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A geometric approach to decoding molecular
structure and dynamics from photoionization of
isotropic samples†

Andres F. Ordonez ab and Olga Smirnova ac

We propose a geometric approach to the description and analysis of photoelectron angular distributions

resulting from isotropic samples in the case of few-photon ionization by electric fields of arbitrary

polarization. This approach formulates the standard photoionization observables – the bl,m expansion

coefficients of the photoelectron angular distribution, in terms of geometrical properties of the vector

field D
-

(k
-

) � hk
-

|d
-

|0i describing the electronic transition from a bound state |0i into a scattering state

|k
-
i – the photoionization transition dipole. Besides revealing selection rules for the enantio-sensitivity of

bl,m coefficients in multiphoton ionization, our approach yields very compact expressions for both

chiral and achiral molecules revealing how the molecular rotational invariants couple to the rotational

invariants of the setup defined by the electric field polarization and the arrangement of photoelectron

detectors. We apply this approach to one-photon ionization and find that the forward–backward asymmetry

parameter b1,0, emerging exclusively in chiral molecules and encoded in the field B
-

(k
-

) � iD
-

*(k
-

) � D
-

(k
-

), is sen-

sitive only to the components of D
-

(k
-

) perpendicular to k
-

, while the regular asymmetry parameter b2,0 emer-

ging in chiral and achiral molecules is sensitive only to the component of D
-

(k
-

) parallel to k
-

. Next, we analyze

resonantly enhanced two-photon ionization and show that b0,0 and b1,0 can be written in terms of an effec-

tively stretched D
-

(k
-

), and how b1,0 and b3,0 can be used to probe B
-

(k
-

).

1 Introduction

Photoelectrons provide an important window into the structure of
matter and have long been used as a probe of molecular structure
in static and time-resolved experiments.1,2 Photoelectron angular
distributions3 (PADs) encode structural information which goes
well beyond the energy spectrum of the molecule, even if the
molecule is randomly oriented in space. Chiral molecules present
a paramount example of such structural sensitivity: opposite
enantiomers of a chiral molecule randomly oriented in space
yield markedly different PADs when illuminated with circularly
polarized light – a phenomenon known as photoelectron circular
dichroism (PECD).4–8 PECD, with its unusually high enantio-
sensitivity, clearly stands out as a tool for exploring structure
and dynamics of chiral molecules. It has been studied across
a wide range of molecular species9 and extended to the multi-
photon and tunneling ionization regimes.10–14 Crucially, the

extension of PECD into the realm of multiphoton
ionization10,11 provides both access to time-resolved ultrafast
enantio-sensitive electronic dynamics14–17 and the means to
control the enantio-sensitive signal observed in the photoelec-
tron angular distributions.18,19

The fact that molecular handedness can be inferred from the
PAD of a randomly oriented sample raises the following ques-
tion: how can we recover the molecular-frame information (not just
handedness) encoded in the PAD of randomly oriented molecular
samples? This encoding of molecular-frame information pro-
ceeds in several steps: the nuclear configuration is encoded in
the electronic wave functions of the ground |0i and scattering
states |k

-
i, these states are subsequently encapsulated into

photoionization transition dipoles D
-

(k
-

) � hk
-

|d
-

|0i, and these
dipoles are in turn used to calculate the laboratory-frame PAD.
The last step requires averaging over molecular orientations and
drastically reduces the amount of information contained in the
vector field D

-
(k
-

) to a handful of coefficients bl,m describing the
laboratory-frame PAD in terms of spherical harmonics Ym

l (k̂) (see
e.g. ref. 4). So we might as well ask: what do these few bl,m

coefficients tell us about the molecular-frame vector field D
-

(k
-

)?
Answering this question is the main objective of this paper.

The standard approach to the computation of molecular bl,m

coefficients4,20–24 provides the connection between molecular
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and laboratory frame PADs25–27 and is the basis for the accurate
description of PADs in complex polyatomic molecules.28

However, it does not provide a simple answer to our question.
This motivated the development of the alternative approach to
the analysis of PADs presented here.

Our approach provides insightful connections between the
bl,m coefficients and the photoionization dipole vector field
D
-

(k
-

). A previous version of this approach limited to b0,0 and
b1,0 has already proven to be very useful for photoionization of
chiral molecules (see ref. 17 and 29). We expect the general
version provided here to be useful beyond chiral molecules
and throughout the field of molecular photoionization for
comparison of different non-linear signals generated due to
fields with complex geometries.

In particular, we applied this alternative approach to the
cases of one- and two-photon resonantly-enhanced ionization
of randomly oriented molecules and found that the bl,m coeffi-
cients encode concrete geometrical information about D

-
(k
-

) and
about the associated field B

-
(k
-

) � iD
-

*(k
-

) � D
-

(k
-

), which plays
a central role in the photoionization of chiral molecules.29,30 The
geometrical character of our findings suggests potential connec-
tions to geometrical and topological properties31,32 in other
research fields such as structured light,33–36 magnetism,37 and
electron dynamics in crystals.38

Another fundamental aspect we address here is that due
to the isotropic distribution of molecular orientations, the
observables can only depend on rotational invariants (RIs),
i.e. on quantities independent of the molecular orientation,
such as the angle between two transition dipoles, or the angle
between the photon spin and the z axis defined by the photo-
electron detection setup. This is in fact a common feature
enabling meaningful comparisons across different enantio-
sensitive methods working in diverse detection regimes with
isotropic samples, from microwave excitation to optical wave-
mixing to photoionization and standard absorption circular
dichroism and optical activity.17 The RIs are divided into those
describing the molecule – molecular RIs, and those describing
the light and detection setup – setup RIs. The observables, here
the bl,m coefficients, must therefore be functions of those two
groups of RIs. Our approach provides these functions, which we
show to be linear both in the molecular and in the setup RIs,
and thus reveals how the molecular RIs are coupled to the setup
RIs. The understanding of this coupling is very relevant for
schemes looking for effective ways of maximizing the enantio-
sensitive response,19 a highly non-trivial task for multi-color
fields of arbitrary polarization.

The paper is organized as follows. Section 2 describes the
idea of our approach in simple terms, summarizing the key
technical steps of Section 3. The latter is complemented by
further mathematical details in the ESI.† Section 4 contains
the analysis of local properties of bl,m coefficients and the
underlying vector fields relevant to one-photon ionization.
Sections 2–4 are relevant for both chiral and achiral molecules
subject to electric fields of arbitrary polarization. Section 5
explores PECD in two-photon resonantly-enhanced ionization
of chiral molecules and provides the first steps towards the

ambitious goal of reconstructing B
-

(k
-

)� iD
-

*(k
-

)� D
-

(k
-

)29,30 from the
bl,m coefficients. Section 6 concludes the work. Further applications
of the approach presented here can be found in ref. 29 and 39.

