
contracted by around 10-20% within few seconds (for set I) or
few tens of seconds (set II). We associate this morphological
transformation with drainage of the lubricating films of oil
from between the droplets resulting in formation of stable
facets at droplet-droplet contacts, presumably surfactant
bilayers.®® Formation of a bilayer is associated with the release
of surface energy AF. As a consequence the contact angle 6
between the droplets, given by the Young-Dupree equation,®®
cos(0/2) =1 — AF/(2y,), is finite. We measured the contact angle
via image analysis to be 0 ~ 0 and 0 ~ n/4 before and after the
drainage of the oil film between the droplets (which took
around 10 s), respectively. The experimentally measured droplet
deformation parameter ¢ as a function of y,/y and ¢ is plotted in
Fig. 10b and c (symbols), respectively, while the corresponding
morphologies are shown in Fig. 10d. The data are in good
agreement with numerical calculations (solid lines) which we
describe below.

B.2. Numerical surface evolver calculations

We calculated the equilibrium shape of the liquid-liquid
interfaces in a 1-thread using the software Surface Evolver.”®
The software discretizes the interface (this corresponds to
triangulation in 3D case and division into linear segments in
2D case) and iteratively moves the vertices following the steepest
decent of the energy functional F under the constraint of fixed
volumes of liquids. In the experiment we observed that the oil
phase completely wet the aqueous droplets such that it formed
a thin film around them. In such a case, considering a
single droplet in the chain, one can distinguish only three
types of interfaces: water-oil interface of surface tension y,,

This journal is © The Royal Society of Chemistry 2022
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oil-fluorocarbon interface of surface tension 7, and the
droplet-droplet contact area which can be associated with
the surface tension ys. Accordingly, we used the following
functional:

F = VASA + VS + VAASAAy (B.l)

where Sa, S, Saa denote the corresponding surface areas
(Fig. 11a). We note that if the film of oil between the droplets
was macroscopic (beyond the typical range of the disjoining
pressure, say of thickness above 100 nm) one could use pas = 274.
In such a case the contact angle between the droplets would
vanish. However, as already mentioned, in the experiment we
observed a finite equilibrium contact angle 0 between the
droplets; the condition of mechanical equilibrium requires
Yaa = 2yacos(60/2). Accordingly, we use 0 as the material para-
meter instead of yaa.

We also observed that the contact angle between the water—
oil and oil-fluorocarbon interfaces was always close to zero.
Thus, we assume that those interfaces did not interact
(or interacted weakly); accordingly, we use y, + 7 as the effective
surface tension of the water-oil-fluorocarbon interface.
We denote the corresponding surface area S,;. We also denote
Saz =Sa — Sa1 and Sg = S — Sa; (Fig. 11a) such that eqn (B.1) can
be rewritten as

Fly=147v/7a)Sa1 + Saz +2c0s(0/2)Saa + (7/74)Ss-
(B.2)

We minimized the functional in eqn (B.2) under the constraint
of fixed volumes of the aqueous and oil phases, V, and Vg,
respectively. Using the radius of an undeformed spherical drop
a as the unit length we have V, = 4n/3 and Vg = (1 — ¢~ ")4n/3.
Accordingly, overall, the shape of the equilibrium liquid
interfaces is governed by the three independent parameters 6,
yaly and ¢.

Due to the axial symmetry of the system we considered
longitudinal cross-section of the chain which reduced
dimensionality of the problem from 3D to 2D. The calculated
droplet deformation parameter 6 = 1 — D/2a is shown in
Fig. 10b and c. Examples of the calculated equilibrium
interfaces (cross-sections) are shown in Fig. 10d.

B.3. Numerical calculation of the threshold volume fractions
¢17 ¢0

Calculation of ¢,. We assume that upon a lateral zig-zag-like
displacement of the droplets in a 1-thread (Fig. 11b), the chain
folds whenever the bond angle  exceeds the maximal bond
angle , for which the neighboring capillary bridges merge
(Fig. 11c). Based on the equilibrium 1-thread configuration
(Fig. 11a), with D; denoting the length of the capillary bridge
and D the height of the droplet, we find sin(y,/2) = (D — D;)/
D . Accordingly, ¢, solves the condition y4(¢,yaly,6) = 0. The
calculated ¢, as a function of y,/y for 6 = 0 and 0 = ©/4 is shown
in Fig. 5b.

