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Liquid–liquid crystalline phase separation in
biological filamentous colloids: nucleation,
growth and order–order transitions of cholesteric
tactoids†

Paride Azzari, a Massimo Bagnani a and Raffaele Mezzenga *ab

The process of liquid–liquid crystalline phase separation (LLCPS) in filamentous colloids is at the very

core of multiple biological, physical and technological processes of broad significance. However, the

complete theoretical understanding of the process is still missing. LLCPS involves the nucleation, growth

and up-concentration of anisotropic droplets from a continuous isotropic phase, until a state of

equilibrium is reached. Herein, by combining the thermodynamic extremum principle with the Onsager

theory, we describe the nucleation and growth of liquid crystalline droplets, and the evolution of their

size and concentration during phase separation, eventually leading to a multitude of order–order phase

transitions. Furthermore, a decreasing pitch behaviour can be predicted using this combined theory

during tactoid growth, already observed experimentally but not yet explained by present theories. The

results of this study are compared with the experimental data of cholesteric pitch, observed in three

different systems of biological chiral liquid crystals. These findings give an important framework for

predicting the formation, growth and phase behaviour of biological filamentous colloids undergoing

LLCPS, advancing our understanding of liquid–liquid phase separation and self-assembly mechanisms in

biological systems, and provide a valuable rationale for developing nanomaterials and applications in

nanotechnology.

1 Introduction

Phase separation is a fundamental phenomenon observed in
various branches of materials science, from superconductors to
soft matter.1 Polymeric fluids or colloidal dispersions are just
an example of systems undergoing a phase separation,2 where a
single phase in a supersaturated state evolves into two different
thermodynamically stable phases.3 These liquid states display
distinct physical properties and different structures, even though
their components are chemically identical.4 This phenomenon
is called liquid–liquid phase separation (LLPS),5 which can
be achieved by changing the pressure, temperature or
concentration.6 Liquid–liquid phase separation in biology is
associated with a multitude of cellular functions and
structures,7 such as in membrane-less organelles,8 and
understanding this process has important implications in
the elucidation of several mechanisms of life functioning.

The most common form of liquid–liquid phase separation
involves two biopolymers (e.g. a protein and RNA)9 and is
primarily regulated by enthalpic interactions.7 The classical
system is therefore a two-component system in nature
(in addition to the background solvent). In stark contrast,
phase separation involving only one hydrocolloid component
can occur on a purely entropic basis when the colloid is of
filamentous type and has a large associated excluded volume.
We refer to this type of 1-component (plus solvent) liquid–
liquid phase separation as liquid–liquid crystalline phase
separation (LLCPS) to fundamentally distinguish it from the
LLPS introduced above. The thermodynamic description of the
underlying physics is deeply rooted into the seminal formalism
proposed by Onsager.10 More precisely, when the two liquids
are distinguished by a different orientational distribution of the
constituents, as in the case of liquid crystals,11 the two phases
are called nematic and isotropic, for the ordered and unordered
phase, respectively. In this case, the onset of phase separation
is characterized by the formation of microdroplets of the
nematic phase, from a supersaturated isotropic bulk phase.12

These nematic droplets are known as tactoids, and during
phase separation, their shape and nematic director field
configuration can change spontaneously, with increasing

a Department of Health Sciences and Technology, ETH Zürich, 8092 Zürich,
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volumes.13–15 This becomes particularly significant when the
filamentous colloid building blocks are chiral, with macro-
scopic chirality of the droplets also emerging during growth
and leading to the formation of chiral nematic (or cholesteric)
tactoidal droplets.16–18 The shape of these classes of tactoids
has already been rationalized by the interaction between
confinement, anisotropic surface energy, and Frank–Oseen
elastic energy.19,20 To date, however, several thermodynamic,
structural and kinetic aspects of this LLCPS process remain still
unclear, such as the nature of the transitions between the
different configurations, the dynamics of the growth process,
and the change in cholesteric periodicity (pitch) observed with
increasing volumes of the droplets. This latter effect has been
observed experimentally in different chiral systems,18,21 and
requires a more refined analysis to be explained, since the
confinement effects are not sufficient to elucidate this
phenomenon.

