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Excluded volume interactions and phase stability
in mixtures of hard spheres and hard rods

Joeri Opdam, †a Poshika Gandhi, †b Anja Kuhnhold, b Tanja Schilling ‡b

and Remco Tuinier ‡*a

In this paper we study excluded volume interactions, the free volume fraction available, and the phase

behaviour, in mixtures of hard spheres (HS) and hard rods, modeled as spherocylinders. We use free

volume theory (FVT) to predict various physical properties and compare to Monte Carlo computer

simulations. FVT is used at two levels. We use the original FVT approach in which it is assumed that the

correlations of the HS are not affected by the rods. This is compared to a recent, more rigorous, FVT

approach which includes excluded volume interactions between the different components at all levels.

We find that the novel rigorous FVT approach agrees well with computer simulation results at the level

of free volume available, as well as for the phase stability. The FVT predictions show significant

quantitative and qualitative deviations with respect to the original FVT approach. The phase transition

curves are systematically at higher rod concentrations than previously predicted. Furthermore, the

calculations revealed that a certain asphericity is required to induce isostructural fluid–fluid coexistence

and the stability region is highly dependent on the size ratio between the rods and the spheres.

1 Introduction

Dense, multi-component mixtures of colloids and/or polymers
are ubiquitous in systems such as paint,1 food,2 and a wide
range of other technological applications. Paint is crowded with
(associative) polymers, polymeric binder particles, and inor-
ganic opacifiers such as colloidal titania. Food products typi-
cally contain high concentrations of proteins, polysaccharides,
and/or emulsified oil droplets.3

Living matter also often contains highly concentrated disper-
sions of different types of biomacromolecules.4 Bacterial cells, for
instance, may contain a concentration of 0.3–0.4 g mL�1 of
macromolecules5,6 of different kinds and organisational structures
such as the nucleus, nucleoli, or other compartments.7,8 From a
fundamental point of view, the different macromolecules interact
through various types of forces. It is, thus, challenging to predict the
physical properties for such complex mixtures. Excluded volume
interactions are, however, nearly always present.

Asakura and Oosawa, in their two classical papers9,10 on the
binary mixtures of hard spheres (HS), discussed the existence of

an attractive force between the big HS due to the presence of
small HS. This attractive force is now referred to as the
depletion interaction. Since in the 1970s and 1980s the focus
was mainly on mixtures of colloids and nonadsorbing poly-
mers, their work did not receive much attention for a long
time.11

In the 1990s, however, work on the phase stability of binary
HS mixtures gained a new impetus. Biben and Hansen12

showed that there can be spinodal demixing in such mixtures,
hinting at a possible colloidal gas–liquid phase separation (also
referred to as fluid–fluid phase separation). Later, Stroobants
and Lekkerkerker13 developed a free volume theory (FVT)
approach to predict the phase behaviour for these binary
mixtures.

Generally in FVT two compartments at osmotic equilibrium
are defined. One compartment is the system of interest that
contains colloidal particles and depletants, while the second
compartment is a hypothetical reservoir that only contains
depletants. The compartments are connected through a
membrane that is not permeable for the colloidal particles,
but is permeable to the depletants. The solvent is treated as a
background in FVT.

The FVT results of Stroobants and Lekkerkerker13 demon-
strated this gas–liquid phase separation is metastable and
fluid–solid phase equilibria should be expected upon crossing
the phase boundary. Dijkstra, van Roij and Evans14 performed
Monte Carlo computer simulations which confirmed this. Their
simulations corresponded reasonably with FVT predictions,
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except for the solid–solid phase equilibria which appeared in
the simulations but not in the FVT predictions.

Opdam et al.15 improved the FVT approach by explicitly
incorporating excluded volume interactions between the small
HS depletants at all levels. The resulting FVT predictions were
much closer to the computer simulations of Dijkstra et al.14 and
also predicted the solid–solid phase equilibria.

The pioneering work of Asakura and Oosawa9,10 also
revealed that rod-like particles are highly efficient depletants
as their excluded volumes are relatively large. Mao, Cates and
Lekkerkerker16 derived analytical expressions to quantify the
efficiency of hard rods and HS as depletants.

