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Broader context

New formulation of the theory of thermoelectric
generators operating under constant heat flux

Gao Min

The current theory of thermoelectric generators can only deal with situations where a thermoelectric
generator operates under a constant temperature difference. In this paper, a new theoretical formulation
is reported that can be applied to situations where a thermoelectric generator operates under constant
heat flux, completing the thermoelectric generator theory that has been absent for more than half a
century. Central to the development of this new theory is a thermoelectric relationship that links the
temperature difference across a thermoelectric generator in an open circuit to that in a closed circuit,
enabling new formulation. This new theory offers the capacity to calculate the maximum power output
and maximum conversion efficiency of a thermoelectric generator that operates under a constant heat
flux, which represents the typical characteristics of the majority of heat sources and is anticipated to
have a significant impact on the design and optimization of many practical thermoelectric generators.
Moreover, the theory lays the foundation for a deep understanding of the unique characteristics of
thermoelectric /-V curves and opens up a new way to investigate and evaluate the thermoelectric prop-
erties and performances using the /-V curves. Other foreseeable outcomes due to this new theory
include the development of a novel thermoelectric characterisation technique based on thermoelectric
|-V curves, a variable thermal resistance for heat regulation and exploring the possibility of improving
the performance of thermoelectric generators by pulse mode operation.

Thermoelectric generators produce electricity by scavenging waste heat from various thermal resources. They have the potential to play a role in

decarbonisation of electricity and heat and moving towards a net-zero world. To assess the viability of thermoelectric power systems, a complete theoretical

model is crucial. The current theory of thermoelectric generators was developed in the 1940s, which has played an important role in developing modern

thermoelectrics. However, the current theory has a drawback: it can only deal with systems operating under a constant temperature difference. For systems

operating under constant heat flux, the theory becomes ineffective. Since many heat sources exhibit the feature of constant heat flux, there is an increasing

demand for a theory that can deal with the operation under constant heat flux. Theoretical complexity associated with this request has been a main obstacle to
the progress. The situation changed recently due to advances in two aspects: dramatically increased computing power and discovery of a key thermoelectric

relationship, enabling the completion of the remaining part of the theory that has been absent for more than half a century. With the addition of this work, the
theory of thermoelectric generators is now able to deal with both types of heat sources.

1. Introduction

generators.>® An improved model that takes into account the
electrical and thermal contact resistances provides further

The theory of thermoelectric generators operating under a
constant temperature difference is well established and has
played an important role in the development of
thermoelectrics." It provides a theoretical basis for determining
the performances of thermoelectric generators such as the
power output and conversion efficiency. It has been widely
employed for the design and optimization of thermoelectric
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capability for device geometry optimization.* Based on these
available theoretical frameworks, practical thermoelectric gen-
erators can be conveniently designed with their performances
predicted to a sufficient accuracy. The only drawback is the
requirement of prerequisite knowledge on the temperature
difference across a thermoelectric generator, which also needs
to be maintained constant during the operation. The theore-
tical procedure becomes hugely inconvenient if the tempera-
ture difference across a thermoelectric generator cannot be
maintained constant.

This journal is © The Royal Society of Chemistry 2022
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With increasing interest in thermoelectric energy harvesting
using various heat sources,”® it is becoming apparent that not
all heat sources can maintain a constant temperature. A typical
example is the thermal energy collected from solar irradiation
with an absorber. When it is used to power a thermoelectric
generator, the temperature of the heat source (thermal absor-
ber) changes depending on the properties and geometry of the
thermoelectric generator. In general, heat sources can be
broadly divided into two types -heat sources with constant
temperature and heat sources with constant heat flux (analo-
gous to constant voltage sources and constant current sources,
respectively). Thermoelectric generators behave differently
upon application of different types of heat sources. For exam-
ple, if the temperature difference across a thermoelectric gen-
erator can be held constant by a heat source, the heat flux
through the thermoelectric generator must increase when the
load resistance is reduced. On the other hand, if a heat source
can maintain a constant heat flux through the thermoelectric
generator, its temperature difference must decrease if the load
resistance is reduced (see Section 6.1 for details). The theore-
tical framework for dealing with the operation under constant
temperature has long been established. However, the theory for
dealing with constant heat flux is still absent. The work
reported in this paper was the result of an attempt to address
this challenge.

2. Established theory for operation
under a constant temperature
difference

In order to understand the motivation for the reformulation of
the thermoelectric theory, a brief review of the established
theory of thermoelectric generators is needed. Fig. 1 shows
the schematic diagram of a simplistic thermoelectric generator
and its equivalent circuit. Based on this model and neglecting
the electrical and thermal contact resistances at interfaces, the
power output and conversion efficiency of a thermoelectric
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where s (=R./R) is the ratio of the load resistance (R.) to the
internal resistance of the thermoelectric generator (R); o is the
Seebeck coefficient; Z (=¢’¢/) is the figure-of-merit of the
thermoelectric material; ¢ is the electrical conductivity and 4
is the thermal conductivity; Ty and T¢ are the temperatures at
the hot and cold sides, respectively; AT (=Ty-Tc) is the tem-
perature difference across the thermoelectric device. It can be
seen that the power output and conversion efficiency are
dependent on the resistance ratio s. For a given temperature
difference, the maximum power output and the maximum
conversion efficiency can be obtained corresponding to the

optimal values of s = 1 and s = V1 + ZT, respectively"

lo? - AT?
A @
Tu—Tc V14+ZT-1
Nmax = (4)

Thu .\/1+ZT+TH/TC

where T = (Ty + Tc)/2 is the average temperature across the
thermoelectric generator. Eqn (4) has been widely used to
estimate the efficiency of thermoelectric generators for given
operating temperatures. More significantly, eqn (4) shows the
importance of the material property ZT for achieving high
conversion efficiency. It provides a theoretical basis and a key
motivation for thermoelectric material research.