Here, we propose a theoretical description of the nucleation
and growth phases of the tactoids during the LLCPS process,
following the evolution of the composition of binodal lines
describing the phase transition. In particular, we show that
such phase separation leads to a change in the concentration,
eventually leading to a change in the pitch of the cholesteric
phase, i.e. during their growth, therefore having a pitch that
decreases with an increase in the volume. To support these
theoretical findings, we benchmark the theory with experimental
data and successfully describe the evolution of pitch in cholesteric
tactoids, obtained from three different systems of biological
colloids: b-lactoglobulin (BLG) amyloid fibrils,20 carboxylated
cellulose nanocrystals (C-CNCs)18 and sulfurated cellulose nano-
crystals (S-CNCs).22

2 Phase behaviour: Onsager theory

There are various theories describing the phase behaviour in
liquid crystals from Flory23 and Straley.24 A review of different
approaches can be seen in ref. 25 The Onsager theory10 predicts
accurately the phase boundaries of nematic and isotropic
phases for the three systems under analysis, even though they
are composed of charged polydisperse rods.21,26 The rods
considered have a contour length well below the persistence
length and deflection length, and therefore they can be
considered effectively rigid rods.26 Moreover, the theory allows
computing pressure and chemical potential at each concentration.

As a base for the discussion we briefly recapitulate the
Onsager theory following his groundbreaking work.10 We define
the excess free energy F of a volume V, containing N hard rods of
diameter D and length L as

F ¼ NkBT log
N

V
� 1þ s1ð f Þ þ b

N

V
s2ð f Þ

� �
; (1)

where b ¼ p
4
L2D is half the excluded volume between two

randomly oriented rods and s1 and s2 are functions of the
distribution function f of the angle Y between the rods
and the director field; for a detailed description see ref. 27.

The derivatives of F with respect to V and N are called
respectively osmotic pressure (P) and chemical potential (m):

P ¼ �@F
@V
¼ kBT

N

V
þ b

N2

V2
s2ð f Þ

� �
; (2)

m ¼ @F

@N
¼ kBT log

N

V
þ s1ð f Þ þ 2b

N

V
s2ð f Þ

� �
: (3)

The isotropic distribution, where all directions are equally

probable, fi ¼
1

4p
, results in s1( fi) = 0 and s2( fi) = 1, see ESI† for

details. In the case of an anisotropic distribution, where f is not a

constant, Onsager’s trial function faðYÞ ¼
a
4p

sinh a coshða cos YÞ
can be used. In case of large a, s1( fa) and s2( fa) can be
substituted by their asymptotic series (ESI†). This parametrization
allows F to be minimized at each rescaled concentration

f ¼ b
N

V
¼ L

D
j, where j is the volume fraction of the rods.

Fig. 1(a) (purple line) shows the order parameter S for increasing
concentration f. The order parameter remains zero up to a
concentration of f E 3.68, where it jumps discontinuously to
0.6. As shown in Fig. 1(a), this is a first order transition from an
isotropic phase, with S = 0 for fo 3.68, to a nematic phase S a 0
for f 4 3.68.27 Minimizing F and using asymptotic expansions,

Fig. 1 (a) Scaled free energy of the Onsager theory as a function of the
scaled concentration f for the equilibrium state (solid red) and isotropic
phase (dashed red). Order parameter S in purple. (b) Osmotic pressure
(blue) and chemical potential (green) for isotropic and nematic phases at
given concentration f. The coexistence boundaries are highlighted with a
dashed line.
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eqn (2) and (3) become

P ¼ kBT

b

fþ f2 fo 3:68

3fþ 15p
16f

f4 3:68

8><
>: ; (4)

and

m ¼ kBT

logfþ 2f fo 3:68

log
4

p
þ 3þ 3 logfþ 15p

32f2
f4 3:68

8><
>: : (5)

Fig. 1(b) shows how P and m change as a function of the
concentration f.

