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We explore the physics of topological lattice models immersed in c-QED architectures for arbitrary
coupling strength with the photon field. We propose the use of the cavity transmission as a topological
marker and study its behaviour. For this, we develop an approach combining the input—output formalism
with a Mean-Field plus fluctuations description of the setup. We illustrate our results with the specific
case of a fermionic Su-Schrieffer—Heeger (SSH) chain coupled to a single-mode cavity. Our findings

Received 19th April 2022, confirm that the cavity can indeed act as a quantum sensor for topological phases, where the initial

Accepted 17th June 2022 state preparation plays a crucial role. Additionally, we discuss the persistence of topological features
when the coupling strength increases, in terms of an effective Hamiltonian, and calculate the

entanglement entropy. Our approach can be applied to other fermionic systems, opening a route to the
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1 Introduction

Cavity Quantum Electro-Dynamics (c-QED) studies the inter-
action between light and matter at the most elementary level,
either with real atoms* or solid-state devices, like mesoscopic
circuits.” These hybrid systems have revealed themselves as an
important tool for the control and manipulation of quantum
systems,’ and in particular, they have become a essential
landmark in the development of quantum technologies,
such as quantum computing®® or quantum information
processing.®® This is because the coherent interaction of the
fermionic system and the photonic field allows for an efficient
transfer of information between the two,”'® provided that the
coupling with the cavity is larger than the losses in the system.
This is usually refered to as the strong-coupling regime in the
literature of the field.

The experiments in the field of c-QED with engineered solid-
state devices have made formidable progress, especially studying
different types of qubits (two-level systems) strongly coupled
to resonators. Moving from the first realization of strong
coupling*? back in 2004, many advances have been implemen-
ted in different directions, such as: single-qubit and two-qubit
gates between two nearby qubits;'*'* coupling arbitrarily distant
qubits with the resonator acting as a cavity bus;'*"” implement-
ing quantum algorithms;'®° or exploring the quantum nature of
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characterization of their topological properties in terms of experimental observables.

the photonic field.*>* In conjunction with these achievements,
there is an implicit quest for reducing the loss rates of the system
to consolidate the strong-coupling condition, but also for increas-
ing the coupling strength to make it comparable to the bare
frequencies of the system. This leads to new regimes of inter-
action, known as ultrastrong and deep-strong coupling, that have
also been recently measured®>® and open up the way for
different strategies in quantum technologies®*>> and to novel
physical phenomena.*® In conclusion, it is clear that there is
an enormous effort underway in harnessing the light-matter
interaction under different choice of parameters, guided by both
the exploration of fundamental phenomena and the prospects of
designing outstanding technological applications.

In this context, a step further can be taken by considering
the combination of quantum light and complex quantum
materials with emergent properties, being topological systems
an outstanding example of such systems.>*” Topological
phases of matter are characterized by a topological invariant
which takes integer values, and whose associated physical
properties are robust against a wide number of perturbations.
A well-known example are topological insulators (TIs):**° they
have mid-gap states which are exponentially localized at the
boundaries and protected by the topological properties of the
band structure. Topological insulators have their own plethora
of applications in quantum technologies.*™*°

In this work, we investigate the physics of fermionic topo-
logical systems in c-QED architectures and explore the cavity
transmission for arbitrary coupling strength. Typical experi-
ments probe the cavity through its transmited signal, and it is
usually employed for readout and control of the state of the
system.*®*” Our aim is to study the use of the cavity transmis-
sion as a topological marker, identifying the experimental
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signatures of non-trivial topology, and characterize the physics
of the hybrid system. Specifically, we consider the case of a
single-mode cavity interacting with a one-dimensional chain
described by the SSH model,**! a canonical example of one-
dimensional TIs consisting of a tight-binding Hamiltonian with
an alternating hopping pattern. Despite its simplicity, this
dimerized lattice structure captures the relevant features of
non-trivial topology and gives rise to two distinct topological
phases: the trivial phase, which corresponds to the usual two-
band insulator, and the topological phase, hosting the afore-
mentioned edge states.

For that purpose, we develop a formalism to calculate ¢. for
arbitrary coupling in terms of the retarded photonic Green
function (GF). We also obtain an analytical expression for the
cavity transmission through a generalized input-output form-
alism, using a mean-field (MF) plus fluctuations analysis, and
discuss its validity for different coupling strengths. We find
that the transmission can be used to detect non-trivial topology
in a fermionic system, with an appropriate state preparation
depending on the regime considered. We also derive an effec-
tive Hamiltonian to investigate the topological changes pro-
duced by the hybridization between photons and fermions, and
obtain the entanglement entropy for different partitions of the
system.

2 Mean-field and
fluctuations Hamiltonian

We consider a mesoscopic system interacting with a cavity.
The system can be described by the following Hamiltonian
H = H, + V, where

H,=Qd'd + H. (1)

Hg describes the electronic system, which we leave undeter-
mined for the moment, while @ is the cavity frequency and d(d")
are the destruction (creation) photon operator. The interaction
term V is assumed to have the following form

V=g(d +d) z, (2)

with Z being the fermionic coupling operator. This describes a
fermionic system coupled to the cavity field.