2 Idea of the method

The interpretation of molecular structure and dynamics probed
via photoionization of randomly oriented samples usually relies
on a mathematical formulation employing a partial wave
expansion of the scattering wave function, which is normally
performed at the outset of any PAD derivation4,20,24,40,41 before
the orientation averaging step. This traditional approach yields
bl,m coefficients in a form in which it is not clear how the
geometric properties of D

-
(k
-

) are encoded in bl,m. For example,
in chiral molecules, this approach obscures the connection
between b1,0 (describing PECD) and the geometry of D

-
(k
-

)
beyond the fact that b1,0 results from complex interference of
many (about 15, see ref. 41–45) partial waves.

The key idea of the approach we present here is that it is
possible to obtain analytical expressions for the bl,m coefficients
without invoking any type of expansion for the scattering wave
function. These expressions reveal the link between bl,m and D

-
(k
-

)
and show how the geometry of the vector field D

-
(k
-

) maps into the
bl,m coefficients.

In particular, we found a way to perform the orientation
averaging step without expanding the scattering wave function.
To achieve this it is important to identify the natural frame of
reference of each vector involved in the photoionization pro-
cess. As usual, the natural frame of reference of transition
dipoles is the molecular frame, while that of the electric fields
and laboratory axes is the laboratory frame. For the photoelec-
tron momentum, identifying the natural reference frame is less

straightforward. Indeed, while the photoelectron momentum k
-

is detected in the laboratory frame and keeping it in this frame
throughout PAD derivations is the usual practice,4 its natural
frame of reference is the molecular frame. This is because

k
-

labels the electronic scattering wave function, which, like the
bound electronic wave functions, is fixed in the molecular
frame. Fig. 1 illustrates that scattering states having the same

k
-

in the laboratory frame (k
-

1 and ~k
0
2 ) but corresponding to

Fig. 1 Two orientations of a diatomic molecule. The black circles indicate
the nuclei. The scattering state depends on the relative angle between the
molecular axis and the propagation direction k

-
of the outgoing (asympto-

tically plane) wave. Therefore, while the states ~k1

��� E
and ~k

0
1

��� E
satisfying

~kM
1 ¼ ~k

0M
1 are related to each other by a simple rotation, the states ~k1

��� E
and ~k

0
2

��� E
satisfying ~kL

1 ¼ ~k
0L
2 are not related to each other in any simple way.
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different molecular orientations are not related to each other in

any simple way, while scattering states having the same k
-

in the

molecular frame (k
-

1 and ~k
0
1 ) are related to each other via a

simple rotation of their wave functions.
The desire of keeping each vector in its natural reference

frame and of relying on the techniques for orientation aver-
aging of tensors46 will dictate the sequence of steps described
in the next section. This sequence yields expressions for the bl,m

coefficients as products of molecular RIs and setup RIs, or in
general, as sums of such products.

We shall see that the molecular RIs will be represented in
terms of k

-
-dependent molecular vector fields. Such fields are

unique to every molecule and encode its structure. Thus, the
key differences of our approach from the standard approach are
(i) avoiding partial wave expansion of scattering states, (ii)
keeping the photoelectron momentum

-

k in the molecular
frame, and (iii) exchanging the order of integrals over the
molecular orientations and over the orientations of

-

k.
This approach reveals physics that are otherwise obscured by
the partial wave expansion. Naturally, the standard expressions
can also be recovered from our representation. Note that we are
not suggesting that our approach allows the numerical calcula-
tion of the bl,m coefficients without doing a partial wave expan-
sion. The partial wave expansion may still be needed for the
computation of

-

D(
-

k), but what we are interested in is the
connection between bl,m and

-

D(
-

k), not the calculation of
-

D(
-

k)
itself.

3 General methodology

The photoionization of an isotropic molecular sample results in

a photoelectron spectrum WL(
-

kL) given by

WLð~kLÞ ¼
ð
drWLð~kL; rÞ; (1)

where WL(
-

kL, r) is the photoelectron spectrum for a given
molecular orientation r � abg, abg are the Euler angles,Ð
dr � 1

8p2
Ð 2p
0 da

Ð p
0db
Ð 2p
0 dg is the integral over all molecular

orientations, and the superscript L indicates vectors and
functions in the laboratory frame. Since we can always

expand WL(
-

kL) into real spherical harmonics‡ Ỹ m
l (k̂L),

WLð~kLÞ ¼
X
l;m

~bl;m kð Þ ~Ym
l ðk̂LÞ; (2)

then any information about the molecule and the ionizing field

encoded in the photoelectron spectrum WL(
-

kL) is now neatly

summarized in the expansion coefficients b̃l,m(k),

~bl;m kð Þ ¼
ð
dOL

k
~Ym
l ðk̂LÞWLð~kLÞ;

¼
ð
dOL

k
~Ym
l ðk̂LÞ

ð
drWLð~kL; rÞ;

(3)

where
Ð
dOL

k �
Ð p
0dy

L
k

Ð 2p
0 dfL

k sin y
L
k , k̂L = (1, yL

k, fL
k) in spherical

coordinates, and
-

kL = kk̂L. Measured as well as calculated values
for these coefficients for particular systems can be found for
example in ref. 7, 25, 26 and 47–51.

Following the definition of a rotated function (see e.g. ref. 52),
the photoelectron spectrum in the molecular frame is given by the
relation WM(

-

kM, r) = WL(
-

kL, r), or equivalently WM(S�1(r)
-

kL, r) =
WL(

-

kL, r), where
-

kL = S(r)
-

kM and S(r) is the rotation matrix that
takes vectors from the molecular to the laboratory frame and the
superscript M indicates vectors and functions in the molecular
frame. This means that

~bl;mðkÞ ¼
ð
dOL

k
~Ym
l k̂L
� �ð

drWM S�1 rð Þ~kL; r
� �

;

¼
ð
dr
ð
dOL

k
~Ym
l ðk̂LÞWM S�1 rð Þ~kL; r

� �
;

(4)

where in the second line we exchanged the integration order
because we want to make the change of variables

-

kM = S�1(r)
-

kL,
which only exists inside the integral over orientations and yields

~bl;mðkÞ ¼
ð
dr
ð
dOM

k
~Ym
l ðS rð Þk̂MÞWMð~kM; rÞ;

¼
ð
dOM

k

ð
dr ~Ym

l ðS rð Þk̂MÞWMð~kM; rÞ;
(5)

where in the second line we exchanged the integration order again
because now

-

kM is an integration variable independent of r. At
this point two questions arise: Why would we want to have the
photoelectron momentum in the molecular frame instead of
having it in the laboratory frame, where the photoelectron is
actually measured? And why would we prefer to do the integral
over orientations in eqn (5) instead of the apparently simpler
integral over orientations in eqn (3)? The answer to both ques-
tions has to do with the form that the photoelectron spectrum
W M(

-

k M, r) takes in the case of ionization in the perturbative
regime.

