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Electrostatic interactions and physisorption:
mechanisms of passive cesium adsorption
on Prussian blue†

Johan Nordstrand *a and Lars Kloo b

The dangers posed by nuclear accidents necessitate developments in techniques for cesium removal.

One such is the adsorption of cesium cations in Prussian blue (PB) materials, on which adsorption can

be a substation process or pure physisorption. The underlying mechanism of the latter is not well

understood, although a Langmuir isotherm is frequently used to model experimental results. In this

work, we exploit tight-binding density-functional theory (DFTB) methods to probe the atomic

interactions in the physisorption process. The results show that there is a diminishing return for the

energy of adsorption as more sites are filled. This means that the adsorption sites are not independent,

as stipulated by the ideal Langmuir isotherm. Instead, the results indicate that electrostatic effects need

to be considered to explain the theoretical and experimental results. Therefore, an electrostatic

Langmuir (EL) model is introduced, which contains an electrostatic ideality correction to the classic

Langmuir isotherm. For future materials development, these physical insights indicate that shielding

effects as well as the number of independent physical sites must be considered when synthesizing

effective Prussian blue analogs (PBA). In conclusion, the study provides insights into the limiting

mechanisms in the physisorption of cesium cations on PB.

Introduction

Accidents at nuclear power plants can have long-lasting hazar-
dous consequences, including contamination with radioactive
isotopes.1 One such is cesium (Cs-137).2 Potential contamina-
tion by these elements necessitates the development of effective
materials3–8 for decontamination. Because of the chemical
nature of the element cesium, it is typically found in the form
of cesium salts with relatively high solubilities in water. There-
fore, Prussian Blue (PB) represents a highly suitable candidate
material for cation adsorption and thus decontamination.9,10

PB is part of a larger family of metal hexacyanoferrates
(MHCF).11–14 Its standard molecular structure is KFe[Fe(CN)6],10

although there is usually a high density of defects mainly caused
by missing hexacyanoferrate units.2,15,16 In addition, the nanopor-
ous PB structure may contain various amounts of incorporated

water, as well as absorbed cations in the internal cavities. Notably,
PB forms crystals with wide lattice spacing.10 This makes PB
systems adept for a variety of applications, such as sensing,17

carbon capture,18 bio-medicine,19,20 and intercalation in capacitive
deionization (CDI).21–33 Importantly for this work, it means that K+

ions that are part of the PB material but interstitially present in the
crystal framework can be replaced by other cations, such as cesium
ions.2 Thus, replacement is one way of removing cesium ions from
water using PB materials. Multiple studies have investigated the
diffusion and replacement mechanisms to better understand this
process.2,34 However, PB can also adsorb cesium ions passively.35

Passive adsorption of cesium ions is commonly described
using a Langmuir isotherm, which works reasonably well.35–39

However, the details of the adsorption mechanisms are usually
not discussed. A fundamental prerequisite in the Langmuir
isotherm model is that the adsorption occurs on a finite
number of physical sites, and another is that the sites are
independent and energetically equal.40,41 However, cesium
cations are charged, and therefore we should expect interac-
tions between adsorbed cesium ions unless the charges are well
shielded. Such effects are not included in the standard Lang-
muir isotherm. This study will thus investigate the relationship
between the Langmuir isotherm and the adsorption of charged
species, exemplified through the adsorption of cesium cations
on PB (Fig. 1).
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Specifically, in this work, we use tight-binding density-
functional theory (DFTB)42 to simulate atomic-scale properties
of PB including the effects of cesium adsorption. The semi-
empirical DFTB approach represents a compromise between
classical and full ab initio molecular dynamics (aiMD), allowing
larger systems to be explicitly modeled than with aiMD and at
the same time retain the covalent bond interaction effects of
the more advanced models. The simulations were performed to
estimate how the adsorption energy changes depending on the
adsorption quantity and adsorption configuration. To start, the
goal is to obtain deeper insights into the mechanisms behind
the adsorption process with the main objective to identify
guidelines on how to modify the PB materials to enhance the
specific cesium ion adsorption properties. Finally, we introduce
an electrostatic Langmuir (EL) model to explain and quantify
the deviation from the classic Langmuir isotherm in this
system.