Simultaneously equating the pressure and chemical
potential of the two phases gives the value of phase coexistence
fI = 3.36 and fN = 4.68. These boundary concentrations are
slightly different from the values of 3.34 and 4.48 obtained by
Onsager,10 since they are derived from a first order expansion
of the quantities described above. This approximation allows
writing P and m as functions of f. A more detailed discussion is
included in the ESI.† In a system where f o fI, the order
parameter is S = 0, and therefore it is in an isotropic state.
Conversely, for f 4 fN the system is in a completely nematic
state, with S 4 0.8. For concentrations in between the two
values, the system is said to be in a supersaturated state and it will
undergo phase separation into two distinct phases, equilibrating
at a concentration between the two boundary concentrations.
The isotropic state becomes metastable for 3.68 o f o 4,28 as
shown by the dotted red line in Fig. 1(a), therefore nucleation
and growth will only occur if the supersaturated solution
concentration is in between these values, and for concentration
beyond f 4 4 the system will phase separate following spinodal
decomposition.29

3 Nucleation

The process of phase separation under the present analysis, in
the context of LLCPS, starts with the nucleation of tactoids; more
generally, both nucleation and growth and spinodal decomposition
are possible. The mechanism of formation of colloidal droplets has
been extensively studied thermodynamically.30 In the context of
anisotropic, homogeneous liquid crystalline droplets of volume Vp,
the free energy FW has been calculated by Wulff31 and reported by
Prinsen and van der Schoot14 as

FW ¼ gVp
2=3

2
36

35
p 7

ffiffiffiffi
o
p
þ 1ffiffiffiffi

o
p

� �� �1=3

o � 1

62=3
p
35

o3 � 7o2 þ 35oþ 35
� �� �1=3

0ooo 1:

8>>><
>>>:

(6)

where g is the isotropic surface tension and o is the adimensional
anchoring strength.19

Let Vp be a fixed volume at concentration f Z 3.68, initially
in a supersaturated isotropic state. From eqn (1) the change in

free energy DFV, that occurs when the rods align into a nematic
phase, can be expressed as

DFV ¼ �Vp
kBT

b
gðfÞ; (7)

where g is a number depending only on f. It is the difference
from the dashed and solid red line in Fig. 1(a). The total change
in free energy becomes

DF = DFV + FW = �AVp + BVp
2/3. (8)

where A and B are the other factors in eqn (6) and (7), which do
not depend on V. Since DFV is always negative, while FW is
always positive, there exists a minimum volume beyond which
the tactoid will become stable.32 This volume Vmin corresponds

to the value that nullifies the derivative, i.e.
dDF
dVp

¼ 0. With the

previous symbolism it can be written as Vmin ¼
2B

3A

� �3

. For

volumes lower than Vmin, the free energy increases with an
increase in the size, thus the droplet shrinks redissolving in the
solution, while for volumes larger than Vmin, DF decreases,
leading to a growth behavior. A more detailed discussion on
nucleation of hard rod systems can be found in ref. 33 The
surface tension g can be linked to the geometry of the rods as

g � kBT

LD
, from Van der Shoot’s previous work.34 The minimum

volume for nucleation scales as

Vmin B L3. (9)

For BLG,20 where L = 550 nm and o = 1.3, we can compute
the above mentioned quantities and obtain a minimal volume
of Vmin = 19.6 mm3, for a nucleating concentration of f = 3.8.
For C-CNC,21 where L = 450 nm and o = 0.8, the minimal
volume is Vmin = 8.9 mm3, while for S-CNC,21 where L = 330 nm
with o = 0.5, we obtain Vmin = 3.0 mm3. The resulting shape of
the curve is represented in Fig. 2(a). This quantity corresponds
to the minimal volume needed by a homogeneous nematic
tactoid to form a surface and initiate phase separation without
redissolving into the isotropic solution. From the available
experimental data, as shown in Fig. S3 (ESI†), the smallest
volume measured for BLG tactoids was 80 mm3, while it was
20 mm3 for C-CNC, in line with the theoretical predictions.
In the case of S-CNC, we cannot make a reasonable comparison,
since the smallest tactoids are extremely elusive to experimental
characterization, due to the faster equilibration of this system.35

4 Growth phase

The nematic tactoids, nucleated from the supersaturated
solution, undergo a growth process which increases their size
and concentration, until an equilibrium between the chemical
potential and pressure is reached, and therefore the boundaries
of phase coexistence predicted using the Onsager theory.
The growth phenomenon has been studied extensively and
many models have been formulated to describe the increase
in size in crystalline domains;32,36 a review of single-phase
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growth theories has been presented by Atkinson.37 To model
the kinetics of this binary system, composed of a solvent and a
solute, we resort to the thermodynamic extremum principle38

to derive the dynamics of change in volume and concentration
of the droplets. This approach is based on the work of
Onsager39 and has been implemented to describe growth in
multi-component multi-phase systems,40 albeit not in liquid–
liquid or in liquid–liquid crystalline phase separation. The full
derivation is reported in the Appendix, and here, we summarize
the most important steps.