We apply a MF decoupling and write each operator in V as its
average plus the fluctuations around it: ¢ = (0) + 30, being
30 the fluctuations operator. This results in the following
Hamiltonian for the cavity, fermionic system and its mutual
interaction:

Hy + V=Hg+g((d") + (d)Z + Qd'd + g(Z)(d" +d) + g(8d" +3d)5Z
(3)

The first and the second line in eqn (3) contain the fermio-
nic and photonic MF Hamiltonians, Hyrg and Hyr,q respec-
tively. The third line in eqn (3) contains the term of second
order in the fluctuations operators (which we will denote
fluctuations Hamiltonian H; hereafter), while the scalar con-
tribution has been neglected. Note that the MF Hamiltonians
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(that contain fluctuation operators only from one of the sub-
systems) have been rewritten in terms of the original operators
using 80 = O — (0).

In the asymptotic limits of g — {0, oo}, fluctuations are
completely suppressed and the two systems effectively decou-
ple, making the MF description exact. However, away from
these limits, the effect of fluctuations is relevant. We shown
below how their effect can be incorporated in the calculation.

For a complete characterization one needs to find self-
consistent solutions to (Z), (d") and (d), which can be easily
obtained, to lowest order, from the MF Hamiltonian. For this,
we rotate Hyyp o with R = exp{—g(Z) (d' — d)/Q}, and find the
following diagonal form:

Huro = R'HyroR = Qd'd — Catahy

(4)

Eqn (4) indicates that, at the MF level, the solely effect of the
topological system on the cavity photons is a global shift of all
their energies. Importantly, the MF photonic Hamiltonian is
diagonal now in the rotated basis, which means that eqn (4)
allows to determine the average of the photon operators very
easily, resulting in (d") + (d) = — 2¢(Z)/Q. For this reason, we
can write the MF fermionic Hamiltonian in terms of fermionic
averages only:

_ 2
Hyrs = Hs — 2%<Z>Z (5)

This simplifies the calculation of the self-consistency equa-
tion for (Z), which can now be obtained using an iterative
numerical procedure.

For convenience, the fermionic operators will be expressed in
the basis of Hubbard operators, defined as: X7 = X2 = |, (%],
with |a;) («; = 1,..., N) being the eigenstates of the MF fermionic
Hamiltonian, Hyggs|d) =Ed;), and & = (u, op). We write the
fluctuations Hamiltonian in terms of the fermionic Hubbard
operators, and rotate the photonic operators with R as well. With
R'd DR =d® — ¢(2)/Q, we finally obtain

Hs = RIH;R = g(d" +d) Y Z; X7, 6

where Z; = (34|(Z — (Z))|&,). Hs has the same structure as V,
however Z has been replaced by the fluctuations operator
8Z = Z — (Z). Indeed, Z; measures the impact of fluctuations
on the MF eigenstates, and vanishes when g — {0, o0}, making
Hj negligable in these two asymptotic limits, as expected.

Note that the effect of the interaction between subsystems is
not only contained in Hg, but also in the MF Hamiltonians:
both Hyro and Hyps are dressed by the interaction and
include the backaction due to the presence of the other sub-
system. Physically, one can see that if (Z) # 0, the cavity
photons introduce a term proportional to Z in the fermionic
Hamiltonian (eqn (5)), that can affect the topological proper-
ties, while the photonic part acquires only a global shift in their
bare energies (eqn (4)).
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3 Calculation of the cavity
transmission
3.1 Connection with the photonic Green’s function

To account for the measurement of the cavity transmission ¢,
we have to include the coupling of the cavity photons to the
external modes.>® By means of input-output theory, we can
obtain the input Bin,l and output Bout,l fields at each of the sides
[ = 1,2 of the cavity, and write the cavity transmission as the
ratio t. = (houe)/(Bin). Both the phase and the amplitude of ¢. =
|t.|e” are modified by the interaction with the electronic
system and can be experimentally measured. Importantly, the
notation used for by, ; (¢) and Doy, (¢) denotes that to the input
and output fields have to be transformed as well to the rotated
frame with R (see ESI,T for further details on the input-output
formalism).