It is to be noted that eqn (4) is obtained from eqn (2) based
on an assumption that the temperature difference across the
thermoelectric generator is constant (e.g., using a constant-
temperature heat source), where the ratio s has no effect on the
temperature. However, if the heat source is not a constant-
temperature heat source, the temperature difference across the

Thermoelectric generator

©

Fig. 1 Schematics of a basic thermoelectric generating system delivering electrical power to an external resistor when the switch is closed. (a) Simplified
model in an open circuit: the heat flow is due to heat conduction (i.e., Fourier heat Qf) only and no electrical power delivered to the external load; (b)
simplified module in a closed circuit, delivering electrical power to the external load. The heat flow consists of the Fourier heat Qf (from the hot to cold
side), the Peltier heat Qp (from the cold to hot side), and the Joule heat Q; (flowing into both sides); (c) equivalent electric circuit of the simplified model.

This journal is © The Royal Society of Chemistry 2022
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thermoelectric generator can be affected by the ratio s. A
decrease in s will result in a decrease in the temperature
difference across the thermoelectric module and consequently,
eqn (4) becomes invalid. In addition, eqn (4) indicates that the
Carnot efficiency can be reached using a thermoelectric gen-
erator if its thermoelectric figure-of-merit ZT approaches infi-
nity. Although this is correct in principle, it is impossible to
achieve in practice as will be discussed later.

3. AT,—AT Relationship

Central to the new theory of thermoelectric generators for
operation under constant heat flux is a relationship that links
the temperature difference across a thermoelectric generator in
an open circuit to that in a closed circuit.”'° The relationship
can be established by considering the heat flow in open and
closed circuits, respectively, while maintaining a constant heat
flux through a thermoelectric generator. In an open circuit, the
heat flux through the thermoelectric generator, Q,, is due to the
heat conduction (Fourier heat) only, which can be expressed as,

Qo = KAT, (5)

where K (=/4/]) is the thermal conductance of the thermo-
electric generator, A and [ are the cross-sectional area and
length of the thermoelement, respectively. AT, (=Txo-Tco) is
the temperature difference across the thermoelectric generator
in the open circuit (where Ty, and T, are the hot and cold side
temperatures of the thermoelectric generator in the open
circuit, respectively). It is to be noted that all thermal and
electrical contact resistances at various interfaces are neglected
in this and thereafter formulations in the same way as the
established theory did." This will enable direct comparison
with the established theory and focus on the main physics
aspect. However, for accurate engineering calculations, the
thermal and electrical contact resistances of the interfaces need
to be considered.

When the thermoelectric generator is connected to an
external load R, (as shown in Fig. 1 with the switch closed),
the heat flux through the thermoelectric generator now consists
of Fourier heat, Peltier heat and Joule heat, which can be
expressed in a compact form,"’

Q.= (1 + ZTy) KAT (6)

where AT is the temperature difference across the thermo-
electric generator in a closed circuit and T, is given by

(1+2S)TH+TC

Tn = 2(1 + 5)2 )

T has the unit of temperature. It is affected by the ratio s and
the hot and cold side temperatures. Eqn (6) indicates that the
heat flow through a thermoelectric generator will change with
the ratio s (by changing the external load resistance) if the
temperature difference across the thermoelectric generator
remains unchanged, or if the heat flow is kept constant, the
temperature difference across the thermoelectric generator
will change with the ratio s. The term ZT,, in the equation
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Fig. 2 Temperature difference across a thermoelectric generator as a
function of ratio s for operation under constant heat flux. It is assumed that
the cold side temperature of the thermoelectric generator is maintained at
300 K and the hot side temperature in the open circuit is 400 K. ZT is the
thermoelectric figure-of-merit ranging from 0.5 to 100.

represents the contribution of the Peltier heat to the total heat
flow through the thermoelectric generator, in which Z is the
property of the thermoelectric generator and Ty, is associated
with the operating condition, which is a function of Ty,
Tc and s.

For a thermoelectric generator operating under a constant
heat flux and assuming no heat loss from the system, the heat
flux through the thermoelectric generator will remain the same
for the open circuit and closed circuit (i.e., Q, = Q.). As a result,
a relationship between AT and AT, can be established as

AT = ATo/(1 + ZTy,) (8)

Eqn (8) indicates that the temperature difference across a
thermoelectric generator will be reduced by a factor of (1 +
ZT,,) as the circuit changes from open circuit to closed circuit.
Fig. 2 shows the temperature difference across a thermoelectric
generator as a function of s for different ZT values. It can be
seen that the temperature difference across a thermoelectric
generator decreases with s, reaching a minimum value of AT in
a short circuit (i.e., s = 0) and AT, becomes smaller with the
increasing Z7T. This is due to the fact that under a constant heat
flux, the contribution to the heat flow due to the Fourier heat
decreases while the contribution due to the Peltier heat
increases with the increasing current as a result of reducing
the external load resistance. Eqn (8) reveals an inevitable
consequence of the Peltier effect on thermoelectric power
generation. Using this relation, it is possible to determine the
actual temperature difference across a thermoelectric generator
for a given material (ZT) and operating conditions (s and AT,).
This relation plays an important role in developing the theory
of thermoelectric generators operating under a constant heat
flux and lays the foundation for a deep understanding of the
thermoelectric behaviour discussed below.

This journal is © The Royal Society of Chemistry 2022
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4. Thermoelectric I-V curves

The I-V curve is a useful plot for many electronic devices (e.g.,
diodes and transistors), which reveals the key characteristics of
the devices."” The I-V curve is also extensively employed for
determining the performance of solar cells."* However, the I-V
curves appear to have very limited application in thermoelec-
trics, which are mainly used to determine the power output of
generators and in some cases were applied inappropriately
leading to incorrect results. This is due to the fact that the
thermal behaviour of a thermoelectric generator can be affected
by I-V measurements due to the Peltier effect and in turn, it
changes the profile of the I-V curve. Using eqn (8), this problem
can now be understood, and correct applications can be
formulated.