In this section, we will assume that the tactoids are spherical

in shape, thus only with isotropic surface tension
dE

dVp
¼ 2g

R
.

The real shape of the droplets may be taken into account by
adjusting the coefficients when the surface is involved.
However, this correction will depend on the volume and the
particular system under study,21 therefore overly complicating
the analysis. The growth is influenced by three quantities: the
difference in osmotic pressure DP, the chemical potential Dm
between the nematic and isotropic phase, and the external
pressure, in this case, it is the Laplace pressure generated by
the isotropic surface tension.41

We consider a model system of a single nematic droplet n, of
a size V larger than the critical nucleus size, growing in a
continuous supersaturated isotropic phase i. The free energy
can be written as the sum of three components: the free energy
of the two phases and the free energy of the interaction Fg, given
by the surface energy Fg = 4pR2g. The total free energy FT of this
system can be written as

FT = Fi + Fn + Fg. (10)

The total volume and number of solute molecules are fixed,
therefore FT becomes

FT ¼
4p
3
R3 f

b
Dm� DP

� �
þ 4pR2g; (11)

where the terms not depending on R and f have been omitted.
We define R* as

R� ¼ 2bg
kBT

; (12)

which scales as a length R* B L with the previously used scaling
argument. With a change of variables R = R*r, we can write

FT ¼
4p
3
R�3

kBT

b
r3 fDm0 � DP0ð Þ þ 3

2
r2

� �
(13)

where m ¼ kBTm0 and P ¼ kBT

b
P0. In this representation, for

r { 1 the surface tension is the dominant term, while for
larger sizes r c 1, the change in potentials becomes leading.
The length R* represents the characteristic length of the system
and as shown in the previous section, the results of both
classical nucleation theory and the following approach are
based on this same length scale, since R* B L B Vmin

1/3.
The total free energy, in this formulation, depends only on r and

f. We can obtain the evolution equations of these two quantities
using the modelling proposed by Svoboda et al.40 where the
dynamical system can be written from the derivatives of a dissipation
function Q depending on the flow of the solute and solvent.

In Fig. 2(b and c) are plotted the curves of (r/r(0))3(t) and f(t)
representing the numerical solutions of the presented differential
equations. The initial conditions chosen are r(0) = 10, f(0) = 4 and
fi(0) = 3.6. Panel A represents the time evolution of the scaled
volume r3 from the initial condition of r3(0), and the volumes
increase by 4 orders of magnitudes before reaching a horizontal
asymptote. The choice of initial conditions depends on the free
energy of eqn (13). For small volumes, i.e. smaller than the critical
nucleus size, the surface tension will be strong enough, leading to
a dissolution of the droplet.36,42 In Fig. 2(c) are plotted the

Fig. 2 (a) Difference in the free energy for a nucleated nematic domain
from the isotropic background as a function of the volume Vp, for the BLG
system (blue), C-CNC (red) and S-CNC (yellow). (b) Time evolution of the
scaled volume r3 over the initial condition r(0)3; (c) Time evolution of the
concentration f for the nematic phase (blue) and the isotropic phase
(orange). For both graphs, have been used the scaled variables r (eqn (12))
and t as defined in the Appendix.
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concentrations of the nematic droplet (in blue) and isotropic
background (in orange). The concentration follows the same
pattern as that of the volume, where it reaches an asymptote
around 4.3. This is slightly lower than the boundaries presented
in the previous paragraph, since the Laplace pressure caused by
the surface tension has to be balanced by an additional difference
in the osmotic pressure.43

From the estimates obtained from the nucleation theory, we

can calculate the physical volume Vp, by setting
4p
3
R�3r3 ¼ Vp,

and thus obtain the change in concentration with the volume of
the droplet Vp. The results are shown in Fig. 3, where the
concentrations of nematic and isotropic phases are plotted with
the volume of the nematic phase. These two lines represent the
binodal curve of the system undergoing the growth process,
where with an increase in the volumes the concentration in the
nematic phase increases, while the concentration in the
isotropic phase slowing decreases. The real dynamics of phase
separation depends on many different quantities: the diffusion
coefficients, the total volume of solution and the initial
conditions, which are different in every system. Also, in a real
system, a population of tactoids with different volumes would
nucleate and grow, possibly colliding and forming new
tactoids. In this analysis, we considered the growth of a single
droplet of a given concentration and volume immersed in a
supersaturated isotropic solution, therefore the effects of
having a population of droplets interacting have not been
considered and it is outside the scope of this analysis.