As an example, let’s consider the simple scenario depicted in
Fig. 2: two-photon absorption with a single color field in a
three-level system where the two lower levels are bound and

Fig. 2 Excitation scheme for resonantly enhanced photoionization.

‡ We will use tildes to distinguish the real spherical harmonics Ỹl,m from the
usual complex spherical harmonics Yl,m (see ESI†). For m = 0 we will omit the
tilde.
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non-degenerate and the higher level is an infinitely degenerate
scattering state. For a Gaussian pulse with central frequency oL

and spectral width g the field can be written as

~E oð Þ ¼
ffiffiffiffiffiffi
2p
p ~FoL

2
dg o� oLð Þ þ

~F�oL

2
dg oþ oLð Þ

" #
; (6)

where dg oð Þ � e�o
2= 2g2ð Þ

. ffiffiffiffiffiffiffiffiffiffi
2pg2

p
and the resulting second-order

contribution to the probability amplitude of the scattering state

|
-

kMi reads as

a
ð2Þ
~kM

rð Þ ¼ Að2Þ ~dL
~kM ;1
� ~FL

oL

� �
~dL
1;0 � ~FL

oL

� �
; (7)

where
-

di, j � hi|
-

d| ji is the transition dipole matrix element and
A(2) is a function of the difference of the level spacings ok1 � o10,
the total detuning 2D = ok0 � 2oL, and the spectral width g,
oij � oi � oj, oi is the energy of the state |ii, and the superscript
(2) indicates the order of the process. The photoelectron spec-
trum in the molecular frame then reads as

WMð~kM; rÞ � a
2ð Þ
~kM

��� ���2 ¼ A 2ð Þ�� ��2 ~d L�
~kM ;1
� ~FL�

oL

� �
~d L�
1;0 � ~FL�

oL

� �

� ~d L
~kM ;1
� ~FL

oL

� �
~d L
1;0 � ~FL

oL

� �
;

(8)

where the r dependence is implicit in the transition dipoles

according to ~dL
i;j ¼ S rð Þ~dM

i; j [see eqn (7)]. Replacing in eqn (5)

we obtain

~b
2ð Þ
l;m kð Þ ¼ A 2ð Þ�� ��2ðdOM

k

ð
dr ~Ym

l ðk̂LÞ ~dL�
~kM ;1
� ~FL�

oL

� �
~dL�
1;0 � ~FL�

oL

� �

� ~dL
~kM ;1
� ~FL

oL

� �
~dL
1;0 � ~FL

oL

� �
:

(9)

Note that when written in component form, the product of
four transition dipole vectors (tensors of rank 1) in this expression
forms irreducible spherical tensors of rank m up to 4 (twice the
number of photons N exchanged with the field) which transform
according to the Wigner matrix D(m)(r). Similarly, the real sphe-
rical harmonic Ỹm

l (k̂L) is a superposition of two spherical tensors
of rank l that transform according to D(l)(r).52 Then, from eqn (9)
and the orthogonality relation of the Wigner matrices52 it is
evident that the b̃(2)

l,m coefficients with l 4 lmax = 4 (in general
lmax = 2N) vanish, as is well known. Expressions analogous to eqn (9)
can be obtained for the case of fields with multiple frequencies. In

the case of terms ~b
N1;N2ð Þ
l;m resulting from the interference of pathways

involving N1 and N2 photons we get lmax = N1 + N2.
If instead of relying on the Wigner matrices to perform the

orientation averaging we take into account that the spherical
harmonics in eqn (9) are just polynomials of kL

x/k, kL
y/k, and kL

z /k,
then b̃l,m becomes a sum of terms of the formð

dOM
k

ð
dr k̂L � x̂L
� �p

k̂L � ŷL
� �q

k̂L � ẑL
� �r

� ~dL�
~kM ;1
� ~FL�

oL

� �
~dL�
1;0 � ~FL�

oL

� �
~dL
~kM ;1
� ~FL

oL

� �
~dL
1;0 � ~FL

oL

� �
;

(10)

where p + q + r r l and p + q + r has the same parity as l.
The vectors in this expression are of two types. The set

x̂L; ŷL; ẑL; ~FL
oL

n o
is fixed in the laboratory frame, while the set

k̂M; ~dM
~kM ;1

; ~dM
1;0

n o
(which appears in the expression above rotated

into the laboratory frame -
vL = S(r)-vM) is fixed in the molecular

frame. We take k̂M fixed in the molecular frame because k̂M is

the quantum label that characterizes the scattering state |
-

kMi,
which (like the bound states) is fixed in the molecular frame
(see e.g. Fig. 1). Eqn (10) has the form we wanted to achieve, it is
a product of scalar products between vectors fixed in the
molecular frame and vectors fixed in the laboratory frame. In
this form the integration over orientations can be performed at
once applying the technique in ref. 46, which yields a result of
the form

P
i; j

giMij fj , where the gi are rotational invariants (RIs)

formed with the set of vectors fixed in the molecular frame, the
fj are RIs formed by the set of vectors fixed in the laboratory
frame, and the Mij are constants coupling both sets of RIs.
Examples of such invariants will be given in the next section.

The structure of the RIs (see ref. 46) and the fact that
eqn (10) involves only polar vectors allows us to conclude that
if the number of dot products in eqn (10) is odd (even) then the
RIs are pseudoscalars (scalars). This means that enantio-
sensitivity can only be observed in coefficients b̃(N)

l,m such that l
is odd, in agreement with previous works (see e.g. ref. 10 and 53).

More interestingly, for coefficients ~b
N1;N2ð Þ
l;m resulting from interfer-

ence between pathways with N1 and N2 photons, the condition for
enantio-sensitivity is that l + N1 + N2 is odd. That is, if N1 + N2 is

odd, coefficients ~b
N1 ;N2ð Þ
l;m with even l can be enantio-sensitive, in

agreement with the recent works in ref. 18 and 54. This is a
general condition independent of the polarization of the field
and of the photon energies and will be explored in more detail in
ref. 39.

Now we will discuss two elementary applications of our
methodology. First, we will derive the expression for the b(1)

l,m

coefficients in one-photon ionization and discuss the molecular
information they reveal. Afterwards we will derive and discuss
the expressions for the b(2)

0,0, b(2)
1,0, and b(2)

3,0 coefficients relevant
for PECD in two-photon ionization. Note that the expressions
for b(1)

0,0 and b(1)
1,0 coefficients in one-photon ionization and the

b(2)
1,0 coefficient in two-photon ionization have already been

derived using a less general procedure in ref. 17.