Vliegenthart and Lekkerkerker developed a version of FVT
for the case of HS mixed with hard spherocylinders (HSC)17 by
means of a simple extension of the original FVT for HS with
added ideal penetrable hard spheres (PHS).18 This straightfor-
ward FVT17 seems accurate for cases where the contribution of
the excluded volume interactions between the rods is weak, as
for the needle limit. It also enables to understand the main
trends of computer simulations of HS and needles (infinitely
thin rods)19,20 and experimental studies of the phase stability of
colloidal spheres mixed with rods.21,22 Full scale simulations
of HS and HSC are scarce23–25 and do not report phase stability
of the fluid–fluid or fluid–solid phase coexistence of HS as
mediated by rod-like depletants.

Guu et al.26 studied the phase behaviour of fd-virus and
polystyrene spheres in aqueous salt solutions. Comparison
with the FVT by Vliegenthart and Lekkerkerker17 showed that FVT
predicts phase transitions at too low colloidal rod concentrations.27

More recently, it was shown that experimentally observed phase
boundaries in mixtures of fd-virus and polystyrene spheres can be
described more accurately by FVT with excluded volume interac-
tions already included at the level of the reservoir.27

This novel FVT method is a relatively simple and quick method
to predict the phase boundaries of colloidal mixtures. An accurate
description of the phase behaviour may also help to predict and
understand nucleation and crystallisation in such complex
mixtures.28 Here, we test the accuracy of the FVT by comparison
with Monte Carlo simulations of dispersions containing HS mixed
with HSC. First, we outline the FVT and simulation methods that
were used. Next, we test the theoretical expressions used to describe
the free volume available in a mixture of HSC and HS, which form
the basis of the FVT calculations, against simulation results.
Furthermore, we compare the boundaries for phase separation
observed in the simulations with the phase diagrams obtained from
both the original and the novel FVT predictions. Finally, we
investigate the influence of the aspect ratio of HSC and the size
ratio between the HSC and HS on the occurrence of isostructural
fluid–fluid phase separation.

2 Methods
2.1 Free volume theory

Here, we outline the FVT employed in this paper, which is
based on previous work on binary HS mixtures15 but extended

to take the anisotropic shape of rod-like depletants into account.27

In FVT the two compartments used are in osmotic equilibrium and
the thermodynamic properties of the system can be described by
the semi-grand potential O. The experimental system of interest
here is the mixture of hard spheres (s) and hard rod-like depletants
(r). The system has a volume V, temperature T, and contains Ns

spheres and Nr rods. It is assumed all interactions are hard: all HS
and hard rods only interact through excluded volume interactions.
The rods are described as hard spherocylinders, which are cylinders
with volume vr, length L and diameter D, capped by hemispheres
with diameter D. The HS have a volume vs = 4pR3/3, with radius R.
The dimensionless parameters describing the size ratio between the
spheres and the rods are defined as

q ¼ D

2R
; x ¼ L

R
: (1)

The thermodynamic properties of the system are described
using a semi-grand potential that reads:27

eOk ¼ eF0;k �
ðfR

d

0

aSk fs;frð Þ
aR fR0

r

� � @ ePR

@fR0
r

 !
dfR0

r : (2)

where aS
k(fs, fr)/a

R(fR0
r ) can be evaluated numerically by solving

aS fs;frð Þ ¼ aR fR
r

� �fr

fR
r

; (3)

for a given value of the rod concentration in the reservoir fR
r . Here

aR is the free volume fraction available for the HSC in the reservoir.
In the original FVT,17 aR � 1. Here, however, we account for
interactions between the HSC in the reservoir, so aR o 1 for
fR

r 4 0. The quantity aS is the free volume fraction available
for the HSC in the system and depends both on the concentration
of HSC in reservoir and system, and the concentration of HS in the
system.

In eqn (2), k refers to the phase state of the HS which is,
here, assumed to be either a fluid or a face-centered cubic (FCC)
crystal. We used dimensionless quantities in eqn (2). The
dimensionless quantities used in this paper are defined as:

eO ¼ Ovs
VkBT

; eF ¼ Fvs

VkBT
; eP ¼ Pvs

kBT
;

em ¼ m
kBT

; a ¼ hVfreei
V

; fi ¼
Nivi

V
;

(4)

where i denotes either component s or r, vi is the volume of
component i, P is the osmotic pressure, and a is the free
volume fraction which is equal to the ensemble averaged free
volume available for the depletants (rods) normalised by the
total volume within a certain compartment.