5 Discussion

LLCPS behaviour has been observed in multiple biological colloids,
such as viruses,44 DNA,45 cellulose nanocrystals (CNC)21,46 and
amyloid fibrils.18,26 Understanding the underlining mechanisms
in the formation of nematic and cholesteric tactoids is extremely
important for functionalizing these materials, especially protein-
based biocolloids, which have become increasingly significant in
food,47 medicine48 and biological industries.49

In what follows, we show the prediction on the total free
energy of the system during evolution of the volume of the
three colloids considered, which is now obtained based on the
theoretical approach described in the earlier sections, by taking
into account liquid crystalline interactions within the growing
droplets. The evaluation of the free energy follows the same
approach used in the work of Bagnani et al.,20,21 where an
extensive analysis has been performed to understand the
change in shape and in the configuration of the nematic
director field and how these different phases appear.

The free energy functional used is the Frank–Oseen bulk energy,
composed of three independent terms proportional to the elastic
constants K1, K2 and K3,19 coupled with an anisotropic surface
energy.50

FFO ¼
ð
V

K1ðr �~nÞ2 þ K2ð~n � r�~n� q1Þ2 þ K3ð~n�r�~nÞ2dV

þ g
ð
@V

1þ oð~n �~nÞ2dS

(14)

where ~n is the nematic director field and qN is the pitch wave
number. Additional details can be found in the ESI† of ref. 20
This functional correctly predicts the shape and nematic field
configuration for all the classes of nematic and cholesteric tactoids

Fig. 3 Change in concentration f with the volume Vp for the analyzed
systems: BLG (a), C-CNC (b) and S-CNC (c). The blue line
represents the nematic phase, while the orange the isotropic phase.
Additionally, the morphology of the droplet at the given volume is
represented with a simulated PolScope image and a colored background,
as in Fig. 1. The dashed lines represent the boundaries of the coexistence
phase, as described by the theory fI = 3.36 and fN = 4.68. The
dotted line represents the experimental boundaries measured by Bagnani
et al.21
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found experimentally.20 The values of the constants used can be
found in ref. 21, for the three systems under study and are reported
in Table 1.

The total free energy FFO at each volume has been plotted for
each system in Fig. 4 (black line). However, it can be noted that
elastic distortions and the anisotropy of the surface account for
about one tenth of the total energy, even for homogeneous
tactoids as shown in Fig. S2 (ESI†). Therefore, the approximation
used in the previous paragraph, that is including only the surface
energy of the tactoid, is appropriate for our case. To better
visualize the transitions, the total free energy FFO has been
reduced by the isotropic surface free energy of a sphere of
equivalent volume and is plotted with a grey line. This line
represents the energy contributions of elastic distortions and
anisotropic surface tension. The various classes of tactoids are
highlighted with a PolScope simulation,20 while their aspect
ratios are included in Fig. S3 (ESI†).

BLG amyloid fibrils form nematic tactoids with a rich palette
of morphologies, including a variety of cholesteric phase
configurations.20 These four different classes of tactoids are
called homogeneous, bipolar, uniaxial and radial cholesteric.
These four classes of tactoids, see Fig. S3(a) (ESI†), appear at
increasing volumes with decreasing aspect ratios. It is interesting
to note the two kinks in the grey line, corresponding to the phase
transitions into uniaxial cholesteric and radial cholesteric
morphologies. According to the Ehrenfest classification of phase
transitions,51 the morphology transitions from bipolar to uniaxial
cholesteric and from uniaxial to radial cholesteric are first
order phase transitions, with a discontinuous jump in the first
derivative of the free energy, which is reflected in a discontinuous
jump in the observed aspect ratios, see Fig. S3(a) (ESI†). In the
span of volumes where homogeneous turn into bipolar the
derivative changes smoothly, implying that the phase transition
is of an higher order, as already intuited by Prinsen and van der
Schoot.14