Based on the equivalent circuit of the thermoelectric gen-
erator shown in Fig. 1(b), the voltage across the load and the
current flowing through the circuit can be expressed as

Ry

=—L A
14 R R oAT 9)
I=—' .t (10)
 R+RL

For a thermoelectric generator operating under a constant
temperature difference, AT,, its Seebeck coefficient, o, and
internal resistance, R, will remain unchanged when changing
the load resistance, R;. A linear relationship between V and I is
obtained as

V = aAT,~RI (11)

However, if the thermoelectric generator operates under con-
stant heat flux, a change in the load resistance, Ry, will result in
a change in the temperature difference across the generator,
which is governed by eqn (8). In this case, the voltage and
current can be expressed as

R 1

V=—— —— .4AT, 12
R+ R 1+2T, (12)
1 1

I=—r ———aAT, 13
R+R. 1+2T, (13)
The relationship between V and I is given by
aAT,
V=——7-—RI 14
1 +ZTy (14)

It can be observed that eqn (14) shows approximately a linear
relationship between Vand I if ZT and AT, are not too large. For
example, the coefficient of determination (a measure of linear-
ity) is 0.9993 for a generator with ZT = 1 operating under AT, =
100 K, while it is 0.94797 for a generator with ZT = 10 operating
under AT, = 1000 K (an example of the extreme case), indicating
the validity of linear relationship in most cases.

The term that represents the open circuit voltage (¢AT,) in
eqn (11) is reduced by a factor of (1 +ZT,,) in eqn (14). This
indicates that the thermoelectric I-V curve will be affected by
the thermal response of a thermoelectric generator and

This journal is © The Royal Society of Chemistry 2022
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Fig. 3 Thermoelectric |-V curves for operating under a constant tem-
perature difference (fast scan) and constant heat flux (slow scan), respec-
tively. The inset shows the corresponding power outputs.

consequently affected by the sweep rate of the I-V tracer.
Fig. 3 shows the I-V curves obtained by fast and slow sweep
rates, respectively, for a thermoelectric generator with ZT = 1
operating under AT, = 100 K. Since the electrical response of a
thermoelectric generator is at least an order of magnitude
faster than the thermal response due to a large thermal inertia,
the I-V curves obtained using a fast sweep rate (less than one
second) is almost the same as if the thermoelectric generator
operates under a constant temperature difference, which is
governed by eqn (11) (blue line in Fig. 3). However, if a very slow
sweep rate (e.g., 30 min per point) is used, the thermoelectric
generator has an opportunity to reach the respective thermal
steady-states corresponding to each of the set values of the load
resistance, R;. As a result, a different I-V curve is obtained
which is governed by eqn (14) (red line in Fig. 3).

Since the slope of the I-V curve using a fast sweep rate is
bigger than that using a slow sweep rate, the power output
obtained from a fast sweep rate is significantly larger than that
using a slow sweep rate as shown by the inset of Fig. 3. In
essence, the maximum power output determined from an I-V
curve of fast sweeping represents the case when a thermo-
electric generator operates under a constant temperature dif-
ference (AT = 100 K in this example). However, due to the slow
thermal response, the thermoelectric generator is unable to
reach the corresponding thermal steady-state within the same
timescale of I-V tracing. The heat flow through the thermo-
electric generator determined in this way is equal to Q, (=KAT,),
not the corresponding thermal state Q. (=(1 + ZT,)KAT,). As a
result, the conversion efficiency determined in this manner is
significantly overestimated. In order to obtain correct measure-
ments, the thermoelectric generator needs to be connected to a
matching load and wait until the thermal steady-state has been
reached while maintaining the temperature difference across
the thermoelectric generator constant. An alternative approach
is to use the I-V curves of slow sweeping described below.

The I-V curves obtained from slow sweeping represent the
case when a thermoelectric generator operates under constant

Energy Environ. Sci., 2022, 15, 356-367 | 359
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heat flux. In this process, each set of the I-V data is measured
after the thermoelectric generator has reached the corres-
ponding steady-states. The maximum power output deter-
mined from this I-V curve corresponds to actual heat flow
through the thermoelectric generator, which is also the heat
flow under initial conditions because of the operation under a
constant heat flow. Consequently, the conversion efficiency of
the thermoelectric generator can be calculated directly using
Piax/Q, if slow sweeping is used. However, it is to be noted that
the temperature difference across the thermoelectric generator
in this case is smaller than AT, because the temperature
difference will decrease in a closed circuit.

The open circuit voltage and short circuit current are the two
characteristic parameters of the I-V curves. For a thermoelectric
generator under given conditions, the open circuit voltage, V,,
is always the same regardless of whether the I-V curve is
obtained by a fast or slow sweep. However, the short-circuit
currents are significantly different for operation under a con-
stant temperature difference and constant heat flux, which can
be determined using eqn (10) and (13), respectively,

aAT,
Iy=—~ (15)
1 aAT,
lo=—. 16
QTIyzT, R (16)

where T; = (Tys + Tc)/2 is the average temperature of the
thermoelectric generator when the generator has reached a
thermal steady-state corresponding to the electrical short cir-
cuit. Ty is the hot side temperature of the thermoelectric
generator at the short circuit.