For a fluid of hard spheres the free energy is approximated
using the Carnahan–Starling equation of state:29

eF0;fluid ¼ fs ln fsL
3=vs

� �
� 1

� �
þ 4f2

s � 3f3
s

ð1� fsÞ2
; (5)

where L is the de Broglie wavelength. The free energy of the
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pure HS FCC crystal phase is described using cell theory as:30

eF0;solid ¼ fsln L3=vs
� �

þ fsln
27

8f3
cp

 !

þ 3fsln
fs

1� fs=fcp

 !
: (6)

Here, the volume fraction of a close-packed FCC crystal is

fcp ¼ p=ð3
ffiffiffi
2
p
Þ.

For the HSC concentrations used in this work it is assumed
that the rod-like particles only adopt isotropic
configurations.31,32 We use scaled particle theory (SPT) to
quantify the osmotic pressure of a fluid of HSC33 in the
reservoir:

ePR ¼ vs

vr

fR
r

1� fR
r

þ 3gðgþ 1Þ
3g� 1

fR
r

1� fR
r

 !2
24

þ 12g3

ð3g� 1Þ2
fR
r

1� fR
r

 !3
35:

(7)

The dimensionless parameter g is related to the aspect ratio of
the rods L/D as:

g ¼ 1þ L

D
: (8)

In a binary mixture of HS and HSC with total volume
fraction f = fs + fr, the free volume fraction available to a
HSC can be determined with scaled particle theory:27

aS ¼ ð1� fÞ exp �t f
1� f

� U
f

1� f

	 
2

�vr
vs
ePSPT

" #
; (9)

with

t ¼ 3

4
xð1þ 2qÞ þ 3qð1þ qÞ

� �
fs

f
þ 6þ 6 g� 1ð Þ2

3g� 1

" #
fr

f
: (10)

U ¼ 3

4
xþ 3

2
q

	 

fs

f
þ 3g2

3g� 1

fr

f

� �
3q
fs

f
þ 6g
3g� 1

fr

f

	 

: (11)

where ~PSPT refers to the SPT expression for the osmotic
pressure of the binary HS + HSC system:34

ePSPT ¼ fs þ
vs

vr
fr

	 

1

1� f
þC

2

f
ð1� fÞ2 þ

2

3
Y

f2

ð1� fÞ3

� �
;

(12)

with:

C ¼ k� t

1þ fr

fs

vs

vr

þ t; (13)

Y ¼ i� U

1þ fr

fs

vs

vr

þ U; (14)

k ¼ 6
fs

f
þ 1

q2
6qgþ 3ðgþ 1Þ

3g� 1

� �
fr

f
; (15)

i ¼ 1

2
3
fs

f
þ 6g
q 3g� 1ð Þ

fr

f

	 
2

: (16)

With this SPT approach for the free volume available to a HSC,
no distinction is made between a fluid or solid phase of the
spheres in eqn (9) except for the difference in volume fraction.
The free volume fraction in the reservoir aR can be determined
with eqn (9) by stating fs = 0.

Colloidal fluid–fluid and fluid–solid binodals of the mixture of
HS and HSC are determined through the equilibrium conditions

emG
s = emL

s, (17)ePG = ePL, (18)

for gas–liquid phase coexistence and

emF
s = emS

s, (19)ePF = ePS, (20)

for fluid–solid equilibria. The superscript G denotes the colloi-
dal gas phase, superscript L the colloidal liquid phase, super-
script F the colloidal fluid phase, and superscript S identifies
the colloidal solid phase. The three-phase G–L–S coexistence
region is found by combining eqn (17)–(20). The critical point
of gas–liquid coexistence is found by solving

@ ems
@fs

	 

ePR ;V;T

¼ @2 ems
@f2

s

 !
ePR;V ;T

¼ 0: (21)

The chemical potential of the spheres ms = (qO/qns)PR,V, T and
the osmotic pressure P = (qO/qV)PR,ns,T, where ns is the number
of colloidal hard spheres, are related to the semi-grand
potential given by eqn (2):

ems ¼ @eO
@fs

 !
ePR ;V ;T

; (22)

eP ¼ � @ðeO=fsÞ
@ð1=fsÞ

 !
ePR ;ns;T

¼ fsems � eO: (23)

Coexistence densities and critical points were obtained by
solving the equations presented in this section with a numer-
ical scheme. The details for this procedure are given in
Appendix A.