A similar rich palette of structure has been observed in
cholesteric phases formed by carboxylated and sulfurated
cellulose nanoscrystals.21 The tactoid morphologies of C-CNCs
are named homogeneous, radial nematic and uniaxial
cholesteric,21 see Fig. S3(b) (ESI†). A similar energy landscape
is shown in Fig. 4(b). Here, we observe a discontinuous
derivative in the transition into radial nematic and another
transition into the uniaxial cholesteric. Lastly, in the S-CNCs
only two configurations appear, homogeneous and uniaxial
cholesteric, see Fig. S3(c) (ESI†), where a first order transition
is observed from one morphology to the other, as shown in
Fig. 4(c).

Experimentally, liquid crystalline droplets have been
observed under a cross-polarized microscope and for cholesteric
configurations, the pitch has been measured from the generated
images, as twice as the distance from band to band, and are
plotted in Fig. 5 with their respective volumes. The additional
details and methods regarding the experimental systems are
given in ref. 21.

The tactoids obtained from BLG amyloid fibrils and carboxylated
CNCs show a decreasing behavior of the pitch for

Table 1 Elastic constants and surface tension parameters for BLG, C-
CNC and S-CNC, used in eqn (14), obtained from ref. 21

BLG C-CNC S-CNC

K1 (pN) 2.0 0.6 2.6
K2 (pN) 2.7 0.1 0.02
K3 (pN) 1.5 1.0 2.3
g (mN m�1) 0.34 0.24 0.13
o 1.3 0.8 0.5

Fig. 4 The total free energy FFO/g for different volumes (Vp) is marked in
black and the sum of elastic distortions and anisotropic surface energy
is marked in grey, for BLG (a), carboxylated (b) and sulfurated (c) CNC.
The colored background represents the range of volumes over which a
particular morphology of the tactoid is observed,21 integrated with a
PolScope simulation of the particular configuration.20
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increasing volumes. The BLG system reaches eventually the
radial cholesteric configuration where the pitch does not
decrease further. In contrast, the sulfurated cellulose shows a
constant pitch, over two orders of magnitude in volumes.
Previous attempts to connect this feature of cholesteric droplets
with the constraint imposed by the confined geometry
failed.18,20 Based on the theoretical framework introduced here,
we now show that it becomes possible to link the change in
pitch observed with the change in concentration during
growth. From the work of Nystrom et al.52 we assume a pitch

dependence of the concentration of the form p B f�1, even
though there is much debate around the correct
exponent.44,53,54 As a general formula, we adopt

pðVÞ ¼ K

fðVpÞ � v
þ q (15)

The expression for f(Vp) is obtained from the blue line of
Fig. 5. The results are plotted in Fig. 3 with the experimental
data of the pitch of cholesteric tactoids of the systems analyzed.
The quantities K, q, v are the fitted variables, which are
included in Table S1 of the ESI.† For the case of BLG, the
modeled growth stops at a volume of 106 mm3, with a pitch of
p = 15 mm. In the fit obtained, the blue line is stopped at that
maximum value, reached by the size of the droplet when the
process halts. In this frame, the radial cholesteric morphology
represents the last stage of growth, where the equilibrium
concentrations are reached, therefore from this volume there
are no further changes in the pitch. A similar behavior is
observed in C-CNCs, although no radial configuration has been
observed. Lastly, the S-CNC system results in a straight
horizontal line from the theory. In this system the pitch
remains constant for two possible reasons: as reported in
ref. 21, the experimental coexistence boundaries are 3.16 and
3.70, for the isotropic and nematic phases, much closer than
the predicted values from the Onsager theory and hence, much
closer to the final asymptotic equilibrium conditions. This fact
implies a possible change in the concentration in the nematic
phase of maximum 20%, which would generate a shrinking of
the pitch of the same magnitude, well within the standard
deviation of the experimental data. The difference between the
theoretical boundaries, obtained using the Onsager theory, and
the experimentally measured ones can explain the different
growth regimes between different systems. BLG, as shown in
Fig. S3(a) (ESI†), grows in volume over six orders of magnitude,
while the growth in cellulose systems is much more constrained.
In fact, the evolution of sulfurated cellulose is more rapid than
that of b-lactoglobulin, resulting in a faster equilibration of the
cholesteric configurations.35