4 The photoionization dipole field and
the bl,m coefficients in one-photon
ionization

For the field in eqn (6), the first-order amplitude of the

scattering state |
-

kMi reads as

a
ð1Þ
~kM
¼ Að1Þ ~DL � ~FL

oL

� �
; Að1Þ ¼ ipdg o� oLð Þ; (11)

where we use the shorthand notations ~DM � ~dM
~kM ;0

, ~FL � ~FL
oL

,

and as usual
-

DL = S(r)
-

DM. From here on, we must keep in mind

that
-

DM =
-

DM(
-

kM) is a complex vector field that depends on
-

kM.
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That is, for a fixed initial state |0i, D
-M(k

-M) is a mapping from

the space of real three-dimensional vectors k
-M A R3 to the

space of complex three-dimensional vectors D
-M A C3. From

eqn (11) it is clear that this complex vector field fully deter-
mines the response of the molecule to the ionizing field and
therefore the coefficients b̃(1)

l,m must correspond to properties of this
vector field. The question is: which property of the photoionization

vector field D
-M(k

-M) is reflected in a given b̃(1)
l,m coefficient?

Since for first order amplitudes all frequencies act separately
and the most general polarization of a single frequency is
elliptical, we will assume an electric field that is elliptically
polarized in the xy plane with its major axis along either the x̂L

or the ŷL axis. From symmetry it follows that the only non-zero
b̃(1)

l,m coefficients are b(1)
0,0, b(1)

1,0, b(1)
2,0, b̃(1)

2,2, and b̃(1)
2,�2 (we omit the tilde

for m = 0). With the help of eqn (5) and (10), and performing the
orientation integrals according to ref. 46 we obtain§ (see ESI†)

b
ð1Þ
0;0 kð Þ ¼ Að1Þ

�� ��2 1

3
ffiffiffiffiffiffi
4p
p

ð
dOM

k
~DM
�� ��2� �

~FL
�� ��2n o

; (12)

b
ð1Þ
1;0ðkÞ ¼ Að1Þ

�� ��2 1

6

ffiffiffiffiffiffi
3

4p

r ð
dOM

k k̂M � ~DM� � ~DM
� �h i( )

� ẑL � ~FL� � ~FL
� �n o

;

(13)

b
ð1Þ
2;0 kð Þ ¼ Að1Þ

�� ��2 1

12
ffiffiffiffiffiffi
5p
p

ð
dOM

k 3 k̂M � ~DM
��� ���2� ~DM

�� ��2� 	� �

� 3 ẑL � ~FL
�� ��2� ~FL

�� ��2n o
;

(14)

~b
ð1Þ
2;2 kð Þ ¼ Að1Þ

�� ��2 1

4
ffiffiffiffiffiffiffiffi
15p
p

ð
dOM

k 3 k̂M � ~DM
��� ���2� ~DM

�� ��2� 	� �

� x̂L � ~FL
�� ��2� ŷL � ~FL

�� ��2n o
;

(15)

and b̃(1)
2,�2 = 0, a peculiarity of the one-photon case. That is, each

b̃(1)
l,m coefficient is the product of: a coupling term |A(1)|2 depending

on the energy level spacing of the molecule and the spectrum of
the electric field, a molecular term expressed in the molecular
frame and averaged over all k̂M directions, and a setup (field and
laboratory axes) term expressed in the laboratory frame. Unlike
the usual expressions for b̃(1)

l,m (see e.g. ref. 4), eqn (12)–(15) provide
a rather simple expression for the molecular terms which, as we
will now discuss, are simply related to concrete properties of the
photoionization vector field D

-M(k
-

).
As expected, eqn (12) shows that b(1)

0,0, which is simply the total cross
section, records only the k̂M-averaged value of the magnitude of the

field D
-M(k

-M). More interestingly, eqn (13) shows that b(1)
1,0 is sensitive to

the k̂M-averaged value of the triple product k̂M�(D
-M* � D

-M), which,

unlike b(1)
0,0, depends on the angles between k

-M, D
-M, and D

-M*. The

meaning of this quantity can be made evident if we use an appropriate

basis for our vector field D
-M. Starting from the unit vectors in spherical

coordinates k̂, ŷk, and ĵk we define spherical vectors

k̂
M

� ¼ �
ŷk � iĵkffiffiffi

2
p : (16)

If we now write D
-M in terms of these contravariant helicity-

basis vectors,55

~DM ¼ DM
þ k̂

M

þ þDM
� k̂

M

� þDM
k k̂M; (17)

then

k̂M � i~DM� � ~DM
� �

¼ DM
þ

�� ��2� DM
�

�� ��2: (18)

The right hand side of eqn (18) is analogous to the s3 Stokes
parameter for light waves in the circular polarization basis, which
describes the difference in intensity between left and right circular
polarization.56 Here we identify the right hand side of eqn (18) with
the circular dichroism (CD) of the photoionization vector field D

-M

in the direction k̂M. Indeed, the right hand side of eqn (18) is
proportional to the difference between the probability of inducing
the transition |0i - |k

-Mi using left and right circularly polarized
light such that left (+) and right (�) rotations are defined with
respect to k̂M (see Fig. 3). Therefore, the molecular term in b(1)

1,0 is
simply the k̂M-averaged value of the k

-M-specific CD in the molecular
frame. Note that the k

-M-specific CD can be non-zero even for
achiral molecules, but its average over k̂M is only non-zero for chiral
molecules. Further discussion of b(1)

1,0 can be found in ref. 30.
Remarkably, eqn (18) shows that b(1)

1,0 depends only on the tangen-
tial components of D

-M, namely DM
+ and DM

� (or equivalently DM
y and

DM
j ). Since the electric field term of b(1)

1,0 has the same form as the
molecular part we can apply a similar procedure and rewrite b(1)

1,0 as

b
ð1Þ
1;0 ¼ Að1Þ

�� ��2 1

6

ffiffiffiffiffiffi
3

4p

r ð
dOM

k DM
þ

�� ��2� DM
�

�� ��2� �( )
FL
þ

�� ��2� FL
�

�� ��2n o
;

(19)

where

~FL ¼ FL
þ ê

L
þ þ FL

� ê
L
� þ FL

0 ẑ
L; êL� ¼

x̂L � iŷLffiffiffi
2
p (20)

Fig. 3 Sketch of the (complex) photoionization dipole D
-M(k

-M) � hk
-M|d

-
|0i for a

particular value of the photoelectron momentum k
-M. Red circular arrows indicate

the direction of left (+) and right (�) circular polarization with respect to k
-M.