Methods
DFTB calculations

Because the central interactions of adsorption are on a mole-
cular level, the fundamental method in this study involves
atomistic simulations. The approach will be to build a repre-
sentative model of the PB crystal structure and observe how it
performs as an adsorption target when the number of cesium
ions is increased.

The model system constructed includes a unit cell of PB with a
central defect (a model of so-called insoluble PB, Fe4[Fe(CN)6]3�
6H2O).10 To generate reasonable surface properties, we com-
pleted the first coordination shells of all hexacyanoferrate com-
plexes at the six interfaces by adding the necessary cyanide
ligands (Fig. 2). That is, the model crystal is no longer a perfect
cube, but rather contains hexacyanoferrate and metal-ion groups
with complete coordination shells. This leads to a rather high net
negative charge of the model, which was compensated by adding
cations (cesium) near the outside surface to make the overall
system charge-neutral. In addition, the Packmol program was
employed to generate a water droplet around the unit cell.43 To
keep the droplet intact, we put the model in a spherical cavity,
restricting the atoms to reside inside the droplet using a
restraining force. Also, we constrained the distance between
the Fe, N, and C atoms to ensure that the PB unit cells retained
the same shape as in a real crystal. When probing the cesium
adsorption properties, we added excess cesium ions in the water
droplet hydration shell near the PB surface (N = 0–4, denoting
the excess number of added cesium ions per unit cell).

The simulations were performed using the xTB program, which
provides semi-empirical simulations based on DFTB.42,44,45 Speci-
fically, the GFN-FF method was applied as a compromise between
accuracy and reasonable computation times.42 We employ the
default settings in the simulations, except that the MD step time
was reduced to 0.5 fs. Room temperature was assumed and
retained using an NVT ensemble and a Berendsen thermostat.
Also, the adsorption will depend on the change in Gibbs free
energy for different numbers of excess cesium ions in the model.

Fig. 1 A unit cell of PB. This illustration shows a model structure contain-
ing a central defect, where a hexacyanoferrate group is missing and
instead is replaced by water molecules coordinated to neighboring Fe
ions. Vacancies exist in all PB materials, and this is a commonly used model
for so-called insoluble PB.10

Fig. 2 A PB model of cesium ion adsorption. (a) The core model corresponds to an isolated unit cell of PB, but the first coordination shells of all the
hexacyanoferrate groups have been completed by the necessary number of additional cyanide ligands. Cesium cations were located around the surface
to generate net charge neutrality. (b) The solvated version of the model. Water molecules were placed to solvate the PB unit cell model.
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This can be calculated from the Hessian in the simulation (xTB
provides the total free energy through a rigid-rotor-harmonic-
oscillator approach46). However, the total model system contains
many local energy minima, which makes it difficult to identify a
single representative geometry. To overcome this problem of a
static approach, we instead used molecular dynamics (MD) to
simulate the system behavior over 2 ns. The trajectories were
sampled every ps, and we used the snapshots from 100 ps to 1999
ps of the simulations, representing equilibrated systems, to gen-
erate a statistical average of the free energy.

To get a wider data range, the initial MD simulations were
followed by Monte–Carlo-style47 single-point simulations of
different cesium ion configurations. We first introduced a
2 � 2 � 2 supercell of PB to generate more realistic surface
properties. Subsequently, 0–39 excess cesium ions were intro-
duced (along with their excess charge). Each cesium ion was
assigned to a random adsorption site on the surface (the
surface sites corresponding to the center of the cavities if they
had been inside the unit cell) The calculation for each excess
cesium was repeated 25 times, yielding 1000 data points for the
each of the numbers of excess cesium ions and configurations
of the surface. To estimate the net energy of adsorption, we
evaluated the total internal-energy difference between a water
droplet and a droplet with an added cesium ion. That repre-
sents the baseline cesium ion energy. We subsequently sub-
tracted N times the baseline energy from the total internal
energy in the model systems with N excess cesium ions.

Finally, linear and quadratic regression models were intro-
duced to quantify the energy contributions from the number of
excess cesium ions, the first-neighbor adsorption sites, and the
second-neighbor adsorption sites. Previous works on the Lang-
muir isotherm in gas systems have indicated that these inter-
actions can be important for quantifying non-ideal behavior.47

The overall goal here is to understand why there would be
deviations from the standard Langmuir isotherm.