6 Conclusions

We formulated a general model to describe the nucleation,
growth, order–order transitions and change in concentration of
nematic tactoids immersed in an isotropic phase in the
coexistence regime by taking into account how the chemical
potential, osmotic pressure and surface tension influence the
diffusion of the solvent and solute inside the droplets. With the
application of thermodynamic extremum principle38 and the
Onsager theory of liquid crystals,10 we formulated the kinetic
equations for the growth of tactoids. The growth behaviour is
linked to an increase in the concentration in the nematic
phase, accompanied by a consequent decrease in the concen-
tration of the isotropic phase. The resulting effect is the change
in periodicity of the cholesteric droplets with increasing
volumes. This model was applied and validated by three

Fig. 5 Periodicity of the cholesteric tactoids p as a function of the volume
Vp for BLG (a), C-CNC (b), and S-CNC (c) with the fitted lines obtained by
the theory. The fitting parameters are reported in the ESI.† The orange
boxes ( ) symbolize the uniaxial cholesteric droplets, while the red stars
( ) symbolize the radial cholesteric droplets.21
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different systems of biocolloidal liquid crystals, namely
b-lactoglobulin amyloid fibrils and carboxylated and sulfurated
cellulose nanocrystals. The first two systems displayed a
decreasing behavior of the pitch with an increasing droplet
size18,46 which until this work has remained unexplained. With
the elucidation of how the tactoidal droplets grow, we then
applied the previous results obtained by the variational theory
of the Frank–Oseen to benchmark the experimentally observed
order–order transitions and to elucidate the thermodynamic
nature of these transitions. This work introduces for the first
time a non-equilibrium status of the tactoids, providing new
insight into the dynamics of phase separation and cholesteric
pitch evolution, useful for understanding and expanding the
capabilities of using cholesteric liquid crystals as a template for
nanotechnology and for the synthesis of new, functional
biomaterials.
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Appendix

Following the work of Svoboda et al.,40 we set the starting point
for the equations for the growth by writing the total free energy of
the system. We consider a biphasic system composed of a nematic
phase n confined in a sphere of radius R of concentration c = N/V =
f/b and a isotropic phase i of volume Vi. The two phases are
separated by a surface, whose energy is Fg = 4pR2g.

FT = Fi + Fn + Fg (16)

Additionally, the free energy F of the two phases can be rewritten
as the sum of two terms F = Nm � VpP (see the main text).

FT ¼ Nimi � ViPi þ
4pR3

3
cmn �Pnð Þ þ 4pR2g (17)

Since the total volume VT and total number of solute
molecules NT are fixed, the isotropic quantities can be
rewritten as

Ni ¼ NT �
4pR3

3
c and Vi ¼ VT �

4pR3

3
: (18)

By regrouping the important quantities, we get

FT ¼ NTmi � VTPi þ
4p
3
R3 cDm� DPð Þ þ 4pR2g: (19)

The D implies the difference of the potentials between the
nematic phase and the isotropic phase.

The total free energy depends only on R and c. We can obtain
the evolution equations of these two quantities using the
modelling proposed by Svoboda et al.,38 based on the Onsager
extremum principle,39 where the time evolution of the system
comes from a set of linear equations

@FT

@R
¼ � 1

2

@Q

@ _R

@FT

@c
¼ �1

2

@Q

@ _c
(20)

where the dot represents the time derivative and Q the
dissipation function.

From Svoboda et al. work,38 the dissipation function for
diffusive flows can be written as

Q ¼ kBT
X
l

ð
VT

jl
2

cll
V: (21)

where l is the diffusion coefficient and jl is the flow of the
component indexed with l. In our case it can be the solvent w or
solute s. We can split the integral as the sum of an integral in
the nematic phase and one in the isotropic phase:

Q = Qi + Qn. (22)

Since the total amount of volume is occupied by the solvent
or solute, we can write

Vp = nsNs + nwNw (23)

with ns,w being the volume occupied by a single molecule.
This constraint leads to two relationships between cs and cw

cw ¼
1� nscs
nw

and _cw ¼ �
ns
nw

_cs (24)

In the nematic phase, the volume is a sphere and the flow

can be simply rewritten as jl ¼
r

3
_cl . By rewriting eqn (21) in the

nematic phase, we get

Qn ¼
4pkBTR5

45

_cs
2

Dn
; (25)

with Dn
�1 ¼ 1

css
þ ns

nw

� �2
1

cww

 !
.