It is interesting to note that the good linearity of the I-V
curves of thermoelectric generators is a crucial requirement for
developing a novel measurement technique (see Section 6.3)
but can also be viewed as a drawback. Using the definition of
the “fill factor” of solar cells,"® one can determine the fill factor
of thermoelectric generators, which is approximately 0.25 for
all thermoelectric generators due to the straight line of their I-V
curves. This value is less than 1/3 of the fill factor of typical
solar cells. Furthermore, the thermoelectric fill factor is a
constant that cannot be further increased if the -V curves
remain in a straight line. For the same open-circuit voltage and
short-circuit current, the maximum power output produced by
the thermoelectric process is significantly lower than that
produced by the photovoltaic process. This raises the question
if the thermoelectric process is inherently less efficient than the
photovoltaic process, is there any thermoelectric process that
produces an I-V curve similar to that of a photovoltaic device?

View Article Online
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5. Power output and conversion
efficiency

The performance of thermoelectric generators is evaluated by
their power output and conversion efficiency. Using eqn (8), the
theoretical procedure to calculate the power output and con-
version efficiency of a thermoelectric generator that operates
under constant heat flux can now be developed. Together with
eqn (5), (12) and (13), the power output (P = I-V) and conversion
efficiency (7 = P/Q,) of a thermoelectric generator can be
expressed as

s 1 (2AT,)

P Uizt R (7)
K 1

"m0+ U+ 21m) ZATo (18)

In general, the temperature difference across the thermoelec-
tric generator in an open-circuit (AT,) can be determined from
the given heat input (Q,) and the thermal conductance of the
thermoelectric generator (K) using eqn (5). If s and T, are
known, the P and 7 of the thermoelectric generator can be
calculated using eqn (17) and (18). However, in most practical
applications, we only need to determine the maximum power
output, Py, and maximum conversion efficiency, #max. TO
achieve this, attempts were made to derive analytical expres-
sions similar to eqn (3) and (4). However, it appears that there
are no simple analytical solutions available for P, and #yax in
the case of constant heat flux and consequently, a numerical
method has to be employed.

5.1 Numerical method (accurate approach)

The numerical method involves initially determining a set of s
and T, followed by calculating all the corresponding values for
P and 7 using eqn (17) and (18), and then identifying the Py«
and 1y numerically or graphically. In order to determine T,
for a given s using eqn (7), we need to determine the hot side
temperature of the thermoelectric generator, which can be
done by rewriting eqn (8) as

(1+25)TH+TC

(Tu— Tc)<1+z- 21 1)

)~ (= Te)=0 (19

In the design of thermoelectric generators, the materials prop-
erty (Z) and initial operating temperatures (Ty, and T¢,) are
usually known. In addition, it is a general practice to maintain
the temperature at the cold side of the thermoelectric generator
constant, i.e., Tc = Tc,. In this case, the corresponding value to
a given s can be determined by finding the positive solution to

Table1 Selected data of calculated Ty, T, and 7 for given s using the numerical procedure described. The data were calculated by assuming T, = 400

K, Tco = 300 K, and ZT = 1. The calculation was performed using MATLAB

S 0.001 0.01 0.1 1 1.9 5 10 100 1000

Ty 351.78 351.98 353.87 366.65 373.74 384.74 390.86 398.88 399.91
T 325.59 323.02 299.44 174.99 124.49 62.947 35.157 3.9445 0.3995
n 0.0001 0.0008 0.0069 0.0318 0.0351 0.0285 0.0195 0.0027 0.0003
360 | Energy Environ. Sci., 2022, 15, 356-367 This journal is © The Royal Society of Chemistry 2022
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eqn (19) and the corresponding T,, can be calculated using
eqn (7). Table 1 lists the calculated Ty, for a set of s parameters,
together with Ty and 7. The data were calculated by assuming
that Ty, = 400 K, Tg, = 300 K and ZT = 1. Using modern
computational software such as MATLAB, the whole procedure
can be programed and large sets of data can be calculated
automatically. Fig. 4 shows the calculated conversion efficiency
as a function of s for different ZT values. Using this graph, the
maximum efficiency and the corresponding optimal s can be
determined. For example, in the case of ZT = 1, the maximum
conversion efficiency of 0.0351 is obtained at s = 1.9 (optimal s).
Since the power output depends on s and Ty, in the same
manner as the conversion efficiency (see eqn (17) and (18)), the
maximum power output is also obtained at the same optimal s.
This differs from the operation under a constant temperature
difference, where the maximum power output is obtained at s =
1 and the maximum conversion efficiency is obtained at
s=V1+ZT.

Compared to the analytical approach, the numerical method
appears to be more complex. However, with modern comput-
ing, the calculation can be performed quickly and conveniently
once the code is written. The only drawback is the lack of direct
physical intuition. The results can be better understood with
reference to Fig. 2. When a thermoelectric generator operates
under constant heat flux, the temperature difference across the
generator varies with s (by changing the external load resis-
tance, Ry). In order to generate a large voltage, the temperature
difference across the thermoelectric generator should be large,
which corresponds to requesting a large s value. On the other
hand, in order to produce a large current, a small s value is
required which results in a smaller temperature difference. As a
result, the maximum power output (also maximum conversion
efficiency) is achieved by optimising the temperature difference
across the thermoelectric generator through trade-off between
the voltage and current. It can be seen from Table 1 that the hot

0.08
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0.05 A

0.04

Efficiency

0.03 -+

0.02 4

0.01 -

0 ; “ . .
0.001 001 01 1 10
s parameter

100 1000 10000

Fig. 4 The conversion efficiency of the thermoelectric generator as a
function of s parameter for different ZT values. The optimal values of s
parameter to obtain the maximum conversion efficiency can be deter-
mined graphically. The temperature at the hot and cold sides of the
thermoelectric generator in the open-circuit is assumed to be 400 K
and 300 K, respectively.

This journal is © The Royal Society of Chemistry 2022
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side temperature at the optimal point is 373.74 K for ZT = 1,
which is approximately the middle point between the open-
circuit (400 K) and short-circuit (351 K). Clearly, the optimisa-
tion process is very different from the operation under the
constant temperature difference, where the optimisation is a
trade-off between the power output and heat flux.