The MD simulations and Hessian estimates were performed
on the Tegner and Dardel cluster computers at PDC.48 These
supercomputers have 24 and 128 cores, respectively. The MD
calculations typically required 5 days in terms of wall-time per
simulation. One simulation was performed for each number of
excess cesium ions going stepwise from 0 to 4 ions in excess.
The Hessian calculations typically only took a few minutes.
However, the total calculation time was much longer, since we
extracted structural snapshots every ps of the MD simulations
between 100 ps and 2000 ps and repeated the Hessian calcula-
tion for them to generate sufficiently low statistical errors.

NEDA analysis

A Natural Energy Decomposition Analysis (NEDA) analysis was
performed using NBO 7.0 as interfaced with Gaussian 16 (Rev.
C.01).49,50 The full unit cell of the PB material with amended
cyanide ligands and cesium cations turned out to be too big for
a rational NEDA analysis. Therefore, the structural model was
reduced to approximately 1/8 unit cell together with two cesium
ions of the formal composition Cs2[Fe7(CN)24(H2O)3]4�

(66 atoms in total, see Fig. 3) in a singlet electronic state.

The model was divided into two fragments, of which one
comprised the cesium ions and the other the remaining atoms.
Fe and the lighter elements were analyzed using 6-31G basis
sets, and Cs invoked the Stuttgart–Dresden–Cologne effective-
core potential basis set as implemented in Gaussian 16 (SDD
keyword), and the B3LYP hybrid functional was used to gen-
erate the molecular orbitals for the energy decomposition
analysis.

Isotherm modeling

The standard Langmuir isotherm is shown in eqn (1). Here, q is
the equilibrium adsorption level, KL is the equilibrium constant
of adsorption, c is the equilibrium concentration, and qm is the
maximum adsorption level. Also, KL = kads/kdes wherein
the latter are constants of adsorption and desorption rates.
The expression can be rewritten in a linear form (eqn (2)). This
form makes it possible to model the unknown parameters KL

and qm through linear regression to the experimental data.
Specifically, the qm parameter can be deduced from the inter-
cept and KL can be determined from the slope of the linear fit.

q ¼ qm
KLc

KLcþ 1
(1)

c

q
¼ 1

qmKL
þ c

qm
(2)

We will now derive an algorithm for modeling the adsorp-
tion isotherm in cases when KL is not constant with respect to
any model parameter, such as the excess level of cesium
cations. Specifically, the case when there is a quadratic energy
dependence will be relevant for this work. Because the quad-
ratic energy dependence can originate from repulsive electro-
static interactions among the adsorbed cations, we will denote
this as the electrostatic Langmuir model, or the EL model.
Normally, the energy of adsorption in the Langmuir framework
is proportional to the adsorption. That is, E(q) = aq or E(q)/q = a
for some constant a. If there is a quadratic energy dependence,
that would instead correspond to E(q) = aq + bq2, or E(q)/
q = a + bq.

In this framework, three types of energies need to be taken
into account. These are the energy of an ion in the solution, the

Fig. 3 The structural model used in the NEDA analysis. Fe (whitish blue),
C (grey), N (blue), O (red), H (white) and Cs (purple).
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height of the energy barrier of adsorption, and the energy in the
adsorbed configuration. The solution and barrier energies
affect the adsorption rate constant, while the barrier and
adsorbed energies affect the desorption rate constant. The
quadratic energy dependence on the adsorbed side should thus
primarily affect the desorption rate. Because rates are propor-
tional to the exponential of the energy, we get kdes,q = kdes

exp(kqq). Here, the subscript q indicates that the parameter
is related to the isotherm with a quadratic dependence. Also, kq

is a constant corresponding to the quadratic correction. This
means KL,q = KL exp(�kqq). The system would thus have three
parameters to be estimated in a regression model: KL, qm, and
kq (eqn (3)).

c

q
¼

exp kqq
� �

qmKL
þ c

qm
(3)

If kq = 0, the result becomes the same as for the standard
Langmuir isotherm, and therefore the extra parameter can be
regarded as an ideality factor. Because this factor will be quite
small, the relevant parameter values are expected to be close to
zero. Thus, the exponential can be expanded to the first order
using a Taylor expansion (eqn (4)).

