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Structure and thermodynamics of grafted silica/
polystyrene dilute nanocomposites investigated
through self-consistent field theory†

Apostolos T. Lakkas, ‡ Aristotelis P. Sgouros, ‡ Constantinos J. Revelas ‡
and Doros N. Theodorou *

Polymer/matrix nanocomposites (PNCs) are materials with exceptional properties. They offer a plethora

of promising applications in key industrial sectors. In most cases, it is preferable to disperse the

nanoparticles (NPs) homogeneously across the matrix phase. However, under certain conditions NPs

might lump together and lead to a composite material with undesirable properties. A common strategy

to stabilize the NPs is to graft on their surface polymer chains of the same chemical constitution as the

matrix chains. There are several unresolved issues concerning the optimal molar mass and areal density

of grafted chains that would ensure best dispersion, given the nanoparticles and the polymer matrix. We

propose a model for the prediction of key structural and thermodynamic properties of PNC and apply it

to a single spherical silica (SiO2) nanoparticle or planar surface grafted with polystyrene chains

embedded at low concentration in a matrix phase of the same chemical constitution. Our model is

based on self-consistent field theory, formulated in terms of the Edwards diffusion equation. The

properties of the PNC are explored across a broad parameter space, spanning the mushroom regime

(low grafting densities, small NPs and chain lengths), the dense brush regime, and the crowding regime

(large grafting densities, NP diameters, and chain lengths). We extract several key quantities regarding

the distributions and the configurations of the polymer chains, such as the radial density profiles and

their decomposition into contributions of adsorbed and free chains, the chains/area profiles, and the

tendency of end segments to segregate at the interfaces. Based on our predictions concerning

the brush thickness, we revisit the scaling behaviors proposed in the literature and we compare our

findings with experiment, relevant simulations, and analytic models, such as Alexander’s model for

incompressible brushes.

1. Introduction

Solid particles with polymer chains anchored on their surface
hold a central place in nanocomposite materials research,1,2

since they are widely used in a variety of scientific and industrial
applications such as sensing and therapy in biotechnology and
biomedicine, wettability of membranes, surface activation, and
interfacial electronic modulation.3 Usually, grafted polymer
chains are used to stabilize inorganic nanoparticles (NPs) inside
a host polymer matrix. When NPs are properly dispersed inside
the polymeric material, they lead to mechanical reinforcement

and improvement of viscoelastic properties in comparison to
the pure material.

The state of dispersion of NPs inside a polymer matrix
depends on solid–solid and solid–polymer interactions as well
as on entropic effects. In most cases, the embedded NPs tend to
stick to each other due to attractive forces between them.4

Addressing this behavior, a widely used methodology is to
graft homopolymer chains on the NP surface. Under certain
conditions, the entropic cost related to the configurational
restriction of grafted chains when the particles get closer to
each other is able to keep the particles separated.

The key factors influencing NP separation are their size, the
molecular weight of grafted chains, and the surface grafting
density. Trombly et al.5 studied the effect of curvature of the
solid surface on polymer mediated interactions among grafted
NPs and demonstrated that the dependence of their separation
on the grafting density becomes weaker with increasing particle
curvature.
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We say that matrix chains wet the grafted polymer brush
when they are able to interpenetrate with grafted chains and
therefore diffuse inside the space occupied by the polymer
brush. Such a situation leads to a well-dispersed set of NPs. It
has been seen that, in most cases, matrix chains are able to wet
the polymer brush when their molecular weight is less than
that of the grafted chains.3 Depending on the grafting density,
when matrix chains are longer than the grafted chains, it is
harder for them to penetrate into the interfacial region due to
the higher entropy loss they experience. This is known as
‘‘autophobic dewetting’’. One way to reduce the possibility for
autophobic dewetting is to disperse smaller NPs.6 When grafted
chains are attached to smaller particles, they have more available
space, thus the penetration of matrix chains is facilitated and the
corresponding conformational entropy cost becomes smaller.

As mentioned before, another important parameter for
nanoparticle dispersion is the solid surface grafting density.
When grafting density is lower than a threshold value, the
particle cores are no longer screened by the grafted chains
surrounding them, so they attract each other, leading to
aggregation. This is known as ‘‘allophobic dewetting’’. Sunday
et al.3 derived experimentally a phase diagram demonstrating
the regions where autophobic, allophobic dewetting, and com-
plete wetting occurs.

Major experimental work has been conducted to understand
the behavior of polymer grafted NPs and their influence on the
properties of the composite material.7–17 Experimentalists are also
interested in studying the interactions among grafted inorganic
NPs in the absence of a host polymer matrix (particle-solids).18–20

Most of the experimental work up to now has been concentrated
on medium grafting densities (o0.2 nm�2).15 However, silica
particles with higher grafting densities (around 1.0 nm�2) coated
with asymmetric block copolymers have also been synthesized.7

Atomistic molecular dynamics simulations have been per-
formed by Ndoro et al.,21 while Meng et al.22 and Kalb et al.23

have performed coarse-grained molecular dynamics simulations
representing the polymer chains by the Kremer-Grest bead-spring
model. Using the same coarse-grained model, Ethier and Hall24

studied the structure and entanglements of grafted chains on an
isolated polymer-grafted NP. Various additional studies employ-
ing particle-based simulation methods exist in the literature
addressing nanoparticles in a polymer melt or solution,25–27 as
well as isolated nanoparticles.28–31 Dissipative particle dynamics
(DPD)32 and density functional theory (DFT)33 simulations
addressing systems of polymer brushes are also reported.
Vogiatzis et al.34 devised a hybrid particle-field approach called
FOMC (Fast Off-lattice Monte Carlo) which is a coarse-grained
class of Monte Carlo simulations, where the nonbonded inter-
actions are described by a mean-field inspired Hamiltonian.

Another popular approach for investigating the structure
and thermodynamics of polymer grafted NPs and brushes is
self-consistent field theory (SCFT).35–45 It invokes a mathematical
transformation from a system of interacting chains to an equivalent
system of independent chains, where each chain interacts with a
chemical potential field, w, created by the rest of the chains.46 SCFT
is a strong modeling tool for describing equilibrium properties of

interfacial systems involving polymer melts or solutions. Besides
the fact that it is accurate in high density and large molar mass
systems, it is able to derive directly the free energy of the
investigated system. For a detailed explanation of SCFT and the
transition from particle-based to field-theoretic formulations,
the reader is referred to the relevant monograph by Fredrickson.47

In the present article, we employ SCFT to investigate the
structure and thermodynamics of systems comprising atactic
polystyrene (PS) chains grafted on a single spherical nano-
particle or planar surface made of silica (SiO2), immersed in a
PS melt. The chemical constitution of the system under study is
identical to the one investigated with FOMC by Vogiatzis et al.34

The range of molecular parameters (nanoparticle size, surface
grafting density, molar masses of grafted and matrix chains)
has been chosen so as to encompass that of experimental
investigations of SiO2/PS nanocomposite systems.48 It is mentioned
here, that no adjustment of parameters has been undertaken to fit
with experiment or FOMC; rather, the actual physical parameters of
silica and polystyrene have been used. The main virtue of FOMC is
that it can directly sample chain conformations. On the other hand,
the main advantage of SCFT in relation to FOMC is that it can
directly calculate the free energy, enthalpy and entropy of mixing
between the NP and the polymer matrix and the potential of
mean force between two nanoparticles immersed in a host
polymer matrix.39,49,50

The calculations were performed by employing the SCFT in
one dimension (radial distance or normal distance coordinates)
by taking advantage of the symmetry of the nanoparticle/planar
surface. This one-dimensional treatment is expected to perform
fairly well at moderate to large grafting densities and molecular
weights of grafted chains. As in previous work,51 our SCFT
model has finite compressibility. We apply the Gaussian string
model to describe chain conformations, which punishes stretching
of chain contours, since stretched contours have less available
conformations, thus reducing the entropy. Nonbonded interactions
in the polymer are calculated from an expression giving the free
energy density as a function of the polymer local segment density.
Polymer/solid interactions are accounted for by Hamaker
integration.

That SCFT calculations are computationally inexpensive in
one dimension allowed us to perform an extensive and dense
grid search over a broad parameter space spanning: (i) the radii of
the NP, RNP = 20 nm to 214 nm, as well as RNP -N (planar surfaces);
(ii) the molar mass of the grafted chains, Mg = 1.25 kg mol�1 to
100 kg mol�1; (iii) the grafting densities sg = 0.1 nm�2 to
1.6 nm�2. These calculations provide useful quantitative under-
standing of the limiting cases of sparse/dense grafting of short/
long chains, on surfaces with low/high curvature, as well as of
the intermediate transition regimes.

In particular, throughout our calculations, we extracted the
density profiles of the grafted and matrix chains, which provide
a direct picture of their conformations across the parameter
space. The density profiles of the matrix chains are decomposed
into contributions from ‘‘adsorbed’’ and ‘‘free’’ chains, the
categorization of which is based on distance-based criteria; these
results unveil the tendency of the matrix chains to penetrate the
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brush emanating from the nanoparticle/flat surface. The shape of
polymer chains is investigated in terms of the number of chains
passing through a unit surface51–53 and provides a measure of
‘‘crowding’’ phenomena and of the tendency of the chain ends
to segregate at the matrix-grafted interface. Subsequently,
the distributions of the grafted chains are analyzed in terms of
their corresponding brush thickness, wherein we compare our
findings to correlations that are reported in the literature.54,55

The brush thickness exhibits a rather complicated behavior
across the transition regime from spherical nanoparticle to flat
surface, which we try to describe through a scaling equation.
Finally, the thermodynamics of these systems is examined in
terms of the grand potential across the parameter space and a
direct comparison with the Alexander model at fixed density56,57

(which is similar to the dry part of the two-layer model)58,59 is
performed regarding the stretching free energy of grafted chains.

