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Complexity and bifurcations in the motion of a
self-propelled rectangle confined in a circular
water chamber†

Hiroyuki Kitahata, a Yuki Koyano, b Richard J.G. Löffler cd and
Jerzy Górecki *d

We consider the motion of a self-propelled object of rectangular shape inside a circular water chamber.

The mathematical model of self-motion includes equations for the orientation and location of the

rectangle and reaction–diffusion equation with an effective diffusion coefficient for the time evolution of

the surface concentration of active molecules. Numerical simulations of motion were performed for dif-

ferent values of the ratio between the supply rate S and the evaporation rate a of active molecules.

Treating S0 = S/a as a control parameter, we found the critical behavior in variables characterizing the

trajectory and identified different types of motion. If the value of S0 is small, the rectangle rests at the

chamber center. For larger S0, a reciprocal motion during which the rectangle passes through the center

is observed. At yet higher supply rates, the star-polygonal motion appears, and the trajectory remains at

a distance from the chamber center. In the experiments with a rectangle made of camphor–cam-

phene–polypropylene plastic moving in a Petri dish, we observed the transition from the star-polygonal

motion to the reciprocal motion in time. This transition can be understood on the basis of the devel-

oped model if we assume that the supply rate decreases in time.

1 Introduction

Complex time evolution of self-propelled objects on a liquid
surface has been attracting scientific attention for almost
200 years.1–3 The motion resulting from dissipation of mole-
cules that decrease the surface tension and generate Marangoni
flows is an interesting example of the conversion of chemical
potential energy into the kinetic energy.4–18 A classical and
simple example of the phenomenon is the self-motion of
camphor pieces on the water surface.1,2,19–23

The origin of self-motion can be explained considering a flux
of surface active molecules from the source to the air through
the surface layer. The motion occurs because water surface
tension is a decreasing function of the surface concentration of
active molecules.24–26 The force and torque acting on an object
located on the surface are related to the gradient of surface
tension integrated over the object (cf. eqn (9) and (10)). There-
fore, the surface tension (and equivalently concentration of
active molecules) around an object should be inhomogeneous
to initiate the motion. Different factors can induce such
inhomogeneity. It can appear as the result of an asymmetric
release of surface active molecules around the object. For
example, in a camphor boat, the surface concentration at the
bow is lower than at the stern where the piece of camphor is
located.27,28 Inhomogeneity around a symmetric source of sur-
face active molecules can appear as the result of random
fluctuations in their local release and dissipation. The positive
feedback between displacement and force is important because
it leads to a sustained motion. Let us consider a camphor disk
resting on the water surface and a symmetric, stationary dis-
tribution of camphor molecules around. If, by chance, the disk
is slightly shifted from its original position, then the force
resulting from non-symmetrical surface camphor concen-
tration drives the disk further away and the asymmetry
increases. The disk continuously shifts towards regions with
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higher inhomogeneity of camphor concentration and the self-
propelled motion is supported. Self-propelled motion of sym-
metric objects was observed in experiments with pills made of
camphor,21,29 camphene,30 camphene–camphor waxes31 and
camphene–camphor–polypropylene plastics.32

The object motion is observed in a chamber constrained by
non-penetrable walls. The active molecules are released to the
water surface, therefore the shape and area of the water
chamber in which the object moves also play an important
role.33–38 A self-propelled object is repelled from the chamber
wall due to the higher concentration of the surface active
molecules close to the wall, which is induced by Neumann
boundary conditions.35,36 A few reports on the influence of the
chamber geometry on the character of motion can be found in
the literature. The theoretical analysis predicted that if a
camphor disk is confined in a circular chamber, the disk stops
at the center position or moves along the periphery of the
region depending on the friction coefficient and the chamber
radius.34 Both experiments and numerical simulations demon-
strated that the direction of the rotational motion of a camphor
pill in a water chamber made of two half-disks can be con-
trolled by the distance between the half-disk centers.33