2.2 Simulations

We use Metropolis Monte Carlo (MC) simulations to study the
phase behaviour of and the free volume in mixtures of HS and
HSC (also referred to as rods). The relevant parameters that
describe these objects are defined in Section 2.1. Fig. 1 shows a
sketch of the simulated system. Initial configurations are set up
by having a (simple cubic) lattice of HS as a central layer,
sandwiched between layers of HSC. The rods initially point
normal to the HS/HSC interface. The number of particles and
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the volume of the simulation box are fixed for each set of
parameters, and we use single-particle moves to relax the
system towards its equilibrium state. These moves are random
translations within a cube of length ds

m (dr
m) around the current

position for the spheres (rods), and random rotations within a
cone of opening angle gr

m around the current orientation for the
rods. A move is accepted when it does not lead to an overlap
between the moved particle and any other particle in the
system, otherwise it is rejected. The parameters ds

m, gr
m, and

dr
m are adjusted to give acceptance rates close to 0.5 for each of

the move types. To equilibrate the systems, at least 2 � 105 MC
sweeps are carried out. We evaluated the nematic order para-
meter of the rods and the acceptance rates of the moves to
judge the equilibration process, and increased the number of
MC sweeps if necessary. We also checked that the spheres had
moved a distance larger than their diameter (if not in the solid

state) from their initial positions. The resulting phases are
identified by measuring relevant order parameters during the
production sweeps and by visual inspection of the particle
distribution in the simulation box. The simulation box with
periodic boundary conditions is either cubic (below called
symmetric) or cuboidal with a square cross section (below
called asymmetric). The latter is used for simulations close to
the phase separation points in order to reduce the size of the
interface between two phases. For the simulation results pre-
sented in this paper, we use up to Ns = 625 HS and up to
Nr = 20 000 HSC.

To estimate the free volume fraction available for the rods,
we measure the acceptance rate of trial insertions of a rod into
the system: aS E hni

acc/ni
triali, where ni

trial is the number of trial
insertions of a rod with arbitrary orientation at an arbitrary
position, and ni

acc is the number of accepted insertions. (Note
that the insertion is only temporary; the number of rods is kept
constant by removing the inserted rod.) The angular brackets
denote the canonical ensemble average for which 1000 config-
urations (out of 1 � 105 MC sweeps) are used with ni

trial = 1000
per configuration.

3 Results and discussion
3.1 Free volume fraction

First the free volume theory (FVT), including excluded volume
interactions accounted for at the reservoir level, is tested versus
the computer simulation results by evaluating the free volume
fraction in the system. The free volume fraction available to the
hard spherocylinder (HSC) depletants in the binary mixture, aS,
is determined using scaled particle theory (eqn (9)) and
depends on the volume fraction of both components, the size
ratios L/R = x and D/(2R) = q, and the HSC aspect ratio g = L/D +
1. Note that x = 2q(g � 1), so there are only two independent
parameters that describe the size ratios and aspect ratio. In
Fig. 2 results are plotted for the free volume fraction in the
system aS as a function of the volume fraction of HSC (fr) for
various values of fs (a), g (b) and x (c). The solid curves are FVT

Fig. 1 Sketch of the simulated system. Spherocylinders (‘‘rods’’ have
length L and diameter D and spheres have radius R. Spheres and rods do
translational moves and rods also do rotational moves (indicated by small
arrows). To estimate the free volume available for spherocylinders trial
insertion moves are executed (indicated by a rod that is moved from
outside the box to the position of the dashed rod inside the box).

Fig. 2 Free volume fraction aS for HSC in a mixture of HSC and HS as a function of rod volume fraction fr. The curves show the SPT predictions from
eqn (9) and the symbols show Monte Carlo computer simulation results. The parameters that are investigated are the sphere volume fraction fs (a), the
aspect ratio g = L/D + 1 (b) and the size ratio x = L/R (c). The sphere volume fractions used for the calculations match the ones from the simulations
(values for fs in the insets are rounded). Open symbols are used for homogeneous systems and closed symbols indicate phase separated systems. The
numbers of HS and HSC used in the simulations range from Ns = 100 to 625 and from Nr = 32 to 20 000.
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predictions, while the symbols are Monte Carlo computer
simulation results.