Before presenting the main results, we first validate our
model and implementation by comparing our density profiles
against FOMC34 across the same regime of grafting densities
and chain molar masses that was investigated by Vogiatzis et al.34

This comparison is made for profiles obtained via both the Sanchez-
Lacombe (SL) equation of state coupled with square-gradient theory
(SGT) for nonbonded interactions, that we have adopted herein, and
the Helfand (HLF) free energy density using the same compressi-
bility employed by Vogiatzis et al.;34 the latter model is typically used
in most field theory-inspired simulations.

The article is structured as follows: Section 2 outlines the
overall mathematical formulation of the problem under study.
Section 3 discusses specific details of the calculations per-
formed herein. Section 4 presents the main results concerning
the density profiles of matrix and grafted chains, the structure
of polymer chains adsorbed on the NP surface, the number of
chains per unit area profiles, the profiles of chain-ends, the
scaling of grafted polymer layers, the free energy of the system,
and the stretching free energy of grafted chains which is
compared with the one obtained from the Alexander model.
Finally, Section 5 concludes the article by summarizing the

main findings of this work. The ESI† section includes the full
formulation of our model in three dimensions, the extension of
Alexander’s model for a polymer-grafted NP, and technical
details regarding the numerical evaluations of SCFT.

2. Model and theoretical formulation

In Fig. 1a we depict the geometry of the three-dimensional region R

of the system that we wish to model. Grafted polymer chains (circles
with orange fill) are chemically anchored at the grafting points, rg

(orange arrow), which are located at a small distance (circle of small
orange dots) from the surface of the NP (black) of radius RNP (white
arrow). On the surface of the NP, @Rsolid; Dirichlet boundary
conditions are imposed. The red dotted circle of radius rads (red
arrow) defines the region where the segments of matrix chains
(green circles connected by black line) are considered to be
‘‘adsorbed’’ (red circles with a green fill). These can be additionally
subdivided into tails, loops and trains.60,61 Those matrix chains
whose segments lie exclusively at a distance larger than rads from the
NP center are called ‘‘free’’ (black circles with a green fill). Across the
edges of the simulation box, @Rbox (dashed blue lines), Neumann
boundary conditions with zero flux are applied.

In SCFT, the degrees of freedom associated with the positions
of chain segments are replaced by a spatially varying chemical
potential field, as illustrated in Fig. 1b. This field governs the
chain conformations and thus the segment density. At the same
time, the field is dictated by the polymer segment density, so the
field must be self-consistent and correctly describe the thermo-
dynamic properties of the polymer. Furthermore, Fig. 1b depicts
the smearing of grafting points normal to the radial direction.

2.1 Iterative procedure for obtaining the self-consistent field

2.1.1 General algorithm. When the Gaussian thread model is
applied to describe bonded interactions along the polymer chain,
the propagation of matrix and grafted chains in three-dimensional
space is described by the Edwards diffusion equation in the

Fig. 1 (a) A particle-based representation of a nanoparticle with grafted chains at rg (orange) embedded in a polymer matrix (green chains). (b) In
unidimensional SCFT, the chains are replaced by a density field and the grafting points are smeared normal to the radial direction. rads depicts a critical
distance based on which the matrix chains are categorized as adsorbed (e.g., see red circles in (a)) or free.
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presence of a chemical potential field, wifc
0; note that ‘‘ifc’’

stands for ‘‘interface’’:62

@

@N
qcðr;NÞ ¼

RG;c
2

Nc
rr

2qcðr;NÞ � bw0ifcðrÞqcðr;NÞ c ¼ m; gð Þ

(1)

where RG,c
2 = CNlC–C

2Nc/6 is the ensemble averaged squared
radius of gyration of a chain63 of type c in its unperturbed state
(bulk melt) with CN = gbk/lC–C being Flory’s characteristic ratio,
bk the Kuhn length, lC–C the length of the skeletal C–C bond and
g is a geometric factor depending on bond-angles along the
chain backbone.63 qc is the restricted partition function, N is
the variable spanning the contour of the chains, measured
in skeletal bonds, and c denotes the kind of the chains; i.e.,
c = m for matrix, and c = g for grafted chains. Based on the
resulting qc, one can compute the spatial density distributions
of the chain segments, which in turn dictate an updated
chemical potential field. This procedure is repeated until the
input field in eqn (1) becomes equal to the resulting field; thus
the field becomes self-consistent. A detailed derivation of the
equations is presented in the ESI,† Section S1.

The iterative convergence procedure can be summarized as
follows:

(1) Eqn (1) is solved for the matrix chains 8r 2 R for
0 o N o max(Nm,Ng) with Nm and Ng being the length of the
matrix and grafted chains, respectively. The initial condition is
set to qm(r,0) = 1 across the polymer domain, whilst Dirichlet,
qm(r,N) = 0 and Neumann (rrqm(r,N) = 0) boundary conditions
are imposed at the solid surface and system box boundaries,
respectively (see Fig. 1).

(2) Subsequently, eqn (1) is solved for the grafted chains for
0 o N o Ng, r 2 R and r a rg,ig

where rg,ig
is the grafting point

of the igth grafted chain, 0 r ig r ng. The boundary conditions
are the same as those for the matrix chains. In contrast, the
initial condition is given by the following equation:36

qgðrg;ig ; 0Þ ¼
Ng

rseg;bulk

Xng
ig¼1

d r� rg;ig
� �

qm rg;ig ;Ng

� � (2)

with rseg,bulk being the segment density in the bulk region of
the polymer melt and d(r) being the Dirac delta function.

(3) With qc(r,N) known, the reduced densities, jc = rc/rseg,bulk,
can be calculated by the following convolution integral:

jcðrÞ ¼
1

Nc

ðNc

0

dN qcðr;NÞqmðr;Nc �NÞ c ¼ m; gð Þ (3)

Note that in both m and g chains the second term of the
convolution integral is qm (for details see Section S1.4, ESI†).

(4) Having calculated the density profiles of matrix and grafted
chains, an EoS must be used to determine the free energy density
functional and the corresponding chemical potential field:

w0ifcðrÞ ¼ w0ðrÞ � w0bulk ¼
@f ½r;rr�

@r

����
r¼rðrÞ

�@f ½r;rr�
@r

����
r¼rseg;bulk

�r � @f ½r;rr�
@rr þ usðrÞ (4)

with f [r,rr] being the excess (relative to an ideal gas of chains)
Helmholtz energy density of intermolecular interactions as a
function of the local segment density and its gradient, us

being the field exerted on a segment by the solid surface, and
r = rm + rg being the total segment density. Note that subtracting
wbulk

0 from w0guarantees that the chemical potential field is zero
in the bulk phase.

(5) To inspect the convergence, the maximum difference between

the fields of the previous and the current iteration, Dw0ifc
max ¼

max f w0ifc
newðrÞ � w0ifcðrÞ

�� ��; 8r 2 Rg
� �

; is estimated, therefore:

(a) If Dw0ifc
max is smaller than a tolerance value, Dw0ifc

tol; the
simulations are considered converged and the procedure ends.

(b) If not, the algorithm cycles back to step (1) wherein the
Edwards equation is reevaluated in the presence of the mixed
field for numerical stability purposes:

w0ifcðrÞ ! 1� amixð Þw0ifcðrÞ þ amixw
0
ifc
newðrÞ (5)

with amix A [0,1] being a relaxation parameter that depends on
the size of the largest chain in the system.

The above algorithm is generic and applicable to arbitrary
system geometries.

2.1.2 Solving SCFT in one dimension. By taking advantage
of the spherical symmetry of the NP or the translational
symmetry in the case of planar surfaces, one can evaluate the
SCFT equations in a one-dimensional domain. In 1D, the
grafting points become delocalized throughout the surface near
the solid substrate, suggesting a smeared distribution of graft-
ing points, which practically ignores the presence of a grafting
point at a specific surface point; e.g., in Fig. 1b the grafting
points have been smeared across a spherical cell highlighted by
an orange dotted circle. In doing so, eqn (2) for the initial
condition of the grafted chains can be written as follows:

qgðhg; 0Þ ¼
Ssolid

Shg

sgNg

rseg;bulk

d h� hg
� �

qm hg;Ng

� � (6)

where sg = ng/Ssolid is the grafting density, Ssolid is the surface
area of the solid, and Shg

is the surface area over which grafting
points are smeared. To make eqn (6) applicable for both
spherical and planar geometries, it has been written in terms
of h and hg, which denote the segment-surface and the grafting
point-surface distance, respectively. Consequently, in spherical
geometries, h � r � RNP; this relation is ill-defined in planar
geometries, since r, RNP - N. The three-dimensional delta
function d(r � rg,ig

) is approximated as d(h � hg)/Shg
for all ig.

For planar surfaces with area Ssolid, the Edwards diffusion
equation is evaluated across the normal direction with respect
to the surface, and the differential dr of the spatial integration
equals the volume of the layer, dr - Ssoliddh. The delta function
in eqn (6) is set to the inverse discretization step in the h
direction; i.e., d(h � hg) C 1/Dh, with Dh being the width of
the intervals in which h is subdivided in the numerical solution.