5.2 Analytical method (approximate approach)

Although the accurate calculation of Py, and #max is only
possible using the numerical method, an approximate analy-
tical approach can be developed based on the linear relation
between the voltage and current of thermoelectric generators.
For a device with a perfect linear I-V characteristic, its max-
imum power output is always obtained at the middle point of
the I-V curve (i.e., corresponding to V,/2 and Io/2) as shown in
Fig. 5. In this case, an equation can be derived based on the
condition V = V,/2 using eqn (8), (12) and V, = aAT,,

2s
1+

(T — TC)< ) — Tito — Teo (20)

In most power generation applications, Ty, and T, are usually
given and the Z value is known. In addition, the cold side of the
thermoelectric generator can be maintained constant, i.e., Tc =
Tco. In this case, an optimal sy and the corresponding Ty can
be determined by simultaneously solving eqn (19) and (20).
Then, the maximum power output and maximum conversion
efficiency can be calculated using eqn (17) and (18).

It is to be noted that the calculation procedure described
above is only valid for a perfectly linear /-V curve. As mentioned
earlier in Section 4, the thermoelectric I-V curves are, in
general, only approximately linear. As a result, an error will
occur due to non-linearity as shown in Fig. 5. However, it is

1
A
1 0]
Ideal
1 Q
2
N Practical
7
12
>V
Yo Vo
2

Fig. 5 Schematic thermoelectric /-V curves. The blue-line represents an
ideal -V curve that is a perfect straight line. The red-line represents a
practical /-V curve that is slightly curved. In the ideal case (blue), the
middle point on the voltage axis corresponds to the middle point on the
current axis because of the perfect straight line. In the practical case (red),
the middle point on the voltage axis no longer corresponds to the middle
point on the voltage axis.
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Fig. 6 The maximum conversion efficiency and corresponding hot side
temperature as a function of thermoelectric figure-of-merit, ZT, for a
thermoelectric generator operating under a constant heat flux with its
initial open-circuit temperature difference of AT, = 100 K (i.e., Tho= 400 K
and Tco = 300 K). The efficiency improvement beyond ZT > 10 is less
significant.

found that the accuracy of this method can be significantly
improved by using an averaging procedure. Similar to using the
condition V = V,/2, we can also use the condition I = I/2. Based
on this condition, together with eqn (13) and (16), an equation
can be derived as follows

2(Ty — T¢)

= Tys — T,
l+s Hs Co

(21)
where Ty is the hot side temperature of the thermoelectric
generator in the short-circuit, which is usually unknown but
can be calculated by solving the equation below

Z(THS —+ Tc)

. (22)

(THS - TC)(1 + ) - THo - TCO

Eqn (22) is a special case of eqn (19) in the short circuit (i.e.,
when s = 0). Once Ty, is determined using eqn (22), an optimal
sy and corresponding Ty can be determined by solving eqn (19)
and (21) simultaneously. Then, an average optimal value can be
obtained by 5 = (sy + §;)/2. Fig. 6 shows the maximum conver-
sion efficiency and the hot side temperature as a function of the
thermoelectric figure-of-merit, ZT, for a thermoelectric genera-
tor operating under a constant heat flux with its initial open-
circuit temperature difference of AT, = 100 K (i.e., Ty, = 400 K
and T¢, = 300 K). The data were calculated using the approx-
imate method described above. For a thermoelectric generator
with ZT =1, the calculated #,,,, and Ty are 0.03514 and 373.9 K,
respectively, which shows an excellent agreement with the
results from the numerical method as shown in Table 1. It
can be shown that the deviation in the maximum conversion
efficiency between the numerical method and the approximate
method is typically less than 2% even for the extreme case
scenario of ZT = 10 and AT, = 1000 K. Using the analytical
method, the computational requirement for determining the
maximum conversion efficiency is significantly reduced with-
out noticeable compromise in accuracy.
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6. Potential applications

The new formulation provides a theoretical tool for the design,
optimisation and evaluation of thermoelectric generators that
operate under constant heat flux. Moreover, it offers a new
perspective on investigating the response of thermoelectric
generators when operating under constant heat flux and lays
the foundation for potential new applications. As can be seen
from the discussion above, the characteristics of heat sources
have a profound influence on the operation of thermoelectric
generators. An appropriate design and application of thermo-
electric generators require good knowledge and understanding
of the characteristics of heat sources.

6.1 Heat sources

The characteristics of heat sources have a significant impact on
the design and performances of thermoelectric generators that
have frequently been overlooked. An initial step in the design of
thermoelectric generators should identify the characteristics of
heat sources. In general, heat sources can be divided into a
“constant-temperature” heat source and a ‘“constant-flux’’ heat
source (similar to the concept of the constant voltage source
and constant current source). An ideal constant-temperature
heat source has the ability to maintain the temperature of the
heat source unchanged while the heat flux varies with the
thermal conductance of a thermal load. On the other hand,
an ideal constant-flux heat source has the ability to maintain
the heat flux unchanged while its temperature can vary. In the
real world, it is likely that both the temperature and heat flux of
a heat source will change. However, in most cases, either the
temperature of a heat source changes much quickly than the
heat flux or vice versa, enabling approximation to one type or
the other. For example, the hot water circulating through a heat
exchanger can be approximated as a constant-temperature heat
source. The hot water carries a large amount of thermal energy
due to its high specific heat capacity and continuous water
circulation. This allows the heat flux to vary without signifi-
cantly affecting its temperature. On the other hand, a solar
thermal absorber can be viewed as a constant-flux heat source.
The amount of thermal energy collected by the absorber is
fixed. If radiative heat loss is negligible, the heat flux through a
thermal load will be equal to the absorbed energy and hence
remains constant, while the temperature is likely to change
with the thermal conductance of a thermal load (another
similar case is the radioisotope heat source, which has been
employed in thermoelectric space power systems). An implica-
tion for real-life application is that heat losses due to heat
convection and radiation will also change with the thermal load
when operating under constant heat flux. However, the new
formulation will be valid if the heat flux through the thermo-
electric generator is kept constant.