The explanation of the relationship between symmetry and
geometrical shape of a solid, self-propelled object and the
character of its motion is a stimulating problem for the
theoretical description.31,32,39–42 It is obvious that shape and
motion are correlated in a hydrodynamic fashion. At the same
time the dissipation of surface active molecules also depends
on the object shape. The force and torque acting on an object
also involve information on the shape. For example, an elliptic
camphor particle tends to move in the direction of its minor
axis,40,41 and a rod-shaped particle moves in the direction
perpendicular to its axis.32 However, experiments with solid
self-propelled objects of arbitrarily selected shapes that could
support theoretical models were usually difficult to design.
Camphor, the most frequently used solid material in experi-
ments on self-propelled motion, is a granular solid substance.
Pressing camphor granules together in a pill maker works only
for small, simple shapes like disks or squares. Other techni-
ques, as saturating an inert porous support material like a
paper membrane43 or an agar gel44,45 with a camphor solution
produce objects characterized by a few minute-long surface
activity. A stationary mode of motion does not appear within
such short time. Two recent papers31,32 reported easily shap-
able self-propelled materials based on the mixture of camphor
and camphene. It has been noticed32 that a small amount of
polypropylene added to camphene–camphor mixture reduces
the material tackiness and makes it perfect for making self-
propelled objects of different shapes. The motion of rod-shaped
piece made of such plastic in a circular region shows various
stable phases, as presented in Fig. 1. All experiments started
with the rod randomly located on the surface. The color lines
illustrate the rod position and orientation at different times.
Time is indicated by the line color and changes from yellow to
blue as indicated on the vertical bars next to subfigures. The
details on time length of presented trajectory are given in the

caption of Fig. 1. The types of characteristic modes of motion
for a rod-shaped self-propelled object inside a circular water
chamber include (a) a fast rotation at a fixed point, (b) rotation
around an axis located at the rod end, (c) rotation along the
dish edge, (d) chaotic motion inside a dish, (e) star-polygonal
motion and (f) reciprocal motion between the dish edge. All
shown modes of motion were stable for more than a minute,
which indicates their multistability. Some of these modes were
observed for self propelled objects of other shapes. The
experiments31,32 and numerical simulations34 indicated that

Fig. 1 The types of characteristic modes of motion of a rod-shaped self-
propelled object composed of 10% polypropylene, 45% camphene, and
45% camphor inside a circular chamber. The rod was 1 cm-long, its
diameter was 0.2 cm (aspect ratio was 5 : 1) and its motion in a Petri dish
with a diameter of 5 cm was studied. The figures show a snapshot of the
initial rod position (gray) together with trajectory of the rod center (red).
The color lines illustrate the rectangle position and orientation at different
times. The vertical lines on the right of figures give the relationship
between color and time. The illustrated motion modes are: (a) a fast
rotation of a rod at a fixed point – 2 s long plot of positions every 1/15 s
and 5 s long trajectory of the rod center, (b) rotation of around an axis
located at the rod end – 2 s long plot of positions every 1/10 s and 5 s long
trajectory of the rod center, (c) rotation along the dish edge – 3.7 s long
plot of positions every 1/15 s and 50 s long trajectory of the rod center,
(d) chaotic motion inside a dish – 6 s long plot of positions every 1/3 s and
6 s long trajectory of the rod center, (e) star-polygonal motion – 10 s long
plot of positions every 1/3 s and 15 s long trajectory of the rod center and
(f) reciprocal motion between the dish edge – 3 s long plot of positions
every 1/10 s and 6 s long trajectory of the rod center.
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motion along the dish wall was dominating for small objects
characterized by a low aspect ratio. It was also observed for soft
objects like for example droplets of camphor paraffin
solution.46 A few experiments illustrating the motion of self-
propelled objects with non-trivial shapes such as a triangle, a
rhomboid, a crescent-shaped object, a pointed ellipse, an S-
shaped propeller, or a spoon-shaped one were reported in the
PhD dissertation of R. Löffler47 (YouTube movies are linked to
the Section III. 2.1.1). The S-shaped propeller exhibited antici-
pated rotation. Fast rotation around the center was also
observed for soft objects.48,49 For a pointed ellipse, the transi-
tion between polygonal motion and rotation along the dish wall
was recorded. A polygonal motion was dominating for a rhom-
boid, but due to object asymmetry, it also included object
rotation. Experiments with a crescent-shaped objects indicated
multistability of motion types for a complex shape. For this
system, rotation along the dish wall and reciprocal motion were
observed.31,47 In the reciprocal motion, the velocity periodically
changed its orientation with respect to the crescent geometry.
All these experimental systems represent a significant chal-
lenge for theoretical studies and simulations. We also investi-
gated a few simpler systems with non-trivial geometries that
show a complex motion for which theoretical approach is
possible. The critical character of velocity orientation with
respect to object size was analyzed in numerical studies on
the motion of a circle smoothly deformed to triangle-like
shape.50 It was demonstrated that for small objects, the velocity
was oriented towards one of the corners and for large ones
towards the triangle base. The analysis presented in the recent
paper51 illustrates that higher rotational symmetry of an object
can increase the stability of the rotational mode with respect to
the translational one.