First, we demonstrate a connection between the retarded
photonic Green function G(¢, t') = —if(t — ¢'){[d(¢), d'(¢')] ) and
t.. The starting point is the Langevin equation for the cavity
field d(£):*>*

ad(1) = —i(Q - ig)d(z) " ribing (1)
=12
—ig >0 Z:K7(0), ?)

where k = k; + Kk, represents the cavity loss rate, given by the
coupling between the cavity and the outside modes, x; and x;,
in both sides of the cavity. From the reversed-time equation
of motion (EoM) one can find the input-output relation
l;out,/(l) = l;in‘l(l) + \/K'/d(l)

Now, it is only required to notice that G(¢, '), whose
EoM yields

i0,G(t,1') = <Q— ig)c(z,z') Lo(r— 1)

, - ©)
—igh(t — 1) ZZa< [(X7(2), d'(")]),

is the resolvent of eqn (7). In Fourier space, this means we can
write the photonic operator d(w) as (see ESIf)

d(w) = iG(w) Z VEibin (). ©)
=12

Then, using the previous expression and the input-output
relation, one can easily see that

() = L2 _; e6(w),
(bin1)
where we have assumed the input is only through port 1. This is
a key result, since eqn (10) holds for arbitrary values of the
coupling constant g. This will allow us to confirm our analytical
results by direct comparison with the exact numerical calcula-
tion of G(w).

(10)

3.2 Analytical result for the cavity transmission

One can see in eqn (7) that, as the cavity photons couple to the
fermionic system, the presence of the term —ig$. Z; X% ()
F]
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connects the topological properties of the later with the output
photons detected at the ports of the transmission line.
The equation of motion for the Hubbard operator yields:

OXH(1) = i(Ex — i) X2(0) + ig(d' (1) + d(1))

- o (11)
XN (Zpo XI5 (1) = Zoy p X (1)),
p

where E; = Ex, — Eo, and the phenomenological spectral
broadening y is considered to be equal for all electronic
transitions.

To close the system of equations and find an analytical
solution for d(w), a decoupling scheme is required. For this, we
notice that contributions from fluctuations are small in the
regimes ¢ < Q, Ez and g » Q, E5. Under these conditions, the
MF description is accurate and we can rewrite the product
dDOX(t) as

d (o) X(0) ~ (X)d Vo) + (d D)X(0), (12)

where the time evolution of the combined operator dVx is
obtained through the time evolution of the photonic and
fermionic operator, separatedly. Note that by assuming that
fluctuations are small, we are also neglecting extra correlation
terms between the photonic and fermionic operators, which
would only be relevant near resonances. For the same reason,
the expected values (d () and (X) can then be calculated using
the MF Hamiltonians for the cavity and fermionic system,
respectively. Importantly, the photonic averages in the rotated
frame can be taken to be (d (+)> ~ 0, since Hyy o is of diagonal
form. We will also neglect the contribution (X)d'(£) for being
small in the regime of interest,>® although this is not strickly
necessary.

With these approximations, we can find a solution for the
Hubbard and photonic operators, and together with the input-
output relation, write an analytical expression for ¢, (see ESIt):

b u 2
o = ou2) _ vER (13)
(bin1) Q-+ g7(w) - i5
where j(w) is the usual electronic susceptibility,
 Z (R — 2, (P
Z(w) _ ZZD! 0‘2:/3< > /’)733 < > (14)

@B w + Eg — 15

The statistical averages for the Hubbard operators found in
eqn (14) can be approximated by their MF values: (X¥) = &,, ,,
being p, the occupation of state |&) in the fermionic density
matrix p; = 3 p, X**. Hence,7(w) can be written as:

o

o |2 ps

a

(15)

with |Zz| = Z, 4 Z, ., and pz = p, — Ps..
190 Oy 0y 1 2

Note that the decoupling scheme of eqn (12) is based

on a perturbative approach on fluctuations rather than on the

coupling strength. This allows to extend the validity of eqn (13),

This journal is © the Owner Societies 2022
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not only to the small-g regime as in the standard input-output
theory within the linear approximation, but also to very-large-
g (where the standard approach would fail). Additionally, work-
ing in the photonic rotated frame ensures that the calculation
of the photonic averages yield the same results in both limits
(d ) = 0), and therefore X(w) is formally equivalent to the usual
electronic susceptibility derived for the small-g regime,>
with the difference that in this case all fermionic para-
meters are renormalized by the MF self-consistency equations
(Hs — Hup,s)-

Correlations between photons and fermions are particularly
important if there is a resonance between the cavity frequency
and an electronic transition, in which case the decoupling of
eqn (12) might not be valid. The validity of eqn (13) can then be
compromised by the presence of highly-correlated hybrid
states, and therefore the formalism presented above is specially
tailored to capture the behaviour of the system in the dispersive
regime, when  is far detuned from any electronic transition.

In general, G(w) can always be calculated numerically using
exact diagonalization of the total Hamiltonian H, including
both the photon and matter Hilbert spaces. Hence, we can
employ eqn (10), calculated by numerical means, to check the
accuracy of the analytical result for ¢. obtained in eqn (13).
Apart from the small- and very-large-g regimes, in which
eqn (13) is specially well-suited, its validity for intermediate
coupling strengths can also be tested by comparison with
the exact numerical calculation, thus revealing the true effect
of quantum fluctuations in the system. The results for ¢. at
arbitrary g are presented in the following section. Further
insight into the accuracy of eqn (13) can be obtained by means
of an effective model, which will be also discussed thereupon,
and the calculation of the entanglement entropy for different
partitions of the system.