For spherical nanoparticles, with area equal to Ssolid = 4pRNP
2,

the Edwards equation can be evaluated across a radial direction
(normal to the surface) as shown in the Section S2 (ESI†). The
differential dr for spatial integration is equal to the volume of the

Paper Soft Matter

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

1 
M

ar
ch

 2
02

1.
 D

ow
nl

oa
de

d 
on

 8
/2

/2
02

4 
2:

19
:5

3 
A

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n 
3.

0 
U

np
or

te
d 

L
ic

en
ce

.
View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d1sm00078k


This journal is © The Royal Society of Chemistry 2021 Soft Matter, 2021, 17, 4077–4097 |  4081

spherical cell, dr - 4p(RNP + h)2dh. The delta function in eqn (6)
is again set to the inverse width of the intervals in which length is
subdivided in the radial direction; i.e., d(h � hg) C 1/Dh.

Throughout the manuscript we present the overall mathe-
matical formulation in three dimensions; one can derive the
corresponding expressions in spherical and planar geometries
by employing the aforementioned relations.

2.2 Thermodynamics

2.2.1 Grand potential. The thermodynamics of the polymer-
grafted NP and planar surfaces immersed in the matrix are
described by a grand potential, defined relative to a bulk melt
phase of matrix chains, each of length Nm, occupying a volume
equal to the polymer-accessible volume of the system, and a set of
ng isolated end-pinned unperturbed chains, each of length Ng.
The temperature T is the same between the system under study
and the reference system:

DO = O � Obulk � Abulk = DOcoh + DOfield + DOm + DAg + Us

(7)

where DOcoh is the cohesive interaction component (relative to
the bulk melt chains) arising due to segment-segment inter-
actions in the polymer,

DOcoh ¼
ð
R

dr f rðrÞ;rrðrÞ½ � � f rseg;bulk; 0
h in o

(8)

DOfield is the interaction energy between the density field and
the chemical potential field,

DOfield ¼ �
ð
R

dr rðrÞw0ðrÞ � rseg;bulkw
0
bulkg

n
(9)

Us is the contribution of the potential energy exerted from
the solid,

Us ¼
ð
R

dr rðrÞusðrÞf g (10)

DOm describes the translational and conformational entropy
(relative to the bulk melt entropy) of noninteracting matrix
chains subject to a chemical potential Nmmm,

DOm ¼ �
rseg;bulkV

bNm
Qm w0 � w0bulk
� �

� 1
� �

(11)

and DAg is associated with the conformational entropy of ng

grafted chains subject to the field w0 � w0bulk,

DAg ¼ �
1

b

Xng
ig¼1

lnQg rg;ig ;w
0 � w0bulk

� �
� 1

b

Xng
ig¼1

ln
rref ;q¼0
rg;ig;q¼0

(12)

The partition function, Qg rg;ig ;w
0 � w0bulk

� �
¼ qm rg;ig ;Ng;

�
w0 � w0bulk�, appearing in the first term of eqn (12) depends on
the position of the grafting point, and therefore on the dis-
cretization of space. In order to overcome this technical issue
and normalize DAg with respect to the distance of the grafting
point from the surface where Dirichlet boundary conditions,
qc(r,N) = 0, are imposed, we have introduced the second term in
eqn (12). Based on the observation that the chain propagator,
qm, decreases linearly close to the Dirichlet boundary, adding

the second term ensures that DAg is discretization independent;
i.e., for a set rref,q=0, DAg is independent of the position of the
grafting point, while, if rg,ig,q=0 = rref,q=0, the contribution of this
term vanishes. This allows for comparisons for different spatial
discretization and slightly altered grafting positions.

Our formalism is based on the works by Daoulas et al.51 and
Schmid et al.,64 which have been extended in systems of
arbitrary geometry comprising polymer chains grafted on solid
surfaces. Furthermore, it was generalized so that any suitable
equation of state can be applied to describe the non-bonded
interactions among chain polymer segments. In-depth infor-
mation regarding our mathematical formulation can be found
in the Sections S1.1–S1.3 (ESI†).

2.2.2 Free energy densities. In this work we employed
two models for the investigation of the polymer-matrix nano-
composites/brushes: (i) the Helfand free energy density, and
(ii) the Sanchez-Lacombe free energy density in conjunction
with density gradient theory.

2.2.2/a Helfand’s free energy density. The Helfand free energy
density and its first derivative with respect to the density are the
following:

fHFD
EoS r rð Þð Þ ¼ 1

2kT

r rð Þ
rseg;bulk

� 1

 !2

(13)

@fHFD
EoS ðrÞ
@r

����
r¼rðrÞ

¼ 1

kTrseg;bulk

rðrÞ
rseg;bulk

� 1

 !
(14)

with kT being the isothermal compressibility of the polymer at
temperature T. Section S3 (ESI†) includes evaluations of the free
energy density and the field terms from Helfand.

2.2.2/b Sanchez-Lacombe free energy density. The SL-EoS is
the following:

~r2 þ ~Pþ ~T lnð1� ~rÞ þ 1� 1

rSL

� 	
~r


 �
¼ 0 (15)

~r = rmass/r*, T̃ = T/T* and P̃ = P/P* are the reduced density,
temperature and pressure; r*, T* and P* are the corresponding
characteristic SL parameters; rSL is the number of SL segments
constituting a molecule. The mass density rmass,bulk for each
chain length across the bulk liquid phase is derived from the
vapor–liquid equilibrium of a Sanchez-Lacombe fluid using
eqn (15) (see Section S1 in ref. 61, ESI). The compressibility
of the SL-EoS as a function of chain length and temperature is
given by the following equation:

kT ;SL�1 ¼ ~TP�~rbulk
2 1

1� ~rbulk
þ 1

~rbulkrSLNm
� 2

~T

� 	
(16)

with ~rbulk = rmass,bulk/r*.
The corresponding free energy density and its first derivative

with respect to the density are the following:

f SL
EoS(r(r)) = P*[T̃~r � ~r2 + T̃(1 � ~r)ln(1 � ~r)] (17)
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@f SLEoSðrÞ
@r

����
r¼rðrÞ

¼ kBT
� rSL

N

� 

�2~rðrÞ � ~T ln 1� ~rðrÞð Þ
� �

(18)

Section S3 (ESI†) includes evaluations of the free energy
density and the field terms from the SL-EoS. The reader
is reminded that the Sanchez-Lacombe model has a firm
theoretical basis in a mean field statistical mechanical analysis
of a lattice fluid composed of chains and voids, reminiscent of
Flory–Huggins theory with voids playing the role of solvent
molecules.65,66

2.2.2/c Square gradient term. A more realistic treatment of
inhomogeneous systems is achieved by including nonlocal
contributions to the Helmholtz energy density. A common form
assumed for f[r(r),rr(r)] is the one presented in eqn (19):61,67–70

f rðrÞ;rrðrÞ½ � ¼ fEoS rðrÞð Þ þ 1

2
k rrðrÞð Þ2 (19)

with k being the influence parameter. In other words, the
excess Helmholtz energy density in an inhomogeneous polymer
phase is equal to that of a homogeneous polymer phase with
the same local density plus a square gradient term arising from
density inhomogeneities at the considered location. For this
special form, eqn (4) for the self-consistent field becomes:

w0ifcðrÞ ¼
@fEoSðrÞ
@r

����
r¼rðrÞ

�@fEoSðrÞ
@r

����
r¼rseg;bulk

�kr2r
��
r¼rðrÞþusðrÞ

(20)

Section S4 (ESI†) includes details regarding the estimation
of the square gradient contribution to the free energy in
Cartesian and spherical coordinates.

3. Calculation details

The system considered in the present study consists of poly-
styrene (PS) chains grafted on a silica (SiO2) NP or planar
surfaces, in contact with a polymer melt of the same chemical
constitution as the grafted chains. All calculations were carried
out in the grand canonical ensemble at a temperature equal to
T = 500 K.

The PS–SiO2 interactions are described with the Hamaker
potential71 using the interaction parameters, APS and ASiO2

, and
the effective radii, sPS and sSiO2

, presented in Table 1. Given
that the repulsive term of the Hamaker potential increases
steeply at short distances, we opted to replace the Hamaker
potential below a segment-surface distance, hHS B 0.4 nm,
where us(hHS) = 5kBT, with a hard sphere wall. To impose the
hard sphere wall, the coordinate of the first node of the
simulation domain was set at a distance hHS from the surface.
As a result, the region below hHS becomes inaccessible to the
polymer chains; for more details, see Section S5 (ESI†).

As Chantawansri et al.35 observed, in the context of SCFT
there is a special difficulty in the case of polymer chains whose
one end is grafted to the solid surface. The grafted chains
propagator is subject to a Dirac delta function initial condition
as shown in eqn (6). In addition to that, the denominator on the

right-hand side of eqn (6) is problematic, since the chain
propagator of matrix chains goes to zero close to the solid
surface. A usual approach to bypass these issues is to reposition
the grafting points to a surface close to the solid instead of right
on top of it.72–74 Regarding the numerical implementation of
the delta function, smearing of the grafting points in the
direction normal to the surface is often introduced by treating
the grafting point density as a Gaussian distribution35 or as a
rectangular function. In the three-dimensional analog of our
in-house code named RuSseL, where we employ a Finite Element
Method numerical scheme, the initial condition of the grafting
points is evaluated exactly upon the desired points of the
domain and the delta function is again evaluated as the inverse
volume assigned to the node.74 Guided by these studies, in the
present work we set the location of the grafting points at
the discretization nodal point which is nearest to the hard-
sphere wall. Furthermore, a smearing of the grafting points was
introduced, so that they degenerate into a grafting ‘‘spherical
shell’’ with radius slightly larger than that of the NP itself (Fig. 1,
orange arrow) and thickness Dh.