In spite of the number of previous experimental and theo-
retical studies, the universal mechanism for the choice of the
type of motion depending on system parameters is unveiled. In
this paper, we concentrate on the motion of a rectangle within a
circular chamber and demonstrate that it can be complex and
interesting. According to our knowledge this is the first report
in which experiments on a freely moving solid object signifi-
cantly different from a pill are directly compared with simula-
tions. We use the newly reported camphor–camphene–
polypropylene plastic to make self-propelled rectangles. We
investigate the motion for selected size of the rectangle and
the diameter of the water chamber. We focused our attention
on two specific types of motion of a self-propelled rectangle:
star-polygonal motion and reciprocal motion similar to those
illustrated in Fig. 1(e) and (f) respectively. We observed that
these types of motion were stable for rectangles with aspect
ratio 3 : 1 considered below. We present a model of the time
evolution of the rectangle based on equation of motion coupled
with reaction–diffusion equation for the transport of surface
active molecules. There are many parameters that influence the
character of such motion including the shape of rectangular
particle and the diameter of circular area. Here we fixed their
values and considered the ratio between the supply rate S and
the evaporation rate a of active molecules as the control

parameter of simulations. Numerical results obtained within
the model have proven the stability of star-polygonal and
reciprocal motion modes. We also investigated the bifurcations
that change the character of motion when S/a crosses a critical
value. The numerical results are confirmed in experiments with
a self-propelled rectangle with the same shape as considered in
simulation that moves inside a Petri dish.

2 Theoretical description of a self-
propelled rectangle

We performed numerical simulations for the motion of a self-
propelled rectangle characterized by longer and shorter side
lengths Ll and Ls, which is confined in a two-dimensional
circular region O with a radius of R corresponding to the water
chamber. The origin of the coordinates is set at the center of O.
The model comprises the reaction–diffusion equation for the
concentration field u(r, t) = u(x, y, t) of surface-active molecules,
the equation of motion for the center of mass of the rectangle
rc(t) = (xc(t), yc(t)) and that for the direction of its long side yc(t).

The evolution equation for u(r, t) is described as

@u

@t
¼ Dr2u� auþ S

A
f ðr; rc; ycÞ: (1)

The first, second, and third terms on the right-hand side
denote the effective diffusion of the surface-active molecules
at the water surface,24,52 the sublimation of them from the
water surface, and the supply of them from the rectangle. D is
the effective diffusion coefficient of the molecules at the water
surface, a denotes the evaporation rate, S represents the supply
rate, and A is the area of the rectangle. The function f (r, rc, yc) is
the smoothed level function that describes the shape of the
rectangle, which is explicitly described as

f (r, rc, yc) = f0(R(�yc)(r � rc)), (2)

where f0(r) = f0(x, y) is the smoothed level function for the
rectangle whose center is located at the origin and the long axis
directs in the x direction,

f0ðx; yÞ ¼
1

4
1þ arctan

Ll=2� xj j
d

� �� �
1þ arctan

Ls=2� yj j
d

� �� �
:

(3)

Here, d is a positive parameter corresponding to the width of
the smoothed continuation at the particle periphery and R(j)
is the rotation matrix

RðjÞ ¼ cosj � sinj
sinj cosj

� �
: (4)

The area A is calculated using the smoothed level function as

A ¼
ðð

O
f r; rc; ycð Þdr: (5)

As the equations of motion, we adopted the Newtonian
equation with the overdamped scheme. They are explicitly
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described as

Zt
drc

dt
¼ F; (6)

Zr
dyc
dt
¼ N; (7)

where Zt and Zr are the friction coefficients for the translational
and rotational motions, respectively. F(t) and N(t) are the force
and torque that act on the rectangle due to the surface tension
gradient around it. We assume that the surface tension g(r, t) is
represented by a linear decreasing function of u(r, t) as

g(r, t) = g0 � Gu(r, t), (8)

which leads to the explicit description on F and N as

FðtÞ ¼
ðð

O
rgðr; tÞð Þf ðr; rcðtÞ; ycðtÞÞdr

¼ � G
ðð

O
ruðr; tÞð Þf ðr; rcðtÞ; ycðtÞÞdr;

(9)

and

NðtÞ ¼
ðð

O
r� rcð Þ � rgðr; tÞð Þf ðr; rcðtÞ; ycðtÞÞdr

¼ � G
ðð

O
r� rcð Þ � ruðr; tÞð Þf ðr; rcðtÞ; ycðtÞÞdr:

(10)

Here the operator � denotes the vector product in two dimension,
that is a � b = axby � aybx for a = (ax, ay) and b = (bx, by). We
previously showed that the description using the level function were
consistent with the peripheral integration of the surface tension that
works in the normal direction at the particle periphery.21,53

Let us introduce u0 as the unit of the concentration of the
surface-active molecule. In order to reduce the number of model
parameters, we use the dimensionless equations for the numer-
ical calculations, where the units for the length, time, force and

torque are denoted as
ffiffiffiffiffiffiffiffiffi
D=a

p
, 1/a, Gu0

ffiffiffiffiffiffiffiffiffi
D=a

p
and Gu0D/a, respec-

tively. In these units the model for the rectangular camphor
particle motion confined in a circular region is represented by:

@u

@t
¼ r2u� uþ S0

A
f ðr; rc; ycÞ; (11)

Zt
drc

dt
¼ �

ðð
O
ruðr; tÞð Þf ðr; rcðtÞ; ycðtÞÞdr; (12)

Zr
dyc
dt
¼ �

ðð
O
r� rcð Þ � ruðr; tÞð Þf ðr; rcðtÞ; ycðtÞð Þdr; (13)

and

f (r, rc, yc) = g(R(�yc)(r � rc)), (14)

f0ðx; yÞ ¼
1

4
1þ arctan

Ll � xj j
d

� �� �
1þ arctan

Ls � yj j
d

� �� �
;

(15)

A ¼
ðð

O
f ðr; rc; ycÞdr; (16)

It should be noted that the variables in eqn (11)–(16) are
dimensionless, but for simplicity we use the same notation as
in the original eqn (1)–(10). The only dimensionless variable
that has a separate symbol is S0 = S/a, that is used as the control
parameter in simulations.

The Neumann boundary condition was adopted at the
boundary of the circular region O reflecting the no flux of the
surface-active molecules. The initial conditions at t = 0 were set
as u(r, t = 0) = 0 and rc = (R � Ll/2 � Dr, 0) and yc = 0. In order to
obtain a rapid escape from the initial unstable state that can be a
saddle point, we assumed that for times t o 1: rc(t) = (R � Ll/2 �
Dr)(coso0t, sino0t) and yc(t) = o0t. Assuming such functional
form of rc(t) and yc(t), the dynamics for u in the time interval
[0, 1] was calculated using eqn (11). Next, for t Z 1 we calculated
the dynamics for u, rc and yc using eqn (11)–(16).

For the numerical simulation, we selected the parameter
values by considering the correspondence to the experiments.
In the experiments, the expansion radius of camphor molecules
at the water surface is around 3 cm.34,54 Since the inner radius of
the Petri dish was 3.5 cm, we set the length unit corresponding to

the diffusion length
ffiffiffiffiffiffiffiffiffi
D=a

p
was 3.5 cm. Thus, in the dimension-

less units, the radius R was 1, and the longer and shorter sides of
the rectangular camphor particle were set as 1.8/3.5 and 0.6/3.5,
respectively. The time unit was set to 1 s considering that
characteristic saturation time for the camphor concentration
was estimated from the experiments. We previously reported
the reciprocating motion in a one-dimensional chamber with a
period in the order of 1 s.54 We could not determine the
coefficients of the friction for the translational and rotational
motion directly from the experimental observation. Therefore, we
selected their values as Zt = 10�2 and Zr = 10�4 because for such
values the orbits of the camphor particle resemble the ones
observed by experiments. The decrease in speed with time was
observed in experiments with self propelled pills.32 It indicates
that that the supply rate S0 decreased in time. Therefore, in
numerical simulations we studied the character of motion treat-
ing S0 as a control parameter of the model.

Numerical simulations were performed using the explicit
method for the diffusion term and Euler method for the time
development. The temporal and spatial units were set as
Dt = 10�5 and Dx = Dy = 10�2. The smoothing parameter d was
set as d = 10�2. The parameters for the initial setting were:
Dr = 0.3 and o0 = 1.0. The numerical calculations were performed
until t o 1000.

For small S0, the rectangle stopped at the center of the
circular region after some time (the rest state). With an increase
in S0, it exhibited a reciprocal motion on a certain line passing
through the chamber center. For even greater S0, the direction
of the reciprocal motion rotated around the center leading to a
star-polygonal motion. Fig. 2 illustrates the characteristic tra-
jectory and the concentration field for these three motion types
at (a) S0 = 0.6 for the rest state, (b) S0 = 0.9 for the reciprocal
motion, and (c) S0 = 1.2 for the star-polygonal motion.