4 Results

4.1 SSH model and numerical solution for (Z)

The theoretical framework developed so far is general and can
be used for an arbitrary electronic system Hg, with a general
coupling operator Z. Now, we apply our formalism to a fermio-
nic 1D topological system described by a tight-binding Hamil-

tonian with N sites Hg = ﬁ]: t,«jc;fcj, where ¢; is the hopping
(i)=1

amplitude and ¢,(c}) is the destruction (creation) operator for a

spinless fermion at site i. Particularizing for the SSH model, we

define the inter- and intra-dimer hopping amplitudes t5;,;11 =

baripi = tand ty; 0= tyioi1 = t' (in the following, we set t, = 1

as the energy scale for Q and g).

We choose to parametrize ¢ and ’ through the dimerization
constant d: t = ty(1 — 0) and ¢’ = t5(1 + J), with 6 € [ —1, 1]. The
ratio between ¢ and ¢ determines the phase of the system: the
trivial phase happens for 6 > 0, and the topological phase for
0 < 0, with the corresponding pair of topologically protected
edge states. Therefore, in finite samples, the non-trivial topo-
logical properties of the system manifest themselves in the

This journal is © the Owner Societies 2022
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Cavitfy mode
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Fig. 1 Schematic picture of a dimerized chain interacting with the
photons in a cavity, of frequency Q. The cavity is connected to the input
and output ports [ = 1, 2 with factors «; (i = 1, 2). Fermions and photons
interact with coupling strength g, while y represents the spectral broad-
ening of the fermionic system.

appearance of topological edge states within the gap, and it is
their presence that we wish to detect through the cavity
transmission measurements.

The fact that this system can support two distinct topo-
logical phases stems from the presence of certain key symme-
tries, namely, time-reversal, particle-hole and chiral symmetry.>*
The SSH model belongs to a wider class of materials known as
symmetry-protected topological states,”” which implies that, in the
absence of any of these symmetries, topological protection is lost.
Therefore, it is important to analyze how the coupling to the cavity
photons affects the symmetries and how this determines the fate
of the edge states.

For the interaction between the cavity and the chain we
consider the dipolar approximation, which couples the cavity
electric field at a certain point of the axis of the resonator to the
charge density at each site (see Fig. 1). The fermionic coupling

N
operator is therefore the dipole operator Z = 3 x,-c,Tc,-, being x;

1

the position in the lattice.>® Hereafter we consider the origin of
positions to be found at the middle of the chain, so that xy =
—x;. The total voltage drop across the chain, which is deter-
mined by the design parameters of the resonator (impedance,
frequency, total length), is proportional to the coupling
strength. Ideally, one of the ends of the electronic system
should be connected to the resonator at one antinode of the
field, to maximize g.

The first step is to find a solution for the order parameter
(Z) =" Zz(X7), which can be obtained through iteration of

o

the self-consistent equation (Z) = Tr{Zpwr s} until convergence.
We assume the fermionic system is prepared in the ground
state of Hyrs,Pmrs = |Go) (80| We also calculate the exact
numerical result from the total Hamiltonian H = H, + V (eqn (1)
and (2)).

Fig. 2 shows (Z) as a function of g for the MF and exact cases,
and provides us a precise value for the breakdown of the MF
approximation. As expected, the MF calculation agrees with the
exact value at small and large g. In the former case, (Z) = 0
indicates that the MF Hamiltonian coincides with the free

Phys. Chem. Chem. Phys., 2022, 24, 15860-15870 | 15863
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Fig. 2 (2Z) as a function of the coupling constant g for Q = 10, é = £0.6

(trivial -blue- and topological phase -red-), and N = 20. The value of (2)
has been calculated self-consistently using the MF Hamiltonian (solid) and
exact diagonalization (dots, indlucing a dashed line for clarity).

Hamiltonian, and that the key symmetries of the model are
unaffected by the coupling with the cavity. In the latter, the
system polarizes (i.e.,(Z) # 0) indicating that the ground state
of the system is modified and that certain symmetries change:
the term 2g(Z)Z/Q introduces an on-site energy in the chain and
leads to the localization of the states. Furthermore, this breaks
chiral symmetry, so we can anticipate that the interaction with
the cavity will be detrimental for the edge states. To which
extent and how they are affected will be studied in the following
sections.

For intermediate values, fluctuations take over and lead to
disagrement between the MF and the exact solution. The MF
result indicates that the change in (Z) (i.e. the localization of
the ground state) is continuous, corresponding to a second-
order phase transition. However, the exact calculation shows a
discontinuity at a critical value for g, which could indicate that
is in fact a first-order transition.