Unless otherwise stated, the nonbonded interactions are
described by the SL EoS in conjunction with square gradient
theory (eqn (17) and (19)). We employed the characteristic SL
parameters for PS66 and the influence parameter from the
relation: k = 2(rSL/N)2P*(n*)8/3 ~k, with the reduced influence
parameter being set to ~k ¼ 0:55, same as in ref. 61.

The Edwards diffusion equation was solved with a finite
difference scheme (see Section S6, ESI†) with spatial discretization,
Dh = 0.05 nm, and contour length discretization, DN = 0.25
segments; details regarding the choice of these parameters can
be found in Section S7.1 (ESI†). The rectangle integration method

Table 1 Parameters of the simulations

Parameter Value Ref.

System T 500 K 54
rref,q=0 0.05 nm —
rg,ig,q=0 0.05 nm —

Chain stiffness bk 1.83 nm 54
lc–c 0.154 nm —
g 0.829 63
mmonomer 52.08 g mol�1 —

Hamaker hHS B0.4 nm —
sPS 0.37 nm 54
sSiO2

0.30 nm 54
APS 5.84 � 10�20 J 54
ASiO2

6.43 � 10�20 J 54

SL T* 735 K 66
P* 357 MPa 66
r* 1105 kg m�3 66
~k 0.55 61

Helfand kT=500K 1.07 (GPa)�1 54
rmass,bulk 953 kg m�3 54

Edwards diffusion Dh 0.05 nm [Section S7.1 (ESI)]
DN 0.25 segs [Section S7.1 (ESI)]
Dw0ifc

tol 10�5kBT —
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has been employed to evaluate the convolution integrals, since
other higher-order methods such as Simpson integration can
produce artifacts in the presence of grafting points (see Section
S7.1, ESI†). The field mixing fraction, amix, for the iterative
convergence of the field in eqn (5) was optimized for each chain
length so as to enhance the efficiency of our evaluations (see
Section S7.2, ESI†). The tolerance value for the convergence was

set to Dw0ifc
tol ¼ 10�5kBT : In all cases, the system dimensions

were at least 10 nm larger than the edge of the brush of the
grafted chains in order to avoid finite size effects.

The simulations were realized with RuSseL; an in-house
developed code which is designed to run calculations based
on SCFT in both one and three dimensional systems, using the
finite differences and finite element method, respectively.74

The evaluations were performed across a broad parameter
space concerning RNP, sg and Mg: RNP = {1, 2, 4, 8, 16, 32, 64,
128, 256, 512, 1024, 2048, 4096, 8192, 16384} nm, sg = {0.1, 0.4,
0.8, 1.2, 1.6} nm�2 and, Mg = {1.25, 2.5, 5, 10, 20, 40, 80} kg mol�1.
According to ref. 34, as long as the matrix chains are longer than
the grafted ones, the latter are not perturbed considerably; thus,
unless otherwise stated, Mg = Mm. The diagrams were designed
using relevant software.75

4. Results
4.1 Radial density profiles

The radial segment density profile distributions of matrix and
grafted chains can be employed as a measure of the particle–
polymer interactions and reveal how these interactions are
affected by the grafting density and the molecular weight of
matrix and grafted chains.

4.1.1 Comparisons with FOMC. Fig. 2 depicts the reduced
radial segment density profiles of matrix and grafted chains
from FOMC, SCFT/HFD and SCFT/SL + SGT. Beyond a certain
distance from the solid surface, our model results in practically
identical radial density profiles to those obtained by FOMC.
This holds for both the Helfand and the SL + SGT Hamiltonian.
The agreement becomes better as the grafting density or the
molecular weight of chains increases. This is reasonable, since SCFT
is more accurate in systems of larger chains and higher density.

Nevertheless, there is a discrepancy near the surface of the
NP, which could be related to the fact that SCFT cannot
describe in detail the packing of chain segments or the anchoring
of grafted segments at discrete points close to the surface, while
FOMC invokes not an atomistic, but rather a coarse-grained
model. Another observation is that the SCFT/SL + SGT model
provides smoother radial density profiles for grafted chain seg-
ments in comparison to FOMC or SCFT/HFD. This mainly has to
do with the incorporation of the square gradient term in the
description of nonbonded interactions, which does not affect the
long-ranged segment interactions, but rather the smoothness of
the density profiles in the region near the solid surface. In
addition, SCFT features a depletion region ranging from the
solid surface up to a distance equal to hHS = 4 Å (the position
of the aforementioned hard-sphere wall), wherein the repulsive
interactions from the Hamaker potential are very strong.

It is stressed at this point that the density profiles obtained
from our SCFT/SL + SGT model are closer to the corresponding ones
obtained from atomistic molecular dynamics simulations21,76–78

than FOMC. If one averages out the oscillations of the atomistic
density profiles, then their smeared analogues come out very
close to the density profiles of SCFT/SL + SGT (and especially
close to HFD) in terms of the position of the peak and the width

Fig. 2 Radial density distribution for matrix (m) and grafted (g) chains on a NP with RNP = 8 nm, from FOMC34 (top), SCFT with Helfand (middle),
and SCFT with SL + SGT (bottom). In (a–c) Mg = 20 kg mol�1, Mm = 100 kg mol�1, and sg varies from 0.2 to 1.1 nm�2. In (d–f) sg = 0.5 nm�2,
Mm = 100 kg mol�1 and Mg varies from 10 to 70 kg mol�1.
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of the depletion zone near the solid surface.21,76–78 Interestingly,
the peak of the density profiles appears to become less pronounced
in atomistic simulations with increasing grafting density, pre-
sumably due to excluded volume effects.21,78 Hereafter, all
presented results are obtained with the SL + SGT model, since
it is more realistic and reproduces the experimentally measured
surface tension of PS.61 It is also mentioned that no fitting of
parameters with respect to experiment or FOMC has been
performed to describe this silica-polystyrene interfacial system,
but the actual physical parameters of silica and polystyrene have
been used.

4.1.2 Radial density profiles from the Sanchez-Lacombe
EoS: exploration of the RNP, rg, Mg parameter space. Fig. 3
presents the reduced radial density profiles of grafted (jg) and
matrix (jm) chains across the (RNP, sg, Mg) parameter space. In
all cases grafted and matrix chains have the same molar mass,
Mm = Mg. Overall, the radial density profiles of grafted chains
expand with increasing sg, Mg, and RNP. Concerning the latter,
with increasing particle radius (i.e., decreasing curvature), the
grafted chain segments have less available space to explore near
the surface, so they experience crowding and extend further
towards the bulk phase.

The radial density profiles exhibit a rather rich behavior
which could be classified into three distinct regimes:

(i) Mushroom regime. In the region of low sg, Mg and RNP,
the radial density profiles of the grafted chains become very
suppressed and their density peaks are much lower than the
bulk density. That the grafted chains are short and the distance
between them is relatively large implies that they cannot experience
the presence of each other. In other words, the density distributions
of individual chains do not overlap and therefore chains tend to
form mushroom-like structures;79 this effect is expected to be more
pronounced at small RNP, since the chains would have more
available space thanks to the increased curvature. Matrix chains,

on the other hand, can penetrate the polymer brush readily and
reach the surface of the NP. However, in the one-dimensional
model employed herein, the inevitable smearing of grafting
points may prevent us from accurately predicting the density
profiles of grafted chain segments in this regime. Our sub-
sequent work with the three-dimensional analog of RuSseL will
investigate the mushroom regime more realistically, transcending
the limitations of the one-dimensional approximation.74

(ii) Dense brush regime. With increasing sg, Mg and RNP the
radial density profiles become more pronounced and feature
extended regions with bulk densities; e.g., see Fig. 3 for sg Z

0.8 nm�2 and RNP Z 64 nm. Towards the matrix phase, the
radial density profiles feature a characteristic sigmoid shape61

suggesting stretched brushes. The profiles of grafted and
matrix chains intercept at reduced densities jm = jg C 0.5.
The presence of chemically grafted chains on the particle
surface inhibits the penetration of matrix chains into the solid–
polymer interfacial region and the strength of this exclusion of
matrix chains increases with increasing sg, RNP, and Mg.

(iii) Crowding regime. In the extreme case of high grafting
densities (sg Z 1.6 nm�2) and low curvatures (e.g., RNP Z

64 nm), the crowding experienced by the grafted chain seg-
ments reaches a level where their densities exceed the bulk
densities somewhat (see dashed grey line in the plots of Fig. 3).
In other words, the compressing forces imposed by the stretch-
ing of grafted chains overcome the tendency of the equation of
state to maintain bulk reduced densities at unity; hence, the
densities exceed this level. In this regime matrix chains are
unable to reach the surface of the NP, even for the shortest
grafted chains (Mg = 1.25 kg mol�1) studied herein.