Fig. 3 illustrates the histogram of the probability density
p(rc/R) of relative distances rc(t)/R for the star-polygonal motion
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(S0 = 1.2) (a) and the reciprocal motion (S0 = 0.9) (b). It can be
noticed that the characters of the probability for both types of
motion are completely different. For the reciprocal motion the
support of p(rc/R) is [0, rmax/R] and the function is monotoni-
cally increasing in its support. For the star-polygonal motion
the support is p(rc/R) is [rmin/R, rmax/R] and the function is
bimodal with maxima at the both ends of the interval.

The previous studies on the motion of ellipse indicated that
the velocity is perpendicular to its major axis40,41,46 The same
statement applies to the motion of a rectangle. Fig. 4 shows the
distribution of the angle between the velocity and the long-axis
direction for star-polygonal motion (S0 = 1.2) and for reciprocal
motion (S0 = 0.9) calculated for the time interval t A [900, 1000].
For the star-polygonal motion, the orthogonality of these direc-
tions dominates and angles f o p/2 are observed at the
turnings. In the reciprocal motion, the directions of velocity
and long-axis are always perpendicular.

In order to investigate the transitions between modes in
detail, we plotted the maximum and minimum distances rmax/R
and rmin/R from the chamber center, the maximum speed Vmax,
and the rotation angle Dy as functions of the supply rate S0 in

Fig. 5. The rotation angle is defined as follows; we set the polar
coordinates whose origin meets the center of the circular
region. We detected the reflection point, corresponding to a
local maximum in radius, and measured the angle difference
between successive reflecting points. This rotation angle
should be Bp for the reciprocal motion, while it is less than
p for the star-polygonal motion. Obviously, the rotation angle
cannot be defined for the rest state. In order to eliminate the
effect of the initial condition, we measured all quantities for
t A [900, 1000]. On the basis of the results presented in Fig. 5,
we concluded that the transition from the rest state to the
reciprocal motion occurs at around S0 = 0.8 since the maximum
radius and maximum speed change from zero to finite values at
this point. Moreover, the transition from the reciprocal motion
to the star-polygonal motion occurs at around S0 = 1.1 since the
minimum radius changes from zero to a finite positive value
and the rotation angle changes from p to smaller values at this
S0. Both the transitions are classified into supercritical
bifurcation.

Fig. 2 The characteristic three types of motion of a rectangle confined in
a circular region obtained from numerical simulations. The orbits of the
center of mass of the rectangle for t A [0, 30] are shown in the upper row.
Snapshots of concentration field u of active molecules at t = 30 are shown
below the trajectories. The red curves represent the trajectories for:
29.7 r t r 30. (a) S0 = 0.6 for the rest state. (b) S0 = 0.9 for the reciprocal
motion. (c) S0 = 1.2 for the star-polygonal motion. Corresponding videos
are available in ESI.†

Fig. 3 Histograms on the distance from the center rc/R for (a) star-
polygonal (S0 = 1.2), and (b) reciprocal motion (S0 = 0.9).

Fig. 4 Histograms on the angle f difference between the direction of the
velocity and long-axis direction for (a) star-polygonal motion (S0 = 1.2) and
(b) reciprocal motion (S0 = 0.9).

Fig. 5 The dependence of the basic quantities characterising the motion
as functions of the supply rate S0. (a) The graphical definition of R, rmax,
rmin, and Dy. (b) The maximum speed Vmax. (c) Maximum and minimum
normalized distances rmax/R and rmin/R. (d) The rotation angle Dy.
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Considering that the supply rate is difficult to measure in
the experiment, we plotted rmax/R, rmin/R, and Dy as functions
of Vmax/Vc, where Vc is the speed of the rectangle at the
bifurcation point in Fig. 6. In these plots, we can also clearly
observe the bifurcation between the reciprocal motion and the
star-polygonal motion. The bifurcation from the rest state to
the reciprocal motion occurs at Vmax/Vc = 0 and all range of S0

values for which the rest state is observed reduces to this point.