There is good agreement between the theoretical predictions
for the free volume fraction and the simulation results for all
the parameters considered. The open symbols in Fig. 2 corre-
spond to homogeneous mixtures, whereas phase separation
was observed for the mixtures corresponding to the closed
symbols. Surprisingly, although the theoretical predictions
should only hold for homogeneous mixtures, the free volume
fractions in the phase separated systems also follow the theo-
retical predictions very well. It is noted that in the original FVT,
the free volume available in both the reservoir and the system is
independent of the rod concentration, which is clearly not the
case as seen in Fig. 2.

Fig. 2b and c show that the dependency of the HSC aspect
ratio g and the size ratio x on the free volume available to a HSC
in a HS/HSC mixture is accurately described by SPT. Hence,
eqn (9) is accurate which means that the distribution of
depletants over the system and the reservoir, given by the ratio
of the free volume fraction in the system and the reservoir
(corresponding to fs = 0 in Fig. 2a), can now be accurately
incorporated into free volume theory.

It is noted that the results in Fig. 2 are for a fluid phase.
Ordering of particles can not be accurately accounted for by SPT
and therefore the predictions for the free volume in a solid
phase are expected to be less accurate. Furthermore, any effect
of local ordering or fluctuations in particle concentrations is
not incorporated in FVT, whereas this is accounted for in the
simulations. The results in Fig. 2 suggest that this theoretical
approximation yields an accurate description for the free
volume in the fluid phase.

3.2 Phase behaviour

In Fig. 3 we plot phase diagrams from FVT and phase state
points from MC simulations for a size ratio of x = 2 and three
different values of g; 6, 21 and 36, corresponding to the

parameters in Fig. 2b. The grey curves are the predictions of
the original FVT,17 whereas results from the new FVT, that
includes excluded volume interactions at the reservoir level,27

are plotted as the black curves. The dashed curve in panel (b)
indicates that fluid–fluid (FF) coexistence is metastable with
respect to fluid–solid (FS) coexistence. The blue symbols show
the simulation data, open symbols denote a homogeneous
binary fluid was obtained and closed symbols denote phase
separation was observed.

A substantial quantitative and qualitative deviation can be
seen between the phase transition concentrations predicted by
the two different FVT approaches. The homogeneous fluid
phase region is much larger when the excluded volume inter-
actions at all levels (black curves) are accounted for. The
original FVT of Vliegenthart and Lekkerkerker predicts a stable
region of FF demixing and a corresponding three-phase fluid–
fluid–solid coexistence region for all three considered aspect
ratios. The new FVT approach predicts that the FF demixing is
metastable with respect to FS coexistence at small aspect ratios.
Only for the largest value of g = 36 a stable FF coexistence region
is found. When the aspect ratio increases, the deviation
between the two FVT approaches becomes smaller, as expected,
since both methods are equal in the limit of infinitely thin rods
(g -N). Overall, the data points from MC simulations support
the predicted phase transitions from the new FVT, as they are
in much better agreement.

There are some small deviations between the theoretical
predictions and the simulation results which can be expected
due to the approximations in the theoretical model. The main
simplifications in the theory are in the free volume descrip-
tions, which are determined with SPT for both the fluid phase
and the solid phase. The finite size of the simulation box might
also result in a slight difference between the simulation results
and FVT predictions. The coexisting phases in the simulation
box have a finite size with a limited number of particles,
separated by an interface. The formation of this interface might

Fig. 3 Phase diagrams of HSC/HS mixtures with a size ratio x = L/R = 2 and HSC aspect ratios g = L/D + 1 of 6 (a), 21 (b) and 36 (c). The black curves show
the FVT calculations and the grey curves show the predictions for the original FVT of Vliegenthart and Lekkerkerker.17 The star symbol denotes the fluid–
fluid (FF) critical point and the dashed curve in panel (b) indicates that FF demixing is metastable. The triangular areas show the borders of the three-phase
fluid–fluid–solid coexistence region. The blue symbols show the simulation results. An open symbol indicates a homogeneous binary fluid was obtained
and a closed symbol means phase separation occurred. The square symbols show results obtained with an asymmetric simulation box and the round
symbols show results from a symmetric simulation box. The numbers of HS and HSC used in the simulations range from Ns = 121 to 625 and from
Nr = 1250 to 14 112.
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result in a slightly stronger depletion interaction, thus a higher
rod concentration, needed to induce phase separation. Verify-
ing the type of coexisting phases with the MC simulations is
complicated since the formation of a solid phase might be
affected by the limited number of spherical particles in the
system, which prevents the formation of a large macroscopic
crystalline phase. Especially for large aspect ratios, the number
of rods in the system is much greater than the number of
spheres and therefore, this increase in the number of spheres
in the simulation box results in very long computation times.
Representative snapshots of configurations obtained with MC
simulations for both a homogeneous system and a phase
separated system, with g = 36 and fs = 0.1, are shown in
Fig. 4. The transition from a homogeneous mixture of spheres
and rods, to a phase separated system can be clearly observed
in the two systems where the difference in rod volume fraction
is only 0.004.