In Fig. 3, for given sg and RNP, the radial density profiles are
shifted by about a constant amount along the abscissa when-
ever the Mg is doubled; this effect becomes more pronounced
with increasing RNP. Given that the radial density profiles are

Fig. 3 j profiles of g (solid lines) and m (dashed lines) chains with molar mass equal to 1.25 (red), 2.5 (blue), 5 (green), 10 (violet), 20 (orange), 40 (brown)
and 80 (pink) kg mol�1. In all cases, Mm = Mg. Legend in rectangles: RNP (nm), sg (nm�2).
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presented in semi-log plots, this observation leads to the
conclusion that the edges of the profiles follow a BMn

g power-
law for constant sg and RNP. This scaling exponent exhibits a
complicated dependence on sg and RNP, which is explored
below (see Section 4.5).

Regarding the total reduced density profiles (see Fig. S8 in
the Section S8, ESI†), even though they are practically insensitive
to Mg (except under very crowded conditions), they are somewhat
enhanced near the surface with increasing sg and deviate from
unity across the brush region under conditions of intense chain
crowding.

4.2 Structure of adsorbed polymer layer

The chains cannot propagate against the solid surface; as a
consequence, their conformation is dictated by configurational
entropy effects different from those prevailing in the bulk melt.
Furthermore, the presence of the NP or the planar surface
brings about an attraction of the polymer segments—which
belong either to grafted or matrix chains—towards the solid
surface. The strength of this attraction, in relation to the
cohesive interactions of the polymer, determines the wetting
behavior of the melt on the solid surface. Low, moderate, and
high energy surfaces lead to low, high (e.g., treated silica80) and
perfect (e.g., untreated silica80) wetting conditions which may
alter the local configurations of the grafted and matrix chains
relative to what is dictated by entropic phenomena.

In order to investigate these effects, a distinction is made
between ‘‘adsorbed’’ and ‘‘free’’ chains. By definition, grafted
chains are adsorbed, therefore the aforementioned distinction
concerns primarily the matrix chains. The value of the char-
acteristic distance of closest approach to the NP surface, below
which a matrix chain is characterized as adsorbed, is set at
hads = 1.28 nm. This is where the tail of the Hamaker potential
emanating from the solid starts, i.e., where the Hamaker

potential assumes a value equal to B�0.005kBT. It should be
emphasized at this point that the distinction between
‘‘adsorbed’’ and ‘‘free’’ chains is not based on chain dynamics,
but rather on a geometric criterion revealing the tendency/
ability of matrix chains to penetrate the brush and experience
the potential exerted by the solid surface.

The reduced density of free matrix chains can be derived
from the convolution integral of eqn (21).

jfree
m ðrÞ ¼

1

Nm

ðNm

0

dN qfreem ðr;NÞqfreem ðr;Nm �NÞ (21)

where qfree
m is the propagator of the free matrix chains that can

be obtained by solving the Edwards diffusion equation (eqn (1))
with an additional constraint that the matrix chains are not
allowed to access segment-surface distances smaller than hads.
In practical terms, an additional boundary condition is applied:

qfreem ðr;NÞ ¼ 0; 8r:min r� r1k k; r1 2 @Rsolidð Þ � hads; whilst the
other boundary conditions remain the same. Subsequently,
the reduced density of the segments of adsorbed matrix chains
is obtained as jads

m (r) = jm(r) � jfree
m (r).

Fig. 4 presents the reduced radial density profiles of free
(jfree

m ) and adsorbed (jads
m ) matrix chains across the (RNP, sg, Mg)

parameter space. The reduced radial density profiles of segments
belonging to free chains assume a value equal to unity in the bulk,
while going by definition to zero when approaching hads. According
to Fig. 4, the matrix chains can easily penetrate the brush of grafted
chains in the mushroom regime. With increasing sg and RNP, the
matrix chains experience noticeable resistance in penetrating the
brush, while jads

m - 0 upon transitioning to the crowding regime.

4.3 Chains/area profiles

In three dimensions, the chains/area can be defined as the
number of chain segments which cross at least once a surface
@Rh0 and it is a measure of chain orientation introduced in

Fig. 4 jads
m (solid lines) and jfree

m (dashed lines) profiles of adsorbed and free matrix chains with molar mass equal to 1.25 (red), 2.5 (blue), 5 (green), 10
(violet), 20 (orange), 40 (brown) and 80 (pink) kg mol�1. In all cases, Mg = Mm. Legend in rectangles: RNP (nm), sg (nm�2).
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ref. 51, 61 and 81. A meaningful choice for @Rh0 would be a
surface which is parallel to the surface of the solid @Rsolidð Þ at
distance h0; min r1 � r2k k; r1 2 @Rh0 ; r2 2 @Rsolid

� �
¼ h0. Ref. 51,

61 and 81 include a detailed explanation of the chains/area
calculation in one dimension; in this work we present a more
general formalism in three dimensions which is compatible
with smooth surfaces of arbitrary shape. To compute the
chains/area we use the following eqn (22).

pint;cðh0Þ ¼ 1�
Ð
Rq

shape
c;h0
ðr;NcÞdrÐ

Rqcðr;NcÞdr
(22)

Initially, we estimate the probability pint,c that a chain will
intersect @Rh0 at least once (regardless of where in R it may

have started) using eqn (22), with q
shape
c;h0

being the propagator of

a type ‘‘c’’ chain arising from solving the Edwards diffusion
equation (eqn 1) with an additional constraint that the chains
cannot propagate past the surface, @Rh0 . To impose this
constraint, we apply the Dirichlet boundary condition to all of
the nodes that belong to this surface; qc r;Nð Þ ¼ 0; 8r 2 @Rh0 :

Subsequently, the number of chains (nch,c) of type c that pass
at least once through @Rh0 per unit area of the surface is
calculated as follows:

nch;cðh0Þ ¼ pint;cðh0Þ
1

Sh0

1

Nc

ð
R

rcðrÞdr (23)

where Sh0
is the surface area of @Rh0 , and

1

Nc

Ð
R
rcðrÞdr is the

total number of type-c chains.
At this point, for the sake of comparison, we define a reference

chain which obeys the Gaussian model and has infinite length.
Given this definition, the reference chain will cross any shell-
surface at least one time. Therefore, since the number of grafted
chains equals ng = sg4pRNP

2, the number of these reference
chains passing through a surface separated by h from the surface
of the solid per unit area of that surface is given by the following
eqn (24).

nrefch;g ¼
ng

4p RNP þ hð Þ2
¼ sg

RNP

RNP þ h

� 	2

(24)

In Fig. 5a, we present nch for the matrix and the grafted
chains, while Fig. 5b illustrates nch,g/sg for the grafted chains
across the considered parameter space (RNP, sg, Mg). In both
panels, the corresponding nref

ch,g are represented by dotted lines.
In the flat geometry nref

ch,g = sg throughout the domain, while for
finite curvatures, nref

ch,g decreases with distance from the surface
according to eqn (24), since the polymer chains have more
available space to diffuse.

The behavior of the chains per area profiles with increasing
grafting density or molar mass is consistent with the reduced
radial density profiles of Fig. 3. For low nanoparticle radius, the
chains per area profiles are insensitive to the grafting density, a
picture that is consistent with the mushroom regime. Higher
grafting density or molar mass leads to a gradual extension of
grafted chains towards the bulk region and a simultaneous

exclusion of matrix chains from the solid–melt interface. For
larger NPs and grafting densities, the crowding phenomena
inside the interfacial region intensify and push the grafted
chain segments further towards the bulk region.

As expected, in the planar geometry case the number of
grafted chains per area on the surface of the solid equals the
grafting density throughout a broad region of the profile and
starts to deviate upon approaching the region where ends
terminate, where the number of grafted chains per area
decreases. It is also noted that, since the hard sphere wall is
located at B0.4 nm from the solid surface, the maximum nch,g

assumed by the chains is nch = sgRNP
2/(RNP + hHS)2, albeit

nch = sg upon extrapolation towards h - 0.

4.4 Chain end segregation at the interface

The reduced density of the Nth segment, jc,N, of a chain of kind
c located at r can be retrieved by the following expression:

jc;NðrÞ ¼
1

Nc
qcðr;NÞqmðr;Nc �NÞ (25)

Normalizing this quantity with the corresponding density in
the bulk phase (jbulk

c,N = 1/Nc; since q = 1 in the bulk), we obtain a
quantity of particular interest, which denotes the tendency of a
region to attract or repel these segments.