The thermal energy extracted from hot fluid such as vehicle
exhaust is an interesting case that can change from one type to
another. The thermal energy is extracted through a heat
exchanger and the effectiveness of the heat exchanger deter-
mines the characteristics of the heat source. If the heat
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exchanger extracts thermal energy at a rate that is significantly
higher than the heat flux required by a thermal load, it behaves
like a constant-temperature heat source. Otherwise, it will be a
constant-flux heat source. In general, when a steady state is
reached between the heat source and its thermal load, we have
Qu = Qg + Q. (Where Qy is the rate of heat production by a heat
source, Qg is the heat flux through a thermal load and Qy is the
rate of heat losses). If Qg « Oy, the system is likely to operate
in a constant temperature mode. If Qg & Oy, the system is
likely to operate in a constant heat flux mode. Clearly, for
efficient use of thermal energy, a thermoelectric generator
should be designed to operate in a constant heat flux mode.

6.2 Design and optimisation

The new formulation is developed to assist the evaluation of the
performance of thermoelectric generators for design and opti-
misation. Fig. 7 shows the maximum conversion efficiency of a
thermoelectric generator as a function of ZT for different
operating temperatures. Fig. 7(a) is calculated using the new
formulation, which represents the situations when the thermo-
electric generator operates under constant heat flux. Fig. 7(b) is
calculated using the established theory, which represents the
situations when the thermoelectric generator operates under a
constant temperature difference. Comparing Fig. 7(a) with (b),
it appears that a thermoelectric generator that operates under a
constant temperature difference is much more efficient than
that under constant heat flux. However, such a comparison is
flawed because these two operating modes are not directly
comparable. Although the initial temperature differences
(AT,) across a thermoelectric generator are the same for both
operating modes, the actual temperature differences (AT)
across the thermoelectric generator when operating at their
respective maximum efficiency points are considerably differ-
ent. In the case of constant temperature difference, the tem-
perature difference corresponding to its maximum efficiency
point is the same as that in an open circuit (i.e., AT = AT,).
However, it is considerably lower in the case of constant heat
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Table 2 The hot side temperatures and temperature differences across a
thermoelectric generator in an open circuit (T, and AT,) and in a closed
circuit (T and AT) under a constant heat flux for the cold side temperature
maintained at 300 K and the thermoelectric figure-of-merit of ZT= 1. The
corresponding maximum conversion efficiency is also included

Tio (K) Ty (K) AT, (K) AT (K) Himax

400 373.9 100 73.9 0.0351
600 518.3 300 218.3 0.0804
1000 802.1 700 502.1 0.1277
1600 1224.4 1300 924.4 0.1606

flux (i.e., AT < AT,) as shown in Table 2. This is due to the fact
that different types of heat sources react to the occurrence of
the Peltier effect differently. In an open circuit, there is no
electrical current flowing through the thermoelectric generator
and hence no Peltier heat. However, the Peltier heat will appear
when the thermoelectric generator is in a closed circuit. Since
the heat flux cannot change when operating under a constant
heat flux, the presence of the Peltier heat must be accompanied
by a decrease in the Fourier heat, which leads to a reduction in
the temperature difference across the thermoelectric generator.
This is very different from the case of operation under a
constant temperature difference, where the Peltier heat is
topped up by the heat source while the Fourier heat remains
constant and consequently, the temperature difference remains
unchanged. Clearly, the comparison between these two cases
becomes irrelevant because both the temperature difference
and heat flux are very different when they reach their respective
maximum efficiency points, even though the temperature dif-
ference and heat flux for both cases are exactly the same in
open circuits.

Let us consider an extreme case that may never be achiev-
able in practice but has an important theoretical significance.
The condition and implication of a thermoelectric generator to
approach the ultimate limit of the conversion efficiency are
different for these two cases. Eqn (4) indicates that the max-
imum efficiency of a thermoelectric generator that operates
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Fig. 7 The maximum conversion efficiency as a function of ZT for different operating temperatures. (a) The data were calculated using the new theory
developed in this work, which assumes that the thermoelectric generator operates under a constant heat flux. (b) The data were calculated using the
established theory, which assumes that the thermoelectric generator operates under a constant temperature difference. The efficiency improvement
beyond ZT > 10 is less significant in the case of operation under constant heat flux.
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under a constant temperature difference is able to approach the
Carnot efficiency if the ZT value approaches infinity. However,
there is a hidden factor in this equation. In order to reach the
Carnot efficiency, it requires ZT to approach infinity while
maintaining the temperature difference unchanged. This, in
turn, requires the heat flux through the thermoelectric gen-
erator to approach infinity as indicated by eqn (6). Obviously,
this is impossible in practice. Towards this ultimate limit,
eqn (4) predicts the best prospect that is only attainable in
principle, but it is unlikely to be achievable in practice. On the
other hand, the new formulation is built on an assumption that
the input heat power is fixed. The process does not involve
unreasonable requirements and hence the ultimate limit of the
conversion efficiency predicted using this new formulation is
more attainable realistically. In order to change from an open
circuit to a maximum power point when operating under a
constant temperature, a thermoelectric generator has to obtain
a significant amount of extra energy from the heat source to
increase the heat flux while maintaining a constant tempera-
ture difference. When operating under constant heat flux, on
the other hand, the thermoelectric generator does not require
any top-up of energy input from the heat source. Instead, the
transition from an open circuit to the maximum power point
state is achieved by reducing its temperature difference across
the hot and cold sides.