3.3 Stability regions of fluid–fluid coexistence

For L/D = 0 (g = 1), HSC have a spherical shape. For binary HS
mixtures, it has been shown that FF coexistence is metastable
for all size ratios.15 The results in Fig. 3 reveal that FF is
predicted to become stable for sufficiently large g. Therefore,
it is expected that a certain asphericity is required to stabilize a
FF demixing region. For this reason, at a certain given size ratio
x, there should be a critical aspect ratio g above which there is a
stable FF coexistence region in the phase diagram of a HSC/HS
mixture. Fig. 5a shows the ratio of the HSC reservoir volume
fraction fR

r between the triple FFS coexistence region and the
FF critical point as a function of g for different size ratios x. This
ratio is a measure for the relative size of the FF region (the
liquid window) in the phase diagram. When this ratio equals
unity, the FF critical point touches the FS coexistence lines and
the three phase coexistence region disappears. The set of

parameters where this occurs is denoted as the critical end
point (CEP).

The solid curves in Fig. 5 show the results from the FVT as
outlined in Section 2.1 and, as expected, predict that a CEP is
found at a certain aspect ratio (g*) for FF demixing in HSC/HS
mixtures. For 2 r x r 6 we find 30 t g* t 40, corroborating
the trends of Fig. 3. This confirms that a certain HSC aspheri-
city is required to stabilize FF coexistence in hard colloidal
mixtures. The dashed curves in Fig. 5 show the original FVT
predictions. The results are similar for large aspect ratios,
however, for smaller aspect ratios the two FVT approaches
significantly deviate and no CEP is found for the dashed curves.

The exact value of g* depends on the size ratio x and for the
size ratios considered, g* increases as a function of x. This
indicates that for a certain value of g there should also be a
corresponding critical size ratio x above which FF coexistence
becomes metastable. However, it is also known that when the
HSC become small with respect to the HS, FF coexistence
becomes metastable. This means that there should be two
critical values of x in between which there is a stable FF
coexistence region. This is indeed found in the FVT predictions,
as can be seen in Fig. 5b that shows the ratio fR

r,tp/fR
r,cp as a

function of x for different HSC aspect ratios g.
This result suggests that if either component in a binary

colloidal mixture becomes too large with respect to the other
component, FF coexistence becomes metastable. Verification of
the trends of the thermodynamic stability of the FF coexistence
regions as a function of the aspect ratio and size ratio with
simulations or experiments is desired. However, due to the
computation times for mixtures of HS and HSC with large
aspect ratios, this is a difficult task with simulations. Also,
experimentally it is challenging to find a proper model system
where a large parameter space can be investigated and analysis
of the composition of coexisting phases in an experimental
system can be demanding.

The lower critical value of x is approximately 0.6 for large
aspect ratios, which is similar to the critical size ratio found for

Fig. 4 Representative snapshots for homogeneous and phase separated
systems. The HSC/HS size ratio is x = L/R = 2, the HSC aspect ratio is g =
L/D + 1 = 36, the sphere volume fraction is fs = 0.1, and the rod volume
fractions are fr = 0.008 (left) and 0.012 (right). The respective numbers of
HS and HSC are Ns = 121, and Nr = 7688 (left) and 11 250 (right).

Fig. 5 Relative size of the fluid–fluid phase coexistence region given by
the ratio of the rod volume fraction in the reservoir between the triple
point and the critical point as a function of g = L/D + 1 for different size
ratios x = L/R (a) and as a function of x for different aspect ratios g (b). A
critical value of g or x is found when the ratio fR

r,tp/fR
r,cp equals 1 (i.e. the

critical end point). The solid curves show the FVT results and the dashed
curves show the results for the original FVT of Vliegenthart and
Lekkerkerker.17
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infinitely thin rods by Bolhuis and Frenkel19 and for rods with
g = 21 found by Vliegenthart and Lekkerkerker with original
FVT.17 For small aspect ratios, close to g*, the lower critical x*
slightly increases. The upper critical x* increases significantly
as a function of aspect ratio, and also the maximum size of the
FF coexistence region, found at intermediate size ratios,
becomes larger for more anisotropic HSC. The original FVT
predictions are again shown by the dashed curves and show
very different behaviour. The size of the FF region is signifi-
cantly larger in the original predictions and no upper critical x*
is observed. Moreover, the effect of the aspect ratio is much
weaker in the original predictions.