Fig. 6 depicts the reduced radial density profiles of the end
segments of grafted and matrix chains across the investigated
parameter space. As expected, the density of free ends of
grafted chains increases with increasing sg as well as with
increasing RNP, since there is less space for the grafted chains
to develop their conformations. With increasing grafting density
the radial density profiles of the chain ends are shifted towards
the bulk region. In the crowding regime where sg and RNP are
high, the chain ends are segregated far from the surface,
suggesting that the grafted chains are stretched. These profiles
resemble those obtained for incompressible brushes, such as
those in ref. 82, and with the more extreme case of Alexander’s
model,56,57 in which all chain ends are by definition concen-
trated at the edge of the brush, hedge, the position of which is
denoted by the vertical dotted lines in Fig. 6 (for more details see
Section S9, ESI†). In the mushroom regime, the chain ends from
Alexander’s model are segregated much closer to the solid wall
as compared to our model and this is attributed to the following
factors: (i) Alexander’s model requires constant segment density
of the grafted polymer, equal to that of the bulk melt; therefore,
in the mushroom regime—where interpenetration between the
matrix and grafted chains becomes significant—it needs to
squeeze the profiles of grafted chain segments in order to
maintain this bulk density and conserve the amount of material
at the same time, (ii) the segments in our model experience an
additional repulsive interaction which is modeled by a hard sphere
wall located at hHS B 0.4 nm. Clearly, Alexander’s model with fixed
density is not appropriate for the mushroom regime and generally
in regimes where the matrix chains can penetrate the brush.
Nevertheless, Alexander’s model is expected to perform very well
under bad solvent conditions (e.g., polymer/vacuum interphases)
which lead to collapsed brushes across the solid surface.
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4.5 Scaling of grafted polymer layers

As was mentioned in Section 4.1.2, the expansion of the grafted
polymer brushes features a complicated dependence on sg, RNP

and Mg. In the present section, an attempt will be made to
analyze this dependence in terms of the mean brush thickness,
hhg

2i1/2, which is directly related to the radial density profiles.83

In particular, the mean brush thickness is a functional of the
density profile illustrating the mean distance of the segments
of grafted chains from the solid surface. It can be estimated
from the following expression:

hg
2

� �
1=2 ¼

Ð
Rdr h rð Þ½ �2rgðrÞÐ

RdrrgðrÞ

" #1=2
(26)

with h(r) being the radial distance between a segment located at
r and the solid surface. Another measure for quantifying brush
thickness is the characteristic distance h99% which is the
distance between the center of the nanoparticle and a surface,

@Rh99%
, which is parallel to the surface of the nanoparticle and

encloses 99% of grafted chain segments:

ð
R99%

drrgðrÞ ¼ 0:99Ngng (27)

with R99% being the three-dimensional domain between @Rsolid

and @Rh99%
.

The scaling behavior of the polymer brushes shows quite a
similar behavior to star polymers. According to Daoud and
Cotton,55 the radius of a star polymer (Rstar) in a solvent exhibits
a power-law dependence of the form: Rstar B Nn

star f m
starn

k, where
Nstar is the number of segments constituting a branch, fstar is
the number of branches, n = 0.5 � w is the monomer excluded
volume parameter, w is the Flory–Huggins parameter and
n, m and k are the corresponding scaling exponents.84–86

They55 classified the behavior of the stars into three distinct
regimes: (i) Nstar c fstar

1/2n�2, Rstar B Nstar
3/5fstar

1/5n1/5bk;

Fig. 5 Profiles of (a) nch of m (dashed lines) and g (solid lines) chains, (b) nch/sg of g chains. Mg equals 1.25 (red), 2.5 (blue), 5 (green), 10 (violet), 20
(orange), 40 (brown) and 80 (pink) kg mol�1. In all cases, Mg = Mm. Legend in rectangles: RNP (nm), sg (nm�2). The dotted lines depict nref

ch,g/sg for the
reference chain from eqn (24). The horizontal dashed lines denote the grafting density.
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(ii) fstar
1/2n�2

c Nstar c f1/2, Rstar B Nstar
1/2fstar

1/4bk; (iii) fstar
1/2

c

Nstar, Rstar B Nstar
1/3fstar

1/3bk, with bk being the Kuhn length. By
substituting fstar - sg and Nstar - Mg, and by ignoring the
contribution of the core of the NP to the brush, the model by
Daoud and Cotton55 could be applied to describe the scaling of
the polymer brushes via the following eqn (28),

hhg
2i1/2 = Mn

gs
m
g lg (28)

where lg is a quantity with dimensions (kg mol�1)�n nm2m+1.
It should be noted here that the first regime of Daoud and

Cotton’s model, Nstar c fstar
1/2n�2, cannot be addressed

through our calculations, since they were performed in melt
conditions (analogous to a theta-solvent), where w = 0.5 and
therefore n�2 becomes infinite. Another key difference with
Daoud and Cotton’s model is that in NPs, the chains emanate
from different grafting points, whereas in star polymers the
chains emanate from the same point. Therefore, under theta or
better solvent conditions and for large curvatures the chains
will not interact with each other and the dependence on
grafting density will be weak. The situation might be different
under worse solvent conditions, where the brushes collapse
partially (or fully for very large w).

Fig. 7 illustrates evaluations for NPs with RNP = 8 nm, from
RuSseL, from FOMC34 (blue ‘‘+’’) and from small angle neutron
scattering (SANS)48 measurements (red ‘‘�’’). Overall, eqn (28)
can describe accurately the scaling of the PS brushes on SiO2

nanoparticles with RNP = 8 nm, since both hhg
2i1/2 and hh99%i

appear to be proportional to BM0.5
g s0.25

g . Note that the evaluations
from RuSseL appear shifted with respect to FOMC. This is
attributed to the fact that, in FOMC, the increased density near
the solid increases the weight of smaller hg in the integration of
eqn (26); thus, it leads to decreased overall hhg

2i1/2. In addition,

lim
Mg!0

hg
2

� �
1=2 	 0 in RuSseL, since the length of grafted chains

goes to zero. For the same reasons, the h99% points obtained with
RuSseL lie slightly higher than FOMC and SANS values, while the

Fig. 6 jend profiles of g (solid lines) and m (dashed lines) chains with molecular weight equal to 1.25 (red), 2.5 (blue), 5 (green), 10 (violet), 20 (orange), 40
(brown) and 80 (pink) kg mol�1. The vertical dotted lines illustrate predictions for the position of chain ends from Alexander’s model for the corresponding
Mg, sg and RNP. In all cases, Mg = Mm. Legend in rectangles: RNP (nm), sg (nm�2).

Fig. 7 Evaluations of (a) h99% and (b) hhg
2i1/2 as a function of M0.5

g s0.25
g for

RNP = 8 nm, from FOMC (+),34 SANS measurements (�),48 and RuSseL; in
the latter, colors denote chains with Mg = 1.25 (red), 2.5 (blue), 5 (green),
10 (violet), 20 (orange), 40 (brown) and 80 (pink) kg mol�1, and shapes
denote grafting densities, sg = 0.1 (&), 0.4 (O), 0.8 (B), 1.2 (n) and
1.6 ($) nm�2. The dashed lines are guides to the eye.
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minimum value of h99% is equal to the radius of the nanoparticle.
In the mushroom regime (square points in Fig. 7), the evaluations
from RuSseL deviate from the linear behavior and this could be
a consequence of the fact that the one-dimensional model
employed herein cannot capture accurately the behavior of chain
segments for low grafting densities, i.e., the smearing of grafting
points might be a poor approximation in this region. In our
subsequent work, the mushroom regime will be thoroughly
examined with the three-dimensional version of RuSseL.

In the following we test these scaling laws across the full
parameter space explored herein. Fig. 8a–e displays evaluations
of hhg

2i1/2 plotted versus M0.5
g s0.25

g for NP with radius 1, 4, 16 and
64 nm as well as for flat surfaces, for various Mg and sg. An
interesting behavior is manifested in these plots, which reveals
three distinct regimes: (i) for NP with small RNP (e.g., Fig. 8a)
the curves for specific Mg (same colors) are disconnected and
feature a very weak slope; (ii) for NP with intermediate sizes
RNP = 4–8 nm (e.g., Fig. 8b) the curves for specific Mg connect

with each other, suggesting that the BM0.5
g s0.25

g correlation is
fairly accurate in the description of this regime;34 (iii) for NP
with larger sizes RNP 4 8 nm (e.g., Fig. 8c–e) the curves appear
disconnected as in the case of small NPs, the difference now
being that the slope for each individual Mg curve appears to
be stronger. The aforementioned analysis suggests that even
though the BM0.5

g s0.25
g correlation appears to describe the

brush scaling with reasonable accuracy for RNP B 4–8 nm, it
becomes inaccurate for NP with relatively large or small radius.

In view of these observations, one can optimize the n and m
exponents for each RNP to retrieve the power-law in eqn (28).
According to Fig. 3, for constant RNP and sg, the radial density
profiles expand by a roughly constant factor when doubling Mg;
thus, it is reasonable to assume that hhg

2i1/2 B Mn
g with n being

a function of (RNP, sg). Fig. 9 presents the optimized n exponent
from fitting RuSseL results to a power law hhg

2i1/2 B Mn
g over all

RNP and sg. The reader is reminded that the 1D model
employed here might not be able to describe accurately the

Fig. 8 Evaluations of the mean brush thickness hhg
2i1/2 as a function of (a–e) M0.5

g s0.25
g and (f–j) Mn

gs
m
g , where n, m are the optimized exponents from

Fig. 10a. Colors denote chains with Mg = 1.25 (red), 2.5 (blue), 5 (green), 10 (violet), 20 (orange), 40 (brown) and 80 (pink) kg mol�1. Shapes denote grafting
densities, sg = 0.1 (&), 0.4 (O), 0.8 (B), 1.2 (n) and 1.6 ($) nm�2. In all cases, Mg = Mm.
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chain configuration at low grafting densities or molecular
weights of grafted chains due to the inevitable smearing of
grafting points. For this reason we decided to not take into
account the cases corresponding to values of sgRg

2 o 3, and sg

= 0.1 nm�2 (which excluded the larger part of cases corres-
ponding to the mushroom regime) when fitting the scaling
exponents for the master equation, eqn (28).

For large sg, the exponent n presents a stronger dependence
on RNP than sg; thus, for simplicity, one could treat n as being
independent of sg and instead being function of only RNP.