c

q
¼ 1

qmKL
þ kqq

qmKL
þ c

qm
(4)

This expression can be handled in the same way as the
standard Langmuir equation. To be explicit, the expression can
be rewritten in matrix form, as in eqn (5). Here, bold font
denotes vector properties. That is, q is the vector of observed
equilibrium adsorption for experiments with concentrations
listed in c (N � 1 vector, corresponding to the N experiments).
In addition, ‘‘./’’ (with a dot) indicates element-wise division.
The matrix components are listed in eqn (6)–(8). In this
formulation, there is a standard least-squares solution for b,
b̂ = (XTX)�1XTy. We thus arrive at qm = 1/b̂3, KL = 1/b̂1qm, and
kq = b̂2KLqm. Here, the numbers in subscripts denote the vector
elements.

y = Xb (5)

y � c./q (6)

X � [1qc] (7)

b � [1/(qmKL)kq/(qmKL)1/qm]T (8)

An extended discussion can be found in the ESI.† That
section also shows how to model and estimate the three system
parameters without introducing the Taylor approximation of
exp(kqq). Still, we have chosen to show the expansion approxi-
mation here because it is simpler and more stable to model.
Additional options, such as ridge regression or boundaries on
the parameters, could also be introduced to facilitate the
regression step. Programs such as MATLAB have built-in rou-
tines for these methods. However, the graphs in the results
section have been produced based on the standard least-
squares solution shown above.

Results and discussion
Preliminaries

Studies that provide an estimate of the physisorption of cesium
ions on PB are usually based on the Langmuir isotherm.35–39

Because of this, we would expect some agreement between the
system conditions and the underlying premises of the Lang-
muir isotherm. The Langmuir isotherm relies on two basic
presumptions: that there is adsorption at a finite number of
physical sites, and that all sites are characterized by the same
energy of adsorption. The question is how well these hold on
the detailed level.

For instance, previous DFT studies on gas adsorption
employing the Langmuir isotherm have reported significant
deviations by considering the interactions between neighbor-
ing adsorbates.47 Such interactions disfavor close packing of
adsorbed entities. This leads to a more stepwise behavior than
the classic isotherm.

Probing with molecular dynamics

We started the investigation using MD simulations. The reason
is to gain an understanding of how cesium ion moves and
interacts with the PB material, including the stability and
variation in adsorption sites. Such simulations may also reveal
unexpected transport mechanisms in the system. The results
from 2 ns simulations show that the Gibbs free energy can be
regarded as stable over time (Fig. 4(a) and the ESI†). The system
energy displays natural fluctuations. This can be attributed to
the movement of a large number of water molecules together
with the crystal unit cell comprising the system. The trends are
the same for all the model systems containing different num-
bers of excess cesium.

A large number of water molecules in the systems makes it
difficult to extract exact Gibbs free energy from individual
configurations. However, long MD simulations will allow the
estimation of stable mean energies that can be used as reliable
energy estimates. Adding cesium ions to the model will always
add to the Gibbs free energy (the system has been expanded).
But, the energy difference emerging from each added excess ion
can be compared to discern if there are any trends. These initial
results indicate that the energy gained by adsorbing more
cesium ions is less favorable if there are cesium ions already
adsorbed on the surface (Fig. 4(b)). At this point, we can only
speculate on what type of effect causes this observation. How-
ever, the trend suggests that there is a repulsive interaction
effect between the adsorbed cesium ions. That is an interesting
observation since it contradicts the prerequisites of the stan-
dard Langmuir isotherm. Later sections of this work will
investigate this deviation in more detail.

Looking at the trajectory plots of the 2 ns MD simulations, it
is notable that the cesium ions remain in the proximity of a
stable position during the entire simulation time (Fig. 4(c) and
(d)). This position is close to the hollow area at the surface. That
is, the position that would have represented an inner wall
center in a cavity if it had been inside the unit cell structure
instead of at the surface. Also, most of the movement is
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diagonal, parallel to the closest cyanide groups that protrude
from the surface. These preferred positions of adsorption will
be used in the coming sections, when we more deeply investi-
gate the interaction effects between adsorbed cesium ions.