3 Experiments

The experiments were performed for a rectangle made of
camphor–camphene–polypropylene plastic prepared as
described in ref. 32. All chemicals used were commercially
available: (1R)-(+)-camphor (98% purity, CAS: 464-49-3, Sigma-
Aldrich), Camphene (95% purity, CAS: 79-92-5, Sigma Aldrich)
and polypropylene in the form of pellets (CAS: 9003-07-0, Sigma
Aldrich, product number 427861). The chemicals were used
without additional purification. A 0.2 cm thick sheet was made
of plastic composed of 10% polypropylene, 63% camphene,
and 27% camphor weight ratio. Cuboids with the size 1.8 cm �
0.6 cm � 0.2 cm were cut from this plastic sheet. The thickness
of considered cuboids was small enough to assume that the
model of rectangle motion presented in the previous section
can be applied to describe their time evolution. Experiments
demonstrating the cuboid motion on the water surface were
performed at 23 � 1 1C in a Petri dish with the radius of 3.5 cm.
The dish contained 16 ml water purified using a Millipore ELIX
system, which corresponds to 0.4 cm water level. The Petri dish
was illuminated from below while recording from above using a
Logitech C920 Webcam digital camera.

The motion of a rectangle was observed for 1800 seconds.
The character of motion changed in time as indicated by the
maximum velocity of a rectangle and the other quantities
presented in Fig. 9. We relate the observed changes to the
decreasing supply rate of surface active substances: camphor
and camphene. This decrease can be explained as follows: the
molecules of camphor and camphene are distributed through-
out the object in a polypropylene scaffold that is a microporous
foam.55 At the beginning of experiments the molecules located
close to the cuboid surface were dissipated and therefore the

supply rate was high. For longer times the dissipated molecules
originated from further inside the material and had to migrate
through the foam to appear on the water surface. As a result,
the rate of dissipation decreased over time. A single experiment
with a self-propelled rectangle provides information about the
motion of systems characterized by a wide range of supply rate
values S0.

The decrease in supply rate during experiments, anticipated
on the basis of decreasing velocity, is confirmed by the direct
observation of rectangle motion. Fig. 7(a and b) present the two
7 second long fragments of its trajectory. The one in Fig. 7(a),
for times [0 s, 7 s] shows the motion at the beginning of
experiment, whereas the other in Fig. 7(b), for times [1793 s,
1800 s], corresponds to the end of the observation interval. In
the first case the star-polygonal trajectory was observed,
whereas in the second we found the reciprocal motion between
the dish walls with trajectory passing through the dish center.
The character of transition between modes of motion matches
the predictions of the model corresponding to the decreasing
S0. Fig. 7(c and d) illustrate the probability distribution of
distances between the rectangle center and the dish center
measured during the first and last 300 seconds of experiment.
For the star-polygonal trajectory (cf. Fig. 3(a) and 7(a)) the
distribution is bimodal and the probability to find the center
of rectangle close to the dish center is null. For reciprocal
motion the distribution is unimodal with a pronounced max-
imum at the maximum distance (cf. Fig. 3(b) and 7(b)). More-
over, as in Fig. 3, the maximum distance in the support of
probability distribution is smaller for the reciprocal motion
than for the star-polynomial one. Therefore, the results of

Fig. 6 Dependence of the basic quantities characterising the motion as
functions of the maximum speed Vmax. (a) Maximum and minimum
distances rmax/R and rmin/R against the normalized maximum speed
Vmax/Vc. (b) The rotation angle Dy against Vmax/Vc. Here, Vc = 3.05, which
corresponds to S0 = 1.08.

Fig. 7 (a and b) The 7 seconds long fragments of the rectangle trajectory
observed (a) at the beginning [0 s, 7 s] and (b) at the end [1793 s, 1800 s] of
the observation interval. (c and d) The probability distribution of distances
between the rectangle center and the dish center. The statistics is done (c)
for times [0 s, 300 s] of experiment and (d) for times [1500 s, 1800 s].
Corresponding videos are available in ESI.†
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experiments are in a qualitative agreement with those obtained
from numerical simulations.

Experiments and simulations predict that for both motion
types the angle between the rectangle velocity and the rectangle
long axis is close to p/2 (cf. Fig. 4 and 8). The results of
numerical simulations indicate the qualitative difference
between the star-polygonal and reciprocal types of motion (cf.
Fig. 4). For the reciprocal motion q(f) is localized at f = p/2. For
the star-polygonal motion the dispersion is wide and q(p/2) =
3.554. The spread of Qq of q(f) defined as:

Qq
2 ¼ 1

tmax � tmin

ðtmax

tmin

ðfðtÞ � p=2Þ2dt

’
ðp=2
0

qðfÞðf� p=2Þ2df; (17)

is equal to 0.4958 and 0.01511 for the star-polygonal motion and
reciprocal motion, respectively. The symbols tmin and tmax indi-
cate the beginning and end of the time interval mentioned above.