§ Note that the expressions (12)–(15) apply for arbitrary polarization of the
electric field (in particular for linear polarization along ẑL). The assumption that
the field is contained in the xy plane with its major axis along x̂L or ŷL simply
serves the purpose of reducing the number of non-zero b̃(1)

l,m coefficients.
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and |FL
+|2 � |FL

�|2 is the Stokes parameter s3 in the circular
polarization basis.56

If we now take the ratio between b(1)
1,0 [eqn (19)] and b(1)

0,0

[eqn (12)] we get rid of the coupling term |A(1)|2, and therefore
obtain an expression which factorizes into a purely molecular
and a purely electric field part,

bð1Þ1 �
ffiffiffi
3
p

b
ð1Þ
1;0

b
ð1Þ
0;0

¼ 3

2

Ð
dOM

k DM
þ

�� ��2� DM
�

�� ��2� �
Ð
dOM

k
~DM
�� ��2

8<
:

9=
; FL

þ
�� ��2� FL

�
�� ��2

~FL
�� ��2

8<
:

9=
;:

(21)

As discussed in ref. 57 [see eqn (8)–(10) there], for any number

of photons N, we have that b Nð Þ
1 �

ffiffiffi
3
p

b
Nð Þ
1;0

.
b

Nð Þ
0;0 ¼ 3j Nð Þ

z

.
j
Nð Þ
r ,

where j(N)
z is the net photoelectron current (i.e. vector sum of

photoelectron currents in all directions) and j(N)
r is the total

photoelectron current (i.e. sum of magnitudes of photoelectron
currents in all directions). Eqn (21) shows that the molecular
factor is a measure of the degree of ‘‘circular polarization’’ of the

photoionization vector field D
-M(k

-M) and takes values between �1

and +1, which correspond to the limits D
-M = DM

+ k̂M
+ (left circularly

polarized D
-M) and D

-M = DM
� k̂M
� (right circularly polarized D

-M),
respectively. Since the electric field factor is also a measure of the
circular polarization of the electric field, then b(1)

1 = 3j(1)
z /j(1)

r is given
by the product of the k̂M-averaged ‘‘circular polarization’’ of the

photoionization vector field D
-M(k

-M) and the circular polarization
of the ionizing electric field. Clearly, for a known electric field, b(1)

1

is a measure of the k̂M-averaged ‘‘circular polarization’’ of D
-M(k

-M).
Finally, eqn (21) shows that |b(1)

1 | r 1.5, with the maximal value
taking place for circularly polarized light and a ‘‘circularly polar-

ized’’ D
-M vector field, or equivalently, a purely longitudinal

B
-M � iD

-M* � D
-M vector field.

Moving on to the next coefficient, eqn (14) shows that,
complementarily to b(1)

0,0 and b(1)
1,0, which depend on the magni-

tude and on the tangential components of D
-M, respectively, the

coefficient b(1)
2,0 depends on the projection of D

-M along k̂M, i.e.
on its radial component DM

k [see eqn (17)]. We can also consider
the ratio between b(1)

2,0 and b(1)
0,0 to get rid of the coupling term,

and obtain the asymmetry parameter,¶

bð1Þ2 �
ffiffiffi
5
p

b
ð1Þ
2;0 kð Þ

b
ð1Þ
0;0 kð Þ

¼1

2
3

Ð
dOM

k DM
k

�� ��2Ð
dOM

k
~DM
�� ��2�1

8<
:

9=
; 3

FL
z

�� ��2
~FL
�� ��2�1

8<
:

9=
;: (22)

which satisfies the well known fact40 that the values of b(1)
2

for linear polarization along z and circular polarization in the
xy plane are related to each other by a factor of �2, i.e. b(1,circ)

2 =
�b(1,lin)

2 /2. More interestingly, we see that b(1)
2 is a linear

function of the molecular property

R�
Ð
dOM

k DM
k

�� ��2Ð
dOM

k
~DM
�� ��2; 0	R	1; (23)

which measures to what extent the vector field D
-M(k

-M) is a
radial field and takes values between 0 and 1, corresponding to
the limits D

-M = DM
+ k̂M

+ + DM
� k̂M
� (tangential field) and D

-M = DM
k k̂

(radial field), respectively. Fig. 4 shows b(1)
2 as a function of R for

linear (F
-L = FzẑL) and circular polarization (F

-L = F�ê�) along
with the angular distributions obtained in the limits R = 0
(tangential D

-M) and R = 1 (radial D
-M). We can see that for both

linearly and circularly polarized fields, a predominantly tan-
gential field D

-M will yield most photoelectrons with directions
perpendicular to the electric field, while a predominantly radial
field D

-M will yield most photoelectrons with directions parallel
to the electric field.

Fig. 4 also shows the range of values that b(1)
1 can take as a

function of R for light circularly polarized in the xy plane. Using
the expressions for b(1)

0,0, b(1)
1,0, and b(1)

2,0 in eqn (12), (14), and (19),
and taking into account that |D+|2 + |D�|2

Z |D+|2 � |D�|2, one
can show that for circularly polarized light b(1)

1 and b(1)
2 satisfy

the inequality (see ESI†)

bð1Þ1

��� ��� 	 1þ b 1;circð Þ
2 ¼ 3

2
ð1� RÞ; (24)

where we used b(1,circ)
2 � (1 � 3R)/2 as follows from eqn (22)

and (23) for circularly polarized light. This inequality follows
naturally from the fact that, for circularly polarized light, values

of R close to one indicate that the field D
-

(k
-

) is (in average)

Fig. 4 The relation between b(1)
2 and the molecular property R, which

measures how radial the photoionization dipole field ~DM ~kM
� �

¼
~kM ~dM
��� ���0D E

is in average for a given k [see eqn (22) and (23)], for the case

of linear polarization along ẑ (blue line) and circular polarization in the xy
plane (green line). The red shaded area shows the range of values that b(1)

1

can take for a given value of b(1)
2 (and correspondingly of R) for the

circularly polarized case [see eqn (24)]. b(1)
1 is zero for linear polarization.

The insets on the left show the angular distributions for the extreme values
b(1)

1 =�1.5 and b(1)
2 = 0.5 obtained for circular polarization. The insets on the

right show the angular distributions for b(1)
1 = 0 (for simplicity) and b(1)

2 = �1
(bottom), b(1)

2 = 0.5 (center), and b(1)
2 = 2 (top), which are the values reached

for linear and circular polarizations in the limits R = 0 (tangential D
-M) and

R = 1 (radial D
-M).

¶ The factor of
ffiffiffi
3
p

in eqn (21) and
ffiffiffi
5
p

in eqn (22) are included to recover the ratio
obtained when the expansion is done in terms of Legendre polynomials (instead
spherical harmonics), as is usual for the cylindrically symmetric cases when the
light is either linearly polarized along z or circularly polarized in the xy plane.
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mostly radial and therefore the tangential components along
with b(1)

1 are very small. On the contrary, values of R close to

zero indicate that the field D
-

(k
-

) has (in average) a very small
radial component, which means that the field is mostly
tangential and can potentially display a large dichroism
|D+|2 � |D�|2. The maximum value of |b(1)

1 | = 1.5 and requires

b(1,circ)
2 = 0.5 and R = 0, i.e. D

-M(k
-M) purely tangential and

perfectly ‘‘circularly polarized’’. As explained in ref. 57
[eqn (9) and (10)], the net photoelectron current (i.e. the vector

sum of all photoelectron currents) is given by jLz ðkÞ ¼ffiffiffiffiffiffiffiffiffiffi
4p=3

p
kb
ð1Þ
1;0ðkÞ and the total photoelectron current (i.e. the

sum of the magnitudes of all photoelectron currents) is given

by jr kð Þ ¼
ffiffiffiffiffiffi
4p
p

kb
ð1Þ
0;0ðkÞ. Therefore, the maximum value of the

ratio of net photoelectron current to total current is | jz|/jr = 1/2.
Note that eqn (24) can also be derived exclusively from the

condition that the angular distribution WL(k
-L) [eqn (2)] is

positive for every k
-L.