In the nematic phase, the total number of molecules of the

compound l is Nl ¼
4pR3

3
cl , thus the rate of change of Nl is

_Nl ¼ 4pR2 _Rcl þ
R

3
_cl

� �
: (26)

This rate of change of number comes from the increase in
volume and a diffusive flow through the surface40

_Nl ¼ 4pR2 _Rcl;i þ j�l
� �

; (27)

where cl,i is the concentration of l in the isotropic phase i.
The flow at the surface can be written as

j�l ¼ _R cl � cl;i
� �

þ R

3
_cl (28)

The flow at a distance r from the center of the sphere where

r 4 R is jl ¼
R2

r2
j�l . This last expression can be used in eqn (21) to
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obtain the dissipation function in the isotropic phase Qi:

Qi ¼ 4pkBTR3

�
_Rðcs � cs;iÞ þ R

_cs
3

� �2

cs;is;i
þ

_Rðcw � cw;iÞ þ R
_cw
3

� �2

cw;iw;i

0
BBB@

1
CCCA;

(29)

using Di
�1 ¼ 1

cs;is;i
þ ns

nw

� �2
1

cw;iw;i
and eqn (24), we obtain

Qi ¼
4pkBTR3

Di
ðc� ciÞ2 _R2 þ R2

9
_c2 þ 2

3
R _R _c c� cið Þ

� �
(30)

The derivatives of Q = Qi + Qn are

1

2

@Q

@ _R
¼ 4pkBTR3

Di

R

3
ðc� ciÞ _cþ ðc� ciÞ2 _R

� �
(31)

1

2

@Q

@ _c
¼ 4pkBTR3

Di

R

3
ðc� ciÞ _Rþ R2

9
_c

� �
þ 4pkBTR5

45Dn

_c (32)

The derivatives of the free energy of eqn (19) are

@FT

@R
¼ 4pR2 2g

R
þ cDm� DP

� �
(33)

@FT

@c
¼ 4p

3
R3Dm: (34)

Using eqn (20) we get

kBTR

Di

R

3
ðc� ciÞ _cþ ðc� ciÞ2 _R

� �
¼ DP� 2g

R
� cDm (35)

kBTR

Di
ðc� ciÞ _Rþ R

3
_c

� �
þ kBTR

2

15Dn

_c ¼ �Dm (36)

From the previous equations, it is possible to write the rate
of change of concentration and radius

_R ¼ Dn

kBTRðc� ciÞ2
Di

Dn
DP� 2g

R
� cDm

� ��

þ 5 DP� 2g
R
� ciDm

� �� (37)

_c ¼ 15Dn

kBTR2ðc� ciÞ
DP� 2g

R
� cDm

� �
: (38)

With a suitable change of variables, the equations can be
rewritten in a more compact form

_r ¼ 1

ðf� fiÞ2r
k DP0 � 1

r
� fDm0

� �
þ 5 DP0 � 1

r
� fiDm

0
� �� �

(39)

_f ¼ 15

ðf� fiÞr2
DP0 � 1

r
� fDm0

� �
; (40)

where

r ¼ R=R� with R� ¼ 2gb
kBT

(41)

t ¼ t=t� with t� ¼ DnðkBTÞ2
4g3

(42)

and k = Di/Dn, DP ¼ kBT

b
DP0 and Dm ¼ kBTDm0.

At each time, if the nematic phase has a volume Vp ¼
4p
3
R3

and concentration f, the isotropic phase has a concentration of

fi ¼
VTf0 � fVp

VT � Vp
(43)

where f0 is the initial concentration of the supersaturated
solution and VT is the total volume available.

Even though Di,n depend on the concentration, we know
from the Onsager theory that f will range from 3.7 to 4.7 with a
maximal increase of 27%. The isotropic phase ranges from 3.7
to 3.3 with a maximal decrease of 10%. From diffusion studies
of hard rods we know that the diffusion coefficient remains
constant at the coexistence and it is more than ten times larger
compared to the nematic phase.55 Therefore, we can assume
that Di,n will remain approximately constant during the process
and the ratio k will be much bigger than one.

For the results presented, we set k = 100 and a scaled total

volume of VT

	
4

3
pR�3

� �
¼ 108.
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