Identifying the non-ideal interactions

The previous section suggested that the ion adsorption sites are
not fully independent at the atomic level. More specifically,
adsorption becomes less energetically favorable the more ions
that are already adsorbed on the surface. One study on gas
adsorption and the Langmuir isotherm found that this type of

non-ideal behavior could be attributed to interactions between
neighboring adsorbed atoms.47 Thus, a question is if neighbor-
ing adsorbed cesium ions could exhibit similar interaction
effects.

The results in Fig. 5 show a more thorough scan of the total
internal energy depending on the number of excess cesium
ions, including their configuration. The Monte–Carlo-inspired
scan includes 25 randomized positions for each of the systems
containing between 0 and 39 excess cesium ions, yielding a
total of 1000 data points. The ions were randomly distributed
among the preferred surface areas, as described previously.

Fig. 4 (a) The Gibbs free energy as estimated from the Hessian and exemplified for 4 cesium ions in excess. The abscissa shows the simulation time, and
one snapshot was extracted every ps. The ordinate shows the Gibbs free energy normalized by the average Gibbs energy in the time series. (b) The
snapshots were used to generate a statistical average of the Gibbs free energy of the system. The graph shows the interaction energy for N excess Cs+, as
calculated with the Gibbs-free-energy difference between 0 and N cesium, minus N times the baseline energy for 1 excess cesium ion. The ordinate
shows the interaction energy as a percentage of the baseline energy (0 added cesium ions). (c) and (d) Trajectories for a cesium ion during the MD
simulations (top-down and inside cavity views). The dots show the host PB structure at the 100 ps snapshot with one excess cesium. Solvating water and
other cesium ions have been omitted for sake of clarity. The isosurface plot shows a 95% probability of the cesium ion positions centered on the statistical
mean position. The color in the isosurface plot indicates the crystallographic z-coordinate. Because the host structure also moves slightly within the
solvation droplet during the simulation, all snapshots have been rotated and shifted to align the crystal matrices before generating the cesium trajectory.

Fig. 5 The total system energy plotted against the number of a single interaction type. (a) The abscissa shows the total number of cesium ions on the PB
surface. The leftmost data point corresponds to the charge-neutral case of 0 ions in excess. Every additional ion makes the system more positively
charged. (b) The abscissa shows the number of first-order interactions; that is, the number of pair-wise interactions between adjacent adsorbed cesium
ions. (c) These are the number of second neighbor interactions, showing the number of pair-wise adsorbed cesium ions that are two adsorption sites
apart.
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In each configuration, the number of each type of interaction
was recorded (number of cesium ions, first-order neighbors,
and second-order neighbors). Because of the random sampling,
a regression can reveal the impact of each interaction type. This
is only the total internal energy of the PB system with adsorbed
ions and does not include the energy difference when taking
the ions from the solution into account, to this point. The
internal energy difference can be described as predominantly
linear, although the results confirm the findings in the pre-
vious section concerning the non-linear energy increase with an
increasing number of interactions. In this context, it should be
emphasized that an increase in energy here corresponds to a
weakening of the adsorption energy for the cesium ions. Just
plotting the total internal energy versus the number of first
(Fig. 5(b)) or second (Fig. 5(c)) nearest neighbor interactions
suggests a strong linear correlation for both these factors.

To investigate further, we used a linear model for the data
and included all these factors. Interestingly, a linear model
with only the number of excess cesium ions could properly
describe the energy changes with an R2 value of 0.991. Adding
the first-order neighbor interactions raised this marginally to
0.994. Adding the second-order neighbor interactions raised
the value to 0.995. In summary, the results indicate that the
next-nearest neighbors have a negligible effect on the modeling
accuracy. This suggests that their impact on the physical system
is small.

Another observation is that the total internal energy of the
PB system increases with more ions included, because the total
number of ions increases in the system. In reality, the excess
cesium ions added to the model must come from the surround-
ing solution. We will thus calculate the net energy by subtract-
ing N times the energy of having a cesium ion in a solution
from the adsorption model with N excess cesium. These results
indicate that some adsorption is energetically favorable even if
it leads to a higher net charge for the system. However,
adsorption is counteracted by the non-linear energy effects
when the number of excess cesium ions is increased. That is
clearly seen in Fig. 6, where the energy differences go from
negative to positive after some 10–15 cesium ions have been
adsorbed.