It is intriguing to note that although the conversion effi-
ciency appears to be higher under a constant temperature
difference, it could be more efficient by designing a thermo-
electric generator under constant heat flux. This argument can
be understood by considering an imaginary case where a
thermoelectric generator is driven by an “ideal heat source”
that can change from a constant temperature mode to a
constant heat flux mode. Assuming that the thermoelectric
generator operates initially under a constant temperature dif-
ference (AT,,), when reaching the maximum efficiency point,
the heat flux through the thermoelectric generator will be
increased due to the appearance of the Peltier heat, which is
topped up by the heat source. The total heat flux in this case
can be calculated using eqn (6). Imagine that the heat source is
now changed to the constant heat flux mode and the thermo-
electric generator returns to the open circuit, its temperature
difference will increase to AT,,, which will be larger than AT,;.
It can be shown that when the thermoelectric generator makes
the transition from an open circuit to the maximum power
point based on AT,, under a constant heat flux mode, the
conversion efficiency of the thermoelectric generator is slightly
higher than that based on the “equivalent” constant tempera-
ture difference mode because the optimal s is different for these
two cases.

Another important implication of the new formulation in
the design of a thermoelectric generator can be seen in Table 2.
If a thermoelectric generator is driven by a heat source of
constant heat flux, the hot side temperature of the thermo-
electric generator at the maximum conversion efficiency point
(Tw) is much lower than that in the open circuit (T%,). This
behaviour could lead to potential damage to a thermoelectric
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generator if designers are not aware of this behaviour. For
example, if a thermoelectric generator is designed to operate at
802 K with a matched load to obtain the maximum efficiency,
its hot side temperature will increase to 1000 K if the load is
disconnected from the thermoelectric generator, leading to
overheating and consequently, damage to the hot side of the
thermoelectric generator (see Table 2).

6.3 New ZT measurement method

Considering the two special cases of operation in the open
circuit (R, = o0) and short circuit (R, = 0), eqn (8) can be
rearranged as,

AT,

ZT =
AT

~1 (23)

This indicates that the thermoelectric figure-of-merit, ZT, can
be determined by measuring the temperature differences AT,
and ATy, respectively. Furthermore, an equivalent relationship
can be derived from eqn (15) and (16),"*

(24)

Eqn (24) indicates that ZT can also be determined if I, and I,
are known. The advantage of using eqn (24) is that I, and I, can
be conveniently determined from the I~V curves shown in
Fig. 8, where I, is the intercept on the I-axis of the I-V curve
obtained using a fast sweep rate and I, is the intercept on the I-
axis of the I-V curve obtained using a slow sweep rate. However,
eqn (24) is derived based on an assumption that the resistance
of thermoelectric materials remains unchanged. This is usually
valid if the temperature difference across the thermoelectric
device is small (<50 K). If the temperature difference is large,
this assumption is no longer valid. In this case, a third I-V curve
can be acquired by another fast sweep once the I, is reached
after the slow sweep of the second I~V curve. As shown in Fig. 8,
the voltage corresponding to the open-circuit, V,, and the short-
circuit, Vi, can be determined from these I-V curves and the

1.2

Current (Normalised)

0 0.2 0.4 0.6 0.8 1 1.2
Voltage (Normalised)

Fig. 8 /-V curves of a thermoelectric generator obtained by (a) fast
sweep (blue), (b) slow sweep (red) and (c) fast sweep starting from Iq
(green).
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thermoelectric figure-of-merit, ZT, can be determined using,

zr=Yo

2 (25)

Eqn (25) does not require the above assumption and is valid
even if the resistance changes. The accuracy of this measure-
ment method relies on the ability to meet two conditions: (1)
maintaining a constant thermal input and (2) achieving a short
circuit. These requirements can be easily met using a thermo-
electric module because of the favourable geometry and large
internal resistance. However, it becomes very challenging when
it is used to characterise a single piece of thermoelectric
material due to the conflicting requirements on the sample
geometry to achieve large resistance and minimum heat loss of
the sample.

The dimensionless thermoelectric figure-of-merit, ZT, is the
most important parameter in thermoelectric research, which
determines the conversion efficiency of thermoelectric devices
(generator or refrigerator) under a given operating condition.
Several measurement techniques are already available."”> How-
ever, all current techniques can only measure ZT under a small
temperature difference (usually < 20 K). A unique aspect of this
method is the capability of ZT measurement under a large
temperature difference. This feature offers the possibility for
the characterisation of complex thermoelectric structures such
as segmented and functionally graded materials. In addition, it
enables the study of the impact of other transport phenomena
that only become significant under large temperature differ-
ence, such as the Thompson effect (which only exists when
there is an electrical current flowing through the material and
becomes significant under a large temperature difference). The
development of this technique can have a profound impact on
thermoelectric technology.

6.4 Variable thermal resistance

The ability to control heat flow between two thermal bodies has
useful applications in thermal engineering. This requires the
ability to change the thermal conductance of the material
between two thermal bodies. Eqn (6) provides the underlying
principle for such a possibility by using thermoelectric materi-
als. Based on eqn (6), we can define the effective thermal
conductance of a thermoelectric material as

Kegr = (1 +ZTy) K (26)

It can be seen from eqn (7) that ZT;, can vary between 0 and ZT
by changing the external electrical resistance, R;. Currently, the
ZT value for commercially available materials is approximately
1. This indicates that the technology is already available to
develop variable thermal resistance that has the capability to
regulate heat conduction by a factor of 2. The range of variation
can be further increased if high ZT materials can be developed
in the future. The advantage of this method is that the variation
of thermal resistance is controlled by changing the electrical
resistance of an external resistor, which can be achieved con-
veniently. Although the change of effective thermal conduc-
tance is associated with the Peltier heat, no external electrical
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power is needed because the Peltier heat in this case is
produced by the self-generated electrical current when the
thermoelectric material is subjected to a temperature
difference.