The experimental results show that the spread of angle
probability distribution for the star-polygonal motion is smaller
than for the reciprocal one. The values of q(p/2) are 3.0565 and
2.4975 and the spreads Qq are 0.2032 and 0.2867 for star-
polygonal and the reciprocal one, respectively. There is an
agreement between the experiments and simulations for q(p/
2) and Qq in star-polygonal motion. However, these values differ
significantly for reciprocal motion. We believe that the differ-
ence can be explained by spatial inhomogeneities in the value
of S0 when active molecules are migrating through the foam
from regions deep below the rectangle surface. Experiments
with plastics of different camphor–camphene–polypropylene
ratio, characterized by a low value of S0 at the beginning of
observation should lead to a better match.

The experiments showed that the rectangle never rotates. In
one of experiments we tried to force rotational modes of motion
like these in Fig. 1(a–c), but they were unstable and, after a few
seconds, the rectangle switched back to the reciprocal mode
(see movie Stability_check.mp4, ESI†).

We introduced such quantities as Vmax, rmin, rmax and Dy in
order to analyse the rectangle trajectory calculated in numerical
simulations (cf. Fig. 5). Fig. 9 shows the time evolution of the same
quantities obtained from experiments. The light-colored dots
illustrate all obtained results. The dispersion of these results is
high. The thick lines show the quantities averaged over 10

consecutive results. The dependence of all investigated quantities
on time matches the numerical simulations with decreasing
supply rate of surface active molecules. The functions rmax(t) and
Dy(t) suggest that the transition between star-polygonal and
reciprocal motion types occurred around t = 600 s.

We believe the main difference between simulations and
experiments comes from fluctuations that were not included
into the model. Let us notice that rmin is always larger than 0
and Dy is always less than p. As the result of fluctuations the
stable value of rmin(t) is larger than 0 and Dy(t) stabilizes at
angles smaller than p for the reciprocal motion. There is
another interesting observation coming from experiments:
the values of Dy(t) for small times do not follow 10-events
average but form two branches around it. The branches merge
at t = 300 s, still before the bifurcation between the star-
polygonal motion and the reciprocal motion. There are many
factors that can lead to such dependence including the imper-
fection of real rectangle. It may suggest yet another, noise
induced bifurcation within the star-polygonal type of motion.

Fig. 8 The probability distributions of the angle f between the directions
of velocity and of the rectangle longer side. The statistics is done (a) for first
300 s of experiment ([0 s, 300 s]) and (b) for the last 300s ([1500 s, 1800 s]).

Fig. 9 (a) The experimental values of the maximum velocity Vmax, the
maximum (b) and the minimum (c) distances between the dish center and
the rectangle center, (rmax and rmin), and (d) Dy as the functions of time.
10-Events averaged data are plotted with thick lines whereas every event is
plotted by dots with lighter color.

Fig. 10 (a) The experimental values of rmax/R and rmin/R as functions of
Vmax/Vc, where Vc is the maximum speed at the bifurcation point from the
reciprocal motion to the star-shaped motion. In our study Vc = 0.6 cm s�1.
(b) Plot of Dy as the function of Vmax/Vc.
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Fig. 10 shows the experimental results in the same dimension-
less representation as in Fig. 6. To plot the dependence we used
the values averaged over 10 consecutive events. The character of
functions rmax(Vmax/Vc) and rmin(Vmax/Vc), and Dy(Vmax/Vc) obtained
from the analysis of simulation results is qualitatively confirmed
by experiments. The quantitative differences can be related to
many factors including the simplicity of the model, unrealistic
assumption about the values of Zr and Zt and to the presence of
fluctuations strongly influencing rmin(Vmax/Vc)/R, and Dy(Vmax/Vc).

4 Conclusions and discussion

In the paper, we considered self-propelled motion of a
rectangle-shaped object on the water surface inside a circular
water chamber. The rectangle is a source of molecules that
form a surface layer and decrease the water surface tension.
The local inhomogeneities in surface tension generate forces
and torques acting on the rectangle and supporting its motion.
In experiments with rectangles made of camphor–camphene–
polypropylene plastic, we identified two types of motion: reci-
procal motion through the dish center and the star-polygonal
motion in which the rectangle avoided passing it. The star-
polygonal motion was observed at the beginning of an experi-
ment and after a few minutes it changed into the reciprocal
one. These modes of motion seem be the only stable ones that
appear for the selected experimental conditions.