If this correction is introduced, the linear model that aims to
explain the total internal energy in terms of nearest neighbor
interactions becomes less suitable. That supports the idea that
neighbor interactions cannot be the source of the non-ideal
energies obtained. On the other hand, a near-perfect
(R2 = 0.999) fit can be obtained when instead applying a
quadratic model (Fig. 6). A model with quadratic energy depen-
dence makes sense if electrostatic effects are the cause of the
non-linear behavior. This is because every excess ion experi-
ences electrostatic repulsion from all the other excess ions. The
ESI† contains a section with an extended discussion around the
principles of the electrostatic repulsion behavior in adsorption.

NEDA analysis

The previous section suggested that electrostatic effects are the
main cause of the increase in interaction (adsorption) energy

between the adsorbed cesium ions and the rest of the system.
To test this idea, we performed a NEDA analysis, as described in
the methods section. Based on the NEDA analysis of the
interaction between the adsorbed Cs+ cations and the reduced
PB unit cell model, it is clear that electrostatics profoundly
dominates the interactions. The electrostatics amount to
�611 kcal mol�1, whereas charge transfer (essentially covalent
interactions) only to about 58 kcal mol�1. Of the electrostatics
about 93 kcal mol�1 arise from polarization, thus showing that
static electrostatics predominate the interaction between the
Cs+ cations and the host PB material.

In summary, the results have demonstrated that electro-
static interactions are present that counteract the prerequisites
of the standard Langmuir isotherm. Furthermore, there is a
quadratic dependency between the adsorption energy and the
number of adsorbed ions. The next section will demonstrate
how to construct a modified Langmuir isotherm based on the
results obtained from the simulations.

Construction of a non-ideal Langmuir isotherm

So far, the results show that there is a weak repulsive inter-
action between neighboring adsorbed cesium ions. Therefore,
the standard Langmuir model should work reasonably well. On
the other hand, the main cause of non-ideal adsorption energy
originates from long-range repulsive electrostatic interactions.
The exact magnitude of these effects should depend on the
shielding effects from the host material and the surrounding
solution. Thus, a quadratic ideality correction to the energy can
account for these deviations. We will therefore implement
these corrections in an electrostatic Langmuir model – the EL
model outlined in the methods section.

Fig. 7(a) shows the results from modeling using the Lang-
muir isotherm and the EL isotherm, respectively. Because the
standard Langmuir isotherm represents a special case of the EL
model, the EL model should always describe the simulation
results at least as well. This expectation is consistent with the
results obtained. The difference is most pronounced in
Fig. 7(d). Here, the modified EL isotherm better captures the
early rise in adsorption level at low concentrations. A possible
reason for the larger difference here is that the concentration
range is expanded with respect to the cases in Fig. 7a–c. A good

Fig. 6 The net adsorption energies (Fig. 5(a)), i.e. the net energy from N
cesium ions in the solution subtracted from the energy from N cesium ions
adsorbed to the PB surface. The axes have been shifted so that the (0,0)
point is the system energy with zero cesium ions in excess.
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model must thus be able to accurately encompass the behavior
at both high and low concentrations.

Outlook

The results have shown that electrostatic effects can influence
adsorption behavior. An analogy can be found in the field of
electrically mediated adsorption on porous materials, such as
sodium ions on activated carbon cloths.53–55 These systems
have traditionally been modeled through the formation of
electrical double layers (EDLs).56,57 However, the Langmuir
adsorption isotherm has also worked surprisingly well to model
the results in many studies.58–64 A reason for this could be that
the pore sizes are so small that the EDLs are overlapping.33 The
charges therefore accumulate in the tightly packed Stern layers
on the pore wall,33 somewhat like in monolayer adsorption.65

The limiting factor for electrosorption, in that case, is the effect
of repulsive forces between the adsorbed ions. Based on this,
studies have shown that surface modifications, such as the
introduction of ZnO rods, can increase the overall adsorption
capacity due to their strong dielectric properties.66,67 There, the
adsorption was observed to be higher even though the total
surface area was smaller after the ZnO coating. Similarly, we
hypothesize that charge shielding is important in the adsorp-
tion of cesium ions on PB.