4.2 Numerical results for ¢ for arbitrary coupling

In the small-g regime with (Z) = 0, the eigenstates |3;) of Hyg,s
correspond to the eigenstates of the original electronic Hamil-
tonian Hg, while A; reduces to V. The calculation of the matrix
elements Z; = (%,|Z|&,) shows that in a finite system, the cavity
can mediate transitions between all eigenstates of the chain,
with the exception of the edge states in the topological phase,
which exponentially suppress their coupling with the bulk
states as a function of the chain length. In consequence, if
the system is initially prepared in a bulk state, a measurement
of ¢, will not reveal the presence of the edge states. The
interaction with the electronic system will shift the cavity
frequency equally for both the trivial and topological phase,
which means that ¢. cannot be used as a topological marker in
this regime, considering this state preparation. Only the initial
preparation in an edge state would allow to detect topology:
if the edge state is initially occupied in the topological phase,
the transmission peak at w = £ should remain unaffected by the
interaction (due to the suppressed coupling between edge and
bulk states), as opposed to the behaviour of the trivial phase, in
which changes in ¢, are expected (ESIt).

For ¢ » Q, | t;;], we find instead that (Z) # 0, due to the
polarization of the system. However, the global shift in the
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Fig. 3 [t(Q)] and ¢ vs. g. Dashed lines correspond to the analytical
approximation (egn (13)), and solid lines to the exact solution (egn (10)).
The ground state of the chain is occupied. Parameters: w = Q = 10,
0 =406 N =207 =k =K =0.01 Nmnax = 60.

energy of the cavity photons does not affect the measurement of
t., S0 we expect |t.| ~ 1 again.

All these features are shown in Fig. 3, where we have
calculated ¢, at @ = Q = 10 (as in Fig. 2) for both phases, as a
function of g, including from the small to the very-large g
regime. One can see that the addition of fluctuations leads to
a good agreement between the numerical (eqn (10)) and the
analytical (eqn (13)) expression for ¢, even for intermediate
coupling strength. For small g, the peak of maximum transmis-
sion, initially found at w = Q, shifts due to the interaction for
both phases. The edge states are transparent to the bulk states
and their presence is not revealed in ¢.. However, eqn (10) and
(13) predict that larger values of the coupling g bring essential
differences between phases: while the trivial phase decays
monotonically until reaching a minimum, the topological
phase remains mostly unaffected, except for a notorius dip in
|z.| for the intermediate regime (which corresponds to a change
of sign in ¢).

Thus, the effect of the topological edge states is not washed
away by the chiral-symmetry breaking, and the difference
between phases can still be detected. Finally, both phases
display perfect transmission when g is sufficiently large, in
accordance with the MF analysis. Importantly, the comparison
between eqn (10) and (13) gives a perfect agreement between
the exact and the analytical curves for arbitrary g, which means
that eqn (13) captures the behaviour of the system for arbitrary
coupling.

Note the important role of the fluctuations Hamiltonian
in the calculation of the cavity transmission. If only the MF
Hamiltonian was considered, the transmission would be trivi-
ally perfect ¢. ~ 1 for all coupling strengths. This is precisely
what we verify in the limits g — {0, o}, where the system
effectively decouples and the MF description is accurate
(see Fig. 3). The addition of Hjs as an effective interaction

This journal is © the Owner Societies 2022
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between subsystems allows to reproduce the exact result for the
cavity transmission, despite the approximations employed in
the derivation of eqn (13), i.e., neglecting correlations in the
dynamics of photonic and fermionic operators (see eqn (??)).
Similarly, the MF Hamiltonians include extra terms compared
to the original unperturbed Hamiltonians, and therefore the
calculation of the corresponding expected values are dressed by
the interaction as well and depend on the parameters of both
subsystems.

Regarding the numerical calculations, the exact diagonaliza-
tion of the total Hamiltonian requires the truncation of the
photons Hilbert space, which is of infinite dimension. We
choose a maximum number of photons 7,,,x by making sure
that increasing the number of possible photons in the system
does not affect the value of observables. The set of eigenvalues
and eigenvectors are then used to calculate the exact Green’s
function, which provides the exact result for ¢.. The analytical
result does not involve any truncation, and the sums are
extended over the complete eigenvalues and eigenvectors of
the MF fermionic Hamiltonian.

5 Effective Hamiltonian.

To explore in more detail the different interaction regimes,
we derive an effective Hamiltonian using a Schrieffer-Wolff
transformation in the basis of eigenstates of the MF Hamiltonian,
where Hj is considered the perturbation to Hg + Ho.

We propose the following ansatz for the transformation:

E;Z;
L (16)

_ g
Eiz — 02

— gQ(d —d)>

o

Then, the effective Hamiltonian H = ¢SHe™S ~ Hg + Ho +
1

2[5‘, H| results in the following approximate form (ESI{):

H ~ Z E X'+ dtd
i

Q—i—gzZQ;f’

2 A L
g . ZupXP 74, X }
+2N"27; * .l
2; ;{Eag E; +Q

with Qy = Z:E;/(E;" — @) and Yy = 3 (ZpX*F — Zp, XP2).
7

To derive eqn (17) we have neglected the small correction
provided by two-photon transitions in the rotated frame. Then,
H includes a shift in the cavity frequency Q, proportional to Qg
that depends on the state of the electronic system through
Y;, as well as a correction to the MF electronic energies
(second line).