In order to understand the observed behaviour, we per-
formed simulations based on a simple model of self-motion.
It describes the evolution of a rectangle configuration together
with the surface concentration of active molecules. In numer-
ical simulations we fixed values of such parameters as the
chamber radius, the size of rectangle and the friction coefficients
for the translational and rotational motions. The supply rate of
surface active molecules S0 was considered as the model para-
meter. We identified a number of variables (Vmax, rmin, rmax, and
Dy) that characterize the rectangle motion. Our simulations show
that for small S0 the rectangle rests at the chamber center. At a
critical value of S0 the bifurcation in Vmax occurs and the
reciprocal motion appears. The amplitude (rmax) increases with
S0. At yet larger values of S0 the bifurcation in rmin is observed.
Therefore, the simple model leads to correct qualitative descrip-
tion of the character of motion observed in experiments if we
consider the supply rate of surface active molecules as a decreas-
ing function of time. This result indicates that the value of S0 can
be an important factor determining the choice of type of motion
for complex self-propelled objects of arbitrary shapes.

The presented theoretical approach is general and can be
applied for future studies on the relationship between the
shape of moving object and the character of motion. On the
basis of experiments and numerical simulations, we can con-
clude that a self-propelled rectangle preferably moves in the
direction perpendicular to the long axis. Such observation can
be important for design of self-moving micro-robots56 pro-
pelled by release of surface active molecules that use shape
modification to move in a certain direction.

As a natural generalization of our study we plan to consider
rectangles with different aspect ratio and water chambers of
various sizes to find conditions at which the other types of
motion illustrated in Fig. 1 can appear. It seems interesting to
verify if the transition between a localised form of rotation
(Fig. 1(a and b)) and other motion types can be qualitatively
explained within the model. The comparison between experi-
ments and simulations will be a valuable test for its
applicability.

The presented results can be the starting point for further
studies on self-propelled motion on objects characterized by
non trivial shapes. The geometry of water chamber can also
have an important influence on the evolution of a self-propelled
object, because it defines the limits of spreading the surface
active molecules and combined with the value of supply rate
defines the profile of surface concentration that translates into
forces and torques acting on the object. A few reports on this
topic have been published.33,34 However, they all were con-
cerned with the disk-shaped camphor pill. The study on pill
motion in a circular chamber34 demonstrated that the dish
radius is a critical parameter in transition between the rest state
at the dish center and rotation along the dish edge. In the
investigation of pill motion in a water chamber formed by a
joint half-disks it was found that the distance between half disk
centers was a parameters that controlled the probability dis-
tribution of local curvatures measured on the pill trajectory.33 It
can be expected that the influence between the chamber
geometry (shape and size) and the type of observed motion
will be more pronounced for objects of complex shapes.

The question if one can engineer a material with a given
dissipation of surface active molecules is very interesting and
should be considered in future systematic studies. We antici-
pate it can be done. The polypropylene scaffold of the cam-
phene–camphor–polypropylene plastic becomes denser with
the increase in polypropylene concentration.55 The denser
scaffold should decrease the diffusion of surface-active mole-
cules and their release, thus decrease the value of S0. However,
the character of self-propelled pill motion made of such plastic
seems pretty similar for 5%, and 10% polypropylene32 which
suggests that the value of S0 does not change a lot. We expect
experiments with higher concentrations of polypropylene up to
20% can bring a noticeable decrease in S0. Moreover, for 5%
and 10% polypropylene, the character of motion for a pill made
of camphene–camphor–polypropylene plastic does not show a
quantitative dependence on the camphene/camphor ratio.32

Therefore, in the range of concentrations we have already
studied, the value of S0 seems weakly dependent on the
composition of the plastic. On the other hand, for the cam-
phene–camphor wax, the velocity of a pill strongly depends on
the camphor/camphene ratio.31 Therefore, we can use this wax
to make a material with the required release of surface active
molecules. However, shaping the wax to a particular geometry
is more difficult than for the plastic because of the wax’s high
tackiness.

Alternatively, the value of S0 can be controlled by changing
the parameter a, which describes evaporation and other
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processes that remove active molecules from the water surface.
This can be done by adding other substances to water, but such
approach should be carefully planned because the other prop-
erties of water can be changed too.

Systems such as those described above can serve as model
systems for the study and modeling of hydrodynamic drag of
different shapes moving on a water surface. These type of drag
fluid dynamics are very difficult to describe and an efficient
mathematical model of such may be of interest to the design of
shapes of objects moving in liquid media.
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