6.5 Pulse mode operation

The Kelvin relation describes the fundamental connection
between the Seebeck effect and the Peltier effect. The advan-
tages and benefits of this relation are well known.'™* However,
the Kelvin relation also imposes an adverse influence on the
performance of thermoelectric generators. Due to the Peltier
effect, the temperature difference across a thermoelectric gen-
erator in a closed circuit will be reduced and consequently, a
decrease in the power output. The larger the ZT value, the more
significant the reduction (see Fig. 2). Clearly, minimising the
influence of the Peltier effect during thermoelectric generation
would help to improve the performance of a thermoelectric
generator. A possible way is to operate the thermoelectric
generator in a pulsed mode. The essence of the idea lies in
the exploitation of the different response rates of electrical and
thermal processes, which can be explained in Fig. 9. For a
thermoelectric generator operating in a continuous mode with
the matched load (in order to deliver the maximum efficiency),
the temperature difference across the thermoelectric generator
will be reduced from original AT, = 100 K to AT = 74 K when
reaching the steady state. This will result in a significant
reduction in the power output because the power is propor-
tional to the square of the temperature difference. However, the
temperature difference across a thermoelectric generator could
be maintained in the vicinity of the original AT, by the pulse
mode operation, in which a small drop in temperature during
the switch-on period can be compensated by the increase
during the switch-off period as shown in Fig. 9. Although there
will be heat loss during switch-off, it is possible that the power
generated during the switch-on period under a large

AT

A o
Open-circuit

A% Y

3 Pulse mode

AT,

AT N mmmmznzncasnsneas 69K

Closed-circuit

0 04T T -1

Fig. 9 Schematic temperature profile of a thermoelectric generator
operating under constant heat flux in two different modes. The dashed
line (blue) shows the temperature profile when operating under a steady
state. The solid line (red) represents the temperature profile when the
generator operates in a pulsed mode.
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Table 3 The ratio of the Peltier heat to the Fourier heat, r, listed against
the thermoelectric figure-of-merit, ZT, for the generator operating at its
maximum conversion efficiency point. The data were calculated assuming
that the temperature difference in an open-circuit temperature is AT, =
100 K and the cold side temperature of the generator remains constant at
300 K

zZT 1 2 5 10 100 1000
V4 0.00286 0.00571 0.01429 0.02857 0.28571 2.85714
S 1.935 2.823 5.453 9.800 87.87 868.5
Th 373.9 365.2 356.1 351.8 347.0 346.5
r 0.364 0.545 0.789 0.930 1.116 1.139

temperature difference can over-compensate the loss due to a
small temperature difference in the continuous mode. Such a
possibility has been demonstrated based on quantitative ana-
lysis using eqn (8)."* The results indicate that the benefit is not
significant unless the ZT value becomes large. This is due to the
fact that the significant reduction in temperature difference
occurs at large ZT and the heat loss during the switch-off period
is relatively small compared to the Peltier heat.

When a thermoelectric generator operates at its maximum
efficiency point, the heat flux through the thermoelectric gen-
erator consists mainly of the Peltier heat and the Fourier heat
(the Joule heat is usually much smaller compared to the above
two). The ratio of the Peltier heat to the Fourier heat can be
expressed as

ZTy

r:l+s

(27)
Table 3 shows the dependence of the ratio, r, on the thermo-
electric figure-of-merit, ZT, for a thermoelectric generator oper-
ates at its maximum efficiency point under the initial
temperature of AT, = 100 K. It can be seen from Table 3 that
the hot side temperature, T}, decreases while r increases with
the increasing Z7, indicating that the benefit of the pulse mode
operation is more significant for thermoelectric generators with
a large ZT. This conclusion might not have a direct practical
benefit at the moment; however, it provides proof of principle
that the adverse influence of the Peltier effect on a thermo-
electric generator can be “decoupled”.

7. Conclusions

The new formulation described in this work provides a theore-
tical framework for calculating the power output and conver-
sion efficiency of thermoelectric generators that operate under
constant heat flux. It expanded the capability of the current
theory of thermoelectric generators to the point of completion,
where the behaviour and performance of thermoelectric gen-
erators operating under a constant temperature difference and
under constant heat flux can now be understood and evaluated.
A numerical procedure has been established for the accurate
calculation of the performance of thermoelectric generators. An
approximate analytical method has also been developed to
reduce the computing time, which is found to be in good
agreement with the numerical method.
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The new formulation provides important insights into the
unique characteristics of thermoelectric generators when oper-
ating under constant heat flux. The most distinctive aspect is
that the hot side temperature of the thermoelectric generator
will change with the electrical resistance of the load, resulting
in a more complicated optimisation procedure. An important
implication of this work is that an initial and important step in
thermoelectric generator design is to assess the characteristics
of heat sources in order to achieve appropriate design. The
result of efficiency analysis shows that the performance pre-
dicted based on the case of constant temperature difference
represents the most promising scenario while the performance
predicted based on the case of constant heat flux represents the
realistic possibility.

Eqn (8) describes a thermoelectric relationship that links the
temperature difference across a thermoelectric generator in a
closed circuit to that in an open circuit. In addition to an
important role played in formulating the new theory of thermo-
electric generators, it also enables incorporating the thermal
process into electrical I-V curves, leading to the possibility of
I-V representation of thermoelectric processes. In addition,
eqn (8) paves the way for some promising applications, includ-
ing developing a new ZT measurement technique and exploit-
ing variable thermal resistance for heat flow control.
Furthermore, radical concepts, such as minimizing the adverse
Peltier effect by pulse mode operation or searching for non-
linear I-V thermoelectric phenomena, are discussed.
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