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Importance of physical units in the Boltzmann plot

Tobias Volker ©* and Igor B. Gornushkin

The Boltzmann plot is one of the most widely used methods for determining the temperature in different
types of laboratory plasmas. It operates on the logarithm as a function of the dimensional argument, which
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assumes that the correct physical units are used. In many works using the Boltzmann method, there is no

analysis of the dimension of this argument, which may be the cause of a potential error. This technical note
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1 Introduction

One of the most popular methods for determining the
temperature in laboratory plasmas is the Boltzmann plot
method. It is based on the solution of the radiative transfer
equation for a uniform, isothermal and optically thin plasma
along the line of sight. To construct the Boltzmann plot, the
equation is linearized by taking the logarithm from both parts
of the equation. The logarithm is a dimensionless transcen-
dental function whose argument must also be dimensionless.
Unfortunately, in many publications there is no analysis of the
dimension of the sublogarithmic expression, and the value of
the function is expressed in the wrong units. This technical note
aims to address this issue by following the general discussion of
dimensional analysis of arguments to transcendental func-
tions.' Specific goals are: (i) to reduce the argument of the
logarithm in the expression for the Boltzmann plot to
a dimensionless form and (ii) to recommend the correct units
for the abscissa and ordinate of the Boltzmann plot.

2 Boltzmann plot and dimensional
analysis
Under the condition of a homogeneous, stationary, and

isothermal plasma in local thermodynamic equilibrium, the
intensity of an optically thin emission line is given by*
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where I (W m™?) is the spectral radiance integrated over the line
profile and full solid angle, % (J s) is the Planck constant, ¢ (m
s~') is the speed of light in free space, A;; (m) is the transition
wavelength, g (dimensionless) is the degeneracy of the upper
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offers a brief description of the method and shows how to correctly use physical units when using
transcendental functions like the logarithm.

transition state, 4;; (s') is the Einstein coefficient for sponta-
neous emission, U;(T) (dimensionless) is the partition function,
nZ (m~?) is the number density, [ (m) is the path length, E; (J) is
the energy of the upper transition state, k, (J K') is the Boltz-
mann constant, and 7T (K) is the temperature. Index s enumer-
ates the plasma species and z the charge state.

To construct the Boltzmann plot, eqn (1) is rearranged and
linearized with respect to E; using the logarithmic function
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Inserting the units into eqn (2) gives
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The analysis and reduction of units to basic ones in eqn (3)
shows that while the second term in the right-hand side is
dimensionless, the expressions under the logarithms are
dimensioned (kg m s~%) that is unacceptable for a transcen-
dental function like the logarithm. To correct this and rewrite
eqn (2) in the dimensionless form, both sides of eqn (1) should
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The numeric values of Ay, cg, A9, Ao, Mo, and [, can be taken
equal to unity and expressed in the same system of units (e.g.,
SI) as that in the original expression eqn (1). Rearranging eqn (4)
into the form of eqn (2), one obtains the usual Boltzmann plot
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equation, but with dimensionless arguments under the
logarithm
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Obviously, the normalization to the unit radiance does not
change the original value of the radiance in eqn (1); it only
converts it into the dimensionless form. Furthermore, eqn (5)
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the unit of energy and the ordinate is unitless. For convenience
and compactness, eqn (5) can be written as eqn (2), but with the
understanding that the argument of the logarithmic function is
normalized to the chosen system of units.

Most importantly, in practice, the response function must be
calibrated in physical units (W m?) to be able to use the Boltz-
mann plot equation. However, this limitation can be removed if
the Boltzmann plot is built for a narrow spectral range (flat
response function), and all spectral lines are normalized to some
standard line from this range. In this case, the Boltzmann plot
equation becomes dimensionless expressed by
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Here, the reference line is marked with index r and the
constants £, ¢ and path length [ are truncated.