The total shift
AQ = g3 Q;(Y; ™), where again the expected values are calcu-

]

frequency can be obtained from

lated to lowest order using the ground state of Hs. In this case,
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Fig. 4 Plot of AQ (eqgn (18)) vs. g for both the trivial (blue) and topological
(red) phase. The comparison with AQ calculated with (Z) has been
included in lighter colors. The dots corresponds to the exact shift
(egn (10)). Parameters: Q = 10, § = £0.6, N = 20, Nmax = 60.

we can give a simpler expression for AQ:
se=gY iz )
i (Eo — E;) -2

The cavity shift in plotted in Fig. 4 as a function of g for the
same parameters as in Fig. 3. The dots correspond to the exact
shift, obtained from the exact numerical ¢, (eqn (10)), compared
to the predictions from the effective Hamiltonian (eqn (18),
blue for the trivial and red for the topological phase) for
arbitrary g. Additionally, AQ obtained for (Z) = 0 (Z - Z,
Hyrs — Hs) has been included as well (dashed lines in light
colors).

These results indicate that:

(i) the dependence of the MF electronic Hamiltonian on (Z)
makes our result for the effective Hamiltonian & (eqn (17)) non-
perturbative, since (Z) is a function of the other parameters as
well. Indeed, eqn (18) shows an excellent agreement with the
exact numerical data for arbitrary g.

(if) AQ obtained for (Z) = 0 confirms that the employment of
the MF + fluctuations approach allows to study the interaction
between subsystems beyond small coupling for equilibrium
configurations (i.e. ground state occupied): the predictions for
this curve depart from those of the exact ¢. when the coupling
is increased and the small-g regime breaks down. It also
reinforces the idea that using ¢. as a topological marker is only
possible beyond the small-g regime.

(iii) This break-down of the small-g regime and the onset of
differences between both phases coincides with the critical
value of g at which the exact (Z) signals the polarization of
the topological phase (Fig. 2). Though (Z) obtained from the
MF Hamiltonian does not reproduce that phase transition, the
addition of fluctuations has an essential role in reproducing
the exact results, for both the analytical ¢. (eqn (13)) and cavity
shift AQ (eqn (18)).

For larger values of g, the divergence in AQ indicates the
presence of a direct resonance between photons and fermions,
which should lead to a drop in ¢, as the minimum in Fig. 3
shows for both phases. Interestingly, AQ changes sign after the
divergence. Finally, for g ~ Q, AQ — 0 for both phases, as
expected: fluctuations are suppressed and the global shift in
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the energy of the photons predicted by the MF photonic
Hamiltonian (eqn (4)) is not detected in ¢.

The change in the eigenenergies of the system due to the
interaction is not trivial. First, one has to take into account the
polarization of the system and the appearance of the term
2g°(Z)Z/Q in the MF Hamiltonian. However, the breaking of the
symmetries that provide for topological protection is expected
even for small g due to the term in the second line of eqn (17).
Indeed, as g is increased, the topological edge states reduce
their energy gradually, and eventually penetrate into the bulk
band. Despite this, they play a crucial role: their presence can
still be detected in t. even after their disappearance into the
bulk, thus accounting for the differences in ¢, between phases.
One can use this correction to the electronic MF eigenstates to
measure the effect of fluctuations on the ground state of the MF
electronic Hamiltonian. A numerical estimation of its magni-
tude reveals that it is very small, even in the intermediate
regime. The fast suppression of fluctuations in the dispersive
regime explains why there is such a nice agreement between the
exact (eqn (10)) and analytical (eqn (13)) ¢ for arbitrary g shown
in Fig. 3.

6 Entanglement entropy

Finally, to gain further insight into the topological features of
the intermediate coupling regime, we explore the entanglement
entropy in the system. The von Neumann entropy is defined as
Sa = —trapaln pa, where p, corresponds to the reduced density
matrix of a subsystem A. When the system is divided in two
partitions A @ B, S, measures the amount of quantum correla-
tion between them (note that S, = Sg, with Sp defined analo-
gously). The entropy has been used in the study of quantum
criticality and topology and has several contributions. In particular,
in non-interacting systems one can find boundary contributions
related with the Berry phase of the states and with the presence
of edge modes.”” In the following, the reduced density matrices
will be calculated exactly, using the eigenvalues and eigenvectors
of the total Hamiltonian H = H, + V, to include all correlation
effects.

In our case, we can partition the system in two different
ways. First, we consider a partition separating the fermionic
chain and the cavity, and calculate Sg, by tracing out the
photonic degrees of freedom (Fig. 5(a)). This produces a mixed
state for the fermionic system. We can see that S, grows with g
and suddendly drops at a critical coupling strength value,
which is different for the trivial and topological phase and
reproduces the phase transition captured by the order para-
meter (Z) (see Fig. 2). However, the differences between both
phases at finite coupling are not clarified for this partition.