Consequently, the data for sg 4 0.1 nm�2 were fitted to a
sigmoid function of the form:

n ¼ nmin
1

2
tanh ns ln RNP=Rdð Þð Þ þ 3

2
nmax


 �
(29)

with nmin = 0.5 and nmax = 1 being the minimum and maximum
values of n, Rd = 113.7 nm and ns = 0.4337. Subsequently, with n
set, one can optimize the exponent of sg with respect to RNP

aiming at aligning the data points for a given RNP. Fig. 8f–j,
displays evaluations of hhg

2i1/2 using the optimized n and m
exponents in Fig. 10a. Using the optimized n and m exponents,
hhg

2i1/2 increases linearly with Mn
gs

m
g over the full range of RNP

(from 1 nm to N). In addition, the curves in Fig. 8 can be
collapsed onto the master curve shown in Fig. 10b, where hhg

2i1/2

is plotted against eqn (28) with lg being the slope of the individual
curves in Fig. 8f–j (see green diamonds in Fig. 10a). Overall, the
data points in Fig. 10b are in good quantitative agreement
with eqn (28), with the exception of the low Mg, sg regime where
hhg

2i1/2 plateaus; see zoomed region in the inset of Fig. 10b. The
plateaus of hhg

2i1/2 in the limit of small sg and Mg could be
artifacts of SCFT; our subsequent investigations with RuSseL in
3D will clarify the phenomena that manifest themselves in this
regime.

Several key points can be retrieved by analyzing the scaling
behavior of the brushes. Across the mushroom regime (small
RNP or small sgNg), hhg

2i1/2 is practically independent of sg and
scales as M0.5

g . This is a characteristic property of the mush-
room regime, in which the grafted chains do not interact with
each other and behave as (reflected) ideal/unperturbed chains.
The insensitivity of the brush thickness on the grafting density
across the mushroom regime, hg B s0, is to be expected for
small nanoparticles embedded in theta solvents or better. With
increasing RNP and increasing sg the n and m exponents
increase, while in the limit of large RNP and sg (crowding
regime) the exponents reach unity indicating linear scaling,
hhg

2i1/2 B Mg
1sg

1; this kind of scaling is characteristic of
the incompressible Alexander brushes;56,57 for more details
see Section S9 (ESI†).

Fig. 9 Optimized n exponents of the power-law in eqn (28) for set sg and
RNP. The rightmost column depicts the fit with eqn (29).

Fig. 10 (a) The optimized n (circles) and m (squares) exponents of eqn (28) and lg (diamonds) as functions of RNP. The rightmost data points correspond
to flat surfaces. (b) Evaluations of eqn (28) using the n, m and lg parameters in (a). Colors denote chains with Mg = 1.25 (red), 2.5 (blue), 5 (green), 10 (violet),
20 (orange), 40 (brown) and 80 (pink) kg mol�1. Shapes denote grafting densities, sg = 0.1 (&), 0.4 (O), 0.8 (B), 1.2 (n) and 1.6 ($) nm�2. The size of the
symbols increases slightly with RNP. The inset in (b) depicts a zoomed region of the master curve. In all cases, Mg = Mm.
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In Fig. 11, we demonstrate the (h99% – RNP) to mean brush
thickness ratio against the mean brush thickness. In the
Alexander model, this ratio is constant and equal to 31/2 and
corresponds to the horizontal dashed line. Regarding our SCFT
results, for small grafted chain lengths, the ratio is higher than
the one of Alexander for all grafting densities and nanoparticle
radii. For higher chain lengths, a minimum is manifested,
while in the dense brush regime the ratio reaches the Alexander
value as a limiting case. Overall, for small grafting density
(0.1 nm�2) the dependence on the nanoparticle radius (ratio
increasing with increasing RNP) features opposite trends as
compared to the one for larger grafting densities (ratio decreasing
with increasing RNP).

4.6 Thermodynamics

4.6.1 Contributions to the grand potential. In Fig. 12, the
plots (a–e) depict the individual grand potential terms (eqn (8)–(12))
over the parameter space (RNP, sg, Mg). Regarding the cohesive
interaction term per unit solid surface (DOcoh/Ssolid in Fig. 12a),
it decreases steeply in the vicinity of small RNP and this is
attributed to the fact that when high curvatures are involved
(small RNP), the surface of the spherical cells where we integrate
DOcoh is larger than the surface Ssolid of the NP by which we

Fig. 11 Ratio (h99% � RNP)/hhg
2i1/2 vs. hhg

2i1/2. Colors denote chains with
Mg = 1.25 (red), 2.5 (blue), 5 (green), 10 (violet), 20 (orange), 40 (brown) and
80 (pink) kg mol�1. Shapes denote grafting densities, sg = 0.1 (O), 0.8 (B),
and 1.6 ($) nm�2. Increasing marker sizes correspond to larger RNP.

Fig. 12 (a–e) Partial contributions to the grand potential per unit area from eqn (8)–(12). (f) Total grand potential per unit area. Colors denote chains with
Mg = 5 (red), 20 (blue) and 80 (green) kg mol�1. Shapes denote grafting densities, sg = 0.1 (O), 0.8 (&) and 1.6 ($) nm�2. In all cases, Mg = Mm. The
rightmost data points correspond to flat surfaces. Bands denote scale changes along the axes.

Soft Matter Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

1 
M

ar
ch

 2
02

1.
 D

ow
nl

oa
de

d 
on

 8
/2

/2
02

4 
2:

19
:5

3 
A

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n 
3.

0 
U

np
or

te
d 

L
ic

en
ce

.
View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d1sm00078k


4092 |  Soft Matter, 2021, 17, 4077–4097 This journal is © The Royal Society of Chemistry 2021

normalize all energy quantities, by a factor, (RNP + h)2/RNP
2. At

low grafting densities (mushroom regime, circles in Fig. 12a),
DOcoh/Ssolid appears to be insensitive to Mg for Mg up to 80 kg
mol�1; i.e., all different colored lines with circular markers
collapse onto the same curve in Fig. 12a. With increasing
grafting density (squares and stars in Fig. 12a), DOcoh/Ssolid

deviates notably with increasing Mg and increasing RNP. This
is attributed to rg exceeding rseg/bulk due to chain crowding
(e.g., see bottom-right panels of Fig. 3) and this enhances the
cohesion of the brush when the SL-EoS is used. In detail, as
shown in Fig. S7b (ESI†), the minimum of f (r) � f (rbulk) for SL
is about �0.5 mJ m�3 for reduced densities slightly larger than
one; thus, the accumulation of these negative values over the
integration of larger and larger brushes due to crowding leads to
the eventual decrease of DOcoh/Ssolid.

Similarly, the field term (DOfield/Ssolid in Fig. 12b) presents the
same qualitative behavior as DOcoh/Ssolid for the exact same reasons:
(i) steep initial decline due to high curvature; (ii) accumulation of
negative values (see�rdf/dr| + [rdf/dr]|r=rseg,bulk

in Fig. S7b (ESI†) for
j 4 1) by integrating over gradually larger brushes.

Considering the solid–polymer interaction term (Us/Ssolid), it
is practically insensitive to chain molar mass; i.e., in Fig. 12c
the energies for different chain molar masses do not exhibit
noticeable variations with each other, irrespectively of NP size.
With increasing grafting density it is obvious that the cohesion
between the solid and the polymer is enhanced because of
the increased density of polymer segments close to the
surface as it is depicted in the total density profiles presented
in Fig. S8 (ESI†).

In all cases, the entropy term associated with the partition
function of matrix chains (DOm/Ssolid in Fig. 12d) appears to be
rather weak. It shifts upwards by a constant amount with
increasing grafting density, because grafted chains claim more
space in the interfacial region, leaving the matrix chains with
fewer available conformations.

Concerning the entropy term associated with the grafted
chains (DAg/Ssolid in Fig. 12e), it exhibits a rather interesting
behavior: in the mushroom regime (sg = 0.1 nm�2, circles in
Fig. 12e), DAg/Ssolid appears to be flat and roughly equal to zero,
indicating that for low grafting densities there is no entropic
penalty with increasing RNP associated with chain conformations.
On the contrary, for larger sg (squares and stars), DAg/Ssolid

increases with RNP for RNP up to B100 nm and plateaus to finite
values in the limit of flat surfaces. This response is attributed to
the stretching of the grafted chains due to crowding phenomena.
A direct manifestation of this effect is presented in Fig. 6 that
depicts the segregation of the grafted chain ends towards the
matrix phase in crowded conditions.

The total grand potential from eqn (7) is illustrated in
Fig. 12f. Across the mushroom regime (sg = 0.1 nm�2, circles)
DO/Ssolid exhibits a monotonic decrease and plateaus to a value
commensurate to the surface tension of PS for RNP Z 100 nm
which is about gPS B 25.9 mN m�1 at T = 500 K;61 note that, in
the limiting case sg - 0 and RNP - N, and in the absence of
the Hamaker potential, gPS � DO/Ssolid. With increasing sg, the
grand potential features a minimum at RNP B 10 nm, after

which it increases in a way suggesting the domination of the
stretching term in Fig. 12e.

4.6.2 Contributions to chain stretching. The entropy term
associated with the grafted chains in Fig. 12e does not reflect
the total conformational contribution to the grand potential,
since the partition function in eqn (12) is evaluated in the
presence of the field. Therefore, in terms of SCFT, the free
energy associated with the conformations of the grafted chains
can be estimated by the following eqn (30) and (31).