It should be noted that in these calculations only the
ordered phase for the HS particles is considered, whereas the
ordered phases for the HSC particles are not included. For
certain parameters it could be possible that the fluid phases in
the three phase region are not in equilibrium with a solid
phase, but with a phase where the HSC are ordered, for example
the nematic phase. HSC already display a rich phase behaviour
as a function of their aspect ratio32 and when mixed with
polymeric depletants, FVT predicts a wide variety of stable
multiphase coexistence regions.35 Until now, the phase beha-
viour of HSC with HS as depletants, as well as the phase
behaviour of HS with HSC have been considered with FVT.
However, phase diagrams where the excluded volume of both
components is explicitly accounted for and where both parti-
cles can form ordered phases have not been reported with FVT.
For future work it will be of interest to determine the complete
phase stability map of HSC/HS mixtures that takes into account
ordering of both components. This will potentially reveal new
types of multiphase coexistence regions that have not yet been
reported.

4 Conclusions

The accuracy of free volume theory (FVT) that explicitly
accounts for the excluded volume of depletants was verified
for mixtures of hard spherocylinders (HSC) and hard spheres
(HS) using Monte Carlo simulations. Both FVT predictions for
the free volume available in HSC/HS mixtures and the phase
boundaries of such mixtures were compared and good agree-
ment was found with the simulations for the parameters
considered. Theoretical predictions using the original FVT
approach, where the excluded volume of the HSC particles is
neglected in the expressions for the free volume fraction,
deviate substantially from the new FVT and the simulation
results. The results show that accurately accounting for the
excluded volume of all components is key in mapping the
phase behaviour of colloidal mixtures.

FVT was used to map the phase stability region for isostruc-
tural fluid–fluid coexistence as a function of the HSC aspect
ratio g = L/D + 1 and the size ratio x = L/R. In contrast to original
FVT predictions, the new FVT method predicts a critical aspect
ratio g* below which fluid–fluid (FF) coexistence is metastable
with respect to fluid–solid coexistence. This critical aspect ratio

is expected because it has been shown that FF coexistence is
metastable in binary hard-sphere mixtures for all size ratios15

and HSC particles reduce to spheres in the limit of g - 1.
Moreover, FVT predicts that for a certain aspect ratio, there is
not only a lower critical size ratio x* E 0.6 below which FF
coexistence becomes metastable, but also an upper critical size
ratio x* above which FF coexistence is metastable. This
indicates that fluid–fluid demixing becomes metastable in
binary colloidal mixtures if either component becomes rela-
tively large with respect to the other component.
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Appendix

A Numerical scheme for phase
coexistence calculations

Coexistence densities for specific size ratios q and x were
determined by solving eqn (17) and (18) (G–L coexistence) or
eqn (19) and (20) (F–S coexistence) with a numerical scheme.
First the distribution of the rod-like depletants between the
reservoir and the system is numerically determined by solving
eqn (3) for a range of reservoir volume fractions fR

r . The
resulting data is interpolated and used as input to determineeO for a given volume fraction of spherical particles fs and a
given fR

r . These steps are repeated for a range of sphere volume

fractions and again interpolation was used to obtain eO as a
function of fs which is used as input for eqn (17)–(23). Binodals
are finally obtained by repeating this scheme for different
values of fR

r , which can be converted to the volume fraction
of rods in the system fr using eqn (3).

F-F critical points and three-phase coexistence regions were

obtained by determining ePF, ePS, emF
s, emS

s, @emFs =@fs

� �ePR ;V ;T
and

@2emFs =@fs
2

� �ePR ;V ;T
for a range of sphere volume fractions fs and

reservoir rod volume fractions fR
r . The obtained results were

interpolated as a function of fs and fR
r and the critical points

were finally determined with eqn (21). The three-phase coex-
istence region was found by solving eqn (17)–(20). All calcula-
tions were done using Wolfram Mathematica 12.
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