A commonly used variant of the Boltzmann plot is the Saha-
Boltzmann plot, which provides a more accurate temperature
determination because it covers a wider range of upper transi-
tion energies. This is achieved by combining atomic and ionic
species in a single plot by expressing the corresponding number
densities through the Saha equation®
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where m,. (kg) is the electron mass, xs (J) and Ay (J) are the
ionization energy and its defect due to the Debye shielding.
Following the procedure described above, the analog of eqn (5)
for an ionic line reads as follows
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Note that the expression under the logarithm in the second
term on the left-hand side is dimensionless.

3 Error analysis due to inconsistent
physical units

To investigate possible errors that can occur when using
inconsistent units in the construction of a Boltzmann plot,
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Table 1 Lines used for the Boltzmann plot®
Ton i (107° m) A (10° s7Y) E (107'°]) gk
Ti" 334.94 1.68 6.01 12
Ti" 390.05 0.28 6.91 10

¢ Data are from Ref. 4.

several possible situations are analyzed. All tested scenarios
assume a two-point Boltzmann plot using the lines in Table 1.
The integrated line intensity is calculated from eqn (1) using the
polynomial approximation® for partition functions. The
temperature is assumed to be 10 000 K, the number density of
atoms is 1 x 10°> m~3, and the path length is 0.001 m. The
points on the Boltzmann plot are calculated from eqn (5).

The first scenario assumes that the emission signal is
measured in units of counts, i.e., the spectrometer and detector
are not calibrated with a standard light source. If the spectral
response function is not flat, then the ratio of the measured
intensities at 334.94 nm and 390.05 nm will differ from that
emitted by the plasma and, therefore, the temperature deter-
mined from the slope of the Boltzmann plot will be incorrect. To
analyze a possible error for this case, the spectral response
function integrated over the line profile and full solid angle is
assumed to be 1 W (m? counts) " in the spectral region around
334 nm and 0.8 W (m” counts) " in the region around 390 nm.
By dividing the intensities calculated from eqn (1) by these
response function values, the intensities measured by the
uncalibrated instrument in units of counts are obtained. After
substituting these values into eqn (5) and determining the slope
of the Boltzmann plot, a temperature of 7444 K is obtained,
which makes a 26% relative error with respect to the original
temperature of 10 000 K.

In the second scenario, it is assumed that the spectrometer is
calibrated, and the emission signal is measured in the physical
units of W m~2 but the Boltzmann plot equation is calculated
using the non-SI system unit of nm for central wavelengths of
emission transitions. In this case, the temperature will be
determined correctly because the ordinates of all points on the
Boltzmann plane will be shifted vertically to equal distances.
However, it should be emphasized that the use of inconsistent
units in this case is physically incorrect, leading to the
appearance of a unit conversion factor under the sign of the
logarithm, which, without changing the slope of the function,
will shift its intersection point with the y-axis; such the shift
may be undesirable in some applications.

Common to all scenarios is that the use of inconsistent units
in the Boltzmann plot equation is incorrect from both mathe-
matical and physical points of view and can lead to erroneous
temperature values when using the Boltzmann plot method.

4 Conclusion

Since many papers using the Boltzmann method to measure
plasma temperature do not check the dimension of the sub-
logarithmic expression, this technical note emphasizes that
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such a check is necessary to obtain the correct temperature
value. In this context, attention was drawn to the following:

(i) Transcendental functions such as the logarithm require
a dimensionless quantity as an argument. This can be achieved
by normalizing the equation for the integral line intensity by the
unit intensity in the chosen system of units that makes the
argument of the logarithm dimensionless. This requires cali-
bration of the spectrometer and detector so that the emission
signal can be measured in physical units.

(ii) The abscissa on a Boltzmann plot graph has units of
energy, and since the logarithmic function gives a dimension-
less unit as the value of the function, the ordinate of the
Boltzmann plot graph is therefore dimensionless.

It is also shown that the use of inconsistent units of variables
and constants in the argument of the logarithmic function can
lead to erroneous temperature values when using the Boltz-
mann plot method. Several scenarios are considered, including
the use of uncalibrated measurements or inconsistent units in
a sublogarithmic expression. Therefore, it is recommended to
carefully analyze the dimension of the quantity under the sign
of the logarithm and use agreed units of measurement based on
one or another system of physical units (SI, CGS, etc.).
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