Ag
conf = DAg + DAg

field (30)

with DAg
field being the field experienced by the grafted chains:

DAg
field ¼ �

ð
R

dr
Xng
ig¼1

rg;igðrÞw
0
ifcðrÞ

8<
:

9=
; (31)

and rg,ig
being the segment density associated with the igth

grafted chain.
At this point, it is worth analyzing and comparing the

conformational free energy of grafted chains with a rough
estimate of the stretching free energy obtained by the density
profiles of the grafted chain ends. In the one-dimensional
model employed herein, the grafted chain conformations are
reflected random walks starting at hg. Assuming that the system
finds itself in the dense brush, rather than in the mushroom
regime, the number of conformations of a chain such that the
end-to-end vector projection normal to the solid surface is
between h and h + Dh, can be estimated through the corres-
ponding number in the unperturbed melt. It will be proportional
to fend(h)dh, where the probability density fend(h) is given by
eqn (32) in the context of the Gaussian chain model.

fendðhÞ ¼
3

2p Rend;g
2

� �
 !1=2

exp � 3h2

2 Rend;g
2

� �
 !

; h4 0 (32)

Note that this is based on the approximation that a grafted
chain will access all conformations accessible to it at given
value of the end-to-end distance. In reality, as is obvious from
the profiles in Fig. 5 and 6, grafted chains are more stretched
near their grafted end and less stretched near their free end.
Based on eqn (32), the Helmholtz energy contribution, Achain, of
a Gaussian chain grafted at rig

whose end lies at point r, is given
by eqn (33) within an additive constant. In eqn (32) and (33)
hRend,g

2i is the mean squared end-to-end distance of an unper-
turbed chain of length Ng.

AchainðrÞ ¼
3kBT

2

r� rig
� �2
Rend;g

2
� � (33)

Let rg,end = jg,endrseg,bulk be the local number density
(segments per unit volume) of free ends of grafted chains; note
that each grafted chain contributes one free end. Consecutively,
integrating rg,end across the domain results the total number of
chains;

Ð
Rrg;endðrÞdr ¼ ng: The total stretching free energy of

grafted chains in our system within an additive constant equals
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A
g
stretch ¼

Ð
R
rg;endðrÞAchainðrÞdr; and it can be approximated

across the dense brush regime as

A
g
stretch 	

ð
R

rg;endðhÞAchainðhÞ4p RNP þ hð Þ2dh (34)

in spherical and

A
g
stretch 	

ð
R

rg;endðhÞAchainðhÞSsoliddh (35)

in planar geometries.
In the special case of Alexander’s model in which all

chain ends are segregated at the edge of the film, rg,end =
sgd(h � hedge), thus eqn (34) becomes:

Ag
stretch B SsolidsgAchain(hedge) (36)

with hedge given by eqn (S70) in the Section S9 (ESI†). In Fig. 13,
we demonstrate a comparison between the stretching energy
term obtained by the Alexander model (lines) and our SCFT
model (markers); the latter is calculated either from: (a) Ag

conf

given by eqn (30), or (b) Ag
stretch given by eqn (34) and (35). We

mention at this point that the Alexander model, which we
develop in our ESI,† is similar to the hdry region that Mydia
et al.58 report in the context of their two-layer theoretical model

for the description of nanoparticle brushes. In that work,58 the
authors state that in curved surfaces and for constant grafting
density, the free energy associated with the stretching of grafted
chains does not increase indefinitely with increasing length of
grafted chains, but it rather saturates at a maximum value. This
is well expected, since at some point the grafted chains cannot
experience the presence of each other due to the curvature of
the solid surface and therefore they become unperturbed.
It must be pointed out, however, that in the case of planar
surfaces, the grafted chains experience the presence of each
other indefinitely due to confinement and thus Ag

stretch

increases monotonically with Ng in this regime. Our model is
consistent with this behavior: Ag

stretch and Ag
conf are about to

form a plateau with increasing Ng across the small RNP regime,
whereas in the limit of flat surfaces they appear to increase
indefinitely with Ng.

We can see that for larger grafting densities, our SCFT
results and Alexander’s model are in good agreement for all
chain lengths in describing the conformational entropy of
grafted chains as a function of the nanoparticle radius. A large
discrepancy between the two models occurs for low grafting
density; there, the totally stretched chains assumption of the
Alexander model and the requirement to maintain bulk density
everywhere result in suppressed grafted chains and thus lower
Ag

stretch (compare the evaluations of Alexander’s model in low
grafting densities in Fig. 6). On the contrary, in the mushroom
regime the profiles of grafted chains obtained with our model
appear broader and this is reflected in the increased contribution
to the conformational component of the free energy. Ag

stretch is
consistently lower than Ag

conf—especially at low sg—and this is
attributed to approximations in eqn (34) and (35) not sufficing in
the regime; this effect will be investigated in detail in our
subsequent work with RuSseL in three dimensions.

5. Concluding remarks

The conformation and shape of chains grafted on a solid
surface immersed in a homopolymer melt of the same chemical
constitution as the grafted chains are complex and depend on a
number of molecular parameters. In this work, we have explored
a broad parameter space for a system of a single grafted nano-
particle immersed in a homopolymer matrix. Adopting a self-
consistent field theory modeling approach, the Edwards diffusion
equation is solved by means of an implicit finite-difference
algorithm in one dimension, introducing a smearing approxi-
mation for grafting points and taking advantage of the spherical
symmetry of the problem. The parameterization is chosen so as
to correspond to a particular chemical constitution (silica/
polystyrene), which is readily accessible experimentally.48

The spatial distributions and the conformations of grafted
and matrix chain segments have been derived for different
surface grafting densities, nanoparticle radii and chain lengths of
grafted chains, taken equal to those of matrix chains. In order to
better describe the results of our work, we define three different
regimes: the mushroom regime, the dense brush regime, and the

Fig. 13 Evaluations of (a) Ag
conf and (b) Ag

stretch. Markers correspond to
evaluations from our model, whereas lines correspond to Ag

stretch from the
model of Alexander. Colors denote chains with Mg = 5 (red), 20 (blue) and
80 (green) kg mol�1. Shapes/lines denote grafting densities, sg = 0.1 (O/
dashes), 0.8 (&/dots) and 1.6 ($/Solid lines) nm�2. In all cases, Mg = Mm.
The rightmost data points correspond to flat surfaces.
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crowding regime. The behavior of the system in each of these
regimes is well described and quantified in multiple ways,
namely through the chains/area profiles, the distribution of
matrix and grafted chain ends, as well as the segment density
profiles of adsorbed and free matrix chains. It is clear that with
increasing grafting density and chain molar mass, the grafted
chains need to stretch towards the bulk in order to adjust to their
conformational restriction.34,48,55 As a result, it is more difficult
for the matrix chains to penetrate into the interfacial region.

The dependence of the brush thickness is examined with
respect to all the aforementioned parameters in order to
thoroughly investigate and clarify the behavior reported in
the literature. The scaling law, BNstar

1/2fstar
1/4, proposed by

Daoud and Cotton for star polymers in the intermediate regime,
fstar

1/2n�2
c Nstar c f1/2, is accurate over a specific range of

nanoparticle radii, specifically from 4 nm to 8 nm. For larger
nanoparticles, the scaling exponents exhibit a complicated beha-
vior and thus a more general equation must be implemented,
which treats the exponents of the molecular weight and grafting
density as functions of nanoparticle radius. Adjusting also the
pre-exponential factor of the scaling law, a master curve can be
obtained, which provides a faithful description of SCFT predic-
tions for the brush height given the molecular weight of grafted
chains, the grafting density and the radius of the nanoparticle.
This master curve seems to be quite accurate, especially in the
region of high molecular weight and grafting density. In the
mushroom regime, the brush height exhibits a weak depen-
dence on the grafting density and nanoparticle radius and is
proportional to the square root of the molecular weight. In the
crowding regime the brush scales linearly with grafting density
and molecular weight, while the density profiles of grafted
chains, and in general the overall behavior of the brushes,
compares well with Alexander’s model for incompressible brushes.

In calculating the free energy of the system, the term associated
with the conformational entropy of grafted chains does not
depend on nanoparticle radius for low grafting densities and
molar masses (Fig. 12e). The same plot reflects that with increasing
grafting density or molar mass the chains need to stretch and
therefore the free energy penalty associated with chain stretching
increases. This entropy contribution of the grafted chains becomes
dominant for high grafting densities and molar masses. The
stretching free energy of grafted chains has been estimated in
two different ways (1: from the configurational partition function
of grafted chains and 2: approximately from the density profiles of
the grafted chain ends) and a good agreement with the Alexander
model was observed in the limit of large grafting densities. The
corresponding entropic term of matrix chains has a minor
contribution to the total free energy.

Future prospects of this study include the investigation of
the structure and thermodynamics of an isolated NP and compar-
ison against those of a NP embedded in polymer matrices; such
comparisons allow for the prediction of meaningful thermo-
dynamic quantities such as the solvation free energy of the
nanoparticle. A more detailed investigation can be performed
across the mushroom regime for low sg and RNP via the three-
dimensional finite element version of RuSseL developed in ref. 74,

which treats the grafted chains as single entities, each one
emanating from a single grafting point, avoiding the smearing
approximation. A detailed comparison will be provided between
the model employed herein and its 3D analogue in a forthcoming
work, in terms of both thermodynamic and structural properties.
The role of the distribution of the grafting points on the surface of
the NP will also be explored. Finally, through the same three-
dimensional finite element scheme, the potential of mean force
between grafted NPs immersed in the melt can be predicted as a
function of their center-to-center distance.
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