We also hypothesize that the EL isotherm has wider applic-
ability beyond cesium ions and PB. The only assumptions in
deriving the model were (i) the premises of the standard
Langmuir isotherm hold approximately well; (ii) the overall
electrostatic interactions between adsorbed species have an
impact on the adsorption energy. These basic assumptions
should, in principle, be applicable to a wide range of systems.

Future research could thus be dedicated to investigating the
relevance of the new EL isotherm also for other systems.

Sensitivity analysis

Because this study mainly focuses on simulations, it is appro-
priate to discuss the validity of the general conclusions. The
major finding in this study is that electrostatic interactions lead
to a quadratic correction term to the Langmuir isotherm.

There are limitations to how accurate individual calcula-
tions are. In the PB simulations, the random variations from
water alignment caused by hydrogen bonding create significant
fluctuations in energy. In the long MD simulation shown in
Fig. 4(a), the estimated error in the adsorption energy per
excess cesium ion is approximately 3 kcal mol�1. A similar
value is obtained for the simulations including a wider range of
excess cesium ions in Fig. 5. Most likely, systematic errors
originating from the limited system sizes and representability
have a larger influence on the results and conclusions. We used
a 2 � 2 � 2 supercell and many simulations to generate reliable
results. In addition, simulation conditions were as much as
possible kept constant, except for the number and positioning
of the excess cesium ions. Still, the absolute energies from any
single simulation should be taken with some reservation.
However, the trends are more reliable, and different types of
tests have been combined to prove the fundamental points. The
collected findings that validate the ideas of electrostatic effects
and a quadratic correction are summarized below.

The presumption that electrostatic effects can cause non-
ideal adsorption energies is reasonable from the perspective of
Coulomb’s law. Alike charges should repel each other, and net
charges should repel other charges of the same sign. In addi-
tion, the typical adsorption distances (ion to host material) in

Fig. 7 Standard and electrostatic (EL) Langmuir isotherms. (a)–(c) Experimental data from ref. 51. This is the adsorption of cesium ions on three types of
Prussian blue embedded magnetic hydrogel beads (PB-MHBs). The beads will adsorb cesium and then be magnetically extracted from the solution.
(d) Experiment data from ref. 52. This is the adsorption trend of cesium ions on a material with PBA anchored on a 3D reduced graphene aerogel.
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our systems are around 5 Å are significantly longer than in
typical reported gas-adsorption systems. Such a long distance
will reduce orbital overlap and thus the contribution from
covalent interactions. Furthermore, the NEDA analysis demon-
strated that electrostatic effects are dominating the adsorption
interactions. The simulation results confirm this by showing
that neighbor interactions have no added value for explaining
the observed energy variations.

Because all excess cesium ions will repel all other cesium
ions, the electrostatic effects should have a quadratic depen-
dence on the number of excess cesium ions. Even if long-range
electrostatic effects are damped by the water solvent and the
dielectric properties of the host material, local clusters of
cesium ions will still exhibit the expected quadratic interaction
behavior. These results are confirmed by the energy trends in
the calculations. Also, the EL isotherm works well for describ-
ing macroscopic behavior.

Conclusions

In this work, we have investigated the atomic-level interactions
that underpin the Langmuir isotherm for cesium ion adsorption
on PB host materials. The results show that there is a diminish-
ing return with respect to the energy of adsorption. Interactions
between pairs of neighboring cesium ions could not explain this
result. In fact, the limited effect of repulsive interactions
between neighboring sites can explain why the Langmuir iso-
therm works well. Instead, repulsive electrical forces from the
collective adsorbed cesium ions limit how many ions can be
accommodated on the surface. This goes against the funda-
mental prerequisites of the Langmuir isotherm model.

We have constructed an EL model to include such electro-
static effects. It could describe the macroscopic experimental
data accurately and provides a more robust atomic-level
description of the adsorption interactions, including insights
into the main interactions at play in the adsorption process.
Also, the electrostatic interactions point to analogies to elec-
trically mediated adsorption. We thus hypothesize that dielec-
tric shielding of charges could have an impact on the efficacy of
the PB materials as hosts for cesium ion adsorption.

While the study focuses on cesium ion adsorption on PB,
physisorption of charged species is common in many other
applications as well. Hence, the EL isotherm could become
more widely relevant. Future research will therefore be con-
ducted to further investigate the applicability of the EL iso-
therm to other systems.
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