Calculation of ¢,. We note that the calculation of the critical
volume fraction ¢, for a p-thread with p > 1, owing to a lack of
axial symmetry in this case, in general requires setting up and
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solving a full 3D numerical model, computationally time con- fold (Fig. 11d). We approximated ¢,q = ©/6 which is strictly
suming. Instead, for simplicity, we calculated ¢, approximately valid only for rigid spheres (ya/y = oo, 0 = 0). Finally, we
based on the results obtained for the 1-thread configuration determined the critical volume fraction ¢, = ¢o(ya/y,0) from
described above. First, we assumed that the maximal bond the condition o(¢,pa/7,0) = 0, that is Wq(¢,pa/y,0) = /6.
angle ¥, in the case with p > 1 can be approximated as i, = The calculated values of ¢, as a function of y,/y for 6 = 0 and

V1 — Yrola, Where go1q is the angle formed by the droplets at the 0 = n/4 are shown in Fig. 5a.

Appendix C

Summary table of variables (in alphabetical order):

Variable Description Ref.
a Radius of an unconfined droplet Eqn (3)
o Hydrodynamic drag coefficient Eqn (8) and (A.14)
Po Mobility coefficient in the bead-model Eqn (A.12) and (A.15)
Co Hydrodynamic mobility coefficient Eqn (17) and (A.11)
Cy Numerical prefactor Eqn (18), Eqn (19)
Ca Capillary number Ca = nUoly
Cajng fluid Internal capillary number of the thread in the fluid state Eqn (26)
D Length of a droplet in the chain Fig. 10
Dpax As above, maximal value just before breakup Fig. 4a and b
D* As above, average value just before breakup D* = (D + Dpay)/2
1 Droplet deformation parameter Eqn (11), Fig. 10
0% As above, average value just before breakup Eqn (12)
n Viscosity of the external phase —
Nine(®) Effective internal viscosity of the thread Eqn (22)
Mint,fluid Effective internal viscosity of the thread in the fluid state Eqn (23)
fo Frequency scale fo=Uslw
Jaav Frequency of droplet advection by the flow Eqn (5)
Saval Rate of propagation of an avalanche Sfaval = dL/dt
Javal,max As above, maximum value with respect to ¢. Javal,max = faval(®1)
Jeen Frequency of droplet generation Eqn (4)
" Thread linear growth rate Eqn (2)
Af, Difference between the thread linear growth rate and the droplet advection frequency Eqn (1)
Fyu Hydrodynamic drag force on a droplet Eqn (8)
Femax Capillary force holding the thread at the inlet Eqn (13)
¢ Volume fraction of droplets in the thread ¢ = Qa/(Qa + Qp)
oo Critical lower volume fraction for stability of (p > 1)-threads Fig. 5a
o Critical lower volume fraction for stability of 1-threads Fig. 5b
Y Interfacial tension between the outer and middle phase —
Va Interfacial tension between the droplet and middle phase —
Vaa Interfacial tension of the droplet-droplet contact area —
h Distance between the droplet and the upper wall —
H Height of the channel —
L Length of the thread —
N Number of droplets in the chain Fig. 4a and c-i
Niold Number of ‘folded’ droplets —
v Bond angle between droplets in a chain Fig. 11b
Yo Critical bond angle for (p > 1)-threads Fig. 11e
V1 Critical bond angle for 1-threads Fig. 11c
Wrold Bond angle at a fold Fig. 11d
() Internal fluidity of the thread Eqn (21)
Qa, O, Qc Volumetric rates of flow of the phases A, B, C —
Re Reynolds number Re = pc(Qa + Qp)/(1w)
o Average thickness of the thread in terms of droplet diameters p = N/(N — Nioia)
Pc Density of the external phase —
St The ‘Strouhal number’ of the thread Eqn (25)
0 Young’s contact angle between the droplets c0s(0/2) = yaa/2y4
Uy Dispersed-phase velocity scale (upper limit) Uo = (Qa + Qp)iw”
Uaay Speed of advection of droplets by the external phase Uady = Dfaav
Uext Average velocity of the external phase Uext = Qc/(WH)
AU, Difference between the advection velocity and the actual velocity of the droplets AU, = —DAf,
u Ratio of the cross-sectionally averaged rates of flow of the external the dispersed phases. U = Uext/ Uy
Au Shift in u relative to the 1-thread stability line u = i, (¢)/C, Eqn (16)
i Advection frequency f,q, rescaled with f Eqn (5)
ii,() Isoline p(¢, &) = const Eqn (7)
Uerit1(P) Transition line in (¢, @)-space separating advectively stable and absolutely unstable regimes Eqn (24)
Terit,2(P) Transition line in (¢, @)-space separating contractively stable and contractively unstable regimes Eqn (27)
w Width and height of the channels at the T-junction —
w Width of the channel —
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