The alternative partition requires to first integrate out the
photonic degrees of freedom. The resulting density matrix for
the fermionic chain encodes the role of photons and can be
divided in two parts A ={1, 2,.. ,Ny} and B={N, + 1, Ny + 2,..,
N} (with Ny # N/2) of which the entropy can be calculated.
This is interesting from a topological perspective, because the
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Fig. 5 Entanglement entropy for different partitions. (a) Sei (N = 20) for
the ground state, with Q = 10, || = 0.6, and N = 20. It grows as the
coupling is increased, dropping to zero when the fermionic system
polarizes. (b) S4 as a function of g for different partitions Ny = 4, 6 and
the system in its ground state. As in the previous case, S, increases with the
coupling until it drops to zero. (c) Sy for the system in its N/2-th state,
analogous to half-filling in the non-interacting case. The topological phase
initially displays a quantized value S, = log2 independent of the partition,
indicating the presence of an edge state.

entanglement between these partitions has been already
studied in non-interacting SSH chains and can differentiate
between the trivial and the topological phase.”” In our case the
fermionic reduced density matrix is dressed by photons, which
makes the model more interesting from a fundamental per-
spective, as we are dealing with many-body topological models.

In Fig. 5(b) we plot the entanglement entropy for the system
in its ground state. In general, the entropy increases as a
function of g for both phases and saturates to log2, dropping
to zero as the expectation value (Z) acquires a finite value.
In that sense its behavior is similar to that of Fig. 5(a) and can
be used to obtain information about the phase diagram for the
order parameter. Interestingly, the saturation to log2 indicates
that the ground state becomes a cat state for finite g, which is
destroyed when the system polarizes (i.e., (Z) # 0), turning into
a fully localized state. However, it does not provide new insight
into the topological characterization of the system, as it only
differentiates between the two phases in the range of values
comprised between their respective critical g.

In contrast, Fig. 5(c) considers the N/2-th state occupied (this
is specially relevant to compare with half-filling in a non-
interacting SSH chain). This state coincides with the edge state
in the topological phase and with the top of the valence band
in the trivial phase for the isolated chain. In this case the
topological phase displays a quantized value S, = log2 for small
g, independent of the partition, while for the trivial phase S, is
smaller and changes for different partitions N,. The log2 value
is a consequence of a maximally entangled cat state and its
independence on the partition indicates that it is localized at
the boundaries of the system (i.e., the bulk does not contribute
and all entropy comes from the entanglement between the two
edges®”). Then, we can see that the topological boundary mode
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is present until the entropy drops, indicating the destruction
of entanglement for the N/2-th state. This coincides with the
first anti-crossing of the edge state with a bulk state as they
penetrate in the bulk bands (see ESIT).

The persistence of the log(2) value for S, in the topological
chain for small g means the interaction preserves the entangle-
ment between ending sites created by the original topological
boundary modes, though their energy and localization length
does change due to the symmetry-breaking terms in the effec-
tive Hamiltonian. This can have important implications for
designing quantum information protocols with ¢-QED struc-
tures in which correlation between distant sites of the fermio-
nic system needs to be exploited, which in this case is naturally
provided by the topological features of the chain. Importantly,
the topological contribution to the entanglement does not
dissappear after S, drops to zero at g ~ 0.8, but migrates from
one state to the other as the anti-crossing originated by the
edge states entering the band take place in the energy spectrum
(ESTH).

Interestingly, increasing g leads to a sucession of new log2
plateaus, indicating that boundary modes are linked with both
the original trivial and the topological phases.”®°® Again, each
abrupt change in S, coincides with an anti-crossing between
the N/2-th and other states in the upper bands (see ESIf}).
Finally, when g approaches the divergence in Fig. 4 the entropy
drops for both phases and the presence of boundary modes is
completely washed out by the interaction with the cavity.

7 Conclusions

In this work, we have investigated the use of the cavity trans-
mission t. as a topological marker for arbitrary coupling
regimes in a hybrid system, composed of a quantum cavity
coupled to a fermionic lattice with distinct topological phases.
Both the amplitude |t/ and phase ¢ can be experimentally
measured, carrying information about the fermionic system
interacting with the cavity. For this purpose, we have developed
a framework combining two perspectives: first, we have
employed the retarded photonic Green function to obtain an
exact result for ¢  for arbitrary coupling strengths; second,
we have combined input-output formalism with a MF plus
fluctuations analysis to derive an analytical expression whose
validity can be extended beyond the small-g regime, where the
standard input-output formalism would fail. Exploring how the
interaction affects the topological properties of the fermionic
system is also the aim of this work.