In practice, the values of b(1)
1 and b(1)

2 typically measured or
calculated are far from these extreme values. For example,
Fig. 3 of ref. 47 shows that for the HOMO orbital of camphor,
photoelectrons in the range of 0–60 eV8 display 0 o b(1,lin)

2 o 1.
From this we can deduce that 1/3 o R o 2/3 (see Fig. 4 here).
That is, the field D

-M(k
-M) has a balanced mixture of radial and

tangential components. Furthermore, Fig. 3 of ref. 47 also
shows that |b(1)

1 | r 0.2, which is well below the maximum
value |b(1)

1 | = 1 allowed for R = 1/3 (see Fig. 4 here). This
indicates that while D

-M(k
-M) has a significant tangential com-

ponent, it is still far from being perfectly ‘‘circularly polarized’’.
Nevertheless, this remnant of ‘‘circular polarization’’ in D

-M(k
-M)

is enough to yield very significant enantio-sensitive signals.
From the behavior of b(1,lin)

2 as a function of energy (see Fig. 3 in
ref. 47) we can also deduce that R has an overall tendency to
increase with photoelectron energy. That is, D

-M(k
-M) tends to

become more and more radial for increasing photoelectron
energies. This is in agreement with the fact that for a plane
wave continuum D

-M(k
-M) is parallel to k

-M and also with the
usual decrease of |b(1)

1 | with increasing photoelectron energy.
An important difference between b(1)

1 and b(1)
2 is that while

b(1)
1 encodes the average magnitude and sign of the ‘‘circular’’

component of the field D
-M, the coefficient b(1)

2 encodes only the
average magnitude of the radial component of the field D

-M, but
not its sign, i.e. it doesn’t keep track of whether that radial
component points inwards or outwards. This is a plausible
explanation of why b(1)

1 is more sensitive than b(1)
2 to molecular

structure details. This is complementary to the explanation in
terms of sines (b(1)

1 ) and cosines (b(2)
2 ) of phase-shifts differences

provided by the partial-wave approach.41

Eqn (15) shows that, up to constants, b̃(1)
2,2 differs from b(1)

2,0

only in the electric field factor, which in the case of b̃(1)
2,2 yields

the s1 Stokes parameter in the linear polarization basis.56 That
is, b̃(1)

2,2 and b(1)
2,0 reveal the same information about the photo-

ionization vector field D
-M(k

-M) and differ only on the electric

field information they encode. This is a general property of
b̃l,m coefficients with the same value of l and corresponding
to the same quantum pathway. It reflects the fact that
such coefficients differ only on their laboratory frame vectors
[see e.g. eqn (9) and (10)] but not on their molecular
vectors (photoelectron momentum and transition dipoles),
and therefore they involve the same molecular rotational
invariants.

While so far we have discussed b(1)
1 and b(1)

2 in terms of the
k̂M-averaged magnitudes of the components of D

-M [eqn (17),
(21), and (22)], it is also interesting to note that for a circularly
polarized field F

-L = Fsê
L
s with s =�1 [see eqn (20)], eqn (12)–(14)

can be inverted to reconstruct the k
-M-averaged magnitudes of

the components of D
-M using the measured values of b(1)

1 and
b(1,circ)

2 . Such procedure yields

T� �
Ð
dOM

k DM
�

�� ��2Ð
dOM

k
~DM
�� ��2 ¼ 1

3
1� sbð1Þ1 þ bð1;circÞ2

� �
; (25)

R �
Ð
dOM

k DM
k

�� ��2Ð
dOM

k
~DM
�� ��2 ¼ 1

3
1� 2bð1;circÞ2

� �
; (26)

where 0 r T� r 1, 0 r R r 1, and T+ + T� + R = 1. As an
example, Fig. 5 shows the values of T+, T�, and R as a function
of the photoeletron energy for ionization from the HOMO
orbital of alanine and reconstructed from the corresponding
values of b(1)

1 and b(1)
2 reported in ref. 58 for the conformer 3.

In agreement with the previous discussion of the results in
ref. 47, we see that R tends to increase while T+ and T� tend to
decrease as the photoelectron energy increases. Unlike the
usual figures for b(1)

1 and b(1)
2 , which are a statement about

the PAD, Fig. 5 is a statement about the geometrical properties
of the underlying photoionization vector field D

-M(k
-

).

Fig. 5 T+, T�, and R [eqn (25) and (26)] as a function of the photoelectron
energy for photoionization of alanine from the HOMO orbital. The curves
were reconstructed from the values of b(1)

1 and b(1)
2 reported in Fig. 9 and 10

of ref. 58 for conformer 3 and s = 1.

8 The notation used in the figures of ref. 47 is defined in eqn (1) there.
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5 PECD in resonantly enhanced
two-photonionization

We begin by rewriting eqn (9) as

~b
2ð Þ
l;m kð Þ¼ 1

2
Að2Þ
�� ��2d2 Fj j2

ð
dOM

k

ð
dr ~Ym

l ðk̂LÞsin2b ~DL � ~FL
�� ��2; (27)

where we used the shorthand notation ~DM� ~dM
~kM ;1

for the

photoionization dipole from the intermediate state,
~FL� ~FL

oL
¼F 1; is;0ð Þ


 ffiffiffi
2
p

, s = �1, and we chose the molecular

axis so that d
-M � d

-M
1,0 = dẑM and therefore d

-L = d(sinbcosa,
sinbsina, cosb) where abg are the Euler angles in the ZYZ conven-
tion, and in particular b is the angle between the molecular and

laboratory ẑ axes. This yields ~dL � ~FL
��� ���2¼ 1

2
d2 Fj j2sin2b. Written like

this, the second order coefficients b̃(2)
l,m(k) take the form of the first

order coefficients b̃(1)
l,m for an anisotropic (in this case anti-aligned)

sample with an orientation distribution given by w(b) p sin2b and
an initial state |1i instead of |0i (see also ref. 11, 30 and 58). Such
anisotropy gives a certain preference to the z components of the
molecular vectors. Performing the orientation averaging accord-
ing to ref. 46, the expressions for the total absorption b(2)

0,0, and for
the enantio-sensitive terms b(2)

1,0 and b(2)
3,0 yield (see ESI† and ref. 17)

b
ð2Þ
0;0¼C

1

3

1ffiffiffiffiffiffi
4p
p

ð
dOM

k
~DM
effð0;0Þ

��� ���2� �
; (28)

b
ð2Þ
1;0¼ sC

1

6

ffiffiffiffiffiffi
3

4p

r ð
dOM

k k̂M � i~DM�
effð1;0Þ � ~DM

effð1;0Þ

� �h i( )
; (29)

¼ sC
1

6

ffiffiffiffiffiffi
3

4p

r ð
dOM

k
~KM
1;0 � i~DM� � ~DM
� �h i( ) ffiffiffi

3
p

5
; (30)

b
ð2Þ
3;0¼ sC

1

35
ffiffiffi
3
p

ffiffiffiffiffiffiffiffi
7

16p

r ð
dOM

k
~KM
3;0 � i~DM� � ~DM
� �h i( )

; (31)

where C � d2|F|4|A(2)|2 is a common factor to all b(2)
l,m coefficients

that simply encodes the bound-bound transition and the second

order character of the process, and the expressions for D
-M

eff(0,0),

D
-M

eff(1,0), K
-M

1,0, and K
-M

3,0 are given below. We wrote eqn (28)–(31) so
that we can draw a parallel to the corresponding eqn (12) and
(13) in the one-photon case. Eqn (28) and (29) show that we can
recover the forms obtained in the one-photon case if we intro-
duce effectively stretched photoionization dipoles given by

~DM
eff 0;0ð Þ �

ffiffiffiffiffi
3

10

r
DM

x ;D
M
y ;

2ffiffiffi
3
p DM

z

� 	
; (32)

and

~DM
eff 1;0ð Þ �

1ffiffiffi
5
p DM

x ;D
M
y ;2D

M
z

� �
: (33)

In view of the discussion in Section 4, eqn (28) shows that b(2)
0,0

records the k̂M-averaged magnitude of an effective photoioniza-

tion dipole D
-M

eff(0,0)(k
-M). Similarly, eqn (29) shows that b(2)

1,0 records

the ‘‘circular polarization’’ [see eqn (18)] or equivalently the k
-M-

averaged value of the k
-M-specific CD of an effective photoionization

dipole D
-M

eff(1,0)(k
-M). Their ratio, b 2ð Þ

1 �
ffiffiffi
3
p

b
2ð Þ
1;0=b

2ð Þ
0;0, can be inter-

preted as the average ‘‘circular polarization’’ of D
-M

eff(1,0) normalized

with respect to the average magnitude of D
-M

eff(0,0).
In the case of b(2)

3,0, quadratic terms in kz (see ESI†) hinder a
straightforward interpretation of the integrand in terms of an

effectively stretched D
-M. However, like b(1)

1,0 and b(2)
1,0 [eqn (13)

and (30)], eqn (31) shows that b(2)
3,0 depends on the photoioniza-

tion dipole D
-M(k

-M) only through the k
-M-dependent field29,30

B
-M � iD

-M* � D
-M, (34)

and we can therefore attempt an interpretation of b(2)
3,0 in terms

of ~BMdirectly.
We have already found rigorous physical interpretations for the

projections ÂM�B
-M for ÂM = x̂M, ŷM, ẑM, k̂M (see ref. 30 and Section 4).

In these cases we found that ÂM�B
-M yields the k̂M-specific CD

associated to the transition |0i- |k
-Mi for light circularly polarized

with respect to the axis ÂM (see Fig. 3). In fact, this interpretation is
valid for an arbitrary ÂM. To see this, note that for a given ÂM one
can always build ÂM-dependent unit vectors êM

� associated to

positive and negative rotations around ÂM, write ~DM ¼ DM
þ ê

M
þ þ

DM
� ê

M
� þDM

0 ÂM and obtain ÂM � ~BM ¼ ~DM
þ

�� ��2� ~DM
�

�� ��2. This scalar

product is evidently maximized for ÂM = B̂M, and therefore the

direction of B
-M indicates the axis with respect to which the k̂M-

specific CD is maximal. The magnitude of B
-M is then the magni-

tude of such maximal k̂M-specific CD. Light circularly polarized

with respect to axes perpendicular to B
-M yield zero k̂M-specific CD.

While eqn (13) shows that b(1)
1,0 involves the projection of B

-M

on the radial vector k̂M, eqn (30) and (31) show that b(2)
1,0 and b(2)

3,0

involve the projection of B
-M on the vector fields K

-M
1,0 and K

-M
3,0,

respectively, defined as (see ESI†)

~KM
1;0 �

1ffiffiffi
3
p 2k̂M � kMz

k
ẑM

� 	
; (35)

~KM
3;0 �

ffiffiffi
3
p

2
1� 5

kMz
k

� 	2
" #

k̂M þ 2
kMz
k
ẑM

( )
; (36)

and shown in Fig. 6 as a function of yM
k on a plane parallel to kM

z .
The integrations over all k̂M directions in eqn (29) and (31) tell us

that b(2)
1,0 and b(2)

3,0 record the extent to which the vector field B
-M

resembles the vector fields K
-M

1,0 and K
-M

3,0, respectively, and therefore

record structural information about B
-M. Such information can be

made more explicit by expanding K
-M

1,0, K
-M

3,0, and B
-M in terms of

vector spherical harmonics59 ~YM
l;mðk̂MÞ � Ym

l ðk̂MÞk̂M; ~CM
l;mðk̂MÞ �

k~rYl;mðk̂MÞ
. ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l l þ 1ð Þ
p

, and ~FM
l;mðk̂MÞ � k̂M � ~CM

l;m

. ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l l þ 1ð Þ

p
,

~KM
1;0 k̂M
� �

¼ 2

3

ffiffiffiffiffi
p
15

r
5
ffiffiffi
5
p

~YM
0;0ðk̂MÞ � 2~YM

2;0ðk̂MÞ �
ffiffiffi
6
p

~CM
2;0ðk̂MÞ

h i
;

(37)
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~KM
3;0 k̂M
� �

¼ 2

ffiffiffi
p
5

r
�

ffiffiffi
3
p

~YM
2;0 k̂M
� �

þ
ffiffiffi
2
p

~CM
2;0 k̂M
� �h i

; (38)

~BMð~kMÞ ¼
X
l;m

BY
l;mðkÞ~YM

l;mðk̂MÞ þBC
l;mðkÞ~CM

l;mðk̂MÞ
h

þ BF
l;mðkÞ~FM

l;mðk̂MÞ
i
:

(39)