To illustrate our results we have considered a topological
SSH chain interacting via the dipolar coupling with the cavity.
In topological systems, the bulk-boundary correspondence
ensures that non-trivial properties of the bulk of the material
translate into edge states within the gap of a finite sample with
open ends, provided that certain symmetries are preserved.
Therefore, we make use of the edge states and their signatures
of their presence in the cavity transmission to characterize the
topology of a finite size of N sites. We reproduce the expected
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results for small g, where it is well-known that the transmission
allows for dispersive readout of the properties of the fermionic
system. In the small coupling regime, detecting differences
between phases with distinct topology is possible if the system
is initialized in its edge state: while the cavity can mediate
many transitions between the bulk states, the edge states
remain isolated from them. In a experiment, one can benefit
from these differences to test the formation of the topological
edge states in the topological phase. One disadvantage of this
regime of operation is that the measurement needs to be
carried out before thermalization happens, but this could be
avoided by filling the fermionic system to half-filling (however,
in this case many systems require to account for particle
interactions as well).

Beyond the small-g regime, differences between topological
phases are enhanced, and importantly, they can be detected for
the ground state as well, indicating that the measurement can
be performed when the system has thermalized. This means
that the presence of the edge states still has an impact on the
cavity transmission, despite the chiral symmetry breaking
induced by the coupling. In conclusion, if the coupling strength
between the cavity and the SSH chain can be adiabatically
increased, one should verify that the peak of maximum trans-
mission is shifted towards higher energies for the trivial phase,
while for the topological phase, its initial position at w = Q is
rapidly restored (see Fig. 3 and 4). This is an unavoidable
signature of the presence of the topological edge states. To
study this intermediate regime in more depth, we have derived
an effective Hamiltonian encoding the role of fluctuations to
first order.

Finally, we have also studied the entanglement entropy
between different partitions of the total system (Fig. 5), and
how this quantity connects with the previous results. As expected,
we verify the entanglement between photons and fermions
increases as the coupling strength gets larger, which is crucial
for many applications of c-QED architectures,*®* up to a critical
value at which it suddenly drops to zero. We also explored the
entanglement between two assymetric partitions of the SSH
chain, once the photonic degrees of freedom have been traced
out. This sheds light on how the interaction affects the eigenstates
of the chain, and how the entanglement created by the edge states
is mantained for large values of the coupling, even after they have
penetrated into the bulk bands.

Regarding the experimental implementations, crucial
milestones have been achieved on different platforms that pave
the way for the realization of the findings discussed in
this work.

On one hand, quantum dots (QDs) offer a scalable, highly-
tunable solid state platform, in which the control and manip-
ulation of long arrays has already been reached,**** including
the simulation of fundamental models.®®®” When placed inside
cavities, different experiments have proven to fulfill the strong-
coupling condition g > { x, y }, both in doble'®**® and triple
QDs.'”7® The charge-photon coupling is achieved through
dipolar coupling, with the architecture proposed in this article.
The values of g that are reached with the current state-of-the-art
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techniques in QDs would only allow for topological detection in
the small-g regime, occupying an edge state (ESIT). A typical
value for the coupling strength in this setup is g < 0.1Q.
However, larger coupling strengths can be envisioned in future
devices. The ongoing improvement of the experimental techni-
ques of fabrication and properties of QDs, together with the
design of resonators with higher impedances,®®”>*° is leading
to the optimization of g versus the decoherence rates, specially
charge noise.*>®

Another suitable option for implementation could be cold
atoms, where the simulation of complex Hamiltonians with
non-trivial topological properties has already been studied®'
and implemented.®” They offer great versatility and control in
c-QED experiments:® atoms can be loaded deterministically
inside the cavity, which allows to tailor the atom-field coupling
on demand,®® as well as long coherence times.**® The
condition g > {x, y} has also been achieved.®***°* For
the model Hamiltonian, it is only required to notice that the
hopping term can be written as ) 76, ¢; and the fermionic

ij
part of the interaction can be mapped to a Zeeman term that
changes linearly with the position ) Bjs;. This can also be
1

extrapolated to trapped ions.”®

Larger coupling strengths have already been realized with
superconducting qubits.’® The condition g > {y, x} is very well-
stablished,”” but more significant is the achievement of further
regimes of interaction in which the coupling to the resonator
can reach values comparable to the energy of the qubit.>>™®
Additionally, the SSH model considered in this work has also
been realized using superconducting qubits®® Therefore, this
would be a feasible platform to implement the topology detec-
tion discussed for arbitrary coupling strengths with the current
techniques.

As an outlook, we believe our work provides a solid basis to
study topological systems coupled to quantum cavities, while
opening the way to complementary research. For example,
including the role of electron interactions using a Hubbard
term, or developing an effective Hamiltonian to study the
resonant case in more depth. Besides, other interaction models
for the cavity and fermionic system could be adressed in order
to connect with experiments performed on different set-ups.
Lastly, the employment of the entanglement entropy to study
the effect of the interaction upon the fermionic system sets a
precedent in the field, since it is usually used to characterize
topology in non-interacting systems.
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