Replacing eqn (34), (37)–(39) in eqn (30) and (31) and
using the orthonormality relations for the vector spherical
harmonics,59 we obtain

b
2ð Þ
1;0 ¼

sC

30
ffiffiffiffiffi
15
p 5

ffiffiffi
5
p

BY
0;0 � 2BY

2;0 �
ffiffiffi
6
p

BC
2;0

� �
; (40)

b
2ð Þ
3;0 ¼

sC

10
ffiffiffiffiffiffiffiffi
105
p �

ffiffiffi
3
p

BY
2;0 þ

ffiffiffi
2
p

BC
2;0

� �
: (41)

That is, while in the one-photon case b(1)
1,0 encodes BY

0,0 (because

k̂M
p Y

-M
0,0), in the two-photon case b(2)

1,0 and b(2)
3,0 encode BY

0,0,
BY

2,0, and BC
2,0. This motivates looking for a third linearly

independent equation to solve for BY
0,0, BY

2,0, and BC
2,0. This is

delivered by the equation for b
0ð2Þ
1;0 for the complementary

process where the first photon is linearly polarized along ẑL

and the second photon is circularly polarized in the x̂LŷL plane
(see ESI†),

b
0ð2Þ
1;0 ¼

sC

30
ffiffiffiffiffi
15
p 5

ffiffiffi
5
p

BY
0;0 þ 4BY

2;0 þ 2
ffiffiffi
6
p

BC
2;0

� �
: (42)

Eqn (42) together with (40) and (41) yield

BY
0;0 ¼

2
ffiffiffi
3
p

sC
2b
ð2Þ
1;0 þ b

0ð2Þ
1;0

� �
; (43)

BY
2;0 ¼

2
ffiffiffiffiffi
15
p

sC
�b 2ð Þ

1;0 �
ffiffiffiffiffi
21
p

b
ð2Þ
3;0 þ b

0ð2Þ
1;0

� �
; (44)

BC
2;0 ¼

ffiffiffiffiffi
30
p

sC
�

ffiffiffi
3
p

b
ð2Þ
1;0 þ 2

ffiffiffi
7
p

b
ð2Þ
3;0 þ

ffiffiffi
3
p

b
0ð2Þ
1;0

� �
: (45)

These coefficients quantify the contributions of the fields
Y
-M

0,0(k̂M) p k̂M, Y
-M

2,0(k
-M) p (3 cos2 yM

k � 1)k̂M, and ~CM
2,0(k̂M) p

�cos yM
k sin yM

k ŷM
k to the total field B

-M(k̂M) [eqn (34)].
Eqn (43)–(45) thus clearly show how structural information of
the molecular field B

-M(k̂M) can be reconstructed from

photoelectron angular distributions resulting from an initially
isotropic sample of chiral molecules.

In Table VII of ref. 11, the resonantly enhanced two-photon
ionization of camphor with circularly polarized light yields**

bð2Þ1 �
ffiffiffi
3
p

b
ð2Þ
1;0

.
b
ð2Þ
0;0 ¼ 0:075 and bð2Þ3 �

ffiffiffi
7
p

b
ð2Þ
3;0

.
b
ð2Þ
0;0 ¼ �0:02.

While this is not enough to reconstruct BY
0,0, BY

2,0, and BC
2,0

using eqn (43)–(45), it is enough to state thatÐ
dOM

k
~KM
1;0 � ~BM

� �.Ð
dOM

k
~KM
3;0 � ~BM

� �
¼ bð2Þ1 =

ffiffiffiffiffi
21
p

bð2Þ3 ¼ �0:82.

That is, the overlap between K
-M

1,0 and B
-M is only slightly smaller

than that between K
-M

3,0 and B
-M.

6 Conclusions

We have presented an alternative approach to obtain expres-
sions for the b(N)

l,m coefficients of photoelectron angular distribu-
tions resulting from perturbative N-photon ionization of
isotropic samples. These expressions are explicitly written in
terms of products between the molecular rotational invariants
and the setup rotational invariants, and do not invoke a partial
wave expansion for the scattering wave function. The molecular
rotational invariants are expressed in terms of vector products
involving only molecular vectors: transition dipoles and the
photoelectron momentum labeling a particular scattering state
in the molecular frame. The setup rotational invariants are
expressed in terms of vector products involving only setup
vectors: field polarization vectors and detection axes. Our
expressions reveal how the molecular rotational invariants are
coupled to the setup rotational invariants. Knowledge of this
coupling can assist the interpretation and design of future
experiments and simulations. The standard expressions can
be recovered by subsequent expansion of the scattering wave
function if needed.

With the help of this methodology we found that, indepen-

dently of the polarization of the field, enantio-sensitive b
ðN1;N2Þ
l;m

coefficients resulting from interference between pathways
involving N1 and N2 photons have odd l + N1 + N2.

The application of our methodology to the case of one-
photon ionization |0i - |k

-
i reveals a clear meaning for the

molecular information encoded in each of the b(1)
l,m coefficients,

which is otherwise obscured in the usual (and equivalent)
formulation in terms of partial waves: b(1)

0,0 encodes the average
magnitude of the photoionization dipole D

-
(k
-

) � hk
-

|d
-

|0i; b(1)
1,0

encodes the average radial component of the field B
-
� iD

-
*� D

-
,29,30

which in turn encodes the average ‘circular dichroism’ of D
-

(k
-

)
and depends only on its transverse components; and b(1)

2,0

encodes the average radial component of D
-

(k
-

). The averages
are taken with respect to the direction of the photoelectron
momentum k

-
in the molecular frame. b(1)

1,0 is sensitive to a single
coefficient of the vector spherical harmonic expansion of B

-
(k
-

).
We also derived expressions for the coefficients b(2)

0,0, b(2)
1,0,

and b(2)
3,0 relevant for two-photon resonantly enhanced

Fig. 6 Direction (arrows) and magnitude (color and solid lines) of the
vector fields K

-M
1,0(k̂M) and K

-M
3,0(k̂M) in eqn (35) and (36).

** The notation used in Table VII of ref. 11 is defined in eqn (8) there.
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ionization |0i - |1i - |k
-
i of isotropic chiral samples with

circularly polarized light. The coefficients b(2)
0,0 and b(2)

1,0 have
analogous interpretations to those found in the one-photon
case provided one takes into account an effective anisotropic
stretching of the photoionization dipoles. b(2)

1,0 and b(2)
3,0 yield

structural information about the propensity field B
-
� iD

-
* �

D
-

,29,30 which encodes the k
-

-specific circular dichroism. In
particular they depend only on three coefficients of the vector

spherical harmonic expansion of B
-

(k
-

). These coefficients can

be solved for in terms of b(2)
1,0, b(2)

3,0, and b
0ð2Þ
1;0 , where the latter

corresponds to the process where the first photon is linearly
polarized.

Further application of the methodology introduced here can
be found in ref. 39, where it is used to analyze the enantio-
sensitive asymmetry recently found in the photoelectron angu-
lar distributions resulting from interaction of chiral samples
with a field containing o and 2o frequencies linearly polarized
orthogonal to each other.18,54
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